CHAPTER VII

CONCLUSION

The following results are all main theorems of this dissertation:

1. Let S = (T'(s))s>0 be a nonexpansive semigroup on a real Hilbert space
H. Let f : H — H be an a-contraction, let A : H — H be a strongly positive linear
bounded self adjoint operator with coefficient 4 and let v be a real number such
that 0 < v < Z— Let G : Hx H — R be a mapping satisfying hypotheses (E1)-(E4)
and ¥ : H — H an inverse-strongly monotone mappings with coefficients ¢ such
that F(S)NGEP(G,¥) # 0. Let the sequences {z,}, {u,} and {y,} be generated
by

x; € H chosen arbitrary,
Gttn, Yot (Vg Y Un) + =20, us — Tpf =0, ¥y € H,

Yn = ﬂnxn 5 (1 g ﬁn)i f;n T(s)unds,

Znt1 = @Y f(Zn) + (I — anA)yp,Vn > 1,

where the real sequences {r,} C (0,26), {s.} C (0,00) and {«,}, {£.} in (0,1)
satisfy the following conditions:

(D1} litllys soe Ote =0, ¥ o) G =560,

(D2) liminf, o1 > 0, lim,_ o0 |Tny1 — Ta| =0,

(D3) lim, 00 Sn = +00, lim, % =0, and

(D4) 0<a<B,<b<1,limyx|Bn— Bna]=0.

Then the sequences {z,}, {u,} and {y,} converge strongly to z which is a unique
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solution in F'(S) N GEP(G, ¥) of the variational inequality

(vf — A)z,p—2) <0, Vpe F(S)NGEP(G, D).

2. Let C be a nonempty closed and convex subset of a real Hilbert space

H. Let S1,8s,...,Sy : C — C be a finite family of asymptotically nonexpansive

mappings with sequences {1 + ki(")} respectively, such that E® 5 0asn— 0,

p(n) p(n)
by = maxlg(n)szv{k;(&))} and I := N, F(S;),
I'= F(SNSN._ISN_2 “e Sl) == F(SlsN R Sz) = —— F(SN._lsN_2 o © S]SN).

Let A : C — H be an a-inverse strongly monotone mapping. Let ¢ : C x C —
R be a bifunction which satisfies conditions (A1l)-(A4) such that @ := EPNT
is nonempty. Let F' : C — H be J-strongly monotone and A-strictly pseudo-
contractive with § + A > 1, f : C — H a p-contraction, ~ a positive real number
such that v < (1 — /(1 —0)/)\)/p and r a constant such that r € (0,2a). For
given z, € C arbitrarily, let the sequence {z,} be generated iteratively by (3.2.2).
Suppose that {a,} and {u,} are two sequences in [0, 1] satisfying the following
conditions:

h

QAn41 n
Qan

(C1) by, eion =0, o, s 2l =1, Yoo o Qn =00 and lim,_

=0;

(C2) 0 < liminf, o pn < limsup,,_,, o < 1 and lim,,_,, #22=F = (.

Qn+1

Assume that Y o> sup,cp ||

e Sf’((")zH < 00, for each bounded subset B of

i(n+1) i(n)

C. Then, the sequence {z,} converges strongly to z* of the following variational
inequality

(F=qf)e",z—2) 20, z€Q

or equivalently £ = Pqo(I — F + v f)Z, where Pq is the metric projection of H onto
Q.
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3. Let C be a nonempty, closed and convex subset of a 2-uniformly
convex and uniformly smooth Banach space F, let A be an a-inverse-strongly
monotone mapping of C into E* with [|Ay|| < ||Ay — Agq|| for all y € C and
qg € F. Let {T1,T»,...,Tn} and {S),S2,...,Sn} be two finite families of closed
relatively weak quasi-nonexpansive mappings from C into itself with F' # (), where
F =N, F(T)NNY, F(S:) N VI(A,C). Assume that T; and S; are uniformly
continuous for all 7 € {1,2,...,N}. Let {z,} be a sequence generated by the

following algolithm:

;

o = x € C, chosen arbitrary,

Ci=C,z1 = g, 75,

wy, = HeJ Y (Jz, — ThAT,),

zn = J N and Tn-1 + Bud TnTpn + Ynud Sawy),
Yn = J Y0 Jzy + (1 — 8,)J 2,),

Cn1 = {u € Cp : ¢(u,yn) < 0nd(u, x1) + (1 — &) [nd(u, Tn—1) + (1 — an)d(u, z,)]},

Tny1 = HC,H.]ID Vn > 2
\

where T, = To(mod N), Sn = Sn(mod Ny, and J is the normalized duality mapping
on E. Assume that {a,}, {fu}, {7}, {0n} and {r,} are the sequences in [0,1]

satisfying the restrictions:

(C1) limy—o 6, = 0;

(C2) 1, C [a,b] for some a,b with 0 < a < b < c*a/2, where 1/c is the 2-uniformly

convexity constant of F;
(C3) an + B+ 7m = 1 and if one of the following conditions is satisfied

(a) liminf, e anfB, > 0 and liminf, . a7y, > 0 and

(b) lim, . o, = 0 and liminf, ., G, > 0.
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Then {z,} converges strongly to Ilpz;, where Il is the generalized projection from

C onto F.

4. Let E be a uniformly convex and uniformly smooth Banach space and
C be a nonempty closed and convex subset of E. Let f be a bifunction from C x C
to R satisfying (A1) — (A4). Assume that A is a continuous operator of C into
E* satisfying conditions (2.3.4) and (2.3.5) and S,T : C — C are relatively weak
nonexpansive mappings with F' := F(S)NF(T)NVI(A,C)NEP(f) # 0. Let {z,}

be a sequence generated by the following manner:

(

g = x € Cchosen arbitrary, Cy = C,

Zy = ooty BudTog + 7. d6%, ),

Yn = J Y (0pJzn + (1 — 6,) (I 2 — BAZ,)),

u, € C .such that f(un,y)+ i(y — U, JUup, — Jyn) >0, VyeC,

Cn+1 = {Z S Cn : ¢(zy u'n) S ¢(Z,In)},

T4l = g WJo. V>0

Assume that {a,,}, {£.}, {7} and {0,} are the sequences in [0, 1] satisfying the
restrictions:

(Cl) an+ Bn+1m=1;

(C2) 0 <9, < 1,limsup,_,, 0, < 1;

(C3) {ra} C [a,00) for some a > 0; and

(C4) liminf, o anfn > 0,liminf, ., apy, > 0.

Then {z,} converges strongly to Ilpz.

5. Let E be a strictly convex and 2-uniformly smooth Banach space which
admits a weakly sequentially continuous duality mapping and has the smoothness

constant K. Let M; : E — 2F be a maximal monotone mapping and ¥; : £ —
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d,' —CiL2

E a L;-Lipchitzian and relaxed (c;, d;)-cocoercive mapping with p; € (0, “=z72%),
respectively for each 7+ = 1,2. Let {T,, : E — E}32, be a countable family of
uniformly e-strict pseudo-contractions. Define a mapping S,, : £ — F by

Spz=(1-— %)x%—%Tnx forallz € C and n > 1.

Assume that Q := N2, F(T,) N F(Q) # 0, where @ is defined as Lemma 5.1.3.
Let f : E — E be an a-contraction, let A : F — E be a strongly positive linear
bounded self adjoint operator with coefficient ¥ with 0 <y < z Let 2y =ueFE

and {z,} a sequence generated by
Zp = J(Mg,pz)(xn 5 02‘1’23371),
Yn = J(M;,pl)(zn " pl\plzn)7

Tnt1 = OV f(Tn) + Bun + (1 — Bu)] — anA)[pSnzn + (1 — p)yn), Yn2>1,
where p € (0,1), and {a,} and {3,} are sequences in (0,1). Suppose that {S,}
satisfies AKTT-condition. Let S : E — E be the mapping defined by Sy =
lim, .., S,y for all y € E and suppose that F(S) = N, F(S,). If the control
consequences {a,} and {3,} satisfy the following restrictions

(C1) 0 < liminf, ., f, < limsup,,_. G, < 1;

(C2) litiy o, =0 80d ¥ @iy = 055

then {z,} converges strongly to  which solves the variational inequality:
(A=1f)z,J(z - 2)) <0,z€,

and (Z,7) is a solution of general system of variational inequality problem (5.1.2)

such that g = J(Mz,pg)(j = pg\pgi)

6. Let E be a real p-uniformly convex Banach space with a weakly con-
tinuous duality mapping J,, and C' a nonempty closed convex subset of E. Let

{T,, : C — C} be a family of uniformly A-strict pseudo-contractions with respect to
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p, A € [0,min{1,2-®2c,}) and NX, F(T,,) # 0. Let f : C — C be a k-contraction
with k£ € (0,1). Assume that real sequences {«,}, {8} and {v,} in (0, 1) satisfy

the following conditions:

1. ap+ B+ m=1foralln € N;
2. limy' o805 =0 and J 27 @&, = +o0;

3. 0 < liminf, o 7n < limsup,_,, Yn < &, where £ =1 —2°72)\c, .

Let {z,} be the sequence generated by the following

T =€ C,
Tpt1 = anf(xn) 1y ,ann H rYnTnIna n Z 1.

Suppose that {7},} satisfies the AKTT-condition. Let T be a mapping of C into it-
self defined by T'z = lim,,_,o, Tz for all z € C and suppose that F(T) = N2, F(T,,).
Then the sequence {z,} converges strongly to & which solves the variational in-

equality :

(I = f)z, J,(& — 2)) <0,z € F(T).

7. Let C be a nonempty, bounded, closed and convex subset of a smooth,
strictly convex and reflexive Banach space F, let T : C — E* be an n-hemicontinuous
and relaxed 1 — & monotone mapping. Let f be a bifunction from C x C to R satis-
fying (A1), (A3) and (A4) and let ¢ be a lower semicontinuous and convex function

from C toR. Let r > 0 and z € C. Assume that

(i) n(z,y) +n(y,z) =0 for all z,y € C;

(ii) for any fixed w,v € C, the mapping z + (Tv,n(z,u)) is convex and lower

semicontinuous;
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(iii) € : £ — R is weakly lower semicontinuous; that is, for any net {zg}, zg

converges to = in o(F, E*) which implies that £(z) < liminf £(z3).

Then, the solution set of the problem (6.1.2) is nonempty; that is, there exists

xzy € C such that

F(20,9) + Tz, 1y, 20)) + 9(9) + ~(y — 0, /(50 — 2)) > plan), Vy € C.

8. Let F be a uniformly convex and smooth Banach space and let C be
a nonempty, bounded, closed and convex subset of F. Let f be a bifunction from
C x C to R satisfying (Al)-(A4). Let T : C — E* be an n-hemicontinuous and
relaxed 1 — £ monotone mapping and let {S,,}5°, be a sequence of nonexpansive
mappings of C into itself such that Q := (>2, F(S,) N EP(f,T) # 0. Let {z,} be

the sequence in C' generated by

zg € C, Dy = C,
Cy=100{z € Czllze — Sh2l| < &illzz — Sazzll}, "m0

7

u, € C such that

f(n, y) + oY) + (T, 0y, wn)) + 70y — i, I (U — 7)) > 9(ua), ¥y € Con 20,

D,={z€ D, 3t =2 M@ —0u,)) 20}y, a=1

b 4

\:En—f-l == PCnﬁan()a n 2 0’

where {t,} and {r,} are sequences which satisfy the conditions:

(C1) {t.} € (0,1) and lim, o, t, = 0;

(C2) {r.} C(0,1) and liminf, ., r, > 0.

Assume that {S,}52, satisfy the NST-condition. Then, the sequence {z,} con-

verges strongly to Puzg.
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9. Let E be a uniformly convex and smooth Banach space and let C
be a nonempty, bounded, closed and convex subset of E. Let f be a bifunction
from C x C' to R satisfying (A1)-(A4), A an a-inverse strongly monotone mapping
of C into E* and {T,}32, a sequence of nonexpansive mappings of C into itself
such that Q := (72, F(T,) NGEP(f) # 0 and suppose that {T,,}52, satisfies the

NST-condition. Let {z,} be the sequence in C generated by

(

To € Ca DO = C')
Cn Z.E{Z € C : “Z h TnZ” S tn“l‘n r Tnxn”}a n _>. 17
un € C such that f(un,y) + (Attn,y — tn) + 7=y — Un, J (un — 2,)) > 0,Vy € C,n > 0,

Dn:{ZEDn-l:<un'—za'~]($n_un))20}a nZL

an‘kl - PCnﬂanO) n Z 01

where {t,} and {r,} are sequences which satisfy the conditions:

(Cl) {ta} € (0,1) andlim, S5l ="

(C2) {rs} (0, 1) and-lim inf, w1, > G

Then, the sequence {z,} converges strongly to Pozo.





