CHAPTER III

APPROXIMATION METHODS FOR EQUILIBRIUM
PROBLEMS, AND FIXED POINT PROBLEMS

IN HILBERT SPACES

3.1 Generalized equilibrium problems and fixed point problems for

nonexpansive semigroups in Hilbert spaces

In this section, we introduce two iterative schemes (one implicit and one
explicit) for finding a common element of the set of solutions of the generalized
equilibrium problems and the set of all common fixed points of a nonexpansive

semigroup in a real Hilbert space.

Let G : H x H — R be an equilibrium bifunction, i.e., G(u,u) = 0 for each
uw € H and ¥ : H — H is a mapping. Then, we consider the following generalized

equilibrium problem (for short, GEP):
Finding z* € H such that G(z*,y) + (Yz*,y —z*) > 0,Vy € H. (3.1.1)

The problem (3.1.1) was studied by Moudafi [55]. The set of solutions for the
problem GEP (3.1.1) is denoted by GEP(G, ¥).

Theorem 3.1.1. (Implicit Method) Let S = (T'(s))s>0 be a nonexpansive semigroup
on a real Hilbert space H. Let f : H — H be an a-contraction, let A: H — H be a
strongly positive linear bounded self adjoint operator with coefficienty, G : HxH —
R a mapping satisfying the hypotheses (A1)-(A4), ¥ : H — H an inverse-strongly
monotone mapping with a coefficients 6 such that F(S) N GEP(G,¥) # 0. Let
{an} € (0,1), {rn} C (0,20) and {s,} C (0,00) be the real sequences. Then
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(i) Forany 0 <y < Z, there ezists a unique sequence {x,} C H such that

G(u'my) =+ (‘Ijl'nvy = un) + i(y — Up, Un — $n) 2 0) Vy = H1

T, = anyf(za) + (I — a,,A)i fos" T(s)unds,Vn > 1.
(3.1.2)

(i) If im0 an = 0, iminf, .7, >0, and lim,_.., S» = 400, the sequence
{z,} defined by (3.1.2) converges strongly to z, which is a unique solution in

F(S)n GE’P(G ,¥) of the variational inequality

(wf—A)z,p—2)<0, VpeF(S)NGEP(G,V). (3.1.3)

Proof. First of all, we will prove that {z,} is well defined. Indeed, consider the

mapping S, : H — H defined by

SnZ == apyf(z) + (I — OznA)si /Osn T(s)T,,(I — r,¥)zds. (3.1.4)

n .

for all z € H and n > 1. We claim that S,, is (1 — a,(7 — ya))-contraction. We

observe that T, (I — r, V) is nonexpansive for all n > 1. Indeed, for any z,y € H,

T, (I — o ¥)z — T, (I = raW)yll* < (I —ra®)z — (I — 7, 0yl
= |z —y) = ra(Tz — Ty)|?
= |lz - ylI* - 2ra{z — y, ¥z — Vy) + 73| Tz — Ty|”
< lz = yll? — 2rad|| Vo — Uy||® + 72| Pz — Pyl|?
= |lz — y|® + ra(ra — 20)[| ¥z — Py||?

= [z —yl* (3.1.5)
By Lemma 2.2.22 and (3.1.5), we have

|Srz — Snyll <

il + (I anA)si /0 " ()T (I — raW)ads

n
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—anyf(y)— (I — Oan)Si /OS" T()T,, (I — r,¥)yds

n

< anlf@) ~ S+ (- )|~ [(TET -0
—T(s)T,, (I — r,V)ylds

< awyallz - gl + (1 = eIl — rall)z - Too(I — o)y

< amralls —yll+(1— ez — gl

Il

(1 —an(y =79))llz -yl

Since 0 < 1 — a,(¥ — ya) < 1, it follows that S, is a contraction. Therefore by

Banach contraction principle, S,, has a unique fixed point z,, € H such that

=¥ ) anA)él— / ") (I — 74 ¥)zads.
0

n

Next, we will show that {z,} is bounded. Since a;, — 0 as n — 0o, we may assume,
with no loss of generality, that o, < ||A| 7}, for all n > 1. Note that u, can be
written as u, = T, (z, — r,V¥z,) for all n > 1. Take p € F(S) N GEP(G,¥).

Applying p = T, (p — r,¥p) and (3.1.5), we obtain the following

IN

”un - p”2 ”Trn (e rn\Ijl‘n) I (p = "'n\I’p)”2

A

”-Tn - p“2 +Fln — 25)”\115571 - ‘1’P||2 < fms — P”2- (3'1'6)

This implies that

Lt
oo =7l < aulbrf(on) = Apll+ (1= 0t} [ IT(6)un ~ T(s)plds
n JO
< awyallen —pll + aullyf () — Apll + (1~ aullzn — .
Hence,
1
lzn —pll < - v/ (p) — Apl,
T=qa

i.e., {z,} is bounded and so is {u,}. Now, we will prove that

lim ||z, — u,]| =0.
n—oQ
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From Lemma 2.2.20 and (3.1.6), we have

“mn G p”2 <
=
i
<

and hence

(1 ;o an’_y)

3 —1—/ "T(s)unds—p
Sn Jo

n

+ 200 (7 f(2n) — Ap +7f(p) — 7f(P), Tn — P)

(1+ 027" — 2a07)|lun — plI* — 2anva||zs — pII?

+2an(7vf(p) — Ap, zn — p)

(1 + @27 llun — pII* = 2anvellzn — PlI* + 20 (7 f (p) — Ap, Tn — p)
1+ a37") |z = PI? + 7a(ra — 28) [ ¥z — Tp||*)

— 2apyal|z, — || + 200(vf(p) — Ap, T, — )

(1+ 27|z — pII* + (1 + &27%)ra(rs — 26)]| ¥z, — Up||?

— 20 v0|Zn — plI* + 20 (7 f(P) — Ap, T — D)

(14 e27)ra(28 — 1) |92 — Up|* < an(en¥” — 270|170 — pI|?

+ 2a,(7f(p) — Ap, zn — p)-

From lim,,_.oc o, = 0 and liminf,_,. 7, > 0, we have

¥z, — ¥p|| — 0, as n — oo. (3.1.7)

On the other hand, using Lemma 4.2.1 and (3.1.6), we have

llun — pII®

= |Tou(@n — 7a20) — T, (p = ra¥p)
< AZn — ¥z, — (p — T ¥D), u, — D)
= (I~ ra¥za) — (b~ raZD)? + [l — 7
= raz2) — (p — 7a¥P) — (100 — D)
< g lln = Bl + lotn =PI = (@ — ) = (W — TR)IP)

1
= S(llen = l* + llun — plI* = |z — uall®
2
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+ 2rn<xn — Up, \I’xn = \Ilp) - 121”\111’.71 ey ‘I’PHZ)
So, we have

lun —plI* < liza = plI* = llzn — uall?

+ 270 (T, — Up, Yz, — Up) — riH\le,, — \Ilpllz. (3.1.8)

It follows from Lemma 2.2.20 and (3.1.8), for any p € F(S)NGEP(G, V),

2

1™
— / T(s)unds — p
0

oo — ol < (1-au?)?||-

+ 20 (7 f (za) — Ap+ 7S (p) — 7f (D), Tn — D)

< (1+a27* — 2a,7)||un — plI* — 20mval|z, — I
+20,(vf(p) — Ap,Zn — p)
< (1+ 27 llun — pll* — 2a07a||2n — I + 200 (7 (p) — Ap, T — p)
<l = Pl + ¥z — plI* — 20|20 — Pl
+20.(7f(p) — AP, Zn — P)
< Nlza = plI* = llzn — wall® + 2ra(zn — wn, ¥z, — Up) — 72| ¥z, — Tp||”
+ anP?||zn — plI” = 2anyellzn — plI* + 2aa(7f(p) — Ap, 2. — p)
< Nlzn = plI” = 1Z0 — uall® + 2rnllTn — uall|| ¥z — Up|| — 2| ¥z, — Up||?

+ an;f“xn = P||2 . 2an’7a”$n =1 p”2

+ 20 (7f(p) — AP, 0 — p). (3.1.9)

So, we have

2% — un“2 < Yz, — ¥p|| [27""”27,, = un“ = 7'121”\1’3:11 — Upl|]

+ an['72”xn = p”2 + 2oz, — p”2

+2(vf(p) — Ap, 2. — p)]- (3.1.10)
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Using lim,, .., @, = 0 and (3.1.7), we can conclude that
|z, — unl| — 0, as n — oo. (3.1.11)

On the other hand, let z; = Ppsyz1 and D = {z € H : ||z — z|| < =2=||vf (1) —

T

Az ||}- Then D is a nonempty closed bounded convex subset of H which is T'(s)-
invariant for each s € [0, 00) and contains {z,} and {u, }. We may assume, without
loss of generality, that S = (T'(s))s>o is a nonexpansive semigroup on D. In view

of Lemma 2.2:19, we can obtain that

im {13 / T(s)unds — T(t)(— / T(s)unds)
n— || Sn Jo Sn Jo
1 [ 0
< lim sup —/ T(s)zds—T(t)(——/ T(s)zds)|| =0 (3.1.12)
n—00 2D || Sn Jo Sn Jo

for every t € [0,00). We observe that, for any 0 <t < oo,

T (s)zn —za|| < \T(s)xn—T(t)gl——/nT(s)unds
n Jo
L = [
+|‘T(t)—/ T(s)unds — —/ T(s)unds
» Sn Jo Sn Jo
|
+- —/ T(s)unds — z,
sn Jo
1 [
< 2 mn———/ T(s)unds
3 o
1 ™ |
+ T(t)——/ T(s)unds——/ T(s)unds
Sn 0 Sn 0
A [
= 2a, 'yf(xn)~s—/ T(s)unds
n Jo
1 [ L
+||T(t) (——/ T(s)unds) ——/ T(s)unds||-
Sn Jo Sn Jo

Applying (3.1.12), Lemma 2.2.19 and the boundedness of {z,}, {u,}, we obtain

that

|T(s)zn, — zall = 0, asn — oo for all 0 < s < oo. (3.1.13)
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Consider a subsequence {z,} of {z,}. Since {z,,} is bounded, there exists a
subsequence {“’nij} of {z,,} which converges weakly to z € H. Next, we show that
z € F(S) N GEP(G, V). Without loss of generality, we can assume that z,, — z
as 1 — oo. From ||T'(s)xn, — Zn,|| — 0 and the demiclosedness principle of I —T'(s)

for all 0 < s < 00, one sees that
T(s)z =z for all 0 < s < oo that is z € F(S).
Next, we show that z € GEP(G, V). From ||z,, — un,|| — 0, one sees that
'.un,.—\zandT(s)zm——\z, as 1 — oo for all 0 < s < o0.

Putting {#g)} = {2..}, {w} = {4, ) ad {AY = {r.. ). Bince &, = T, (2. —
r,Vz,), for any y € H we have
1
G(tn, y) + (Y0, y — un) + 7‘_<y — Un,Up — Tn) > 0.

n

From (A2), we have

1
(‘I/ifimy s un) =+ T_<y = Up, Up — xn) 2 G(yaun)-

Replacing n by n;, we have

1
(Ui, y — u;) + r_(y —u,up — ;) > G(y,u;), forallye H. (3.1.14)

1

Put w; =ty+ (1 —t)z for all t € (0,1] and y € H. Then, we have v, € H. So from
(3.1.14) we have

u; — I;

(Ut — Uy, ‘I”Ut> > (ut - Uy, ‘I’Ut) = (Ut — Uy, ‘I"fci) = (Ut — Uy, ) + G(utaui)

i
U; —.’Ei)

= (up — u;, Yuy — V) + (up — w;, Yu; — V) — (g — us,

i

+ G(ug, u;)-

Since ||lu; — z;|| — 0, we have ||Yu; — ¥z;|| — 0. Further, from monotonicity of ¥,

we have (u; — u;, Yuy, — Yu;) > 0. So, from (A4) we have

(we — 2z, Puy) > G(uy, 2), (3.1.15)
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as i — 0o. From (A1) and (A4) and (3.1.15), we also have

0 = Glugur) <tG(ug,y) + (1 —t)G(uy, 2)

< tG(ug,y) + (1 — t)(ue — z, Puy)

tG(uy,y) + (1 = t)(y — 2, Yuy)

and hence

0 S G(utay) + (1 T t)<y -2, \I’Ut)
Letting t — oo, we have, for each y € C,
0 < G(z,y) + (y — z,¥z).

This implies z € GEP(G,¥). Hence z € F(S) N GEP(G, ¥) is proved. Next, we

show that z solves the variational inequality (3.1.3). We observe that

s — 3”2 = on{vf(Tn) — Az, 2, — z)
+ <(I — anA) (i /Os" T(s)unds — z) T — z>
S (1 . an’?)”‘rn —y 2”2 Ty an(’Yf(xn) ~ 3 szxn _— Z)
< (- anB)llan — 2P + awrallzn — 2l + anfaf(2) — Az,z0 - 2).

This implies that

1
T, — 2|2 £ = vf(z) — Az, x, — 2).
| || - '70'( (2) )
In particular, we have
2 1
=2l £ = Hf(z) = Az — 2)- (3.1.16)
1 B (%

Since z; — z, it follows from (3.1.16) that z; — z as i — oo. We rewrite (A—7f)zn

as

(A =y i = —— i 2, 4] [xn - = / " TS - 'rn\I!):cnds}
(07°% n Jo
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and utilize the fact that (I — T") is monotone if 7" is nonexpansive. Hence, for any

p € F(S)NGEP(G,V¥), we have

(A= 1Dman=1) = =l =ant)|za =+ [T 7T, (1 - e )tnds] 2~ )

. _i thr= L Clrtem (1500)ds Y
Qn Sn Jo

= ([ - si /OSﬂ T(s)T,.(I — r,,\Il)ds) P, Tn — P)]

n

1 b
+ S_(A [III,, - T(s)un]ds, Tn — p)“
n 0

L _a_l,, [( (1 e sl_,, /0 " ()T (1 — rnlIl)ds) Tn
L (1 3 sl /0 " ()T (1 — )ds) B, — p)ds]

n

g SL(A /OS" [zn — T(s)un)ds, z, — p). (3.1.17)

Since themap = [ T'(s)Tr,, (I—r,¥)ds is nonexpansive, then I —i o T ()T (I-

r,¥)ds is monotone. This implies that

<(1 - i/ﬂ T(s)To (I — r,,\I!)ds) o (1 - i/o T(s)To (I — rn\Il)ds) P, Ty — p> > 0.

This together with (3.1.17), we obtain that

((A=7f)Zn,2n —p) < <A:cn A4 T(s)unds, Tn — p>-
Sn Jo
By the definition of z,, we obtain that
A [ 4 ™
Az, — — T(s)unds = a,A ('yf(a:n) - ——/ T(s)unds>.
Sn Jo Sn Jo

Then,

(A= 1)mZa =) < an<A (vf(a:n) -4 T(s)unds) o p>.

In particular, we have

(A== < ai<A<',v i) = /0 T(s)uﬂs) . p>.(3.1.19)

i
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where a; := a,,. Passing to the limit 2 — oo, by the boundedness of z; and u; we

obtain

(A=7f)2,2 ~p) = m{(A—1f)zem —p) <O, Vp € F(S)NGEP(G, V).

(3.1.20)

That is , z € F(S)NGEP(G, ¥) is a solution of the variational inequality (3.1.3).
Finally, we will show that the sequence {z,} converges strongly to z. Assume that
there exits a subsequence {z,,} of {z,} such that z, — z* as k — oo. By the
same methods as in the above proof, we obtain z* € F(S)NGEP(G, V). If follows
from the inequality (3.1.20) that

(A=7vf)z,z—z") <0. (3.1.21)
Interchange 2z and z* to obtain

(A=7f)z*, 2" —2) < 0. (3.1.22)
Adding the inequalities (3.1.21) and (3.1.22), yields

(¥ =vo)llz — 2P < (e = 2", (A= 7f)z = (A= 7f)z") <0

by Lemma 2.2.23. Hence z = z* and therefore z,, — z as n — oco. This completes

the proof. O

Setting G = 0, ¥ = 0, r,, = 1 in Theorem 3.1.1, we have the following

result.

Corollary 3.1.2. [56, Theorem 3.1] Let C' be nonempty closed convex subset of
real Hilbert space H. Suppose that f : C — C' is a fixed contractive mapping with
coefficient 0 < o < 1, and § = {T'(s) : s > 0} be a one-parameter nonexpansive

semigroup on C such that F'(S) is nonempty, and A a strong positive linear bounded
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operator with coefficient ¥ > 0, {a,} C (0,1), {s,} C (0,00) are real sequences
such that lim,_. o, = 0, lim,,_,, s, = 00, then for any 0 < v < ¥/a, there is a

unique sequence {z,} C C such that

T, = — a,,A)i /s" T(s)xnds + anvf(za)
0

Sn

and the sequence {z,} converges strongly to the unique solution z € F(S) of the

variational inequality ((vf — A)z,p — z) <0, Vp € F(S).

Theorem 3.1.3. (Ezplicit Iterative Method) Let S = (T'(s))s>0 be a nonezpansive
semigroup on a real Hilbert space H. Let f : H — H be an a-contraction, let A :
H — H be a strongly positive linear bounded self adjoint operator with coefficient ¥
and let v be a real number such that 0 < v < Z Let G : Hx H — R be a mapping
satisfying the hypotheses (A1)-(A4) and ¥ : H — H an inverse-strongly monotone
mapping with coefficient § such that F(S) N GEP(G,¥) # (0. Let the sequences
{z.},{un} and {y,} be generated by

.
1, € H chosen arbitrary,

G(unvy)+<\ljxn7y_un>+Tl(y_un1un_xn) ZO’ Vye H’
) : (3.1.23)

Yn = ﬁnxn -+ (1 - ﬂn)'sln‘ fosn T(s)unds,

Tatn = an’)’f(l'n) - (1 i anA)yn) Vo > 1,

where the real sequences {r,} C (0,24), {sn} C (0,00) and {an}, {6} in (0,1)
satisfy the following conditions:

(Dl) 11mn—+oo Qan = 0, ZT:I an = +00,

(D2) hminky, v >0, Jimy s [raad = ra] =10,

(D3) i, o Sp. = #060, By <o % =0, and

(04) 0<a £ :Bn - b< 1; limn—»oo |/3n _ﬁn—ll = 0.
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Then the sequences {z,},{u,} and {y,} converge strongly to z which is a unique

solution in F(S) NGEP(G,¥) of the variational inequality (3.1.3).

Proof. We divide the proof of Theorem 3.1.3 into five steps:

Step 1. Firstly, we show that {z,}, {y.} and {u,} are bounded.
Note that u, can be written as u, = T, (z, — r,¥z,) for all n > 1. Take p €
F(S)NGEP(G,VY). Since p =T,,(p — r,¥p), ¥ : H — H is an inverse-strongly
monotone mappings with coefficients ¢ satisfying 0 < r, < 2§, we obtain the

following

i — p“2 = |7, (zn— ra¥es) =T, (p— anjp)”2
< (@a = 7ra¥2,) — (p — ra¥D)I?
= |(zn —p) — ra(¥z, — Tp)|?

= ”xn = p"2 = 27‘n(l‘n —p, ¥z, — Up) + 7'121”"1"7771 = ‘1’P||2

2 2 2 2
< lzn = plI* — 2r,:0]| Y2, — Op||* + 7 ||V, — Up)|
= ||z — p”2 + ralra — 20)|| V2, = \I/p“2

= |lzn —pl>. (3.1.24)

Since lim,_.o, @, = 0 we may assume, without loss of generality, that a,, <

|A]|~* for all n € N. Applying Lemma 2.2.22 and (3.1.24), we obtain

I =pll = [J0u1S ) + (1 = o) B+ (1= o) [ Teunts) =]
= |7 f(2s) — anvf(P) + anYf(p) — anAp
+ (I — anA) (Buzn + (1 — ﬁ,,)i /0 " Fl)uads - p)“
< Jlawr(F (@) - SV + laa(rS(2) — Ap)

g (1 _ an’?)

Bnzn + (1 — ﬂn)i /Osn T(s)u,ds — p”
lany(f(zn) = FE)I + lan(vf(p) — Ap)]

I
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+ (1 — any)

Bulan =)+ (1= )= [ (o) — T(s)pls
anY|f(za) — f(P)|| + anllvf(p) — Apll

+ (1 = ) (Ballzn — pll + (1 = B,)llun — pll)

|| f(zn) — f(P)| + anllvf(p) — Apl|

+ (1 = @a¥)(Bullzn — pll + (1 = Ba)lizn — pII)

< (1= (¥ = ya))llzn — pll + enllvf (p) — Apll. (3.1.25)

IA

IA

From a simple inductive process, it follows that

— A
4 £ Pl < e {nxl —p||,"$’f_(”)—”"}, 4l
¥ — o

which yields that {z,} is bounded, so is {u,}. Moreover, since
L
”yn - p” — ﬁnzn + (1 - ﬂn)s—/ T(S)UndS - p“
n Jo

= ﬂnxn - ﬂnp + (1 i ﬂn)::—/o : T(S)unds = (1 = ﬁn)p

n

= ﬁn(xn —P) et (1 = ﬁn)'sl‘/o n[T(S)un 27 T(s)p]ds
< Ballzn —pll + (1 = B)llua — pl|
< Ballze —pll + (1 = Ba)llza — 2l

|z — pll, (3.1.26)

{yn} is also bounded.

Step 2. Now we show that
B s = @l = 0, i ynss = gnll =0 and Jim s e = 0.

We rewrite z,4; in the form:

Tns1 = (1 — A\p)Tn + Anzn, where A\, =1— (1 — ay)fhn, (3:1.27)
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and
o anﬁn (1_ﬁn) i I
2 = B A+ SN - ) /0 T(5)unds
+ 3291 (za)- (3.1.28)

Since a, - 0and 0 < a < 3, <b< 1, then

0 < liminf A\, < limsup A, < 1.

n—o0 n—o0

Next some mahipulations give us that

Tyl = T M(I A)Tpy1 — Puon (I—A)z,
)\n+l )‘

1= - 1 Sn+1 7.
+ ¢(—_/ T(s)uns1ds — S—/ T(s)unds)
0 n Jo

Al Sn+1

| = s 1 [
(= Bar)omp A( 1 / T(s)tns1ds — S_/ T(s)unds)
0 n 40

Ant1 Sn41
1 il ,Bn+1 1 il ,Bn 1 sn
B e T "
o An+1 An )s,, /0 k)i
Qnt1 Qn 1 b
— - —)(1 - B.)A— T nd
(/\n+l /\n)( ﬂ ) Sn/() (S)u .
an 1 ofEm
+5 1 (8a — [J’n+1)A—/ T(s)unds
n+1 Sn Jo
Qo Qn (670
+ L (o f (@na1) — 1S (@) + (55 = IS ()
/\n+l /\n+1 /\n
Therefore
|zt = 2ll = Haia = Zall
Pnr10m /3,,0:” an, o
< B — Al + S~ Azl + 12 = S )
n+ +1 n
- 1 5n+1 Sn
+( — Pana -1) / T(s)uns1ds — TTps1 + —/ T(s)unds
Ant1 Sn+1 Jo
1- n n 1 Mk
+( Pus1)ants Al / T(8)tns1ds — Ty + — / S)tunds
Ant1 Snt+1 Jo
1=Busr 1—Fn 1/3"
— — 7
| = [ T(sunds
Uni1 b
— — (1 — B, T(s)upds
51— 21 - g [ T6)
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an+1

*+ |/3n - ﬁn-{—ll

1 =
A—/ T(s)u,ds
Ant1 Sn Jo ( )
Qny1

(0 ) — @D+ 1522 = SISl

Since A, =1— (1 — a,)f, and a, — 0, then

1"11 . nMn
lim ﬁzhm(l—aﬂ)zl.

n—oo n n—00 An

Then last inequality implies

limsup(||zn+1 — Znll = 041 — Znll) <0

n—oo

and so an application of Lemma 2.1.56 asserts that

lim ||z, — z,]| =0. (3.1.29)
Consequently,
im ||Zp41 — Zo|| = lim (1 — Ap)||ze — zal| = 0. (3.1.30)

From the fact that

| a—>b
(a‘z)”—‘ s

for all nonzero real numbers a, b, we obtain that, for any p € F(S),

”yn = yn—lll =

:Bnl'n ot (1 o ,Bn)si /Os" T(S)’U.nds

n

1

— Bia%p—1 = (L= Ba-t) /0 = T(s)up—1ds

1 =
:ann = ,Hn—lxn—l F S_/ T(s)unds =
n JO

n—1

/ . T(s)un-1ds
0

Sn—1
_bBn /sn T(s)unds + bns /sn_l T(S)un-1ds
Sn Jo n—-1 JO
i s
S l ﬁn(zn = In—l) e (Bn - ﬂn—l)xn——l ain (1 - ﬁn)(s—/o T(S)unds
_ 1 / " T{ajugads) = ~ St — / " T(s)un_rds
Sn—1 Jo n—1.J0
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;Bn(xn - xn—l) A (ﬂn - /Bn—l)l‘n—l

1—,9,,{ / (T (5)n — Tl + (= — ——)

n Sn—1

X /0 [T(s)tn-1 — T(s)p]ds + L /;:[T(s)un_l - T(s)p]ds}
1

= (ﬁn T :Bn-l)

Sn—1

/ i T(S)un—1ds
0

S ﬁn”zn 3 zn—l” =+ I:Bn = ﬁn—llllxn—lll + (1 =1 ﬂn){“un - T un—l”

2|8n — Sn
H (—I 1') lun—1 — pll}
Sn

1 Sn—1
+ lﬂn e ﬁn—ll / T(S)Un_lds .
Sn—-1 Jo

(3.1.31)

On the other hand, we observe that
Up = Trn (x'n = Tn\len) and Unt1 = Tr,.+1(xn+l — Tntl \I/$n+1)

we have

1
F(tun,y) + (YT, y — Up) + —(y — up,up, —x,) >0 forallye H  (3.1.32)
T

n

and

1

Filtins, §) + (¥, U—nga ) + (Y = Unt1,Uny1 — Tny1) > 0 forally € H.

n+1

(3.1.33)

Putting y = u,4; in (3.1.32) and y = u,, in (3.1.33), we have

1
F(tn, uny1) + (VTp, Uns1 — Un) + r_(u"H — Up, Uy — Tp) >0

n

and

F(un+17un) 3te (qlwn+17un = un+1) <t (un — Up41, Unt1 — zn+l) Z 0.

n+1

Adding the above two inequalities, the monotonicity of F' implies that

Up —Tp  Upyl — Tntl
(\len+l - \I}xvnun = un-{—l) + (un+l — Unp, - ) Z 0.
n Tn+1
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Hence

r
0 < (up—Unt1,"n(¥Tnt1 — VZ0) + ——(Uni1 — Tnt1) — (Un — Tn))
n+1
T
= (un+1 — Up, Up — Up41 + (1 )un+l = (xn+l S rn‘pxn—l—l)
T+l
r
= (In == 'rn\I’zn) — Tpy1 + = -'En+1)
Tny1
Tn

= (un+1 — Up, Up — Upty + (1 e )(un+1 - xn+1) - ($n+l fo Tn‘pxn+1)

Tn+1
— (Tn — ra¥z,)).

It follows that

Tn

e {

'~ xnu}
n+1

and hence

Tn

i1 — un|| < I1 ™ luni1 — Zasall + l|Zns1 — Zall- (3.1.34)

n+1

Since lim inf,_.,, 7, is strictly positive, there exists b > 0 such that r,, > b for large

n € N. Then,

I rnl

b ”un+1 - xn+1“- (3135)

”un+1 - un“ < ”In+1 — xn” =+

Using (3.1.31) and (3.1.35), we can obtain

1o = gntll < Ballsn — Tt + 1Bo = Bl msll + (1 — ﬁn){nxn .

LR 2 n~— on-—
+ k—br—llnun = -’En” = <|—S?5"-—1|'> "un—l = p"}
1 Sn—1
+ 1B — Bl / T(s)up—1ds
Sn—-1 Jo
Th — Tn_
= |l#n — Znall + 16n — Bo-slllZnall + (1 - ﬂ,,){'—b-—‘-luun —
2|Sn — Sn—
]
Sn
1 *Sn-1
+|Bn — B - / T(8)un—1ds||- (3.1.36)
n—1 .J0
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From (3.1.30) and (D2)-(D4), it follows that also
B ftns — tal] = B [n1 — gall =0. (3.1.37)
Step 3. Now we will prove that
lim ||z — yall = lim flun — yoll = lim ||z, —unl = 0. (3.1.38)
In fact, since

2 — Yall < llgn — Yn-1ll + en-allvf (Zn-1) = Ay,

and from the boundedness of {f(z,_1)}, {A(Yn-1)} and limp_.o [|Yn — ¥n-all = 0,

it follows that
lim ||z, — y.]| =0.
n—oo

From Lemma 2.2.20, it follows that

|Znt1 — Pl < 11 — cnA)(yn — DI + 200 (7f (zn) — AP, Tns1 — p)- (3.1.39)

1e.,

Zns1 — P < (1 = an¥)?llym — plI* + 200 (vf (2a) — AP, Tns1 —p).  (3.1.40)

Using (3.1.26) and (3.1.6), we have

IZns1 —PI? < (1= @n¥)*(Ballzn — pll + (1 = Ba)llun — 2lI)?
+ 20, (71 f(2s) — AP, ZTn+1 — P)
< (1- 2007+ a27") (Bullzn — 2l + (1 — Ba)llun — plI)
+ 204 (7f(zn) — AP, Tny1 — D)
< 1+ 23 (Ballen — plI* + (1 — Ba)lun — pII*)

+ 20, (vf(z) — Ap, Tny1 — D)
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= (1+a2¥)Bullzn — plI* + (1 + af7*) (1 = Ba) llun — pII?
+ 2an(7f(xn) N Ap7 Tny1 — p)
(1+ @27)Ballzn — plI* + (1 + a27*)(1 — Ba)(llza — pII?

+ (T — 20)|| ¥z, — \I!p||2)

IN

+ 200 (7f(20n) — AP, Tny1 — P)
= (1+a27)|lzn — pII? + (1 + 02732 (1 — Bu)ra(rn — 26)|| ¥z, — Up||®

+ 20, (7 f(20) — AP, Tni1 — D)

IN

120 = pII* + @23 llzn — PII* + 20m(7f (€n) — AP, Tntr — )

+(1+ 27 (1 = Bo)ra(rn — 20)|| ¥z, — Up||? (3.1.41)
and hence

(1+ 272 (1 — Ba)ra(26 — )| ¥zn — Up|* < lzn — plI* = l|Zns1 — Pl
+ 2an<’7f($n) = Ap7 Tn+1 — p)

+ a7 [lzn — plI®

IA

“xn — Zng1 || (| Zns1 — pll + ||z — pll)
# QQn(A/f(xn) - Ap, Tn+1 — p)

+an ¥z — pl*.
From lim,, o, o, = 0, liminf,,_,o 7, > 0 and (3.1.30) , we have
|¥z, — ¥p|| — 0, as n — oo. (3.1.42)
Moreover, for p € F(S) NGEP(G, ¥), we have that,

l|lwn — p”2 =My, — p”2 — i — un”2

+ 27 (Tn — Un, VT, — Up) — r2|| ¥z, — Upl>. (3.1.43)



From (3.1.26), we obtain

“yn -

2

PP < |[Bulon =)+ (1= ) / " [T (s)un — T(s)plds
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< Ballza = pl* + (1 = Ba)llun — plI>. (3.1.44)

From (3.1.40), (3.1.44)and (3.1.43), we obtain

l#ntr =plI* < (1= 0w)*Bullzn — plI* + (1 = @a¥)*(1 = Ba) tm — pII?

and hence,

IA

IN

+ 20,7 (f(%n) — f(P), Tns1 — P) + 200 (7 f(P) — AP, Tns1 — D)

< (1= an)?*Ballzn — pl* + (1 = @n¥)*(1 = Ba) (120 — PI* = |70 — uall?
+ 27 (Tn — Up, VT, — Up) — 72| ¥z, — Up|?)
+200(f(%n) = f(P), Tnt1 — P) + 20 (7 (P) — Ap, Tpy1 — D)

< (1= en¥)’llzn = pl” = (1= aa?)?(1 = Bo)|zn — uall?

i~ an;/)z(l =Bu)2rnllzn — unlll| Oz, — Wpl|
— (1= en7)*(1 = Bu)r2|| ¥z, — Tp|?

+2a,¥(f(zn) — f(D), Tny1 — D)

+ 20 (vf(p) — AP, Tny1 — P) (3.1.45)

(1 = ap7)*(1 = O)||Zn — unll?

(1 = aa?)?lzn — 2II* — || 2041 — pII?
+ (1 = @)’ (1 = Bn)2ral|Zn — wnll| ¥z, — Up]|
~ (1= ax7)*(1 = Bo)ra|| ¥z, — Up|?
+200Y(f(@n) = f(P), Tns1 — p) + 200 (7f(P) — AP, Tny1 — D)
(1 - 2047 + &2 |zn — DII? — |Tns1 — plI?

+ (1 = an7)*(1 = Ba)2rnllTn — unll|| ¥z, — Tp]|

~{lz an'_7)2(1 - Bn)rrzullwxn = ‘I’p”2 + 200, 7 {F (2} — f(p)vxn-l—l ~p)




+ 2a,{vf(p) — Ap, Tny1 — P)

< g = plI* = 1@ns1 — 2lI* = 2007lI20 — pII* + @77 ||20 — pII?
+ (1 = en¥)*(1 = Ba)27ullzn — unll[|¥zn — ¥p|
— (1 — an¥)*(1 = Ba)rall ¥zn — Tp||
+ 20 Y(f (Zn) — f(P), Tns1 — P) + 20a{7f(P) — AP, Tn+1 — D)
< Nzat1 = Zall(lzn — pll + 12041 — plI)
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+ an[0n V(|2 — PII* = 27llzn — PII* + 27(f (zn) = £(P), Tnt1 — P)

+2{vf(p) — Ap, ZTn+1 — p)]

+ [z, — Upll[(1 — en¥)*(1 — Ba)2rallzn — un

— (1 — aa)*(1 ~ Ba)rill¥za — Tpll]

From (3.1.7), lim, e ||Tnt1 — Zn|| = 0, the boundedness of {z,} and hypothesis

(D1), it follows that
lim ||z, — u,|| =0,
n—0o0
and consequently
lim ||y, — ua]| = 0.
From (3.1.46) and (3.1.47), we have
lim ||z, — ya]| = 0.
n—0o0

Putting ¢, = ;1; Jo" T(s)unds, since

0

lzn —tall < lZn — ynll + llyn — tall
S ”xn = yn” = ”ﬁnxn =5 (1 3 /Bn)tn i tn”
< |lzn = Yall + Bullzn — tall,

(3.1.46)

(3.1.47)

(3.1.48)
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we have

(1= Ba)llzn —tall < llzn = yall-
From (C4) and (3.1.48), it follows that

nh_r& lzn —ta]| = 0. (3.1.49)
By (3.1.46) gnd (3.1.49), we have

nlLIEO [lta — un]l = 0. (3.1.50)
Step 4. Next, we show that

limsup((A — vf)z,z — z,) <0, (3.1.51)

n—oo

where z = Pp(s)ncep@c,u)(I — A+ vf)(z) is a unique solution of the variational
inequality (3.1.3). To show this inequality, we choose a subsequence iz, | of {z.}

such that

lim ((A — vf)z,z — z,,,) = limsup((A — vf)z,z — zn).

i—00 n—oo
Since {z,,} is bounded, there exists a subsequence {xn‘.j} of {z,,} which converges
weakly to w. Without loss of generality, we can assume that z,, — w. From
lim, o0 ||Zn — ta]| = O, we obtain t,, = w. Let z; = Ppsyz1 and D = {z €

H:|z— 2zl < llz1 — 21ll + =2=|l7f(21) — Az ||}. Then D is a nonempty closed

Ty

bounded convex subset of H which is T'(s)-invariant for each s € [0, 00) and contains
{z,}, {un}. We may assume, without loss of generality, that S = (T(s))s>o is a
nonexpansive semigroup on D. In view of Lemma 2.2.19, we can obtain that , for
every s > 0,

lim ||tn — T(5)ta]| = O.
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By the same argument as in the proof of Theorem 3.1.1, we conclude that w €

F(S)NGEP(G, ¥). This implies that

limsup((A— /)7, 2~ 2a) = lim ((A—f)z,2 — zn,)

n—oo

= ((A-7f)z,z—w) <0. (3.1.52)

Step 5. Finally, we prove that z, — z and u, — z as n — co. From (3.1.40), we

obtain

IZnt1 = 21> < (1= @n?)’llzn = 2l + 2007(f () — £(2), Zns1 = 2)

+2(1n<’yf(z) - AZ, Tnt1 — Z)

< (1 - aw?)?lon — 2P + 2007070 — 2llias 2]
+200(7f(2) — Az, Tns1 — 2)
< (11— an?)?llzn — 2l + 2007va(llEn — 2)1* + [|Tas1 — 21I*)
+20,(7f(2) — Az, Zpy1 — 2)
< (1= an¥)? + anya)|l@n — 2I° + anraliza — 2|
+ 20, (7f(2) — Az, Tpy1 — 2).
This implies that
126,75+ (an;)')2 + apya
Iz — 27 < 1 o — 21
— apya
2a
+ 22y f(z) ~ Az, B — 2),
2 (31(2) — Az =)
2(7 — va)a an¥)?
= (1 _ _(17_'7)_") llzn — 2|2 + —(—ann — 2|
— apya 1 —apya
2«
+ mﬁf(z) — Az, Zpy1 — 2)-
Setting
M = sup ||z, — 2%, (3.1.53)

neN
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we obtain

2(y — y0)an 2(7 —ya)am
fowss =l < (1= B2 ) g, g T2
— QY 1 —a,va

3
V"M 1
X - + — vf(z) — Az, z, —z) 3.1.54
(2(7—70) s AL o, g o
Setting v, = % and g, := (,;z;i:)x + ﬁ_lm (vf(2) — Az, Ty 41 — 2). It is easily

to see that Y oo | 7, = oo and limsup,_,, B, < 0 by (3.1.51). Hence, by Lemma
2.2.17, the sequence {z,} converges strongly to z. From lim, . ||Zn —¥n|| = 0 and
lim, 0 || Zn — Un|| = 0, we conclude that {y,} and {u,} also converge strongly to

z as n — o0o. This completes the proof of Theorem 3.1.3. O

Setting ¥ = 0 in Theorem 3.1.3, we obtain the following results

Corollary 3.1.4. Let S = (T(s))s>0 be a nonezpansive semigroup on a real Hilbert
space H. Let f : H — H be an a-contraction, let A: H — H be a strongly positive
linear bounded self adjoint operator with coefficient 5 and let y be a real number
such that 0 < v < 3 Let G : H x H — R be a mapping satisfying hypotheses
(A1)-(A4). Assume that F(S) N EP(G) # 0 and the sequences {z,},{u.} and
{yn} be generated by

,

1 € H chosen arbitrary,
G(unvy)+r_1'.'<y_un:un_xn) 201 VyGH,

Yn = PBnzn + (1 - ﬁn)’i I3 T(s)uads,

L Tny1 = an'Yf(xn) + (I = anA)yn, Vn > 1,

where the real sequences {an}, {Bn}, {sa}, {rn} satisfy the following conditions:
(D1) By oo 0 =05, B0 2 Oy = 08,

(D2) liminf, oo 7y > 0, lim, oo |Th41 —Ta| =0,

(D8) limy, o Sp = +00; lilyeoo M;si"-_ll =0, and
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(D4) 0<a< ﬂn <b< 1, lim,, 0 lﬂn = ﬁn—ll = 0.

Then the sequences {z,},{un} and {y,} converge strongly to z which is a unique

solution in F(S) N EP(G) of the variational inequality (3.1.3).

Remark 3.1.5. Theorem 3.1.3 and Corollary 3.1.4 generalize and improve [57,
Theorem 4.1] . In fact,

1. the conditions (C1) and (C2) can be replaced by the weaker conditions (D1)

and (D2) respectively.

2. The control condition lim,, M‘—"i = 0 on (C3) is placed by the strictly

Sn

weaker condition : lim,_ ""‘—snﬂ = 0 in (D3) as shown in the next exam-

ple.

Example 3.1.6. (a) If lim, . 's"_%ﬂi =0, then lim, L’"——:"—“l =0.

n

(b) The converse of (a) is not true.

Proof. Since {s,} C (0,00) and {a,} C (0, 1), we obtain

‘sn - sn—ll & |5n - 3n-—1| i

Sn Sn Qy,

Then it is easy to see that (a) is true. Let s, =n and a,, = % for all n € N. This
implies that lim, J%l = limn_,oo% = 0 but lim, Isn=sa-1l 1 — 1 Then

Sn Qan

converse of (a) is not true. Hence (b) is proved. O

3.2 A General composite algorithms for solving generalized equilib-

rium problems and fixed point problems in Hilbert spaces

In this section, we introduce a general composite algorithm for finding a com-
mon element of the set of solutions of an generalized equilibrium problem and the
common fixed point set of a finite family of asymptotically nonexpansive map-

pings in Hilbert spaces. Strong convergence of such iterative scheme is obtained
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which solving some variational inequalities for a strongly monotone and strictly

pseudo-contractive mapping.

Let A : C — H be a nonlinear mapping and ¢ : C x C — R be a bifunction.

Consider a generalized equilibrium problem:
Find z € C such that ¢(z,y) + (Az,y —z) > 0,Vy € C. (3.2.1)

The set of all solutions of the generalized equilibrium problem (3.2.1) is denoted
by EP, ie.,

EP ={z€C:¢(z,y)+ (Az,y — z) > 0,Vy € C}.

In the rest of our discussion in this section we shall assume that p(n) = j+1
if N <n<(G+1N,j=1,2,... and n = jN +i(n); i(n) € {1,2,...,N} and
hy = max{k;(&)) :1 < in) < N} foralln > 1, and for each n > 1, n =

(p(n) — )N +i(n).

Theorem 3.2.1. Let C be a nonempty closed and convez subset of a real Hilbert
space H. Let S1,Sa,...,Sy : C — C be a finite family of asymptotically nonea-
i(n)

pansive mappings with sequences {1 + k;((z))} respectively, such that kp(n) — 0 as

n — 00, hy, = maxls,-(n)sN{k;((';))} and T = NN, F(S;),

F = F(SNSN_ISN_2 .- Sl) = F(Sl.S'N - 52) e F(SN_ISN_Q R 'SISN).

Let A : C — H be an a-inverse strongly monotone mapping. Let ¢ : CxC — R be a
bifunction which satisfies conditions (A1)-(A4) such that Q) := EPNT 1s nonempty.
Let F : C — H be 6-strongly monotone and \-strictly pseudo-contractive with
§4+X>1, f:C — H a p-contraction, ¥ a positive real number such that v <

(1 - /(1 =68)/N)/p and r a constant such that r € (0,2a). For given 7o € C
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arbitrarily, let the sequence {z,} be generated iteratively by

¢(umy) #+ (Aﬂ?my - un) i ',IT(y — Up, Up — xn) Ea 07 Vy € C,

Yo = an 1S (@n) + (I — 0nF) STV, (3.2.2)

Tni1 = pnPelyn] + (1 — pn)tin,n > 0.
where p(n) = j+1if jN <n < (j+1)N,j=1,2,... andn=jN +i(n), i(n) €
{1,2,...,N}. Suppose that {c,} and {u,} are two sequences in [0,1] satisfying

the following conditions:

(C1) lipoo @ =0, liMy oo &2 =1, % o, = 00 and limy oo z—: =0;

an

(C2) 0 < liminf, o ptn < limsup, o, fin < 1 and lim, “—"(;%-lﬂ'- =0.

Assume that ) oo Sup,ecp ||SZ(,':11))2 - Sﬂ(n"))zll < 00, for each bounded subset B of

C. Then, the sequence {x,} converges strongly to =* of the following variational

mnequality
(F=9f)z",x—2) 20, z€Q (3.2.3)

or equivalently T = Po(I — F + vf)Z, where Pq is the metric projection of H onto
Q.

Proof. First, we rewrite the sequence {z,} by the following :
Tny1 = nPelyn] + (1 = pn)Tr(zn — TAZ,),n >0, (3.2.4)

where the mapping 75 is defined in Lemma 2.3.3. Pick z €  and u, = Tr(zn —

rAz,). The nonexpansivity of T;. and I — A implies that

lun — 2|l = |Tr(zn —rAz,) — T (2 — TAZ)||

IA

|z, — z|| for all z € Q. (3.2.5)
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Setting (1 - \/%‘S) and using Lemma 2.2.13 (ii), we have
lyn =zl = lleay(f(za) = F2) + (I — anF)(Skupn)n — 2
< aonyllTn = 2| + anllvf(zn) = Fzl| + (1 — an¥) (1 + hnsa)l|zn — 2|

= [ - an(¥ — ) + (1 = ca¥)hasi]llzn — 2|l
+ a7 f(zs) — Fz||. (3.2.6)

By our assumptions, we have (1 — an"y)h—;:—-‘- — 0 as n — oco. We can assume,
without loss of generality, that (1 — an"y)h;—:l” < 3(¥ — a7). Applying Lemma

2.2.13, we can calculate the following

lznt1 — 2l = lea(Pelyal = 2) + (1 — pa) (un — 2)||
< pllPelyn) — 2l + (1 — pa)llun — 2|l
<  Pallyn ~zlet {2—gts ) |2 —d]
< ,un[l =auly —ey) ¥l ans')hn+l]”xn =)
+imon 1S (Ba) = Fz|l+ (1 = p)llzn — 2|

< (1= el am) = (1= )22 o =21+ el ) — P
s[uéMMW—mﬂmfwn

tnegG N 1 (g) - Pl 2

2(7 O"Y)

By induction, we obtain, for all n > 0,

2 z)— F(z
“-’L‘n—Z” Sma.x{llxo—z”, ”fny ) ( )”}
T ay
Hence, {z,} is bounded. Consequently, we deduce that {u,}, {f(z.)}, and {y.}
are all bounded.

Next we show that

lim ([ — 2all = 0.
n—00
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From (3.2.2), we have

Sp(n+N+l)

”yn+N - yn+N—1” s an+N’Yf(-’En+N) =+ (I = an+NF) i(n+N+1) TntN

N
— anyNYf(Tnen) — (I — oy N F) ,-I)((,':erl))xn+N

i NY(f(@niN) = f(@nsn-1) + (@niN — Onen-1)7f (Tnin-1)

n+N+1 N+1
* (I i an+NF)(SZ(n+N:1))$n+N — Sﬁ:l:N:_I))xn-i—N—l)

(B, v F) — (B e F )] S0 o s

N n
+ (I - an+N—1F)(S?2(,;I:N:11))$n+N—l = Sf((n:-]}\;l))xn+N——l)

< ANVl Tni N — Tnin-all + [onin — e[V (@nin-1)]
+ (1 = anynY) (A + g N[ Tnt N — Tnrn-all
+ lann-1 = s wl I F IS n sty -1
4 (1% an+N—1’7)||Sﬁ(7:l:11\;ljll))$n+N—l i SZZILI\;,))xn+N—1“

< oY Zni N = Tnan-a ]l + |anin — Cnen—1 Y f(@nen-1)ll

=+ (1 =, an+Nr_Y)(1 &t hn+N+l)”xn+N e xn+N—1"

n+N
+ lomin -1 = i | FIISEn ) Tnen—
n+N+1 n+N
+  sup S g — sEe | (3.2.8)
r€{zn:neN}
and from (3.2.4), we have
|Znin+1 — Zoanll = EntnPelynen] + (1 = pasnN)Unin — tnsN-1Pc(Yn+n-1]

- (1 — .un+N—l)un+N—1“
= || tnsN(Pe[Ynin] — Pelynin-1]) + (tnsN — tntN-1) Pe[Unin-1]

4+ (1 = fngN) (WngN — UniN—1) + (BnsN-1 — PnsN)UnsN 1]l

IN

.un+N”yn+N ™ yn+N—l” + (1 i ;u'n+N)Hun+N - un-}—N—l”

+ |pnaN = Pasn-1| (1 Pelynenalll + [unen-1ll)
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and
”un+N = Un+N—1” = ”Tr(xn+N = TAiUn+N) = Tr($n+N—1 i TA-’L'n+N-1)”
< H(33n+N = TA$n+N) 5 ($n+N—1 = 7'A$n+N—1)||
S e —npnall-
Therefore,

|Zntne1 — Tnin|l
< g NOn g NYO||Tnyn — TniN-1|| + Mnsn|Onin — an+N—1|’Y”f(-77n+N—1)"

+ N (1 — @i nY) (1 + A n41) | Tnsn — Tagn-1]]

N+1
+ N |nin-1 — nen | F ST Nty Tnt 1]

n+N+1 n+N
+ HnyN  SUP ||Sﬁ(n+1v+1))f’3 N SZ(n+N))x”
T€{zn:n€EN}

il (1 ~ .un+N)“In+N b zn+N—l"
=t |.Un+N = Hn+N—1|(||PC[yn+N—1]|| 19 ”un+N—1”)

<2 - ﬂn+NO‘n+N('_7 . 7a))||xn+N — Tnyn-1]]

hnin R
+ Hnt NOntN [( asinz hn+N+1’Y> M
AntN

Ap+N-1 Qi N—1 ntN+1
+ |1 — 2 N f (@new-)l + | = 1| IFISE N Ten -l
n+N AN
1 HntN — Hn+N-1

+ = | (I1Pc[yn+n-1]ll + lltn+n-1l])

Hn+N QN

+N+1 n+N

+ sup “‘sz"u((r:l+N+1)):‘C - Sz(nﬂv))w”- (3.2.9)

z€{zn:neN}

By Lemma 2.2.17, we obtain that

lim [|Zn4N41 = Zagn| = 0.
n—o0

Furthermore,

I €nsn—2all < [1Znsn—Tnsn-1lH|Tnsn-1—Tnsn-2l+ -+ Ens1—=2Zall = 0, as 1 — 0o.
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lim ||Zpen — ol = 0. (3.2.10)

Next, we show that

lim ||z, — u.| =0. (3.2.11)
By the convexity of the norm || - ||, we have
l#ns1 =2l = llpa(Pelya] — 2) + (1 = pn) (un — 2)I?

i IAIA

IN

IN

IN

tinll Pelya) — 2112 + (1 = pa)ltin — 2|1°
tnallyn — 2|1 + (1 = p)llua — 2|1
tallanyf(@n) + (I — 0 F)SE Vg — 2012 + (1 — o) |[tim — 2|2

i(n+1)

pnll oy f () — nF(2) + (I = anF)SEnt N — (I — 0 F)z|?
(1 - l‘n)”“n = z||2
pall (I = 0 F)SE DV, — (I = 0 F)2l|? + im0 |lvf () — F(2)|2

i(n+1) 71
+ 2ptn0m{(I — 0 F) ST Tn — (I — 0nF)2,7f(2n) — F(2))
+(1 = pn)[Jum — 21
tn(1L = ) (1 + hny1) |70 — 211 + sl |7 (za) = F(2)|?
+20npin(1 — 0P| 7f(@a) — F(2)|[lzn — 2|
+ (1 — o) [n — 2|*
pn(1 = 0n¥)(1 + 2hnss + )l — 2I° + a7/ (za) — F)II®
+20mptn(1 — ) [7f (Zn) — F(2)|ll|zn — 2|
+ (1 = o) llttm — 2|17
pin(1 = an¥)(1 + By y)lizn — zII* + paclllvf (20) — F(2)II?
+20npin(1 — o) 17 f(%a) = F(2)[|ll£n — 2]

+(1 — it — 2% (3.2.12)



where h,,, = 2h,41 + hZ,,. From Lemma 2.2.15, we get

[l — z||2 = T (2o —1rAz,) — Tz~ 7‘Az)||2

< zn —rAz,) — (2 — 1”Az)||2

< @n — 2|2+ r(r — 20)|| Az, — Az (3.2.13)
Substituting (3.2.13) into (3.2.12), we have

onss = 2% < inll = )1+ Byl — 212 + pm2ly f(z) — PP
+ 20mptn(1 — T (@) = F(2)llen — 21
(1= ) lln — P + 7 — 20))| Az — A2)
= (1= coniy - 22 ))lion =l = antntmir e~ =

n

+n |7 f (2n) = F(2)I” + 20apia(l — ea¥) 7S (z0) = F(2)l|20 — 2|

+ (1 = p)r(r — 20)|| Az, — Az|*. (3.2.14)
Therefore,
(1 — pn)r (20 — 7)|| Az, — A2|
_ h;
< (1 ool = "222) ) 21 = s — =

n

+iim0 |7 (za) = F(2)I? + 20npn(1 = )7 (2n) = F(2l|2n — 2|
< Nz = 21 = l@nss — 2l° + pmad 7S (z0) — F(2)II?

+na |7 f (z) = F(2)|* + 20npa(1 — e |7/ (2n) = F(2)|[l|2n — 2]
< (ln = 2ll + 1241 = 2IDl1zn = Zassll + pacdllvf (@a) = FR)I

+ 20npin(1 — a7 f () — F(2)| ||z — | (3.2.15)
Since liminf,_oo(1 — ptn)7(2a — 1) > 0, ||Zp, — Zn41]| — 0 and a,, — 0, we derive

lim ||Az, — Az|| =0.
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From Lemma 2.3.3, we obtain

|, — z||2 = ||Ti(zn — rAz,) — To(z — rAz)|]?
< {(zn —TAZ,) — (2 — TAZ),up — 2)

1
-1 (n(x,, — rAza) — (2~ rAZ)|P + [ — I

AR, T o i T z)||2)

1

o 5(”:5“ — 2| + |Jun — 2|
(5 = ) ~ r(Azn ~ A2
1

= 5 (b= P+ = 212 = = ol
+ 27Ty — Up, AT, — Az) — T*|| Az, — Az|l2).

Thus, we deduce
”un - Z”2 = ”xn by Z"2 - ":1:,, = un”2 e 27‘“'7;11 - un”“Aa:n - Az”' (3-2-16)

By (3.2.12) and (3.2.16), we have

lner — 2P < pa(l = )1+ Kol — 2P + 21 S @) — FIP

+ 2o TR e-) < 2

(U )l — 2l 12 — nll? + 27l — vl Az — Azl
(1 awnly - 581) ) g 312 + el ) — PP

+ 20nptn(1 = a7 f (@) — F(@lllzn — 2]

+ (1= pn) [~z = unll® + 2rl|lzn — ua|l| Azs — A2]]].

IA

Therefore,

(1= p)llzn —wnll® < N#a = 2l = llZnss = 2l* + pacdllrf () = F(I

+ 2000 (1 = )17 f (20) — F(2) |20 — ]|
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+ (1= o) [2rlzn — unl|l| Az, — Az]]
< (2 — 2l = I8ns1 = 2DliEn = Zassll + pmodlvf (@a) = FEI

+ 2001 (1 = aa|7f(@0) = F(2)llzn — I

+2r(1 — po)||zn — un|||| Az, — Az||.

Since liminf,_oo(1 — ptn) > 0, @y, — 0, ||Tny1 — Za|| — 0 and ||Az, — Az|| — 0, we

derive that
lim ||z, — u,|| =0. (3.2.17)
Next, we show that

lim ||Zn — Sint-N)Sitnt-N-1)Si(n+N-2) * - - Si(n+2)Sin+1)Znll = 0. (3.2.18)

n—00

By using (3.2.10), it suffices to show that

nlggo |Zns N — Sitnsn)Sint N-1)Sin+N-2) - - - Sin+2)Sicn+1)Znl| = 0

Observe that

|Tn+n-1 — SZ(::A};I))xn+N—1 |
< NEnew — Tnin-ill + [Enin = Shogny Tnen-l
< N Znan — Tnan-1ll + sasn-al|Pe[ynsn-1] — Sf(;fly))me—ﬂl
+ (1 = ptagn—1)[Unsn-1 — Sf((::]y))xn+N—1"
< %N = Tnan-1ll + Boan-1lYnin-1 — Sf(:‘:]y))wa—l"
+ (1 = pnan-1)l[ttnsn-1 — Sz(,?:,%)me—l“
< Nzasn — Toen-all + pmen—10ni v 2 (1 f (Tnen-1) ] + |IFS§(::11\Y))$11+N—1")

+ (1 - ﬂn+N—l)"U’n+N—l = zn+N—l“

N
+(1 = pnsn-1)|Bnsn-1 — Shrar Ensn-ll- (32.19)
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Hence,
N 1
I @nsn-1 — Shoray Tnen-1ll < |+ — Tninval
Hn+N-1
N
+ N1 (17 @ne 1) | + | F STy Env-1ll)
1-— N—
ity e by @500
Hn+N-1

From (3.2.10), (3.2.17), lim,_,c @, = 0 and (C2), we have

TniN-1 — Sty Tnin-1]| = 0 as n — oo, (3.2.21)

Since Sj) is Lipschitz with constant L;s) for each i(n) € {1,2,...,N} and for

L = max; <;<n{Li(n)}, and for any positive number n > 1,n = (p(n) — 1)N +i(n),

we have
& aivg, — Si(n+N)$n+N—1”
< Ntnsn-1 — Sty Enen-1ll + [ Shy TntN-1 = SitatmTnsn-1l
< |Tnin-1 — Siay s n-1ll + LISEEiN)  Tnsn-1 = Taen-l
< Ngmiwt = St S n-ill + L(ISTiy Sy = Sy Tz
ISP o |+ ey — xn+N_1||). (3.2.22)

Since for each n > N,n+ N = n( mod N), and also n = (p(n) — 1)N + i(n) so,

n+ N = (p(n) — 1+ 1)N +i(n) = (p(n+ N) — 1)N +i(n + N),

that is,

Hence,

p(n+ N) — 1 =p(n) and i(n + N) = i(n).

S?UH_N)_I

i(n+N) Tn+N-

n+N)—1 L
i f((n) el = ||Sﬁ(7;))$"+N—1—Sf(%)‘”"—1||

2 Llzaagei— Ta-ill (3.2.23)
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Also,

Tl PC M . 1l MRS T ) (3.2.24)

Therefore, substituting (3.2.23) and (3.2.24) into (3.2.22), we have

N
|Znsn-1 — Sintm)Zran-1ll < NTnsn-1— Sﬂ(:_:,v))xmrlv-l”

+L? |Tnin-1 — Tn-1 "

+L” S-ip(sln))xn—l — Tn-1 ”

+L||Zp-1 — Tasn-1ll- (3.2.25)
From (3.2.21) and (3.2.10), we have
lim |ZnsN-1 — Sitn+-n)Znan-1ll = 0. (3.2.26)

Also,
I Znin — SintMyTnin-1ll € |Znsn — Tnanv-all + [|Tnsn—1 — Sitarm)Tasn-1ll,
so that
TntN-1 — Si(n+N)InyN-1 — 0 as n — o0. (3.2.27)

Indeed, noting that each Sj.,) is Lipschitzian and using (3.2.27), we can calculate

the following
TnyN — Si(n+N):c,,+N_1 —0asn— o035
Sitn+N)TnsN-1 — Si(n+N)Si(n+N-1)Tn+N—-2 85 . — 00;
Si(n+N)Si(n+N—l) <+ Sin42)Tn41 — Si(n+N)Si(n+N—l) il Si(n+2)Si(n+1)3?n — 0 asn — 0o.

It follows from the above table that

Tn+N — Si(n+N)Si(n+N—l) T Si(n+l)$n — 0asn — oo.
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Using (3.2.10), we have
Tn — Si(n+N)Si(n+N—l) ik 'Si(n+l)$n — 0asn— oo.

Hence (3.2.18) is proved. Let ® = Po. Then ®(/ — F — v f) is a contraction on C.

In fact, from Lemma 2.2.13 (i), we have

|8(I -~ F — vf)z — oI — F — /)yl

< (I -F=~f)z— - F =)yl
< Il (I = F)z— (I = F)yll + 4l f(=) - f@)ll
S ||a: —yll + avllz -yl

(\/ R a'y) |z —yl|, for all z,y € C. (3.2.28)

Therefore, ®(I — F — vf) is a contraction on C with coefficient (\/% + 017) =
(0,1). Thus, by Banach contraction principal, Po(I —F —~f ) has a uninique fixed
point z*. That is Po(I — F —f)z* = z* which mean that z* is the unique solution
in Q of the variational inequality (3.2.3). Next we show that
limsup(yf(z*) — Fz*,z, — ") < 0.
n—00
Let {z,;} be a subsequence of {z,} such that
1i;nqsgp(7f (z7) = Fz*,2n —&7) = lim (1f (%) — Fz*, Ty, — =°).
Since {z,} is bounded, we may also assume that there exists some Z € H such
that z,, — 7. Since the family {S:}X, is finite, passing to a further subsequence
if necessary, we may further assume that, for some i(n) € {1,2,...,N}, it follows
that

Tn; — SinN)SintN-1) * - - Sitn+1)Tn; — 0 a8 3 — 00.

By Lemma 2.2.16, we obtain

Z € F(Sitnt+n)SitntN-1) - Sitn+1))»
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so this implies that Z € I'. Next we show & € EP. Since u, = T;(zn, — rAz,), for

any y € C we have
i)
¢(unv y) + ;(y — Up, Up — (xﬂ el TA.’B,J) e 0.
From the monotonicity of F', we have
1
;(y — Up, Uy — (Tn — TAT,)) > Py, un),Vy € C.

Hence,
1, Sy
{y — un, ‘—T——' + Azy,,) > ¢(y,un,),Vy € C. (3.2.29)

Put z, =ty + (1 —t)Z for all t € (0,1] and y € C. Then, we have z; € C. So, from
(3.2.29) we have

Wi — T
e B S
T

(zt - un," Azt) 2 (zt oy unn AZt) == (Zt e u’n,‘a
I d)(zt, uni)
= (2 — Un,, Az — Aup,) + (2t — Un;, Ay, — Axy,)

+ {2 =i —;—> + @24, Un,)- (3.2.30)

Note that ||Au,, — AZy,|| < L|ltn, — zn,|| — 0. Further, from monotonicity of A,

we have (z; — Un,, Az — Aup,) > 0. Letting 1 — oo in (3.2.30), we have
(2t — T, Az) > (2, T). (3.2.31)
From (A1), (A4) and (3.2.31), we also have

0 = ¢(z,2) <td(z,y) + (1 —t)p(z, T)
< td(z,y) + (1 = t)(z — 7, Az)

= td(a,y) + (1 — )ty — Z, Az,)
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and hence

0 < ¢(z,y) + (1 — t){Az,y — 7). (3.2.32)
Letting ¢t — 0 in (3.2.32) and using (A3), we have, for each y € C,

0 < ¢(&,y) + (y — 7, AT). (3.2.33)

This implies that Z € EP. Therefore, € 2. Therefore,

limsup(yf(z*) — Fz*,z, — z*) = (vf(z*) — Fz*,z — z*) < 0.

n—oo

Finally, we prove that z, — z* as n — oco. From Lemma 2.2.13 and (3.2.2), we

obtain

i 5'3‘”2

lltn(Pelyn) — 27) + (1 = ) (un — 2)|1*

< pallPelyn] — 12 + (1 = po) 1 — 2|2
< pallyn — 212+ (1= i) lm — =71
= pllanrf(2a) — @ F(z") + (I — anF) St N30 — (I — anF)z"||?
+ (1= )l — 2|2
= (1= p)l|En — &1 + palln(7/ (@) = F(27)) + (I — anF)(Shasiy Tn — )|
< (1= m)lEn — @12 + pn(l = 7)1+ hnga)?l|zn — °|1°
+ 2in0n (7 f (%n) — F(2%), Tn1 — T7)
< (1= p)l|Zn — 21 + pa(l = a1 + 2hgs + 2 ) l|z0 — 22

+2Uno‘n(7f($n) - F(.’E*),:L‘n_‘_l = -75*>
= (1—pn)lzn — 1:*”2 + pa(1 = 2 7)(1 + h:;+1)“55n o :1:*"2
+ 2pnan (Vf(20) — F(2°), Tnt1 — 2°)

, *
< (1 manlr = 22z = 2°F

n
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h:l 1 * *
¥ 2o |5 — 2t ——(vf(zn) — F(z"),Tny1 —Z7) |, (3.2.34)
an, (7 _ hn+1)

where h},,, = 2h,41 + h2,,. Hence, all conditions of Lemma 2.2.17 are satisfied.

Therefore, z,, — z*. This completes the proof. E

The following example shows that there exist the sequences {ay} and {u.}

satisfying the conditions (C1) and (C2) of Theorem 3.2.1.

Example 3.2.2. For eachn > 0, let o, = %_H and p, = %+ —ni—l Then, it

is easily to obtain lim, cotn = 0, Yoo gan = 00 and lim, o 2 =1, 0 <

1 i s - N | 3 Bntl—Hn __
5 = lim inf, oo tn < limsup,,_, ta = 5 <1 and hmn_,w—"ﬁ = 0. Hence

conditions (C1) and (C2) of Theorem 3.2.1 are satisfied.

Corollary 3.2.3. Let C, H, A, $,%, f, F,r be as in Theorem 3.2.1. Let Sy, S, ..., SN :
C — C be a family of nonezpansive mappings. Let Ty, Ts, ..., Tn : C — C be map-
pings defined by (2.1.12). For T, := Tpmoan, let the sequence {z,} be generated
by

¢(un7 y) St (Axn-:y = un) ste %(y — Up, Up — xn) > 01 V?J € C1
L1 = tnPeolomyf(2n) + (1 — anF)Tnzn) + (1 — pn)un,n > 0.

Assume that > oo sup,cp || Tns12 — Tnz|| < 0o for each bounded subset B of C' and

the sequences {an} and {u,} satisfy the following conditions :

C1 lirnn_,oo Qn = 0, oo_ a, = 00 and hmn_,oo ntl 1,‘
n=0

Qan

(C2) 0 < liminf, o ptn < imsup,,_,o fin < 1 and lim, o 22252 = 0.

QAn+1

Then the sequence {x,} converges strongly to z* of the following variational in-

equality

(F—~f)z",z—2z") >0, z€Q
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or equivalently T = Po(I — F + v f)Z, where Py is the metric projection of H onto
Q.

Proof. By Lemma 2.1.71, we have
MY, F(Ty) = F(TNTN-1Tn-2---Th) = F(T\In ---T2) = F(Tn-1Tn-2--- ThTn).
Therefore, the result follows from Theorem 3.2.1. O

Remark 3.2.4. As in (33, Theorem 4.1], we can generate a sequence {S,} of
nonexpansive mappings satisfying the condition ) o sup{||Sn+1z — Snz|| : z €
B} < oo for any bounded subset B of C' by using convex combination of a general

sequence {7Tx} of nonexpansive mappings with a common fixed point.

Setting v = 1, F = I and S, = S, a nonexpansive mapping, in Corollary

3.2.3, we obtain the following result.

Corollary 3.2.5. [58, Theorem 3.7] Let C,H, A, ¢, f,r be as in Theorem 3.2.1.
Let S : C — C be a nonexpansive mapping such that Q := EP N F(S) # 0. Let
the sequence {z,} be generated by

A (Un,Y) + (ATn,y — Un) + H(y — Un,Un — To) >0, Vy€C,

ZTns1 = pnPelonf(za) + (1 — an)Szs] + (1 — pin)tin,n > 0.

Assume the sequences {a,} and {p,} satisfy the following conditions :

(C1) limy so0m =10, Yoo yon =00 and lim, .o 22t = 1;

(C2) 0 < liminf, o ftn < limsup,_, . ptn < 1 and lim,_,q, 2222 = (.

Qn41

Then the sequence {z,} converges strongly to z* of the following variational in-

equality

(I-f)z*,z—2")>0, zeq.





