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Abstract:  Levitin-Polyak -well-posedness for inverse quasi-variational inequality is 
investigated. We establish some metric characterisations of Levitin-Polyak  -well-
posedness for inverse quasi-variational inequality problems having a unique solution and 
give some conditions under which the above problem is Levitin-Polyak  -well-posed by 
perturbations in the generalised sense. 
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________________________________________________________________________________ 

INTRODUCTION 
 

Well-posedness is one of the most important concepts in the theory of optimisation and it 
has been studied extensively in the literature [1-8]. It plays a crucial role in the stability theory for 
optimisation problems, which guarantees that for an approximating solution sequence, there exists a 
subsequence which converges to a solution. The study of well-posedness for scalar minimisation 
problems was started by Tykhonov [1], according to whom the problem of minimising a function  

( )h x  over a closed convex set K  is Tykhonov well-posed if it has a unique solution and every 
minimising sequence converges to the solution. 

This type of well-posedness requires every minimising sequence to lie in the feasible set K . 
In many practical situations, the minimising sequence { }nx  produced by a numerical optimisation 
method usually fails to be in K  but ( ) 0K nd x   as n  . Such a sequence is called a generalised 
minimising sequence. Taking this into account, Levitin and Polyak [2] introduced a strengthening 
notion of Tykhonov well-posedness by requiring the convergence of every generalised minimising 
sequence to a unique solution, which is known as Levitin-Polyak (LP) well-posedness. Zolezzi [7, 
8] also introduced a strengthening version of Tykhonov well-posedness by the name of extended 
well-posedness (also named well-posedness by perturbations) by embedding the original problem 
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into a family of perturbed problems depending on a parameter. This form of well-posedness 
establishes continuous dependence of the solution upon a parameter. 

In recent years, the concepts of well-posedness have been generalised to various variational 
inequality problems [3, 9-19] and quasi-variational inequality problems [20-24]. The main 
motivation originates from the fact that a minimisation problem is equivalent to a variational 
inequality under convexity and differentiability assumptions. There is vast literature which relates 
the solutions of a minimisation problem and (generalised) variational inequality problem (see [25-
28] and references therein). Lucchetti and Patrone [17] were the first to introduce the notion of well-
posedness for a variational inequality. Lignola and Morgan [15] generalised the notion of well-
posedness by perturbations to a variational inequality problem and established the equivalence 
between the well-posedness by perturbations of a variational inequality and the corresponding 
minimisation problem. Hu and Fang [12] and Hu et al. [29] studied the LP well-posedness of 
variational inequalities. Huang et al. [14] studied the LP well-posedness of variational inequality 
problems with functional constraints. 

A new class of problems known as the inverse variational inequality (IVI) has been 
proposed and studied [30-34]. The IVI has broad applications in the market equilibrium problems in 
economics and normative flow control problems, appearing in transportation and telecommuni- 
cation. The primary motivation of research on IVI originates from the transportation system 
operation and control policies. He et al. [33] demonstrated the applicability of constrained black-
box variational inequality to the class of network equilibrium control problems by taking the spatial 
price equilibrium problem as an example. However, in some practical situations it is necessary to 
consider IVI models in which the constraint set is not constant. Hence a new class of problems 
known as the inverse quasi-variational inequality was introduced and studied recently by Aussel et 
al. [35]. This class of problems finds applications in road pricing problem in which the 
environmental impact problem due to traffic flow is taken into account to fix road taxes. Very 
recently, Hu and Fang [11] introduced and studied the well-posedness of IVI, which was further 
extended for Levitin-Polyak well-posedness by Hu and Fang [36]. 

Motivated by the above-mentioned research work, we establish some metric 
characterisations of LP -well-posedness by perturbations. We derive some conditions under which 
the LP well-posedness by perturbations of an inverse quasi-variational inequality (IQVI) is 
equivalent to the existence and uniqueness of its solution. We also establish metric characterisations 
of LP -well-posedness by perturbations in the generalised sense. 

 
PRELIMINARIES  

Let , : n nf h    be two continuous maps. Let : 2
nnK    be a set-valued map 

such that for each nx   , ( )K x  is a closed convex set in n . The IQVI associated with ,f h  and 
K  denoted by IQVI ( , , )f h K  consists of: 
Find nx    such that ( ) ( )h x K x   and  

( ), ( ) 0 ( ).f x y h x y K x         
When h  is the identity map on n , then IQVI ( , , )f h K  reduces to the classical quasi-variational 
inequality.  
When ( )K x  is a constant set K  on n , then IQVI ( , , )f h K  reduces to inverse variational 
inequality IVI ( , , )f h K . 
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Now, take f  to be the identity map. We have 
IQVI( , ) : Find  such that ( ) ( )

 and , ( ) 0 ( ).

nh K x h x K x

x y h x y K x

  

      

  


 

Let L  be a parametric normed space and P L  be a closed ball with positive radius; p P   is a 
fixed point. Then the perturbed problem of IQVI ( , )h K  is given by  

IQVI ( , ) : Find such that ( , ) ( )

 and , ( , ) 0 ( )

n
p h K x h p x K x

x y h p x y K x

  

      

  


 


 

where : n nh P     is such that ( , )h p h   . 
When ( )K x K  , IQVI ( , )p h K  reduces to the inverse variational inequality, the well-posedness of 

which has already been dealt with [11, 36]. 
Let T  be the solution set of IQVI ( , )p h K . 

Now, we introduce some notations:        
 

Definition 1.  Let { }np P  with np p . A sequence { } n
nx    is called -approximating 

sequence corresponding to { }np  for IQVI ( , )p h K  if there exists a sequence 0n   with 0n   

such that ( , ) ( )n n nh p x K x  and  
2, ( , ) ( , ) ( ) and .

2n n n n n n nx h p x y h p x y y K x n              

When 0  , we say that { }nx  is an approximating sequence corresponding to { }np  for 
IQVI ( , )p h K . 

 
Definition 2.  Let { }np P  with np p . A sequence { } n

nx    is called LP -approximating 
sequence corresponding to { }np  for IQVI ( , )p h K  if there exists a sequence 0n   with 0n   

and n
nw    with 0nw   such that ( , ) ( )n n n nh p x w K x   and   

2, ( , ) ( , ) ( ) and   .
2n n n n n n nx h p x y h p x y y K x n              

When 0  , we say that { }nx  is LP approximating sequence corresponding to { }np  for 
IQVI ( , )p h K . 
 

Clearly every -approximating sequence (corresponding to { }np  ) is LP -approximating. 
 

Definition 3.  IQVI ( , )p h K  is -well-posed by perturbations if IQVI ( , )p h K  has a unique solution 

and for any sequence { }np P  with np p , every -approximating sequence corresponding to 
{ }np  converges to the unique solution. 

 
If 1 2 0   , then 1-well-posedness by perturbations implies 2-well-posedness by 

perturbations. 
 

Definition 4.  IQVI ( , )p h K  is LP -well-posed by perturbations if IQVI ( , )p h K  has a unique 

solution and for any sequence { }np P  with np p , every LP -approximating sequence 
corresponding to { }np  converges to the unique solution. 
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When np p , LP -well-posedness by perturbations is called LP -well-posedness. 
 
Definition 5.  IQVI ( , )p h K  is -well-posed by perturbations in the generalised sense if IQVI ( , )p h K  

has a non-empty solution set and for any sequence { }np P  with np p , every -
approximating sequence corresponding to { }np  has some subsequence which converges to some 
solution. 

 
Definition 6.  IQVI ( , )p h K  is LP -well-posed by perturbations in the generalised sense if 

IQVI ( , )p h K  has at least one solution and for any sequence { }np P  with np p , every LP -
approximating sequence corresponding to { }np  has some subsequence which converges to some 
solution.   

 
Definition 7.   A function : n nh    is said to be 
(i)  monotone if ( ) ( ), 0h x h y x y        , nx y   . 
(ii) hemicontinuous if, for any , , ( ),nx y t hx t y x y x       from [0,1]  to   is continuous 
at 0 . 

 
Definition 8.  Let A , B  be non-empty subsets of n . The excess from A  to B  is defined by  

( , ) sup ( , )
a A

e A B d a B


, 

where ( , ) inf
b B

d a B a b 

 .       

 
Now, recall the notion of Mosco convergence. A sequence ( )n nH  of subsets of E  converges 

to a set H  if 
 liminf - limsupn nn n
H H w H  , 

where liminf nH  is the Painlevé-Kuratowski strong limit inferior and w - limsup nH  is the Painlevé-
Kuratowski weak limit superior of a sequence ( )n nH , i.e.  

liminf { : , with }n n n nH y E y H n y y       
and  

- limsup { : , , , with }.
k k kn k k n n nw H y E n n y H k y y            

If liminf nH H , we call the sequence ( )n nH  of subsets of E  Lower Semi-Mosco which 
converges to a set H .          

We state the following lemma which will be needed in the paper. 
 

Lemma 1 [20].   Let ( )n nH  be a sequence of non-empty subsets of E  such that 
(i)  nH  is convex   n   .  
(ii) 0 liminf nH H .  
(iii) there exists m    such that n

n m
H


  .  

Then for every 0 0intu H� , there exists a positive real number   such that 0( , ) nB u H     
n m . 
If E  is a finite dimensional space, then assumption (iii) can be replaced by (iii)  0int H   . 

 
Now, consider the following approximating solution set of IQVI ( , )p h K : 

For any 0  ,  
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( , )

2

( ) { : ( ( , ), ( ))

and , ( , ) ( , ) ( )},
2

p n

p B p
T x d h p x K x

x h p x y h p x y y K x




 

 



 

      


 





  


 

where ( , )B p   denotes the closed ball centred at p  with radius  . 
 

CASE OF A UNIQUE SOLUTION  
In this section we investigate some metric characterisations of LP -well-posedness with 

perturbations for IQVI ( , )p h K . 
 

Theorem 1.  Let x  be a solution of IQVI ( , )p h K . Then IQVI ( , )p h K is LP -well-posed by 

perturbations if and only if ( ) 0    as 0  , where ( ) sup{ : ( )}px x x T         
0  .  

Proof:  Let IQVI ( , )p h K  be LP -well-posed by perturbations.  

Then * nx   is the unique solution of IQVI ( , )p h K .  

Let ( ) 0    as 0  . Then there exists 0   and a sequence { }np  such that IQVI ( , )p h K .  

By definition of  , there exists ( )p
n nx T   such that  

*|| ||nx x   .                       (1) 
Since ( )p

n nx T  , there exists ( , )n np B p   such that  
1( ( , ), ( ))n n n n nd h p x K x
n

              (2) 

and 
2, ( , ) || ( , ) || ( ).

2n n n n n n nx h p x y h p x y y K x              (3) 

Clearly, np p .  
By (2), there exists ( )n ny K x  such that 1( , )n n n n nh p x y     .  

Take ( , )n n n nw y h p x   . Then  
( , ) ( ) and 0n n n n nh p x w K x w   .         (4) 

By (3) and (4), { }nx  is LP -approximating sequence corresponding to { }np  for IQVI ( , )p h K  

which is LP -well-posed by perturbations.  
Thus 0nx x   , a contradiction to (1).  
Conversely, let ( ) 0    as 0  . Then nx    is the unique solution of IQVI ( , )p h K . If x  

( )x  is another solution of IQVI ( , )p h K , then ( ) 0x x         0  , a contradiction. 

Let { }np P  with np p  and let { }nx  be LP -approximating sequence corresponding to { }np  
for max{ , , }n n n np p w       . Then there exists n

nw    with 0nw   and 0n   with 
0n   such that  

( , ) ( )n n n nh p x w K x   
and  

2, ( , ) || ( , ) || ( )
2n n n n n n nx h p x y h p x y y K x n           . 
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Taking n np p    and max{ , , }n n n nw      , we have ( )p
n nx T    with 0n   .  

Thus, ( ) 0n nx x       .  
Hence IQVI ( , )p h K  is LP -well-posed by perturbations.  
      

The following example justifies the conclusion of Theorem 1. 

Example 1.  Let X   , ( , ) (1 | |)h p x x p  , 
[0, ), 0

( )
( ,0), 0

x
K x

x
    

,  [ 1,1]P   , 0p  , 

2  . 
Clearly, 0x   is the solution of IQVI ( , )p h K . 

Let ( ) { : ( ( , ), ( )) }pA x d h p x K x      . 

When 0x  , ( ) ,0
1 | |

pA
p
     

. 

When 0x  , ( ) 0,
1 | |

pA
p

     
. 

Let  
 2

2 2

( ) : , ( , ) ( , ) ( )

2 | | 1: ( ) .
2 4

pB x x h p x y h p x y y K x

p xx y x y K x

  



       

                

  

  

  

 

When 0x  ,  
2 22 | | 1( ) 0 : 0 .

2 4
p p xB x y x y  

                  
 

When 0x  ,  
2 22 | | 1( ) 0 : 0

2 4
p p xB x y x y  

                  
. 

 Now,  

(0, )
( ) [ ( ) ( )]p p p

p B
T A B  


  


  . 

When 0x  ,  

(0, )

(0, )

( ) ,0 ( )
1 | |

,0 [ ,0].
1 | |

p p

p B

p B

T B
p

p

 





 

 

         

     











 

When 0x  ,  

(0, )

(0, )

( ) 0, ( )
1 | |

0, (0, ].
1 | |

p p

p B

p B

T B
p

p

 





 

 

         

    











 

Thus,  
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( )

( ) {sup : ( )}
, 0

sup | |
, 0p

p

x T

x x x T
x

x
x







  



 
   

 
 

and so ( ) 0    as 0  . 
Hence the problem is LP -well-posed by perturbations. 

 
Next, we give a characterisation of LP -well-posedness by perturbations using the 

approximate solution set ( )pT  . 
 

Theorem 2.  Let K  be a non-empty, convex-valued, set-valued map. Let : n nh P     be 
continuous. Assume the following: 
(i) K  is non-empty convex-valued and for each sequence { }nx  converging to x , the sequence ( )n nK x  
Lower Semi-Mosco converges to ( )K x .  
(ii) For every converging sequence ( )n nx , there exists m    such that  int ( )n

n m
K x


  .  

Then IQVI ( , )p h K  is LP -well-posed by perturbations if and only if ( )pT       0   

and diam ( ) 0pT    as 0  . 
 
Proof:  Let IQVI ( , )p h K  be LP -well-posed by perturbations. Then ( )pT       0  .  

On the contrary, assume diam ( ) 0pT    as 0  . Then there exists a constant 0  and a 
sequence { }n    with 0n   and (1) (2){ },{ } ( )p

n n nx x T   such that  
(1) (2)|| ||n nx x n                (5) 

As (1){ } ( )p
n nx T  , we have  

(1) 1( ( , ), ( ))n n n n nd h p x K x
n

              (6) 

and  
(1) (1) (1) 2, ( , ) || ( , ) || ( ) .

2n n n n n n nx h p x y h p x y y K x n                  (7) 

By (6), there exists (1) ( )n nx K x  such that  
(1) (1) 1|| ( , ) ||n n n nh p x x

n
   . 

Let (1) (1)( , )n n n nw x h p x   .  
Thus, (1) (1)( , ) ( )n n n n nh p x w x K x    and (1) (1)( , ) 0n n n nw x h p x       as n  .  
Thus, (1){ }nx  is LP -approximating sequence corresponding to { }np  for IQVI ( , )p h K .  

Similarly, (2){ }nx  is LP -approximating sequence corresponding to { }np  for IQVI ( , )p h K .  

So they both converge to the unique solution of IQVI ( , )p h K , which is a contradiction to (5).  

Conversely, let ( )pT       0   and diam ( ) 0pT    as 0  .  
Let { }np P  with np p , and let { }nx  be LP -approximating sequence for IQVI ( , )p h K .  

Then there exists 0 { } 0n    and n
nw    with 0nw   such that ( , ) ( )n n n nh p x w K x   and  

2, ( , ) || ( , ) || ( ) .
2n n n n n n nx h p x y h p x y y K x n               

As ( , ) ( )n n n nh p x w K x  , there exists ( )n nx K x  such that ( , )n n n nh p x w x  .  
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Now, ( , ( , ), ( ))n n nd h p x K x  ( , ) 0n n n nh p x x w      .  
Set max{ , , }n n n np p w       .  Thus, { } ( )p

n nx T  .   
Also, by hypothesis, { }nx  is a Cauchy sequence and so it converges strongly to a point x . If 1 2,x x  
are two distinct solutions of IQVI ( , )p h K , then 1 2, ( )px x T     0   and 1 20 x x     

diam ( ) 0pT   , a contradiction. We claim that x  solves IQVI ( , )p h K . We prove this in the next 

two steps:  
 
(a) ( , ) ( )h p x K x  .  
For each n   , choose ( , ) ( )n n nh p x K x   such that  

( , ) ( , ) ( ( , ), ( )) 2 .n n n n n n n n nh p x h p x d h p x K x         
As nx x  and ( , )h    is continuous, we get ( , ) ( , )n nh p x h p x  .  
Thus, it follows from above and 0   that  

*( , ) ( , ).n nh p x h p x    
Now,  

* *lim inf ( ) { ( , ) : ( , ) ( ), with ( , ) ( , )}.n
n n n n n nK x h p x h p x K x n h p x h p x            

Thus, liminf ( ) ( )nK x K x  and so ( , ) ( )h p x K x  .  
 
(b) , ( , ) 0x y h p x       ( )y K x .  
Consider any ( )y K x .  
By Lower Semi-Mosco convergence, we have  

( ) liminf ( )nK x K x . 
By condition (ii) in the hypothesis applied to the constant sequence x    n    implies 
int ( )K x   .  
Hence from Lemma 1, for int ( )v K x , there exists 0   and m    such that ( , ) ( )nB v K x   
  n m . Thus, ( )nv K x  for n  sufficiently large.  
As { }nx  is LP -approximating sequence for IQVI ( , )p h K , we have  

*

2

* 2

, ( , ) lim , ( , )

lim || ( , ) ||
2

|| ( , ) || .
2

n n n

n n n

x h p x y x h p x y

h p x y

h p x y






  

    
 

 

 





 

Now, if ( ) int ( )v K x K x  , let { }nv  be a sequence converging to v , whose point belongs to a 
segment contained in int ( )K x .  
Since int ( )nv K x    n   , one has 

* 2, ( , ) || ( , ) || .
2n n n n nx h p x v h p x v

     

As h  is continuous, this implies 
* * 2, ( , ) || ( , ) || , ( )

2
x h p x v h p x v v K x

     . 

As K  is convex-valued, then   ( )y K x , [0,1]t  , (1 ) ( , ) ( )tv ty t h p x K x    .  
Thus, 2

2, ( , ) ( , )t tx h p x v h p x v           ( ), [0,1]y K x t  .  
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Taking 0t  , we get that x  solves IQVI ( , )p h K .  
 

LP  -WELL-POSEDNESS BY PERTURBATIONS IN THE GENERALISED SENSE  
In this section we investigate metric characterisations of LP -well-posedness in the 

generalised sense for IQVI ( , )p h K . 
 

Theorem 3.  Let x  be a solution of IQVI ( , )p h K . Then IQVI ( , )p h K  is LP -well-posed by 
perturbations in the generalised sense if and only if T is non-empty and compact, and 

( ( ), ) 0pe T T    as 0  . 
 

Proof:  Let IQVI ( , )p h K  be LP -well-posed by perturbations in the generalised sense. Then T  is 

compact as when { }nx  is any sequence in T  and sequence { }np P  with np p , then { }nx  is 
LP -approximating sequence corresponding to { }np  for IQVI ( , )p h K . So { }nx  has a sub-
sequence which converges to some point of T . Thus, T  is compact.   
If ( ( ), ) 0pe T T    as 0  , then there exists 0, 0n   with 0n   and ( )p

n nx T   such 
that  

(0, )nx T B   .                       (8)  
Since ( )p

n nx T  , there exists ( , )n np B p   such that  
1( ( , ), ( ))n n n n nd h p x K x
n

     

and 
2, ( , ) || ( , ) || ( )

2n n n n n n nx h p x y h p x y y K x        . 

As proved in Theorem 2, { }nx  is LP -approximating sequence corresponding to { }np  for 
IQVI ( , )p h K , which is LP -well-posed by perturbations in the generalised sense. Thus, there 
exists a sub-sequence { }

knx  of { }nx  converging to some point of T . This contradicts (8).  

Conversely, let T  be compact and ( ( ), ) 0pe T T    as 0  .  
Let { }np P  with np p , and let { }nx  be LP -approximating sequence corresponding to 
{ }np . 
Then there exists n

nw    with 0nw   and 0 0n    such that ( , ) ( )n n n nh p x w K x   and 
2, ( , ) || ( , ) || ( ) .

2n n n n n n nx h p x y h p x y y K x n              

Take max{ , , }n n n nw p p       . Then 0n   and ( )p
n nx T  .  

Thus, ( , ) ( ( ), ) 0p
n nd x T e T T   .  

Since T  is compact, there exists nx T  such that ( , ) 0n n nx x d x T    . Again, from the  
compactness of T , { }nx  has a sub-sequence { }

knx  converging to x T . Hence the corresponding 

sequence { }
knx  of { }nx  converges to x , proving that IQVI ( , )p h K  is LP -well-posed by 

perturbations in the generalised sense.   
We now give the following example as an application of Theorem 3.  

Example 2.  Consider Example 1.  
The solution set {0}T   is compact and  
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[ ,0], 0
( )

(0, ], 0.
p x

T
x





   

 

Thus, ( ( ), ) 0pe T T    as 0  . 
Hence the problem is LP -well-posed by perturbations in the generalised sense.  

Further, characterisation is given in terms of measure of non-compactness.  
Theorem 4.  Let the assumptions be as in Theorem 2. Then IQVI ( , )p h K  is LP -well-posed by 

perturbations in the generalised sense if and only if ( )pT       0   and ( ( )) 0pT    as 
0  .  

Proof:  Let IQVI ( , )p h K  be LP -well-posed by perturbations in the generalised sense. Then 

( )pT       0  .  
By Theorem 3, T  is non-empty and compact, and ( ( ), ) 0pe T T    as 0  .  
For any 0  , we have  

( ( ), ) max{ ( ( ), ), ( , ( ))}

( ( ), ).

p p p

p

T T e T T e T T

e T T
  



  








 

As T  is compact, ( ) 0T  .  
Since   n   , the following relation holds [37]: 

( ( )) 2 ( ( ), ) ( )

2 ( ( ), ) 0 as 0.

p p

p

T T T T

e T T
 



   

 

 

  


 

Conversely, let ( )pT       0   and ( ( )) 0 as 0PT    .  
Let { }np P  be any sequence with np p , and let { }nx  be LP -approximating sequence for 
IQVI ( , )p h K .  

Then there exists a sequence { } 0n    with 0n    and sequence n
nw    with 0nw   such that 

( , ) ( )n n n nh p x w K x   and  
2, ( , ) || ( , ) || ( ) .

2n n n n n n nx h p x y h p x y y K x n             

As K  is non-empty, there exists ( )n nx K x  such that ( , )n n n nh p x w x  .  
Now, ( ( , ), ( )) ( , ) 0n n n n n n nd h p x K x h p x x w        .  
Set max{ , , }n n n np p w       . Thus, ( )p

n nx T  .  
We claim that ( ( ), ) 0p

ne T T    as 0  .  
As ( )p

nT    , cl( ( ))p
nT   is non-empty and closed   0  .  

Thus, 
0 0

lim (cl( ( ))) lim ( ( )) 0p pT T  
   

 
  .  

Hence 
0

(cl( ( )), cl( ( ))) 0 as 0p pT T 


  


  .  

We now show that 
0
cl( ( ))pT T





  .  

Obviously, 
0
cl( ( ))pT T





  . For the reverse containment, let 0

0
cl( ( ))px T





  . Then 

0( , ( )) 0pd x T      0  .  
Thus, given 0, 0n n      n , there exists ( )p

n nx T   such that 0( , )n nd x x  .  
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Hence 0nx x  and ( ( , ), ( ))n n n nd h p x K x  , and  
2, ( , ) || ( , ) || ( ) .

2n n n n n n nx h p x y h p x y y K x n            

By using the fact that 0nx x , ( , )h    is continuous and by condition (i) in the hypothesis, we 
obtain that ( , ) ( )h p x K x  .   
Again by Theorem 2, we get 0x T . Hence (cl( ( )), ) 0pT T    as 0   or ( ( ), ) 0pe T T    as 

0  .  
Thus, we have ( , ) ( ( ), ) 0p

nd x T e T T    as 0  .  
T  being compact, there exists nx T  such that  

 || || ( , ) 0n n nx x d x T   . 
Again, from compactness of T , { }nx  has a sub-sequence { }

knx  converging to x T . Hence the 

corresponding sub-sequence { }
knx  of { }nx  converges to x . Thus, IQVI ( , )p h K  is LP -well-posed 

by perturbations in the generalised sense.        
 
LP WELL-POSEDNESS AND UNIQUENESS 
 

In this section we show that under suitable conditions, LP well-posedness by perturbations 
of an inverse quasi-variational inequality is equivalent to the existence and uniqueness of its 
solution.  
Theorem 5.  Let K  be a non-empty, convex-valued and set-valued map. Let : n nh P     be 
such that 
(i) ( , )h p   is monotone   p P  and ( , )h p   is hemicontinuous.  
(ii) ( , )h x  is continuous   nx   .  
Then IQVI ( , )p h K  is LP well-posed by perturbations if and only if it has a unique solution. 
 
Proof:  The necessary condition holds true. For the sufficient condition, let IQVI ( , )p h K  has a 

unique solution x . Then ( , ) ( )h p x K x   and  
* * *, ( , ) 0 ( ).x y h p x y K x             (9) 

Let { }np P  be any sequence with np p  and { } n
nx    be LP approximating sequence 

corresponding to { }np  for IQVI ( , )p h K .  

Then there exists a sequence { } 0n   with 0n   and n
nw    with 0nw   such that 

( , ) ( )n n n nh p x w K x   and  
, ( , ) ( )n n n n nx h p x y y K x n       .      (10) 

Take ( , ( )) and ( , ( , ) )n n n n nu x h x u x h p x w        n   .  
If { }nu  is unbounded, without loss of generality, we can suppose that || ||nu   . 
Set 1:

n
n u u

t 

 

 and  

 
* *

* * * *

: ( , ) ( )

( ), ( ) [ ( , ) ( )] .
n n n n n

n n n n n n

w z g u t u u

x t x x h x t h p x w h x

   

       

Without loss of generality, suppose (0,1]nt   and ( , ) ( )n
nw w z g K x    .  

Then ( , )w z g u  . For any ( )y K x  and nx   , it follows that  
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* *

* *
,

( , ) , ,

( , ) , ( , ) , ( , ) ,

( ), ( ) ,

n

n n n n n

n n

h p x y z x g y x

h p x y z z h p x y z x h p x y x x

g g x g h x x h x y x

   

        

     



    

,

* *

{ ( , ) , } { ( , ) , ( , ) , }

(1 ){ ( , ) , ( ) , (11)

n n n n n n n n n

n n

h p x y z z g g x t h p x y x x h p x w y x

t h p x y x x h x y x

          

     

  



As ( , )h p   is monotone, it follows from (10) and (11) that  

,

* *

,

* *

( , ) , ,

( , ) , { ( , ) , ( , ) , }

(1 ){ ( , ) , ( ) , }

{ ( , ) , } { ( , ) , , }

(1 ){ ( , ) , ( ) , }

n

n n n n n n n n n n

n n

n n n n n n n n

n n

h p x y z x g y x

h p x y z z g g x t h p x y x x h p x w y x

t h p x y x x h x y x

h p x y z z g g x t h p x y x w x

t h p x y x x h x y x

   

          

     

       

     





  



 

 

* *
,

*

{ ( , ) , } (1 ){ ( , ) , ( ) , }

, ( ).

n n n n n

n
n n n n

h p x y z z g g x t h p x y x x h x y x

t t w x x y K x

         

     

 



Let n  ; we get that  
*

* *

* * *

* * *

( ) , , ( , ) , ,

( ) , ( ) ,

( ) , ( ) ,

( ) , ( ).n

h x y z x g y x h p x y z x g y x

h x y x x h x y x

h x y x x h x y x

h x y x x y K x

        

    

    

     





   

This together with (9) implies that  
*( ) , , 0 ( )nh x y z x g y x x y K x         .    (12) 

For any nx   and ( )y K x , define ( ) ( )z t z t x z    and  
  ( ) ( ) [0,1]g t g t y g t     . 

Thus, (12) implies ( ( )) ( ), ( ) ( ), ( ) 0h z t g t z z t g g t z t         , i.e.  
  ( ( )) ( ), , ( ) 0h z t g t z x g y z t          . 

Let 0t  , we get that  
*( ) , , 0 ( ).nh z g z x g y z x y K x                                (13) 

Letting y g   in (13) and x z r   , we get that ( ) , 0h z g r    , where   is arbitrary and 
nr    is also arbitrary. Thus,  

*( ) ( )h z g K x  .          (14) 
From (13) and (14), we get that ( ) , 0h z y z       ( )y K x , and so z  solves IQVI( , )h K .  
Thus, z x , which contradicts ( , ( )) ( , ( ))z h z x h x  . So we can suppose that { }nu  is bounded. 
Let { }

knu  be any sub-sequence of { }nu  such that ( , )
knu x g  as k   . It is sufficient to show 

that x  is a solution of IQVI( , )h K .  
It follows from (10) that ( , ) ( )

k k k kn n n nh p x w K x   and  

, ( , ) ( )
k k k k k kn n n n n nx h p x y y K x k         .      (15) 
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Let k    in (15); we get that  
( , ) ( )h p x K x  

and 
, ( , ) 0 ( )x h p x y y K x      . 

Thus, x  is a solution of IQVI( , )h K .  
 

Remark 1.  Theorem 5 generalises Theorem 4.1 of Hu and Fang [36], in which the equivalence of 
LP well-posedness and uniqueness of solution for the inverse variational inequality is derived. 
 
CONCLUSIONS 
 

We have established the Levitin-Polyak well-posedness for an inverse quasi-variational inequality 
and some metric characterisations have been given. 
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