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A (homogeneous) linear recurrence over the integers has the form
Un = A1ln—1 + A2Un-2 + *** + QplUn_t, (1)

for n > k € N, where ay,as,--- ,ar € Z are integer constants.The linear rec-
currence equation (1) defines a unique integer sequence (u,)>, after the first &
initial terms ug, uy, - - - , ux_1 are given. A sequence (u,,)> , is said to be recurrent
if it is defined by a linear recurrence. The integer k in (1) is called the order of
the recurrence and also of the defined recurrent sequent.

We shall consider the following problem of recurrent sequences.
Positivity Problem:Let a linear recurrence (1) be given together with the initial

term u; fori =0, 1,--- , k. Is the recurrent sequence (u,)5° , nonnegative,i.e.,does
it hold that u,, > 0 for all n?

In 2006, Vesa Halava, Tero Harju and Mika Hirvensalo proved that the
second order Positivity Problem is decidable.

In this thesis, we consider that the Positivity Problem for a sequence
satisfying a third order linear recurrence with integer coefficients, i.e., the problem
whether each element of this sequence is nonnegative, is decidable.
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POSITIVITY AND PERIODICITY OF LINEAR
RECURRENCE RELATION

INTRODUCTION

Consider a third order linear recurrence of the form
Up = A Up—1 + A2Up_o + agt,—3 (0 > 3), (1)

where ay,as,a3(# 0) are given integers. The recurrence (1) defines a unique
sequence of integers provided the initial integers wug,u;,us are given. We are
interested in the Positivity Problem: Is it possible to decide whether the
sequence (u,)n>0 18 nonnegative ? Equivalently, is it decidable whether u,, > 0
for all n > 0 7 Let us emphasize that the Positivity Problem considered
here is to decide whether all elements of a sequence are nonnegative. In
contrast, the Fwventual Positivity Problem, which asks whether the terms wu,
are nonnegative for all sufficiently large n is not of interest here. For third
order recurrences with integral coefficients, the Eventual Positivity Problem
is rather trivial to discern. Deciding the positivity of all sequence elements

requires some further considerations to take care of the initial tail of the sequence.

As mentioned in (Halava et al, 2006), the Positivity Problem is a natural
question and well-known in a number of situations, such as for matrices and in
the Mortality Problem (Salomaa, 1976; Salomaa and Soittola, 1978; Halava and
Harju, 2001; Niven, 1967). A closely related result, known as the Skolem-Mahler-
Lech theorem, provides information about when the terms of a linear recurrence
sequence are zero (Berstel and Mignotte, 1976; Halava et al, 2005; section 2.1.1
of Everest, 2003). Another related problem, known as the Orbit Problem, is,
in an equivalent form, a question about simultaneous solvability of a system of

equations in linear recurrence sequences (see section 14.2.3 of Everest et al, 2003).

The Positivity Problem for sequences satisfying a second order linear re-
currence has already been shown to be decidable by Halava, Harju and Hirvensalo,
in 2006. This means that there is an algorithmic procedure to decide whether

elements in a sequence satisfying a second order linear recurrence with integer



coefficients are nonnegative. We show here that the same conclusion holds for
each sequence satisfying a third order linear recurrence with integer coefficients.
Our underlying methodology is based on the fact that the roots of a third de-
gree algebraic equation with integer coefficients can be explicitly computed, and
in one instance on a result in Diophantine approximation; such approximation
result has been used in this context before e.g. in Asymptotic behaviour of linear
recurrences (Burke and Webb, 1981) and Point lattices and oscillating recurrence

sequences (Gerhold, 2005).



OBJECTIVE

To show that the Positivity Problem for a sequence satisfying a third
order linear recurrence with integer coefficients is decidable, i.e., the problem

whether each element of this sequence is nonnegative, is decidable.



LITERATURE REVIEW

The Kronecker Approximation Theorem.

Theorem 1. (Dirichlet’s Approximation Theorem.) For each real number

a and natural number N one can find a natural number n < N and integer p with

p‘ 1
— =< —=.
‘Oé n niN
In particular,
1
—pl < =.
na—pl <

If instead of the real number @ and the real line R one considers only the
fractional part {a} = a — [a] and the half-open interval [0, 1).

Topologically open set on the circle are identified as open sets on [0, 1), i.e.
neighbourhoods in [0, 1) are defined by the quotient topology in R/Z. Consider

in this way Dirichlet’s Theorem state

Proposition 1. In each neighbourhood of zero there are infinitely many num-
bers of the from an(modl) where n runs through the numbers and « is real and

arbitrary.

Theorem 2. (Kronecker’s Approximation Theorem.) For each irrational
number «, each real number (3, each preassigned arbitrarity small number € > 0,
and arbitrarity large number S, there exist integers p and n with |n| > Q and

lan — 5 —p| < e.

Proof. Choosing N > 1/e. By the Dirichlet theorem there exists an integer g and
a natural number ¢ with

0<]|ag—yg|<e
Now from the equations n = kq, p = kg + ¢, where the integers k£ and c are to be
determind in the course of the proof. Since one must have

6+c
agqg —g

lan — 3 —p| = |k(ag—g) = —c| = |ag — g| - |k —

remaining smaller than €, fix k£ by means of the equation

k:{ﬁ+c}+1
aq—g




Finally choose ¢ so that |n| > Q. Because |n| = ¢|k| it suffices to restrict oneself

to |k| > Q, that is,

6+C’ZQ+L

aq —4g

The inequality
B+c o 18]
ag—g| " lag—g| |ag—g|

shows that the condition above is guaranteed, if one ensures that
] = (2 + D)]ag —g| + (8]

In this way not only is

jan — B —p| <e
guaranteed, but also |n| > €, which was to be proved. O

If we reduce modulo 1 the integeral part p falls away from an — 8 — p, and
we can formulate the Kronecker approximation theorem in the following simpler

manner.

Corollary 1. For each irrational number a infinitely many of the numbers an
modulo 1 lie in each arbitrarity small e-neighbourhood of an arbitrary element (3

from [0, 1).

Corollary 2. For each irrational number o the set of numbers an reduced modulo

1 is dense in the whole interval [0,1).

The work of Vesa Halava, Tero Harju and Mika Hirvensalo.
They give a decision method for the Positivity Problem for second order
recurrence sequences answering the question: it is decidable whether or not a

recurrence sequence defined by w,, = au,_1 + bu,_s has only nonnegative terms.

Lemma 1. Let
Uy, = AUp_1 + DUp_o (2)

2

be a linear recurrence equation with a,b # 0 and let p(x) = z* — ax — b be its

characteristic polynomial with discriminant D = a® + 4b.

L If D > 0, then u, = AN} + B\y, where Ay # Ay are the real roots of p(x),

— U1—UgA2 — ugAi—ug
A 75 and B 5



II. If D =0, then u, = (A+ Bn)\", where A\ = % is the double oot of p(x),

2
A = up, and B = 21—

a

HI. If D < 0, then u, = AXN" 4+ AN, where A and X are the complex roots of
p(z), and A is as in Case 1.

Lemma 2. Ifa =0 orb = 0in (2), then the Positivity Problem can be effectively

solved.

Lemma 3. Assume that, for all n > 0, u, = AN} + BA}, where \y # Xy are
real and nonzero, and A, B € R. Then the Positivity Problem of (u,)>>, can be
effectivity solved.

Lemma 4. Assume that u, = (A + Bn)\" for all n > 0. Then the Positivity

Problem of the sequence (u,)>, can be effectively solved.

Lemma 5. If u, = A\" + A\" forn > 0 and A\ ¢ R then (u,)%, has negative

elements.

Theorem 3. The Positivity Problem is decidable for second order recurrent se-

quences.



MATERIALS AND METHODS

The characteristic polynomial associated with the recurrence (1) is

3

p(z) = 2° — ay2® — apr — a3 € Z[z).

Following the derivation on pages 169-170 of (Grillet, 1999), we start by reviewing

some facts. Write

—a? — 3asy 5 —2a3 — 9aza; — 27a3
3 T 27

p(x—k%) =2’ +ar+ 83, a:=

Let x1, 29, and z3 be all the three roots of p(z + a1/3). The discriminant of
p(x+ai/3) is

D = —40® = 270 = (21 — 22)* (w1 — 23)* (22 — x3)°.

Proposition 2. Let (“n)nzo be a sequence of integers satisfying (1) with in-
teger coefficients aq,aq,az(# 0), and initial integral values ug,ui,uy. Let p(z)
be the characteristic polynomial of (1) whose roots are \; (i = 1,2,3), and
whose discriminant is D = —4a® — 273?, where a = (—a? — 3as)/3 and

B = (—2a} — 9asa; — 27a3)/27.
L. If D > 0, then \i, \o, A3 are distinct nonzero real numbers and
u, = AN + BXy + CA; (n > 0),

where

~ AaAguo — (A3 + Ag)us + uy =M Asug A+ (A3 A)ur — up

A= €ER, B= € R,
(A2 = A1)(Az — A1) (A2 = A1)(A3 = A2)
)\1)\2“0 — ()\2 + )\1)U1 + (%)
C = e R.
(A3 = A1)(As = Ao)
II. (I11) If D=0 and a =0, then A\; = Ao = A3 =: A € R\ {0} and
U, = (A+ Bn+Cn*)A"  (n>0),
where
—3ug 2uq Uo Ug Uy U2
A=ug R, B= ——— R, C=——-—+—7€R

5 TN e th YT T o



(11.2) If D =0 and « # 0, then p(x) has two distinct real roots A1(# 0) of
multiplicity 1, Ay = A3(# 0) of multiplicity 2, and

u, = AN + (B+Cn)A\y  (n>0),

where
)\2U0 — 2)\2U1 + Ug —)\1(2)\2 — /\1)U0 + 2)\2U1 — U9
A="22 R, B = € R,
(A2 — A1)? =% (A2 — A1)?
)\1)\271,0 — ()\2 + )\1)11,1 + U9
C = e R.
A2(A2 — A1)

III. If D <0, then p(x) has one real root A\1(# 0), two complex conjugate roots
Ao, A3 = Ay € C\ R and

U, = AN + BXy + B\ (n > 0),

where

. _)\15\27,[/0 + (5\2 + )\1)U1 — U9

_ )\25\2’&0 — (/_\2 + )\2)u1 + (%) c R, B— i
(A2 = A1) (A2 = \p)

(A2 = A)(A2 — Ap) €t

A

Proof. Let A1, A2 and A3 be roots of p(z).

I. Assume that D > 0, then A, Ay and A3 are distinct nonzero real numbers

and
U, = AN} + BAy + CAy  (n>0).
Thus,
Ug 1 1 1 A
up | = A1 A2 Ag B |,
s 2o oxl|c
and
1 1 1
A A As = A= A) (A3 — A1) (A3 — Aa).
22 A2 N
Therefore

A2Azup—(A3+A2)urtuz
(A2—A1)(A3—A1)
—A1A3up+(A3+A1)ur —ug
(A2—=A1)(Az—A2)
At d2ug—(A2+A1)ur+us
(A3=A1)(Az—A2)

Q o =




II.

I1I.

(IT.1) Assume that D = 0 and o = 0, then \; = Ay = A3 =2 A € R\ {0}
and
U, = (A+ Bn+Cn*)A\" (n>0).

Thus,
Ug 1 0 0 A
u | =1 A A A B |,
Us A2 2)% 4)\? C
and
10 0
AA A =23
A2 2)\2 4)\?
Therefore
A U
Bl=| ey

Yo __ U1 U2
2 )\+2)\2

(I1.2) Assume that D = 0 and « # 0, then p(z) has two distinct real roots
A1(#£ 0) of multiplicity 1, Ay = A3(# 0) of multiplicity 2, and

Q

Up = AN+ (B+Cn)A}  (n > 0).

Thus,
Ug 11 0 A
Uy = Al A2 Ao B 1,
Us A2 A2 22 C
and
1 1 0
M X A | =X — )
A2 N2 2)2
Therefore
B | = 7,\1(2,\27&21)7%?;;22)\%17@
o] | et

Assume D < 0, then p(x) has one real root \;(# 0), two complex conjugate
roots Mg, A3 = A € C \ R and

U, = AN} + BXy + C\y (n > 0).
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Thus,
Ul — )\1 )\2 XQ B )
(%) )\% )\% XQQ C
and
1 1 1
Ao Ao | =2 = A) (e = A) (A2 — Aa).
= 2
222 A,
Therefore B B
A )\2)\2u0—(}\2+7)\2)u1+u2
(A2=A1)(A2—A1)
B *)\1)\2u0+()\24_r)\1)u1*u2
(A2=A1)(A2—A2) ’
C A dzuo—(A2+A1)us +ug
(A2=A1)(Az—A2)
so B=C. O

We treat each of the three cases according to D > 0, D =0, D < 0
separately in the remaining sections. In order to facilitate the flow of the proof

of the main result we single out two auxiliary lemmas.

Lemma 6. Let a,b be positive real numbers belonging to the interval (0,1) and
let B and C be two positive real numbers. Consider the following three exponential

polynomials with argument n € N U {0},
Pn)=d"(B-Cb"), Q(n)=a"(B+Cb"), R(n)=a"(—B+Cb").

The following conclusions hold:

(Type F-Z) there are explicitly computable integers No € NU {0} and N; € N
such that

sup {P(n) ; n >0} =max{P(n); No <n < Ni};

(Type F+Z7) sup{Q(n) ; n =0} = Q(0) ;
(Type -F+Z) there is an explicitly computable integer No € NU {0} such that

sup{R(n); n >0} =max{0,R(n); 0 <n < Ny}.
Proof. (Type F-Z): Since b" | 0 (n — 00), there exists Ny € NU {0} such that

B—Ch'<0<B-Cb" (n> Ny 0<i< Np)
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so that P(n) > 0 for all n > Ny and P(n) < 0 for 0 < n < Ny. Since P(n) —
0 (n — o0), there exists a positive integer N; > Ny such that P(n) < P(N,) for
all n > Np, and the desired result follows.

(Type F+7Z): Since Q(n) > 0 and Q(n) | 0 (n — o0), the conclusion is
immediate in this case.

(Type -F+7Z): Since b" | 0 (n — 00), there exists Ny € NU {0} such that
—B+Cbh™ < 0 for all n > N, and the desired result follows at once noting that the
0 on the right-hand maximal value is to take care of the situation when R(n) <0

for all n > 0. ]
Lemma 7. Let ¢,0 € [—m,m) with 6 ¢ {—=,0}.

L If 6 is a rational multiple of m, then cos(yp + n#) is periodic and takes only

finitely many explicitly computable values as n varies over N U {0}.

II. If 0 is not a rational multiple of 7, then as n varies over NU {0} the range

of values of cos(p + nb) is dense in [—1,1].

Proof. 1. Assume that 6 is a rational multiple of 7, say 6 = sw/t, where s,t(>
0) € Z\ {0} and ged(s,t) = 1. Since the cosine function is periodic of period 27,
it is easily checked that cos(¢ + nf) = cos(y + nsm/t) takes at most 2¢ distinct
values corresponding to n =0,1,2,...,2t — 1.

II. Assume that 6 is not a rational multiple of w, say 6 = Y7, where 9 €
R\ Q. Writing ¥ = [J]+& where [J)] denotes its integer part, and & := {J} € (0,1)
denotes its fractional part which must be irrational, for even n = 2k (k € NU{0})

we have
cos(¢ + nb) = cos(p + 2ki) = cos(p + 2kém) = cos (p + {kE}2m) . (3)

Since £ is irrational, by the Kronecker’s approximation theorem, we know the set
{{k&} ; Kk € NU{0}} is dense in [0,1]. Consequently, the set {{k{} 27 ; n € N}
is dense in [0, 27], implying that the range of values of cos (¢ + {k&} 27) (k €
N U {0} is dense in [—1, 1]. O

Location and Duration of Research

Location Department of Mathematics, Kasetsart University.

Duration of Research September 2008-July 2009.
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RESULTS AND DISCUSSION
Lemma 8. Assume that
up, = AX] + BAy + CAY (n > 0),

where \1, Ao, A3 are distinct nonzero real numbers. Then the Positivity Problem

of the sequence (u,)°, can be effectively solved.

Proof. There are two possibilities depending on whether there are two \;’s having
the same absolute value.

1. There are two roots A\;, \; (4,5 € {1,2,3}, i # j) such that |\;| = |)].
Without loss of generality, let the two roots be \; > 0 and Ay = —\;. Thus,

U, = {A+ (=1)"B} X+ CA; (n>0).

Since \3 # A;, we subdivide into two further subcases depending on whether
AL > |)\3|
1.1. Ay > ‘)\3‘ > 0.

Rewrite the general term of the sequence as
un = AT {A+ (=1)"B+C(X3/M)"}  (n 20).
We consider two possibilities corresponding to the signs of As.

[ ] )\3 < 0.
For k € NU {0}, we have

XE(A+B+C (Nl /A)") © n even
XA=B=C(Nl/A)") 5 n oodd

Up =

If C' > 0, then the sequence (u,,) is nonnegative if and only if

A > max{—B, B+ C |>\3| /)\1}

If C' <0, then the sequence (u,) is nonnegative if and only if

A > max{B,—B+|C|}.
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o )\3 > 0.
For k € NU {0}, we have

N (A+B+C(A3/M)") 5 n even
M(A=B+COs/A)") : n odd.

Up =

If C' > 0, then the sequence (u,) is nonnegative if and only if A > |B].

If C' <0, then the sequence (u,) is nonnegative if and only if

A >max{—B+|C|,B+ |C| A3/}

1.2 A\ < | A
Rewriting the general term of the sequence as
un = Ag{(A+ (=1)"B) (M/X3)" +C} (n20),
we have two choices according to the sign of As.
L] )\3 < 0.
For k € NU {0}, we have

IS ((A+ B)|A/As]"+C) 5 n even
— N8| ((B—=A) M /As]"+C) 5 n odd.

The sequence (u,) is nonnegative if and only if, for each k& > 0,

(A+ B) [\ /x| > —C and (B — A) [\ /X < —C
«— (C=0,B<A, A+ B>0.

o /\3 > 0.
For k € NU {0}, we have
A5 ((A+B)(M/A3)"+C) 1 n even

Up =

MN((A=B)(M/N)"+C) 5 n odd.
The sequence (u,) is nonnegative if and only if, for each k& > 0,
C>—(A+B)(M/Xs) and C > —(A—B)(M/X)" . (1)

If A> |B|, then (4) holds if and only if C' > 0. If A < |B|, then (4) holds
C >—(A—B)(A\/X3) provided B >0
C>—

if and only if
(A+ B) provided B < 0.
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2. All three roots A1, A2 and A3 have different absolute values.

Without loss of generality, assume |A\1| > |Aa| > |A3] > 0. Here,
Uy, = AP {A+ BN/ A)"+C (Ns/M)"} (n>0). (5)

We assume that A, B and C' do not vanish simultaneously, for otherwise u, = 0.
We treat two separate subcases depending on the sign of A;.

2.1. A\ <.

Note that A7 has alternating signs. Since (Aa/A1)" and (A3/A1)" — 0 (n — o0),
for n sufficiently large, u,, > 0 is possible only when A = 0. Thus,

Un = BN} 4+ CA = A2 {B + C (As/A2)"} .

This particular case thus reduces to a sequence satisfying a second order linear
recurrence and by the result in Positivity of the second order linear recurrent
sequences ( Halava et al, 2006) it is decidable.

2.2. M > 0.

o [f B=C =0, then u,, = A\! > 0 for all n > 0 if and only if A > 0.
o If B =0, then for C > 0 the sequence (u,) is nonnegative if and only if

A/C >0 provided Az > 0

A/C > |A3/A1|  provided A3 < 0.
For C' < 0, the sequence (u,) is nonnegative if and only if

o If C =0, then for B > 0, the sequence (u,) is nonnegative if and only if

A/B>0 provided Ay > 0

A/B > |Ay/A\|  provided Ay < 0.

For B < 0, the sequence (u,,) is nonnegative if and only if

o If B < 0,C < 0, then the sequence (u,) is nonnegative if and only if
A>|B|+|C]|.
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e If B <0,C > 0, then the sequence (u,) is nonnegative if and only if

A Z Bl (A2/M)" = [Cl(As/M)" (n 2 0).

ee For \y > 0, \3 > 0, consider the exponential polynomial
Pi(n) == (A2/A)"{|B| = |C(As/A2)"} (n > 0).

This exponential polynomial is of the type F-Z, and so Lemma 6 shows that

(uy) is nonnegative if and only if

A > max{Pi(n); Ng <n <N}
= max{|B| (/\2/)\1)n — |C| ()\3/)\1)H;N0 <n< Nl} > 0,

for some computable integers N; > Ny € N U {0}.

ee For \y > 0, A5 < 0, we have

Bl (Xa/A)" — |C|(|1A3] /A1) ; n even
B0/ — 0] /) = 4 1A AR
| B] (A2/M)" +1C[ (|As] /A1)" 5 noodd.

For even n = 2k, since the exponential polynomial
Py(k) := (ha/M)*™ {|B| = [C] (|Xs] /A2)™} (k> 0)

is of Type F-Z, by Lemma 6 there are computable integers K; > Ky €
N U {0} such that

sup {Pa(k); k > 0} = max {Pa(k); Ko < k < Ki}.
Next consider n = 2k + 1, the exponential polynomial
Py(k) i= O/ AP HHIBI + €] (D] 22} (k= 0)
is of Type F+Z. Thus, by Lemma 6 (u,) is nonnegative if and only if

A Z max{ Pg(kl),Pg(O) 3 KO S kl S Kl}

ee For \y < 0, A3 > 0, we have

1Bl (A2l /A1) = [C (As/\)" 5 n even
= B[ ([ A2l /A)" = [C[ (As/A1)" ; nodd.

1Bl M2/M)" = |C] (As/M\)" =



16

The case of odd n = 2k 4+ 1 can be ignored as the terms are negative. For
even n = 2k, whose exponential polynomial is of Type F-Z, by Lemma 6
there are computable integers K, > K3 € NU{0} so that (u,) is nonnegative
if and only if

Az max {B] (Aol /A)* = [C] Qa/ M) K <k < K}

ee For \y < 0, A3 < 0, we have

Bl ([1A2] /A)" = C (|As] /A)" 5 neven
= Bl (|X2] /A0)" + [CT([As] /A)™ 5 modd.

|B] (A2/A1)"—=|C] (As/\)" =

In the case of even n = 2k, the exponential polynomial
Py(k) = (Xol /M) {IB] = [C] (|As] / [Aa])*} (k> 0)

is of Type F-Z, and so by Lemma 6 there are computable integers Kg >
K5 € NU{0} such that

sup {Py(k); k > 0} = max {Py(k); K5 < k < Kg} > 0.
Next for the case of odd n = 2k + 1, the exponential polynomial
Py(k) = (ol /A= 1BI + 1C] (Dl / D)™} (> 0)
is of Type -F+Z. By Lemma 6, there exists K7 € NU {0} such that
sup {Ps(k); k> 0} = max {0, P5s(k); 0 <k < Kr}. (6)
Thus, (u,) is nonnegative if and only if

Az max{ Py(k1), P5(k2) ; K5 < ki < Ko, 0 < kp < K7}

If B> 0,C < 0 the sequence (u,) is nonnegative if and only if

A= —[B[(A/M)" +[C] (As/M)" .

ee For \y > 0, A3 > 0, the exponential polynomial

Fs(n) = (Aa/A)" {=[B| +[C| (As/A2)"} (n = 0)
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is of Type -F+Z, and so by Lemma 6, there is a computable integer Kg €
N U {0} such that (u,) is nonnegative if and only if

A > max{0,Fs(n); 0<n< Kg}.

ee For \y > 0, A3 < 0, we have

—|B] (A2/A10)™ + |C| (JA3] /A1)" 5 neven
— Bl (A2/A)" = [C[(|As| /A)" 5 noodd.

—|B] A2/ M) +|Cl (As/A)" =

The case of odd n = 2k 4+ 1 is ignored because of negative terms. In the
case of even n = 2k, the corresponding exponential polynomial is of Type

-F+7Z and so by Lemma 6, (u,) is nonnegative if and only if
A > max {0, B Oo/2)™ + 101 (Al /M) 5 0< k< Ko},

where Ky € NU {0} is a computable integer.

ee For \y < 0, A3 > 0, we have

=B (IA2l /A)" +1C (A3/A1)" 5 n even
|Bl (|A2] /A)" +1C| (As/A1)" 5 nodd.

— | Bl A2/ M) +|C| (As/ M) =

In the case of even n = 2k, the exponential polynomial
Pr(k) := (|hl /M) {= Bl +1C| (As/ [M)™} (k> 0)

is of Type -F+7Z and so by Lemma 6, there is a computable integer Kig €
N U {0} such that

sup{P:(k);k > 0} = max {0, Pr(k);0 < k < Kyp}.
In the case of odd n = 2k + 1, the exponential polynomial
Py(k) := (Aol /M) H{IBI +1C] s/ M)} (k= 0)
is of Type F+Z, and so by Lemma 6

sup {Fy(k); k = 0} = P5(0) = ([x2| /A1) {| B[ + |C[ (As/ | X2]) > 0.
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Consequently, the sequence (u,) is nonnegative if and only if
A Z max{ P7(k31),P8(0) ) 0 S kl S Kl()}.
ee For \y < 0,3 < 0, we have

— Bl ([ /M) +[CT(|As] /A1) 5 n even
Bl (2] /A)" = C (|As] /A)" 5 nodd.

— Bl (A2/A\)"+|C| (A3/M)" =

For even n = 2k, the exponential polynomial
Py(k) := (Aol /M) {= Bl +1C (1As] / o))} (k= 0)

is of Type -F+Z, and so by Lemma 6, there is a computable integer K5 €
N U {0} such that

sup {Py(k); k > 0} = max {0, Py(k);0 < k < Ko} .
For odd n, the exponential polynomial
Pio(k) := (Dol M) (Bl = [C] (1As] / Do)} (k> 0)

is of Type F-Z and so by Lemma 6, there are computable integers K4 >
K3 € NU{0} such that

sup {Plo(k), k > 0} = maX{Plo(k?);Klg < k < K14} > 0.
The sequence (u,) is nonnegative if and only if

A > max{ Py(k1), Pio(k2) ; 0 < ky < Kyo, K13 < ks < K4} .

If B> 0,C > 0 the sequence (u,,) is nonnegative if and only if

ee If \y > 0 and A3 > 0, then (7) holds if and only if A > 0.

ee If \y > 0 and A3 < 0, then

LB OGN — C g/ = 4 BT C Pl AT even
—B(A2/M)" 4+ C (JAs] /M) noodd.
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The case of even n is ignored because of negative terms. For odd n = 2k+1,
this is of Type -F+Z, and so by Lemma 6, there is a computable integer
K5 € NU{0} such that (u,) is nonnegative if and only if

Az max {0, B /M) C (sl /M) 5 0<k < Kas
ee For \y < 0,3 > 0, then

—B([As| /A)" = C (A3/A1)" 5 m even
B([Ao| /M) = C (As/M)" ; noodd.

=B (A2/M)" = C (A3/\1)"

The case of even n is ignored because of negative terms. For odd n = 2k+1,
this is of Type F-Z, and so by Lemma 6, there are computable integers
K7 > Ky6 € NU{0} such that (u,) is nonnegative if and only if

A Z maX{B (|)\2| /)\1)2k+1 - C()\g/)\l)Qk+l ; K16 S k S K17} .
ee For \y < 0,3 <0, then

—B(X/A)" = C(As/\)" = =B([Xa] /M)" = C([As] /A)" 5 neven
B(|A2] /A)" 4+ C (|As] /A)" ; noodd.

The case of even n is ignored because of negative terms. For odd n, this is
of Type F+Z, and so by Lemma 6, the sequence (u,) is nonnegative if and
only if

A= B ([Nl A1)+ C (D] /M)

Lemma 9. Assume that
U, = (A+ Bn+Cn*)A"  (n>0),

where A € R\ {0}. Then the Positivity Problem of the sequence (u,)%, can be
effectively solved.

Proof. We have two subcases depending on the sign of .
1. A<0.

The sequence (u,,) is nonnegative if and only if, for each n, either A+Bn+Cn? =0
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or sign(A + Bn + Cn?) = sign(A\"). Since sign(A4 + Bn + Cn?) changes at most
twice, the sequence (u,) is nonnegative if and only if A+ Bn + Cn? =0, i.e., if
and only if A=B=C=0.

2. 2> 0.

The sequence (u,) is nonnegative if and only if A + Bn + Cn? > 0 for all n >
0. Since A + Bn + Cn? is a quadratic polynomial in n, the sequence (u,) is

nonnegative if and only if C' > 0 and either

e the quadratic polynomial A+ Bn+Cn? has no real root, which is equivalent

to B?2 — 4AC < 0, or

e the quadratic polynomial A+ Bn+ Cn? has two (possibly equal) real roots
which is equivalent to B?> —4AC > 0, and there are no nonnegative integers
in the open interval between the two roots r, = (=B + /B2 — 4AC)/2C
and ry = (—B — /B2 — 4AC)/2C.

Lemma 10. Assume that
u, = AN} + (B+Cn)A\]  (n >0),

where A\, A2 € R\ {0}, A\ # Xo. Then the Positivity Problem of the sequence

(un)22, can be effectively solved.

Proof. We distinguish three possibilities according to the absolute values of the
two roots.
1. |A1| > || > 0.
Rewriting
up = AT {A+ (B +Cn) (A2/M1)"},

we further subdivide into two subcases depending on the sign of ;.

o If \; <0, since (B+ Cn) (A2/A)" — 0 (n — oo) and sign(A}) oscillates,
the sequence (u,) is nonnegative only when A = 0, which yields u, =
(B + Cn)Xy. This is exactly the same as Lemma 4 of Positivity of the
second order linear recurrent sequences ( Halava et al, 2006), which has

already been shown to be decidable.
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e If \; > 0, since sign{A + (B + Cn) (A2/ )" }= sign(A) when n is large, for

the sequence (u,) to be nonnegative we must have A > 0 and
A> —(B+Cn)(A/M)" (n2>0). (8)

Clearly, there is a computable integer 7" € N U {0} such that (8) holds if
and only if A > max{—(B+ Cn)(A2/A)" ; 0 <n <T}. Consequently,

the sequence (u,) is nonnegative if and only if

A > max{0,—(B+Cn) (A/M\)" ; 0<n<T}.

Write
Up = Ay {A (AN /X2)" + (B+Cn)}.

We distinguish two subcases according to the sign of \s.

o )\ < 0.
Since sign(A (A /X2)" + (B + Cn)) = sign(C) when n is large enough, and
sign(A%) oscillates, the sequence (u,,) is nonnegative only when C' = 0, and
s0 U, = AY (A (A /X2)" + B). Since sign(A (A\/X\2)" + B) = sign(B) when
n is sufficiently large, we conclude that the sequence (u,) is nonnegative
only when B = 0 and so u,, = AN}. Hence, the sequence (u,,) is nonnegative

if and only if A > 0 and A\; > 0.

.>\2>0.

The sequence (u,) is nonnegative if and only if
B> R(n):=—-A(M\/X)"—=Cn (n>0). 9)

It is now a matter of finding sup,~o R2(n). Clearly, we can rule out the
situation where C' < 0 because no real number B satisfies (9) for all n > 0.
ee If C' = 0, then R(n) = —A(\/X2)" — 0 (n — o0) and so there
is a computable integer T, € N U {0} such that sup{R(n);n >0} =
max {0, R(n);0 <n < Tb}; the 0 on the right-hand maximum is to take
care of the case when R(n) < 0 for all n > 0. Thus, (9) holds if and only if

B >max{0,R(n); 0 <n <T}.
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ee If C' > 0, since R(n) — —oo (n — o0), there is a computable integer
T3 € NU {0} such that max{R(n);n > 0} = max{R(n);0 <n < T3} and
0 (9) holds if and only if

B >max{R(n);0 <n <T;s}.

3. A1 = [Aaf-
e )\; = — )y > 0. The general term of the sequence is

tun = {A+ (=1)"(B + Cn)} A"

{A+ (B+2Ck)} A if n = 2k

{A—(B+C+2CE)} N ifn =2k +1.
Then the sequence (u,) is nonnegative if and only if for all £ > 0 we have
A-B—-C2> 2Ck >—-A—-B.

Observe that C' must vanish for if C' > 0, the left-hand inequality cannnot
hold for sufficiently large k, while for C' < 0, the right-hand inequality is

untenable for large k. Thus, the sequence (u,)is nonnegative if and only if

A-B>0>-A—-B<— A>|B|.

e \; = — )y < 0. Here,

— {(—1)"A+ B+ Cn} \}

(A+ B +2Ck)\3* if n = 2k
(—A+ B+ C+ 20K\ ifn =2k + 1.

The sequence (u,,) is nonnegative if and only if for all £ > 0, we must have
A+B+2kC >0 and — A+ B+ (2k+1)C > 0. Now, C' > 0 since both
inequalities do not hold if C' < 0 when k is large enough. Thus, the two
inequalities hold for all £ > 0 if and only if C' >0, A4+ B >0 and
C>A-B.
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Lemma 11. Let
u, = AN} + BAY + B3,

where A, A1 € R, Be€ C and A\, € C\R. Then

I if A\ <0, then (u,)32, has negative elements,

II. if \y > 0, then the Positivity Problem of the sequence (uy)5, can be effec-

tively solved.
Proof. Let Ay = |\o|e?, B =|B|e*, where 0, p € [—m,m), 6 ¢ {—m,0} so that
Up = AN} + 2| B||A2|" cos(¢ + nb).

If A =0, then u, = 2|B||\2|"cos(¢ + nf). Since § # 0, when n varies over
N U {0}, by the same arguments as in the proof of Lemma 5 in Positivity of
second order linear recurrent sequences ( Halava et al, 2006), cos(p + nf) takes
both positive and negative values implying that the sequence (u,,) is nonnegative
only when B = 0, i.e. u, = 0 for every n. Assume henceforth that A # 0. Our
two main cases correspond to the signs of ;.

I\ <O0.

If B =0, then u,, = AN} oscillates between positive and negative values and so
the sequence (u,) is never nonnegative. For the rest of this subsection we assume
B #0.

I(i). [A1| > |A2]. Here,

up = NP {A+2|B| (|Xa] /M1)" cos(¢ +nb)}.

Since sign{A + 2 |B| (|Xa] /A\1)" cos(¢ + nb)} = sign(A) when n is large enough,
and A} oscillates between =+ |);|, the sequence (u,) is nonnegative only when

A = 0, which is not the case under consideration.

I(ii). |A1] = |A2|. Here,
Up = |Ao|" {(=1)"A+2|B]|cos(¢ +nb)}.
The sequence (u,) is nonnegative if and only if

—2|B|cos(p + 2k0) < A < 2|B|cos(p+ (2k+1)0) (k> 0).
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By the same arguments as in the proof of Lemma 5 in Positivity of second order
linear recurrent sequences ( Halava et al, 2006), as k varies over the nonnegative
integers, since 6 # 0, the functions cos(¢ + 2kf) and cos(p + (2k + 1)6) take
both positive and negative values. Thus, the two inequalities hold only when
A = B = 0 which is not the case here.

I(iii). |A1] < |A2|. Here,

Up, = AN + 2| BAS| cos(p 4+ nb) = | A5 {A(M1/ [A2])" + 2 |B| cos(p +nb)} .

Observe that A(A1/|A2])" — 0 (n — o00). Next, by Lemma 7, cos(p + nb)
is either periodic or interval-filling. The periodic case occurs when 6 =
s/t (s,t(>0) € Z\ {0}, ged(s,t) =1) is a multiple of w. Since 6 € [—m, 7) \
{—m,0}, we have t > 2, and so in the periodic case cos(¢+n#) takes both positive
and negative values. Thus, the sequence (u,,) is nonnegative only when B = 0
yielding u,, = AN} which is oscillating (as A\; < 0) and so is nonnegative only
when A = 0, which is not tenable here.

II. \y >0 If B=0, then u,, = A\! and so the sequence (u,,) is nonnegative if

and only if A > 0. From now on, we assume that B # 0.
I1(i). |A1| > |A2]. Here,

un = A} {A+2[B| ([A2] /M1)" cos(p +nf)} .

Since sign{A + 2|B| (|\2| /A\1)" cos(p +nb)} = sign(A) when n is sufficiently

large, for the sequence (u,,) to be nonnegative we must have A > 0 and
A > =2|B|(JA2| /A1)" cos(p +nb) (n>0).

By Lemma 5 of Positivity of second order linear recurrent sequences ( Halava
et al, 2006), there is a least N, € N U {0} such that cos(¢ + N0) < 0. Since
(|1X2] /A1)" — 0 (n — o00) there is Ny, > Ny, such that for all n > N, we have

—2|B| (|As] /A\1)" cos( 4+ nb) < —=2|B| (|Aa] /A1) cos(¢ + N.6).
Consequently, the sequence (u,) is nonnegative if and only if
A >max {—2|B]| (J\a] /A1)  cos(p +nb) ; Np <n < Npy}.
I1(ii). |A1| = |A2|. Here,

up = A} {A+2|B|cos(p+nb)}.
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The sequence (u,) is nonnegative if and only if
A > max{—-2|B|cos(p+nb); n>0}. (10)

If 6 is a rational multiple of 7, by Lemma 7 (I), cos(¢ + nf) takes on only finitely
many explicitly computable values, say C1, ..., C,,, and so (10) holds if and only
if

A > max{—-2|B|C,...,—2|B|C,}.
If 6 is not a rational multiple of 7, by Lemma 7 (II), (10) holds if and only if
A>2|B|.
I(iii). |A1| < |A2|. Here,

un, = |5 {AA/ | A2])™ + 2| B cos(p + nb)} .

The situation in this case is similar but simpler than that in Subsection 1.3, and by

analogous arguments, we deduce that the sequence (u,,) is never nonnegative. [J

From the previous lemmas, our main theorem follows:

Theorem 4. The Positivity Problem is decidable for each sequence of integers

satisfying a linear third order recurrence with integer coefficients.
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CONCLUSION

The Positivity Problem is decidable for each sequence of integers satisfying

a linear third order recurrence with integer coefficients.
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