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Namthip Phanomthai 2011: A Comparative Study of Missing Data Estimation Methods
for Multivariate Data. Master of Science (Statistics), Major Field: Statistics, Department

of Statistics. Thesis Advisor: Assistant Professor Boonorm Chomtee, Ph.D. 95 pages.

The purpose of this research is to compare the missing data estimation methods for multivariate
data between Expectation Maximization Algorithm (EM) and Regularized Expectation Maximization
Algorithm (REM). The criterion of comparison is the mean squares error (MSE). The lower MSE
indicates the higher effective estimation method. The datasets used in this study were simulated by the
Monte Carlo technique. The comparisons were done under the conditions of independent variables (X)
were 3, 4, 5, 7 and dependent variables (Y) were 2 and 3 ; sample sizes (n) are 50, 70 and 100 with the
high levels of correlations among independent variables (p = 0.7 — 0.9 ) and low levels of correlations
among independent variables (p = 0.1—0.3 ). The dependent variables were assigned to be missing at
random (MAR) by 10%, 20% and 30% of missing data rates. These gave rise to a total of 144 possible
situations with repeated 1,000 times under each situation. Also, the two real datasets; 1) Stability and
forecasting indices group and 2) Moisture group. In upper air observation data during March 1, 2006 -
October 31, 2008 from Pimai Radar Station of Bureau of Royal Rainmaking and Agricutural Aviation

were used to compare the 2 missing data estimation methods.

The results based on MSE for simulation data showed that in cases of high levels of
correlations among independent variables, 3 and 4 of independent variables, sample size 50, at all levels
of missing data, EM is a suitable method. The sample sizes 70 and 100 at all levels of missing data,
REM is a suitable method. For 5 and 7 of independent variables, at all sample sizes and almost level of
missing data, REM is a suitable method. In cases of low levels of correlations among independent
variables, 3 and 4 of independent variable, at all sample sizes and almost all level of missing data, EM
methods is a suitable method. For 5 and 7 of independent variables, at all sample sizes and almost all
levels of missing data, REM is a suitable method. In addition, the result for the two real datasets

indicated that REM is a suitable method, which was consistent with that of simulation data.
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ATURE
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X,  MEAN_WIND 5000 10000_FT_DEG Renaaumasain 5,000-10,000 Wa degree

X,  MEAN_WIND_10000_15000_FT_ Renaaumasain 10,000-15,000 Ha degree
DEG

X, MEAN_WIND_ 20000 25000 FT RAMeaumae9In 20,000-25,000 W degree
DEG

x,,  MEAN_WIND_1000_5000_FT KTS AN IANIRGE9IN 1,000-5,000 1A knot
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v F4
M319f 10 Aadaranssanvesdaus ludeyananisns1aomesuL

dls N  Range Minimum Maximum Mean SE. SD. Variance
X, 87 .76 1.39 2.15 1.8259 .01732 16151 .026
X, 87 3866.00 13647.00 17513.00 15922.4368  85.75332  799.85373  639765.993
X, 87 1.42 2.43 3.85 3.2543 .03335 31108 .097
X, 87 3329.00 16878.00 20207.00 19146.6207 76.44728  713.05279  508444.285
X, 87 2.49 2.67 5.16 4.2540 .05623 .52452 275
X 87 3117.00 20099.00 23216.00 22024.0000 65.72943  613.08334  375871.186
X, 87 2.95 2.72 5.67 4.5594 .06908 .64431 415
Xg 87 2461.00 23444.00 25905.00 24726.2874  63.35727  590.95728  349230.509
X, 87 5.86 10.33 16.19 13.8202 12979 1.21059 1.466
X0 87 5.96 11.11 17.07 14.5059 12477 1.16381 1.354
X, 87 6.75 14.67 21.42 18.7929 .13805 1.28763 1.658
X, 87 5.30 22.50 27.80 24.8816 11232 1.04765 1.098
X3 87 9.30 2.20 11.50 7.5713 21856 2.03863 4.156
X, 87 10.50 26.30 36.80 32.4552 23611 2.20231 4.850
X5 87  180.00 740.00 920.00 812.9885 3.92769 36.63506 1342.128
X6 87 6040.00  2836.00 8876.00  6202.4023 138.64721 1293.21504 1672405.150
X, 87 8.60 11.50 20.10 16.4540 .19647 1.83251 3.358
X 87 5.66 11.56 17.22 14.7321 12145 1.13284 1.283
X 87 3018.00  1324.00 4342.00 2703.4943  67.08678  625.74383  391555.346
Xy 87 5.60 16.00 21.60 19.3115 .14579 1.35984 1.849
Xy, 87 7.00 -3.80 3.20 -.2897 .13837 1.29067 1.666
X,, 87 6.70 -2.70 4.00 5310 12719 1.18639 1.408
Xy 87 7.00 -1.10 5.90 1.8690 .17001 1.58579 2.515
X,, 87 11.70 36.40 48.10 42.4345 .25682 2.39548 5.738
X 87 30.20 6.90 37.10 31.0494 .50693 4.72829 22.357
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fals N Range Minimum Maximum Mean SE. SD. Variance
X, 87  203.40 78.40 281.80 190.2943 2.92529 27.28531 744.488
X, 87 6.90 -1.80 5.10 1.9632 13718 1.27955 1.637
Xoq 87  430.00 480.00 910.00 697.4713 9.45482 88.18873 7777.252
X, 87  640.00 230.00 870.00 573.3333  13.95056  130.12218 16931.783
X34 87  480.00 370.00 850.00 560.5747  10.04581 93.70111 8779.898
X5, 87 6040.30  2835.90 8876.20 6202.3782 138.64818 1293.22413 1672428.653
Xy, 87 61.10 31.40 92.50 71.4368 1.22091 11.38785 129.683
Xy, 87 45.50 46.70 92.20 70.2368 94112 8.77820 77.057
Xy, 87 73.50 16.10 89.60 63.6253 1.73757 16.20701 262.667
X,s 87 22.70 1.20 23.90 8.8701 54557 5.08875 25.895
Xy 87 10.50 26.30 36.80 32.4552 23611 2.20231 4.850
Xy, 87 7.16 8.23 15.39 12.2721 .16884 1.57483 2.480
Xy 87  325.80 26.30 352.10 222.8874 7.35059 68.56171 4700.708
Xy 87  344.00 14.70 358.70 207.5080 8.73952 81.51677 6644.984
X40 87  323.90 26.60 350.50 202.2908 9.36254 87.32798 7626.176
X, 87  346.60 5.30 351.90 189.4632 8.73149 81.44194 6632.790
Xy, 87 22.60 .20 22.80 9.1563 .50234 4.68552 21.954
X3 87 22.70 1.20 23.90 8.8701 .54557 5.08875 25.895
Xy 87 29.70 .30 30.00 9.9218 .67937 6.33670 40.154
X5 87  471.50 .50 472.00 17.0103 5.35010 49.90241 2490.250
X4 87 43.60 48.30 91.90 71.6713 .91036 8.49127 72.102
X, 87 53.90 39.90 93.80 71.2644 1.28035 11.94231 142.619
X4 87 70.00 19.80 89.80 65.2563 1.59999 14.92374 222.718
X 87 76.80 5.60 82.40 47.1690 2.54844 23.77030 565.027
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x22 x23 x24 x31 x37
1 0.3 0.4 458 7139.2 15.04
2 -1.2 -1 47.1 6345.3 12.20
3 1 2.9 41.8 6955.5 12.52
4 0.8 5.9 38 7366.2 14.38
5 0.9 2.4 43.6 6677.6 11.31
6 3.1 5.8 37.6 7751.5 13.00
7 0.4 0.9 44.8 7398.2 13.12
8 2.5 3.1 41.8 8876.2 14.21
9 0.6 0.5 442 7774.8 13.59
10 0.2 2.5 42 .4 6010.3 12.03
81 1.1 0.5 43.4 5907 11.19
82 0.9 2.1 42.6 7400 14.39
83 0.1 1.7 43 5945 11.50
84 -1.5 -0.4 46 5604.1 11.25
85 0.3 0.8 44 7025.1 14.01
86 0.1 3.9 394 6012.9 15.20
87 2.4 3.9 39.6 6191.8 14.34
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x1 x5 x7 x33 x46 x9 x10 x11
1 1.74 3.47 3.7 61.9 63.9 12.67 13.3 17.48
2 1.87 3.98 4.06 69.3 72.1 13.81 14.32 18.64
3 1.7 3.98 4.11 65.4 66.6 13.17 13.8  18.07
4 1.73 3.38 3.49 50.4 63.8 13.65 14.75 19.1
5 1.44 3.64 3.96 63.1 63 10.77 12.28 16.21
6 1.49 3.16 3.22 55.1 62.6 11.39 124  16.37
7 1.56 4.04 4.17 63.5 59 11.72  13.09 17.21
8 1.39 3.62 3.82 56 48.3 1033 11.11 14.67
9 1.77 4.08 4.27 66.9 60.8 13.09 13.48 17.7
10 1.89 4.42 4.78 75 73.1 1442 14.75 19.11
81 1.85 4.71 5.17 76 76.6 13.85 14.11 18.41
82 1.76 4.58 5.04 71.3 74 13.22 13.72 17.96
83 1.79 4.37 4.79 69.7 69.8 13.7 14.63 18.97
84 1.87 4.66 5.13 74.9 73.7 14.16 15.08 19.44
85 1.82 435 4.6 67.1 69.4 13.7 1431 18.64
86 1.9 4.28 4.66 67.6 75.8 1441 15.07 19.44
87 1.66 4.37 4.9 71.6 67.9 13.04 1396 18.24
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1. Tdsunsudmsusaesgadoyaduiing

library(MASS)

options(digits=20)

inimu <-0 #mean of independent variables

num.ind <-¢(3, 4, 5,7) #number of independent variables
sam.size <- ¢(50, 70, 100) #sample size

error.mu <- ¢c(0,0,0)  #mean of error term

error.sigma <- ¢(1, 5, 10) #standard deviation of error term
max.dep <-3 #maximum number of dependent variables
beta3x <-¢(0, 1,1, 1)

betadx <-¢(0, 1, 1,1, 1)

beta5x <-¢(0,1,1,1,1, 1)

beta7x <-¢(0, 1, 1,1, 1,1, 1, 1)
pr.miss <- ¢(10, 20, 30) #percentage number of missing value base on row missing

mum.loop <- 1000
num.seed <- 17031980
max.loop <- 30

opt.error <- 0.0001

sigma3x <- matrix(c(1.0, 0.7, 0.8, 0.7, 1.0, 0.9, 0.8, 0.9, 1.0), nrow=3)

fm3x2y <- formula(cbind(y1, y2) ~ x1 + x2 + x3)

sigma4x <- matrix(c(1.0, 0.7, 0.8, 0.7, 0.7, 1.0, 0.7, 0.8, 0.8, 0.7, 1.0, 0.7,
0.7, 0.8, 0.7, 1.0), nrow=4)

fm4x2y <- formula(cbind(yl, y2) ~ x1 + x2 + x3 + x4)

sigma5x <- matrix(c(1.0, 0.7, 0.8, 0.7, 0.7, 0.7, 1.0, 0.7, 0.8, 0.8, 0.8, 0.7,

1.0,0.7,0.7,0.7,0.8,0.7, 1.0, 0.8, 0.7, 0.8, 0.7, 0.8, 1.0), nrow=5)



fm5x3y <- formula(cbind(yl, y2, y3) ~ x1 +x2 + x3 + x4 + x5)

sigma7x <- matrix(c(1.0, 0.7, 0.8, 0.7, 0.7, 0.8, 0.7, 0.7, 1.0, 0.7, 0.8, 0.8,
0.7,0.7,0.8,0.7, 1.0, 0.7, 0.7, 0.7, 0.8, 0.7, 0.8, 0.7, 1.0,
0.8,0.7,0.7,0.7,0.8, 0.7, 0.8, 1.0, 0.7, 0.7, 0.8, 0.7, 0.7,
0.7,0.7, 1.0, 0.8,0.7,0.7, 0.8, 0.7, 0.7, 0.8, 1.0), nrow=7)

fm7x3y <- formula(cbind(yl, y2, y3) ~ x1 +x2 + x3 + x4 + x5 + X6 + x7)

# #
# PROGRAM START #
# #

#Random Number Generator of X, Error and Y
#Generate error terms: c(listl, list2, list3) =c (n50, n70, n100)
set.seed(num.seed)

error <- error.gen(sam.size, error.mu, error.sigma)

#Generate x: n=50, p=3 with correlation matrix: use in case 1, 2, 3

set.seed(num.seed)

x3n050 <- x.gen(sam.size[1], ini.mu, num.ind[1], sigma3x, nloop=mum.loop,
seed=num.seed, c("x1","x2","x3"))

#Generate x: n=70, p=3 with correlation matrix: use in case 4, 5, 6

set.seed(num.seed)

x3n070 <- x.gen(sam.size[2], ini.mu, num.ind[1], sigma3x, nloop=mum.loop,
seed=num.seed, c¢("x1","x2","x3"))

#Generate x: n=100, p=3 with correlation matrix: use in case 7, 8, 9

set.seed(num.seed)

x3n100 <- x.gen(sam.size[3], ini.mu, num.ind[1], sigma3x, nloop=mum.loop,

seed=num.seed, c¢("x1","x2","x3"))
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2. Tdsunsudmsuiaesyadoyadusam

#Generate y=2 from x=3, n=50, beta and error term

y2x3n050 <- lapply(x3n050, FUN=y.gen, beta3x, error[[1]][,-ncol(error[[1]])],
c("yl","y2")

#Generate y=2 from x=3, n=70, beta and error term

y2x3n070 <- lapply(x3n070, FUN=y.gen, beta3x, error[[2]][,-ncol(error[[2]])],
c("y1","y2")

#Generate y=2 from x=3, n=100, beta and error term

y2x3n100 <- lapply(x3n100, FUN=y.gen, beta3x, error[[3]][,-ncol(error[[3]])],

C(llyl H’"y2"))
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3. Tsunsudmsuguaadoyaganio
doMissing <- function(org.response, percent, cnames=NULL){
NRow <- nrow(org.response)
nMissing <- floor(NRow*percent/100)
rowMissing <- sample(c(1:NRow), nMissing)
dataMissing <- org.response
dataMissing[rowMissing, ] <- NA
output <- dataMissing
colnames(output) <- cnames

return(output)
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4. Tsunsudmsumsdsznauamgamiealsis EM

OEM <- function(list.data, Formula, maxLoop=30, error=0.01){
RowMissing <- which(apply(list.data[[1]], 1, FUN=function(x){sum(is.na(x))})!=0)
dtFitModel <- list.data[[1]][-RowMissing, ]
ImModel <- Im(Formula, data=as.data.frame(dtFitModel))
betaEst <- ImModel$coefficients
#Call Function "yPredict"

yEst <- yPredict(RowMissing, list.data[[2]], betaEst)

betaTemp <- new("list")
i <2
nLoop <- 2
while(i<=maxLoop) {
yNew <- list.data[[3]]
yNew[RowMissing, ] <- yEst
dataAdjust <- cbind(list.data[[2]], yNew)
ModelTemp <- Im(Formula, data=as.data.frame(dataAdjust))
betaTemp[[i]] <- ModelTemp$coefficients
#Call Function "yPredict"
yEstTemp <- yPredict(RowMissing, list.data[[2]], betaTemp([i]])
if(all(abs(betaTempl[[i]]-betaEst)<=error)){
i <-itmaxLoop
nLoop <- nLoop
telse{
betaEst <- betaTemp([i]]
nLoop <-nLoop+1

1 <- i+l
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betaFinal <- betaTemp[[length(betaTemp)]]
output <- list(yEstTemp, betaFinal, nLoop, RowMissing)

names(output) <- c("y.estimated","beta.estimated","loops","row.missing")

return(output)
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5. Tsunsudmsumsdsznaugaynieaisis REM

REM <- function(list.data, Formula, maxLoop=30, error=0.01){
RowMissing <- which(apply(list.data[[1]], 1, FUN=function(x){sum(is.na(x))})!=0)
dtFitModel <- list.data[[1]][-RowMissing, ]

ImModel <- Im(Formula, data=as.data.frame(dtFitModel))
betaEst <- ImModel$coefficients
#Calculate Y estimate (Yhat) from initial beta estimate and x exclude row y missing
xComp <- cbind(1, list.data[[2]][-RowMissing, ])
colnames(xComp) <- rownames(betaEst)
yHat <- xComp%*%betaEst #Calc YHat
#Calculate Error: Diff Yorg (excl. missing) and Yhat
sqE <- (list.data[[3]][-RowM issing, ]-yHat)"2
#Calculate Variance
varT <- apply(sqE, 2, sum)/(nrow(xComp)-(ncol(xComp)-1)-1)
#Matrix multiplication beta transpose and beta
BtBofY <- rep(NA, ncol(list.data[[3]]))
for(i in 1:ncol(list.data[[3]])){
BtBofY[i] <- t(betaEst[,i])%*%betaEst[,i]
H
#Calculate "c" values
cT <- (as.vector(varT)*ncol(list.data[[2]]))/BtBofY
#Calculate beta of ridge regression (BRR)
XtX <- t(xComp)%*%xComp
XtY <- t(xComp)%*%list.data[[3]][-RowMissing, ]
#C*Identity Matrix
CIM <- new("list")
BRR <- new("list")
for(i in 1:length(cT)){

CIM[[i]] <- matrix(0, ncol(xComp), ncol(xComp))



diag(CIM[[i]]) <- cTIi]
CIM[[i]] <- solve(CIM[[i]]+XtX)
BRR[[i]] <- CIM[[i]1%*%XtY,i]

H

BRR <- matrix(unlist(BRR),nrow(XtY))

xAll <- cbind(1, list.data[[2]])
XxMis <- cbind(1, list.data[[2]][RowMissing,])
colnames(xAll) <- rownames(betaEst)

colnames(xMis) <- rownames(betaEst)

BRRadj <- new("list")
i <2
nLoop <-2
while(i<=maxLoop) {
yHatAll <- xAl1%*%BRR
yHatMis <- xMis%*%BRR #for update Ynew
#Update y
yUpdated <- list.data[[3]]
yUpdated[RowMissing, ] <- yHatMis
#Calc. Sqaure Error
sqEnew <- (yHatAll-yUpdated)2
#Calc. Var.
varTnew <- apply(sqEnew, 2, sum)/(nrow(xAll)-(ncol(xAll)-1)-1)
#Matrix multiplication BRR transpose and BRR (in first loop)
BRRtBRRofY <- rep(NA, ncol(list.data[[3]]))
for(j in 1:ncol(list.data[[3]])){

BRR{BRROfY[j] <- t(BRR[,j])%*%BRRL[j]
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#Calc. c-value second time

c¢Tnew <- (as.vector(varTnew)*ncol(list.data[[2]]))/BRRtBRRofY

#If some of c-value equare Inf stop, because cannot calc. Inv matrix

if(all(cTnew!=Inf)){

XAtXA <- t(xAl)%*%xAll

XAtYU <- t(xAll)%*%yUpdated

CIMnew <- new("list")

BRRnew <- new("list")

for(k in 1:length(cTnew)){
CIMnew/[[k]] <- matrix(0, ncol(xAll), ncol(xAll))
diag(CIMnew[[k]]) <- ¢cTnew[k]
CIMnew][[k]] <- solve(CIMnew|[[k]][+XAtXA)
BRRnew[[k]] <- CIMnew|[[k]]%*%XAtYU[ k]

H

BRRadj[[i]] <- matrix(unlisttBRRnew),nrow(XAtYU))

errorBRR <- as.vector(abs(BRR-BRRadj[[i]]))

if(all(errorBRR<=error)){
i <-itmaxLoop
nLoop <- nLoop

telse{
BRR <- BRRadj[[i]]
nLoop <-nLoop+1
i <-i+l

H

telse{



i <-itmaxLoop
nLoop <- nLoop
H
#print(i)
H
betaFinal <- BRRadj[[length(BRRadj)]]
output <- list(yUpdated[RowMissing,], betaFinal, nLoop, RowMissing)
names(output) <- ¢("y.estimated","beta.estimated","loops","row.missing")

return(output)
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6. TlsunsudmsumsaulIual MSE

mse.calc <- function(dataList){
Yhat <- dataList[[1]]$y.estimated
RowMis <- dataList[[1]]$row.missing
YorgMis <- dataList[[2]][RowMis, ]
mse.loop <- sum((Yhat-YorgMis)"2)/length(Yhat)
output <- mse.loop

return(output)
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