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Al. Theoretical Background

Many biological problems can be explained mathematically by a set of differential
equation, which may be nonlinear. In many situations, it is possible to replace the nonlinear
differential equation by a set of related linear differential equation that approximates the
real nonlinear equation close enough to give useful effects. The method of “linearization”
may not always be appropriated. Then the original nonlinear differential equation must be
considered. The study of nonlinear differential equation is usually confined to a variety of
special cases and we have to use various approximation methods. In this part, we shall give
an introduction to the method which we use in this research.

Definition A.1 A point X e R" is an equilibrium point (or stationary point,
singular point, critical point or rest point) of
dXx

o = feX)

(A.1)
if f(t,X,) = 0 forall t >t

If X, is an equilibrium point of (A.1) at t* , then it is an equilibrium point for all
T >t

Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every >0
and any t, ¢ gt thereis a ®(d,tg) >0 such that
|u(t,t0,y)| < 0 for every t = tg
whenever | y| < o(d,tg) where u(t,y) isthe solution of (A.1).

Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if

1) itis stable and
2) for every t, > 0 there is an &(t,) > 0 such that

lim u(t, tg,y) = 0 whenever |y| < g [54] (A.2)
t—>w
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Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable.

In this case there is a t, > 0 and a sequence Y, — 0 of initial points and a sequence t
such that | u(to +tm.to.vm) | > vy foreverym,t_ > 0.

For more general setting, consider a system of two autonomous first-order

differential equations :

dXx
P 91(XY) (A.3)
dy
e 92(X'Y) (A.4)

where ¢q and ¢, are nonlinear functions. We let ()_(, ?) is the equilibrium point, then
0 (XY) = g(XY) = o (A.5)
Setting the solution at any time in the form
X(t) = X + x(t) (A.6)
and
YO = Y + y(t). (A.7)
This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t)

from (A.6) and (A.7) into (A.3) and (A.4) ,

(;j—t(;(+ X) =gy (X+X, Y+Y) (A.8)

(;j—t(§(+y)=g2(;(+ x,?+ y) (A.9)

On the left hand side, we expand the derivatives and on the right hand side, we
expand g7 and g, in a Taylor series about the equilibrium point (X,Y). Then we
obtain
dX  dx _ _ _
— + — = XY) + X +
prrallin 91 (X ) + 91, (X V)X +9g1,, (X Y)y

(A.10)

+ terms of order x 2,y2,xy and higher,
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dy dy XY XY XY
(A.11)

+ terms of order x 2, y2 , Xy and higher,

()_(,?)and similarly for

where 01 (;(,?) is %91 calculated at
X OX

gly(X ?) 92, (X\_(), ggy(;(,\_() and other terms.
d_X _ 0 dy

By the definition of the equilibrium point, we have ral 0,
o1 (;(, ?) = Oand gz(;(, ?) = 0. We consider only linear term. Thus from (A.10) and

(A.11), we obtain
dx

— = ay X+apy,
at 11 12Y
d_y = s X +0ooy
dt 21 22
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
991 091
VY a1 a2 ox oy
J(XY) = -
( Y) {&21 aoo 692 agZ
OX oy XY
Letting a=ajg; +a
B=ajjaxp —apay
and Y= a? - 4B 1is called the discriminant.

Then the characteristic equation is A2 — o+ B=0

The eigenvalues are obtained from:

B oci\/;

A =
1,2 2

A linear system can have at most one equilibrium point, (0,0) if [ =det J=0.
Theorem A.1 The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of

J have negative real parts and every eigenvalues of J which has a zero real part is a

simple zero of the characteristic polynomial of J.
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The behavior of the equilibrium points of the system of equations (A.3) and (A.4)
can be determined by considering the different kinds of eigenvalues of the Jacobian
matrix.

The different behavior of equilibrium points are determined from the

characteristics of eigenvalues of J.

i) The eigenvalues of J are real and distinct.

ii) The eigenvalues of J are real and repeated.
iii) The eigenvalues of J are complex.
The behaviors of the equilibrium points for all three cases are described as follows.

Case I The eigenvalues of J are real and distinct. There are three possible behaviors.

a. If both eigenvalues of J are negative, the equilibrium point will be a stable-

two tangent node (Figure A.1).

1

Figure A.1 A stable two-tangent node.

b. If both eigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).
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Figure A.2 An unstable two-tangent node.
c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).

Figure A.3 A saddle point.

ii) The eigenvalues of J are real and repeated. There are two possible behaviors.

A0
a.If J isdiagonal and J is similarto the matrix as J={0 }J , then the

critical point is called a stellar node which be stable if A < O and unstable if

AT

A >0 (Figure A.4).

(a) Stable (b) Unstable
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Figure A.4 A stellar node.

b. If J isnotdiagonal, then it is not similar to a diagonal matrix. The critical

L

point is called a stable one-tangent node if A < 0, and an unstable one-tangent

node if A > 0 (Figure A.5).

(a) Stable (b) Unstable

Figure A.5 The one-tangent node.

iii) The eigenvalues of J are complex.
It is necessary and sufficient that y = o’ - 4 is negative and then

ocii\/—_y

2

Mo =

There are six possible behaviors as follows.
a.If >0 and B > 0, then the equilibrium point will be unstable node.
b. If O <0 and B > (), then the equilibrium point will be stable node.
c. If OU <0 then the equilibrium point will be a saddle point.

dIf o? < 4B and L >0 , then the equilibrium point will be an unstable

spiral node (Figure A.6).
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Figure A.6 An unstable spiral node.

2

e. If a” < 4B and X <0, then the equilibrium point will be a stable spiral

node

1}
Y
-

Figure A.7 A stable spiral node.
£If o < 4B and & = 0 mean that the eigenvalues of J are purely imaginary,

then the critical point will be a center (Figure A.8).
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Figure A.8 A center.
In this section, we use the above ideas to apply for systems of n > 2 equations.

Consider

((j:i_)t( - fj(Xg, Xo,oy X¢)  wherej=1,2,...k (A.12)

or in the form of vector notation

%_>t< = F(X) (A.13)
for X = (X,,X,,...,X,) and F= (f, f,,..., f,) where each function fJ depend on all
orsome Y, Y,,..., Y,. The equilibrium point Y is obtained by solving F(Y) = 0. The

next step is to determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtained by setting
a —
J = —F (A.14
X (Y) )

where J is a kXk matrix. The eigenvalues A of the matrix satisfy det(J—Al) =0. We
obtain a characteristic equation in the form
x"+b1x"‘1+---+bk =0 (A.15)
The stability of the equilibrium point can be determined without solving the actual
values of eigenvalues by using the Routh-Hurwitz criteria.
Definition A.5 (Routh-Hurwitz criteria for local asymptotical stability)

Take the characteristic equation (A.15), define k matrices as follows:
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b, 1
el v,
3 by
by 1 0
Hy=1bg Dby by | |
bs by bg
[ by 1 0 0
G | ba o ba by 1 0
- b5 b4 b3 b2 0 |
(b2j1 b2j2 bpjz Dbpj4q bj
b, 1 0 - 0
b by, b 0
R L
0 0 by

where the (I,m) term in the matrix H ; is

b, for 0 < 2llm < k
1 for 21 = m
0 for 21 < m or 21 > k+m.

Then all eigenvalues have negative real part. This means that the equilibrium
point X is stable if and only if the determination of all Hurwitz matrices are positive
which is
DetH, > 0 for j = 1,2,3,....k

Next, we show conditions of Routh-Hurwitz criteria for case k = 3 and 5 which

are appeared in the thesis.

For k = 3;

We need to show that DetH; > 0 for j = 1,2and3.
H, = [b]; DetH, =b,,

by 1

H, = by b, ; DetH,=bb, - b,,

by 1 0
H,=|bg by by| DetH,= bibybg—b5 —bFby +bsbs.

bs by by
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Since coefficients b, and b, in 3" order characteristic polynomial equation equal

to zero then we have

DetH, = b,
DetH, = bb,- b, and
DetH, =  bjbybg —b5 = bg(biby —b3).
So the three conditions which correspond to DetH; > 0 for j = 1,2and3

are b > 0, b, > 0 and bb, > b..
Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical
stability in 3" order characteristic polynomial equation are
i) b, > 0,

ii) b, > 0 and
iii) bb, > b,.

Fork=5
We need to show that DetHj > 0 for j = 1,2,3,4and>5.
H, = [b]; DetH, =b,
by 1
H, = b b ; DetH,=bb,- b,,
3 2
by 1 0
H,=|bg by by| DetH,= bibybg—b5 —biby +bsbs,
bs by bsy
by 1 0 O
by by, b 1
H= |03 %2 M1
bs by bz by
b; bg bg by

DetH, = b,b,b,b, —b2b, —b2b? —b,b?b, +b,b,b, +2b,b,b, — b2 +b?b,b, —b,b,b,

—byb,b, +byb,,
M 1 0 0 0]
by by, by 1 0
H,= [bg by by by, by
b; bg bg by by
[bg bg b7 bg b5
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Det H, =b,b,b,b,b, —bZb,b, —b?b’b, —b,b5bZ +b,b,bZ +2b,b,bZ —b? —b,b,b3b,
+b2b, +b’b,b,b, +2b7b,b.b, —3b,b,b.b, —b’bZ +b bbb, —b,b2b,
—b?b,b,b, —b,b,b.b, +2b,b.b, +2b’b b, —b,b> —bZb,b,b, +b,b3b,
+b’b,b, —bZb.b, +b,b,bb, —bib, —bZb,b, +b,b.b,.

Since the coefficients b, b,, by and b, in 5" order characteristic polynomial
equation equal to zero then we have

DetH, =b,,

DetH,=bb,- b,,

Det H, = b,b,b, —b; —b?b, +b,b,

= b,(b,b, —=b,;)—-b,(b,b, —b;),

Det H, = b,b,b,b, —b3b, —b?b5 —b,b5b, +b,b,b, +2b,b,b, —b?

=b,(b,b,b, - b%- blb,)-b,(b,b;-b,b, —2bb, +b,),

Det H, = b,b,b,b,b, —b3b,b, —bibib, —b,b3b2 +b,b,bZ +2b,b,bZ — b3

= b,(b,(b,b,b, - b3- b’b,)-b.(b,b>-b,b, —2b,b, +b.))

So the conditions which correspond to Det Hj > 0 for j = 1,2,3,4and5.

are b, > 0,
bb,- b, > 0,
b,(b,b, —b;)—b,(b,b, —b,) > 0,

b,(b,b,b, - b5- bZb,)-b,(b,b;—b,b, —2bb, +b,.) > 0.
After we rearrange all above inequalities, we get the conditions of Routh-Hurwitz
criteria for local asymptotical stability in 5" order characteristic polynomial equation
i) b, > 0@ =1,23,4,5)

ii) bbb, > b3 +blb, and
iii) (b,b, —b.)(b,b,b, —b% —b?b,) >b.(b,b, —b;)* +b,bZ.

A2. Numerical Solutions of Differential Equations
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In this research, we use Runge-Kutta-Fehlberg’s method [13] which is one of the
most widely used methods, and is particularly suitable in cases when the computation
of higher derivatives is complicated. It can be used for equations of arbitrary order by
means of a transformation to a system of first-order equations. We shall discuss the

solution of three first-order equations. Let this system be

dx
— = f(x vy,z,t
o xy,z,1)
dy
—_— = X V,z,t
™ ax y,z,t)
dz
— = h ,Z,t
o X y,z,t)

with initial point (X,,Y,, Z,,t,) and interval length h.

Runge-Kutta-Fehlberg’s method for finding approximate values of x,y and z at each

step is
(2375k 1 +11264k 3 +10985k 4, — 4104k 5
Xn+1 = X n + >
20520
_ N (2375r1 +11264r 3 +10985r 4, — 4104k 5
Ynti = Yn 20520
(2375s | +11264s , +10985s , —4104s .
Zn+1 = Zn +
20520
where

= hf(x,,¥,.Z,, 1,),

k1

k r S h
k, = hf(x, +-+,y, ++,z, +—=,t, +—),
2 ( n 4 yn 4 4 4)

K, = hicx, + GKirOK) o @rTon) o B, +95,) | 3hy
32 32 32 8
K. = hi(x , (1932, —7200k , +7296k ;)
) " 2197 !
, (1922r, - 7200r, + 7296r ,)
" 2197 :
n , (19325, -720032-+729653),tn4_12h)
2197 13
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(8341k , — 32832k , + 29440k , - 845k ,)
4104 ’

k, = hf(x, +

, (8341r, - 32832r, +29440r, - 854r,)

Yoo 4104
- (8341s , - 32832s , + 294405, - 854s ) oah),
4104

(-6080k , + 41040k , — 28352k, + 9295k , - 5643k ;)
20520 ’

k, = hf(x, +

, (16080r, + 41040, — 28352, + 9295r , - 5643r,)

Yoo 20520
, . (-6080s , + 41040s , —28352s , + 9295s , - 5643s ;) ¢y h )
" 20520 o7

and the error for each step will be

k, 128k, 2197k, N ks
360 4275 75240 50
r,r,., kand the error of y value can be evaluated from the above equations.

Error =

S;,S,,..., Sgand the error of z value can be evaluated from the above

equations. K, , K, ,..., K4 and error of x by replacing function f with function g and function

h.

Runge-Kutta-Fehlberge’s method can be applied directly to a system of n first-

order differential equations
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Malaria transmission model of juvenile and
adult humans

Puntani Pongsumpun® and Preeyaporn Mumtong
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Mongkut’s Institute of Technology Ladkrabang. Chalongkiung road. Ladkrabang. Bangkok 10520,
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e-mail: kppuntan@kmitl.ac.th*

Abstrac—A major public health problem in Thai
population is due to Malaria. This disease is caused by
the multiplication of protozoa parasite of the genus
Plasmodinm;  Plasmodinm  falciparum, Plasmodinm
vivax, Plasmodinm malarice and Plasmodium ovale.
Malaria is found along the border with Burma,
Cambodia and Malaysia. There are the different
transmission rates of this disease between Thai juvenile
and adult humans. In this study, the transmission of
Malaria is considered by using Mathematical model.
The analvsis of this model is given by method of
standard dynamical modeling. The local stability
conditions are shown to point the way for decreasing the
outhreak of the disease.

Keywords—Plasmodinm, standard dynamical modeling,
equilibrinm states, Malaria, local stability.

I. INTRODUCTION

Malaria 15 a contagious disease m the tropical
countries. The infected parasite caused by a single
cell in the class sporozoa, genus Plasmodium. There
are four species; P. falciparum, P.vivax, P.ovale and
P malariae. In Thailand, the most people has
infected with P. falciparum and P.vivax[1]. Sick due
to this disease causes significant economic loss. The
Anopheles mosquito 1s the epidemuc vector for this
disease. The contact of the disease from an infected
mother to the fetus 1s rare. In the first two months of
life. children may not contact malana or their
manifestations may be muld with low-grade
parasttenua[?], due to the passive immumty offered
by the matemal antibodies. The contact of the disease
by means of a blood transfusion may be found in
cases where the donor density of malana parasites n
the blood 1s low and no symptom. Situations of
global temperatures rise affects the life cycle of a
mosquito vector[3]-[5]. The period of mosquito eggs
and larvae molt growth as a mosquito can take 7-10
days. The average life expectancy of the mosquito 1s
45 days. In Thailand, Malaria is found along the
border with Burma, Cambodia, and Malaysia. The
most Malaria patients are found in Songkhla, Vala,
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Mae Hong Son, Tak Kanchanaburi, Prachuap Khir
Khan, Chumphon, Ranong, Chanthaburi and
Narathiwat. The symptoms of Malaria patients appear
after the Plasmodium incubates m the body. The
pertod of cubation for Plasmodium depends on 1ts
type. about 10-14 days. The period of incubation for
Plasmodium vivax is higher than Plasmodium
falciparum. In 2009, number of patients who be
infected with Malaria are 23.327 people. There are
13.616 and 9486 cases who be mfected with
Plasmodium vivax and Plasmodium falciparum,
respectively[5]. In Thailand, there are the different
transmussion rates of this disease between juvemle
and adult humans [6]. Pongsumpun and Tang [7] had
proposed mathematical model for the transnussion of
Plasmodium Vivax between human and mosquito
populations but they did not consider the different of
this disease between juvemle and adult humans.

II. MATHEMATICAL MODEL

The transmussion of the disease between human and
mosquitoes 15 considered by formulating  the
mathematical model The human 1s divided into two
groups; juvenile and adult humans. The adult group 1s
the group of people who age not less than 15 vyears
old. The human and vector populations are separated
into susceptible and infectious classes. The diagram
of the transmission 1s presented in figure 1.

(r)

ASL
by

b Bl (1)5 (1)

p Y
dhshn] l

Ih {t)
¥ I () "

An,
A | 4,1 (t)
by

1a) For the human population
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1b) For the vector population
Fig 1. Flow chart of the model.
Each population size 1s assumed to be constant. The

dynamical equations of human and mosquito
populations can be explained as follows:

=5 0w, (o, (-84, 05.0-a5, (0 @

SO0040 040400 @
£ 02,0, 047, 0 0

where 5;1 (t] :I;ll (t) and I;A (t} are the number of

susceptible, infectious juvemile and mfectious adult
human populations, respectively. The parameters
the above equations are defined as follows:

LLy, is the birth rate of human population,
dh 15 the death rate of human population,
N, is the total human population,

E‘h 15 the transmission rate of this disease from vector
to human,

Y7 is the rate at which the infectious juvenile human
can be susceptible again,

7V 4 1s the rate at which the infectious adult human
can be susceptible again,

& is the rate at which the juvenile human become to
be adult human,

[3,; 15 the transmission rate of this disease from
human to vector,

LL,, is the death rate of human population,

D  is the constant recruitment rate of vector

population.

since P. vivax mfection 15 non lethal, the death rates

will be the same for all human classes and we will

have
N, - s; (t] + 1"h] (r)_ :["hA {r)
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The dynamcal equations of the vector population are
described by

2,0 2w, ()1l (0, Q)50 @
=1,(0-n(, ()%, )4, 0-u,0 O

where SI‘_ (1) and II‘_ (r] are the number of
susceptible and infectious vector, respectively.
N‘__=S;_ (tj +I;_ (l) 1s the total vector population. The

total human and vector populations are assumed to be

th d}I\,
constant. Therefore — =0and —=10.
dt dt
sice 1, -5, (-1, ()1 (1),

therefore the new equation becomes:

d d s d ; d ;
;Nh =;s'h (t]+;IhJ (l)+;IhA {t} (6)

The rate of change in each class 1s equal to zero.
Setting the right hand side of (6)to zero, we obtain

"lh:dh (birth rate equals to death rate) From
N‘_.=S:_ (tJ +I';_ (l) . the new equation 1s defined as
follows.

d d

¢ d
—N=—s (J+—1 () @
dt dt dt

In the same manner, setting the right hand side of
(7) to zero. we obtam u = DN (Mortality rate equal
to the ratio between the constant recruitment rate and
the total number of vector). This gives N =D . We
the

Sy (t}%; (1)

L () =1;1.T (:].-'Nh,rhaL (t)=1';1A (t) /vy, .

introduce normalized populations:

S,=8, /N, and I =L /N_then (1)-(5) can be

rewritten as

a ) .

o '[t]=|>1h-T (1) {1y, =y ']IhA (1) (@
:_tIhJ (1) =81 (135 (1) = (vy + E+dh]1"1 (1) ©)
d s

<1 (0= E"l\IhJ (¢) My (6w, [se()-ne1_(¢) an
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The dynamical equations for Sh(t}:md Sy (t) are

not necessary

s, ()+1 (1)+1 (t)=t1and s, (1)+1_(1)=1.
Iy by v

because

III. ANATYSIS OF THE MATHEMATICAL

MODEL

A Equilibrium Points

The equilibnium pomnts are obtamned by setting the
right hand side of (8)—(10)equal to zero. We get two

equilibrium points, the disease free state E; (0._ 0, 0]
and the endemic disease state E r ,I* ,I*
By By ¥

where

= Bl ("'A"‘ih"‘s] BNy, - (vr+5+dy) ('FA Hih}“v

¥ (!“\: + ﬂ'w.'Nh ) (TA +dh * 5] BhN\.'
(11)
E 3
* B(Fhl ‘.Nv)
I by = N ¥ =
(T.T + tr+dh +l5hl ‘_N‘_] {'{Aﬂih} +0Eh1 ‘-Nv
(12)
s (va *"h}(ﬂhl ‘.Nv)
b = N ¥ ¥
T ('\,-‘] S ‘_}I‘_] ('r‘.._.‘_ﬁih} +5ppl N,
(13
and I:, are the solutions of
2 *
Al +AL=0 (14)
The solutions of (14) are
*
I,=0 (15)
and
* N
I,=-Aq /A (16)
where

A= ('fA =y - 5) B N n BN (TA Hdp +‘5) BNy
and
A1=(‘.'J-Wn}(?,a,+"h Ju -8y N, (Tﬁ.*‘ih“}]ﬂr}‘h

* - ..
I, 1s positive for Dy =1, where
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_ By Ny [‘."A +d]1+a) By Ny
(yy+o+dp ) ('rA+dh ] By

B. Local Asymptotical Stability

The local stability of an equilibrium point 15
determined from the signs of eigenvalues of the
Jacobian matrix of the right hand side of the above
set of differential equations.

C.  Disease Free State

For the equations (8)—(10). the Jacobian matrix
evaluated at E; 15 given by

‘[. ‘r'A"‘dh_] ) a ) 0
0 Ay BN,
RN RN w

The eigenvalues are obtamed by solving the
characteristic equation; det[.T -}._[3)20 where Iz 1s

the identity matrix dimension 3x3. The characteristic
equation for the disease free state 1s given by

2’+a }d-aS =0

2 (amn

'3 +a11'\
where
ap =iy, +yy +yy o+ ey
1y =ny (va+dy ) +ry (g +o0ay )+ (ra 44y ) (17 + %3y
a3 = uy (14 +dy ) (v + ¢y )

The

P B S,
solving &~ +ah " +ajh+ag = 0

eigenvalues are found

by
The signs of these

eigenvalues are negatives when they satisfy the
Routh-Hurwitz criteria[6];

detH; =a, >0 (18)

dﬂ:tH2 =aja, —ag =0 (19)
2

dﬂ:tH3 =aajaz—a; >0 (209

We found that the disease free state 15 locally stable
state when D, <1.

D. Endemic Disease State

The local stability of the endemuc state, E; . is
determined by looking at the signs of the eigenvalues
of the Jacobian evaluated at E; . The Jacobian matrix
for this state 15
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3

L=

l"gfin}
57 A& ‘_T“!.-* AN ‘[ L

DU, RN, A, A,

wherel .1 and I _ are defined in (11)-(13)and
hy Iy N

i)
* "d“J R'N"(l_;lni Ith:)

Dy =1 . The characteristic equation for the endemic

state 1s given by

" ’J "
N @1
where
x x x
B N e R
2 -
by =0y M N BBy ~dy vy vy vyl
® *
+2dh}‘vﬂA}lvﬂJ Hv-'ﬂ‘I}JB\.'I hy +E'hNhs\;:[ hy
x % * *
R U L S L T

* * ® *

NPT NNBAT NPl NP

* * * * *
DT GNBT NNEHET APyl Nl
h3 =El'.th\.'ﬂ‘hﬁ v 'd‘ltNh thhﬂv 'NthﬂhﬁvTA +mh”‘ﬁ *a¥rHy

-

) 2 O
B Y T T & o

B e T LU L IU

PP tal " Oy NPy e by B e B

) . . . .
d  NB T N 6.1 NP 1l NN BB v,l
AT & U L e

*

- * *
B T R P A I S B a ol

-

. . .«
NP TAT N AT N R T R NCRRLT T

v hﬂ. v
B BT 2R, N By P T h]I v
The

solving }_3 +y .“-_2 +byhthy =0

found
The signs of these

eigenvalues are

eigenvalues are negatives when they satisfy the
Routh-Hurwitz criteria[7];

o a L4 ' 1
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detH, =b, =0 (22)

detH, =b1b2 —b3 >0 (23)
2

detHy =bb,by—b"5 >0 (24)

Thus, the endenuc equilibrium state 1s locally stable
forDy=1.

E.  Numerical Results

In this section, we analyze the model given by
equations (8)-(10). The trajectories of the selutions
when the parameter values will lead to a disease free
equilibrium state and when they will lead to the
endemic equilibrium state are shown in the following

figures.

ndernaus Mui herman reveman

Inderra s v nn e pregeees

L B B N

ndermees v recermen Iniccivus womT reperem

Fig. 2 Time series solutions of infectious adult
human, mfectious juvenile human and infectious
vector, respectively. The value of parameters are

14
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Ny =1.000 . N,=9.500 . p, ~1/(365%65) day’.

.
dh=l.-"(365"‘65) day’. D=40,000. ?A=1:"365*2
day”, y;=1/365%1 day™. i*
g
§=1/365%15 pn,=1/25. g2 E
< =l ri = ‘;
2a) Dy=1. D,=0.287901.B, =0.009. i
8
B, = 0.0000000007 . The fractions of populations £ . E
* * - .
I .1 .1 ]approach to the disease free
by myT T 1 s
state (0. 0.0) . ]
2b}D011>l,D0=28?.901.ﬁ‘__ =0.0009. =
B,, = 0.000000007 .The trajectory of the six state
. . * & * . - i ®
variable solution |1 I I spirals into the L
by By ¥ - E
endemic disease equilibrinm state § =2
(0.00475034 . 0.000638251.0.99182). 5,
£ E,
H
IV. DISCUSSION AND CONCLUSION =
In this study, we analyze the mathematical model of ! ; ! ‘
Malaria between juvemile and adult human )
populations. The threshold number 1s defined by Dy -
where
oo
Buy (1 *45+)B, Ny £
= . g ==
(yy+a+dy ) (74 +dy )u, -
If the threshold number (Dy) 1s less than one, then the g
disease free state 15 local stability. The endemic 3
disease state 1s local stability for D, greater than § o
one.The bifurcation diagrams are shown in fig 3. - -
L L]
L] 2 3 2 g
0 0,
2 Ey
B
E" pliz==_
‘E : E EXEEeS
-
'] g aEes E
5 T T T T : ¥ emmes
L] 1 2 a 4 £ 5 E\:
o, o
a 1 2 3 2 A
o

2)
Fig. 3 The bifurcation diagrams of each population
group. The parameters are similarly to fig 2.
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From the above figure, if the basic reproductive
number 1s less than or equal to one, then an infective
replace itself with less than one new infective, the
disease die out. If the basic reproductive number is
more than one. then the fraction of susceptible classes
decrease and the fraction of mfectious classes
increase. These behaviors occur because there are
enough susceptible human to be mfected from
infectious mosquitoes. The results of this study
should point the way for decreasing the outbreak of
this disease.
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ABSTRACT

Malaria is a major public health problem in Thailand. This disease is caused by the mwultiplication of protozoa parasite
of the genus Plasmodium. ie. Plasmodium falciparum, Plasmodium vivax, Plasmodium malariae and Plasmodium
ovale. Malaria is found along the border with Burma, Cambedia and Malaysia. There are the different transmission
rates of this disease between Thai juvenile and adult humans. In this study, the transmission of Plasmodium falciparum
Malaria is studied by using Mathematical model. The analysis of this model is given by method of standard dynamical
modeling. The local stability conditions are shown to point the way for decreasing the outbreak of the disease. The
comparison of numerical solutions when there is the effect of age structure and nonage structure is given.
KEYWORDS: Plasmodium falciparnan. standard dynamical modeling, equilibrium states. Malaria. local stability.

INTRODUCTION

Malaria is a disease caused by protozoa. There are four species; Plasmodium falciparum, Plasmodium vivax,
Plasmodium ovale and Plasmodium malariae. In Thailand, the most people has infected with P. falciparum and P.vivax.
P. falciparum can cause severe illness or death. Pvivax and P.ovale can hide in the liver for a long time [1]. Sick due to
this disease causes significant economic loss. The Anopheles mosquito is the epidemic vector for this disease. The
contact of the disease from an infected mother to the fetus 15 rare. In the first two months of life, children may not
contact malaria or their manifestations may be mild with low-grade parasitemia[2], due to the passive immmunity offered
by the maternal antibodies. The contact of the disease by means of a blood transfusion may be found in cases that the
density of malaria parasites in the blood is low and no symptom. The rise of global temperatures affect the life cycle of
a mosquito vector[3-5]. The period of mosquito eggs and larvae molt growth as a mosquito can take 7-10 days. The
average life expectancy of the mosquito is 4-5 days. The most Malaria patients are found in Tak(5.844). Yala(2.693).
Chumphon(1.970), Kanchanaburi(1.531).Mae Hong Son(1.341). Ranong(993). Prachuap Khiri Khan(990).
Phangnga(805) Narathiwat (721)and Si Sa Ket(686). The symptoms of Malaria patients appear after the Plasmodium
incubates in the body. The period of incubation for Plasmodium depends on its type, about 10-14 days. The period of
incubation for Plasmodium vivax is higher than Plasmodium falciparum. In 2010, number of patients who be infected
with Malaria are 22,770 people. The ratio between Plasmodium falciparum cases and Plasmodium vivax cases 1s 1:1.6
[6]. In Thailand. there are the different transmission rates of this disease between juvenile and adult humans as shown in

fig.1.
200
Biliman  O=15yen
350
8 g =]
® 30
53‘250 — —
= e
4
i 1s0
g o > 4 :
44— 4 4 -
l-i 1o 4 -4 4t
4 - L »
EVpE LS 4 * 4 » | |
* 4 4 4 #
* 4 4 4 R
p e - LA -l T T
03 2004 2005 006 2007 20 2008 10 M1l
Year

Fig. 1. Situation of Malaria cases classified by age structure [7].

Ronald Ross demonstrated that malaria is transmitted by Anopheles mosqguitoes, also developed the first
mathematical model of malaria transmussion that were two-dimensional variables with one variable representing
humans and the other representing mosquitoes [8]. Ross-MacDonald (RM) model [9] described the transmission of the

*Corresponding Author: Puntam Pongsumpun, Department of Mathematics, Faculty of Science, King Mongkut's Institute of Technology
Ladkrabang, Chalongkrung road, Ladkrabang, Bangkek 10520, Thailand. Bmail: kppuntan @ kmitl ac th
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plasmodium falciparum malaria, which does not contain the possibility of relapses of the illness. In addition, models of
malaria was the inclusion of acquired immunity proposed by Dietz. Molineaux and Thomas [10] . Aron [11] and Bailey
[12]. Ngwa and Shu [13] analyzed a model which was a deterministic differential equation model for endemic malaria
involving variable human and mosquito populations. In 2006, Chitnis et.al [14] presented an ordinary differential
equation for the spread of malaria in human and mosquito populations by using bifurcation analysis. I.T. Griffin et
al.[15] developed an individual simmlation model for Plasmodium Falciparum Malana in Africa. Pongsumpun and
Tang [16] introduced mathematical model for the transnussion of Plasmodium Vivax between human and vector but
they did not consider the different transmission rate of this disease between juvenile and adult humans. From the data of
Malaria cases in Thailand(fig.1). we found that there are the different number of cases between juvenile and adult
humans. Therefore the effect of age structure should be included in the model for describing the situation of Malana
cases in Thailand.
MATHEMATICAL MODEL

The transmission of the disease between human and mosquitoes is considered by formmlating the mathematical
model. We assume that the human and vector population have constant size. Let N; and N_ be the human and vector
population sizes, respectively. Human population is divided into fwo classes such that juvenile human (less than 15
years old) and adult human (not less than 15 vears old). Each human class 1s separated into susceptible, infectious and
recovered subclasses. Mosquito population 1s separated 1nto susceptible and infectious classes. The mathematical model
for this transmission is based on the transmission diagram in Fig 2.

'r'Il[hJ (t)
enly; (1) eth] (t)
x ¥ . )
R T R R T AR LT
TN I, (DS, (t

g v(t) h(glh] t SR py (1)

epSu(t) \ Tazlng (O v
IhA (t) > RhA(r)

Ta Iy, (© | enRy, (1)

eplp, (t
k J

2a) For the human population

Yl 0+ 0y, CROS OO
= i LAk

[T, .] J.Iv(ti

2b) For the vector pepulation
Fig.2. Flow chart of the model.

The dynamical equations of human and mosquite populations can be explained as follows:

d
Fon (0 =upNT +74 Ing O+ 75 Iny (0 —epSp () — (n; + 7, Mo (D55 (0 (1
d -
el (1) = v To (S (8) = 8Iny () = () + 775 )y (1) —enlng (1) (2
%Ihﬁ (t) = vy, L (S (1) + 8Ty ()= (ray + 74, )y (D —eplp, (D) (3)
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d -
ERhJ = 175 hy (t) — (e, +3)Rp; (1) “
S Rug (0= 74, Tag (0 3Ry (9= exRas () ©

where Sy (t). Iy ; (t). I A (t). Ry ] (t) and Ry N (t) are the number of susceptible, infectious juvenile . infectious
adult. recovered juvenile and recovered adult human populations. respectively. Np=5,(t)+I; ] (t)+1Iy i(l)+
RhJ(l)+Rh A (t) is the total number of human population The parameters in the above equations are defined as

follows:
1, is the birth rate of human population.

&, is the death rate of human population.

N is the total human population,

Th; is the transmission rate of this disease from vector fo juvenile human,

Thy 1s the transmission rate of this disease from vector to adult human.

7, 1s the rate at which infectious juvenile human become susceptible human again,
. is the recovery rate of the infectious juvenile human,

Ta, is the rate at which infectious adult human become susceptible human again,
¥4, 18 the recovery rate of the infectious adult human,

¥y is the transnussion rate of the disease from human to vector,

& 15 the rate at which juvenile pass into adult,

IL,, is the death rate of vector population,

A is the constant recruitment rate of vector population,
The dynamical equations of the vector population are described by

%Sv (1 =A-n,S, (0~ ‘-"v(lh] M+1I A (£)Sy () (6)
L 1 =rell; ©+Ty,, OSO-1eT©) 0

where 5, (t) and I (t) are the number of susceptible and infectious vector, respectively.
N,=S;(t)+I,(t) is the total vector population. Because Np=35y(t)+ IhJ () +Iy 1(') + Rhl (t)+Ry A (t) . therefore
the new equation becomes:

=S, Sh, 0= S0, 0 SRy 0= SR, ) ®)

We suppose that the total human and vectors are coﬂsl;ml. Thus, the rate of change in each class equals to zero. Setting
the right hand side of (8) to zero, we obtain [, = ey (birth rate equals to death rate). From N, =S (t)+1,(f). the

new equation is defined as fo]]ow. 5.

d

—N T S t t

N3 S0+ L ©
In the same manner. setting the right hand side of (9) to zero, we obfain u_ - aw_ (Mortality rate equal to the ratio
between the constant recruitment rate and the total number of vector). This gives x_ - Ay -

We introduce the normalized populations:

. (t)—ﬁ - I, () iy (0= "*’*Tm._r.,]{t)=Rh’m,rhg(tpRh*‘(l),s‘-(t) S, (r)l =l (}

Thus. (1)-(?} can be rewrllten s

S 0= 1hyi, N (0= 11, +71, ~ening O 10)

%ih 4 ()= 1,1 (ONsp(t) +Biny () ~(va, +7va, +ening (1) (11)

Sy =13,y (0= G- ey ) 1)
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d - -
rea ®=7a,ina O+ (1) —epmy () (13)
d. . . ;
alv{t) = '."v(lhj (t)+ 1h, (DN (1) - nedy(t) (14)
The dynamical equations for sp(t)and s,(t) are not necessary because
Sp(®)+in (1) +in, (00, O+ m, (D=1 and s) +iy(®) =1 (15)
ANALYSIS OF THE MATHEMATICAL MODEL
A Eguilibrium States

The equilibrium states are obtained by setting the right hand side of (10)—(14)equal to zero. We get two
equilibrium states; the disease free state E, {0.0,0,0,0) and the endemic disease state El(i]‘ll_'[ ,iLA ._r]:_T ._r;A ._i:.) where

VN (1 +1;)

1 = = (16)
’ .+ TrNI(lh, - 1]1,)
R
L, =——1, (17)
ey +0
* a‘l" ol Rl |
L = 1 s ML (18)
e,le, +0 )
where
e (AT 1y 1T TN~ (6 )G, £ 1) )
L, =72 ' -
(©+e )y + Yaln, T V1V, W (Alrp(en + 714, )0 +ey) +ey (‘."A{'."nJ + Y1V, )+ Yartn¥n
+ (":'Ag".’n_ +(ey + ".’A)Ynj)'."n) +ey(ey + 7400 +ey + 7,1, )N,
o 200, + Yy, (o +Y)NA(G+ )y, + YAy + ViV )Y Nr — (& + 7, )0+ + YR 20)
lllJ == . . o v A .
(B+ey )y + TaTw, ¥ V1Y, Mo (AQy(ey + 74,00+, )+, (Y Vo, 711 Yn, )+ Yas¥n, Tn
+ (‘n‘r_ag‘?rn. - (eh + ‘?r_:L)Th! }11{12)4' €y (en +7a )(a +ey + ~rr1)“‘. :]NT
where TA=TAIFTAY - VI=Yn+Yr amd Yp = Yh, +Vhj (21)

It can be easily seen that i:. 1s posifive for R = 1 where

(A/ 1)@+ en)Th +VaTn;+ Ty TN
R, - b h“ AVR; Ty, VI T )
(ex +74)(3+en+ Dhs

B Local Stability
The local stability of an eqguilibrium state is determined from the signs of eigenvalues of Jacobian matrix of the
right hand side of (10-14). If the eigenvalues have negative real part, then that equilibrium state will be locally stable.

-Disense Free State
For the equations (10)—(14). the Jacobian matrix evaluated at E,is given by

(—@+7¥y +71y +ep) 0 0 0 yny (AR
[ =(fay +7ay Fend 0 LU N C 1Y)
IE—I) = \,"I: L] —(0+ep) 1] 0
L] YA-E [ —&p 0
\ TyNT T NT 0 0 -y

The eigenvalues are obtained by solving the characteristic equation; det(J-2I }=0 where I;is the identity
matrix dimension 5%5. The characteristic equation for the disease free state is given by
fep +R)E ey + 107 +Fl £ R+ Fy) 23)
Fy=0+2ep+7ya; +¥ay +15 #7010 T Hy (24)
F=(op +Yay + 74 )6+ 0y +7a) =74, + (B 20y +7a; +Tay +71 + 75 M) - (/M <70 ) N1 @9)
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Fp= (ep +7ap + a7 )8+ €h + 75y +15) Iy —(A/Rg)(7ay +7ay Wiy + (B +en)rn, +Vhy)+ Yh, (7 + 15 D1uNT
(26)

Thus the eigenvalues are ).y =-ep. Ay =—ep — & and the remaining eigenvalues %3, gand )5 are found by solving
pEm Fg:'-.z +E%+Fy where F,.F; and Fy are given by (24)-(26). The signs of these eigenvalues are negatives when
they satisfy the Routh-Hurwitz criteria[17];

DE =0

if) Fy > 0

iii) BF, - Fp= 0
From our evaluations. we found that i) to iii) are satisfied when Ry < 1 where
(A )@ +ep)vn +aYn+ Yy YTV NT

(en +7a)(3+ep + 1)l

So the disease free steady state is locally stable for By < 1.

-Endemic Disease State

The local stability of the endemic state, E; . is defermined by looking at the signs of the eigenvalues of the Jacobian
matrix evaluated at E; . The Jacobian matrix for this state is

0 27

Je

f—¥a, (AL, — (B4, +15, +20) — 1y, (AL —y (AL vy (AL v (AL (-5, iy -5, -5 )|

-y (A ), —(ya, +Ta, Fo0)—To, (AL~ (AL —y (AL 1y (A, —i, -1, —8)

= T, 0 ~(B+ey) 0 0 |

i ] Ta, & -8 0 |

| 7 (1-1) 7N (1-1) 0 0 N, i) )

where i;LJ,i;A ,r];J ._l]:A and 1':. are defined in (16-20) and R;-1. The characteristic equation for the endemic state is
given by o+3+ep)0t + T + T2 + Ty +Tg) =0 (28)
where
T3 =(A/By)1niy + (5430 +74 +77 +hy +15NTly,; +ip, ) (29)

Ty = (AU N+ Jen)n +1ayThy +TaTny + T, 71+ Tag¥ry +Tabydiv +1n¥yNTQ+my +0-m 0 )igNy +0—iy)Nrmy; +¥n7eNrliy +ina)
+(ef +7a¥y +(y + 1o NTGR, +iny Wra +77)+ 5y + 74 +Hy +¥yNTlhy +ih, ) +epQra +17)+ 300 + 1Nyt +ip, 00 (30)
Ty = (A e )eRVhiv +Tay Vo, Yoiv + YATn, Viyiy * (Tag T + 78,77 + ¥, (Vi + V5, by +VaYe PeNTA—my )+ Yo (n, V1 + Ta¥n;m N T)
#(Q-ry ryigNT + o Npany (= ig X aThy + 770D+ Yollhg (Y + Yryie) + Yia (11 + T agiy Wity + 1o a(fa +¥niy)
rag (= Ta i N ik, = O (i (ep +vay + 0o) = v Np(=il)(ny +ip(l-siy )+ v, Nplipy =i, )
ten(Ya ¥n T ¥h, Y7 +¥hjfa; + 75 Niy + 2vyivhy + 207Nl pl—ig) +igQ - a0 + 277y N1 liny +iny)

(1)

Ty=eplen +YaXE+en +77 Moy + FuNliny +ing )+ e vy lip Uiy +voNTQ-15; =1y )+ VN Q-1 —ipy —ry; —35, )

+8Ty ('fAzi:'(-“v + 'vaT'(i;] + 'i_.{ n+ Eh(i:r(uv?' yHTd- 1]1.‘] _r};_.\ D+r1yNrll _i;lj - il‘n_.; _1];] _Ih‘j, W +eptn, Ty (|-"':i:r + TVJI;A_NIJ (32)

The eigenvalues are ).y =-0—¢}, and the remaining eigenvalues are found by solving PR Tgl3 —Tgll +Tih +T,
where T3, T, Tjand Tpare given in (30)-(33). These eigenvalues are negatives when they satisfy the Routh-Hurwitz

criteria[17];
T 0 (33)
T > 0 (34)
T 0 35)
TLT-T -TiT, > 0 (36)

From our calculations, the endemic steady sfate 1s locally stable for R = 1.

NUMERICAL RESULTS

In this section, we analyze the model given by equations (10)+{14). The trajectories of the solutions when the
parameter values will lead to a disease free equilibrium state and when they will lead to the endemic equilibrium state
are shown in the following figures. The parameters are determined from real life observations
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Fig. 3. Time series solutions of mfectious juvenile human infectious adult human recovered juvenile human, recovered adult human
and infectious vector, respectively. The value of parameters are ‘;‘hj = 0.000009, yp, = 0.000002,

A =600, uy =125, 5=1/(365*15). y5, =1/10. y3,=1/30, e, =1/(365*70). ya, = 1/30. 74, = 1/10. y,=0.000L.

3a) Rg< 1; Np=300, Rg=0.928. The fractions of populations (iy-in, -Tay Ty -iv) approach to the disease free
state (0.0.0.0.0].

3b) Rg> 1: Np=10.000, Ro= 30.928. The trajectory of the six state variable solution (iy .1y , .1y -ty  -1y) spirals
into the endemic disease equilibrium state (0.00068.0.00015.0.10,0.86.0.02).
DISCUSSION AND CONCLUSION
In this study, we analyze the mathematical model of Malaria between juvenile and adult human populations. The
threshold condition is defined by Ry where
_ (A G +en)(n, + Ve + (Yay +7as)vny + (O #7107y, VNt
(en +vay+va ) +en + V1l '

If the threshold condition (Fp) 1s less than one, then the disease free stafe 15 local stability. The endemic disease
state is local stability for Ry 15 greater than one. The bifurcation diagrams of all population groups are shown in fig 4.

0 (37
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Fig 4. Bifurcation diagram of (10)-(14) demonstrates the equilibrinm solstions of each population class for the different values of
R . The dashed line represents stable solutions and dotted line represents the unstable solutions.

From the above figures. when Ry < 1. Eq will be stable and for Ry = 1. E; will be stable. If the basic reproductive
number 1s less than or equal fo one, then an infective replace itself with less than one new infective. the disease die out.
If the basic reproductive number is more than one, then the fraction of susceptible classes decrease and the fraction of
infectious classes increase. These behaviors occur because there are enough susceptible human to be infected from
infectious mosguitoes.

Furthermore. when we set §. ya;.vA, and vp, equal to zero, this means that the age structure are not

included into the model We compare the numerical solutions of the age structured and non-age structured model. The
solutions are given in fisure 5.
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Fiz 5 The mumerical solutions of the model when there 1s the age strocture and nonage structure. The parameters are same as in figure
Ib)
5a) age structured model 5b) nonage structure model

The quantity ng. =R is the basic reproductive number of the disease. it indicates the average number of

secondary patients that one patient can produce if introduced into a susceptible population. The different diseases
produce different threshold conditions[16.18.19]. As we see from (37), if we can reduce the transmission rate of
Plasmodium Falciparum Malaria then this threshold number will be reduced. The outbreak of this disease will be

reduced. From the definifion of basic reproductive number (R;;,) and the parameters in fig.5a) and fig.5b), we get

R:U-= 5.56 and 5.03, respectively. We can estimate the period of the oscillations as they approach to the endemic state

by means of the solutions of the linearized system. We obtain 2n/0.0059 = 2.92 vears and 2m/0.0053 = 3.25 vears for
fig 5a) and fig 5b). respectively. The endemic state is the stable spiral state. As we see, the periods of fluctuations in the
number of individuals in each class are nmch shorter in the absence of any age structure. The spiraling in 1s nmch more
severe in the nonage structure. The age structure appears to calm down the fluctuations. Moreover, rainfall is also effect
to the oumber of mosguitoes. Therefore 1n the fiuture, the rainfall will be considered to develop our model.
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Seasonal Transmission Model of Malaria by Age Group of Population
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ABSTRACT

Malaria, one of the most well known diseases and leading cause of death in many countries, the most affected groups
are young children and pregnant women. Malaria is an infectious disease that is transmitted between people through
biting of an infected female Anopheles mosquito. In Thailand, season and age of patients are influence to the
transmission of this disease. In this study, we construct the transmission model of Malaria by including effects of age
and season into the model. Steady state solutions of our model are found. The conditions for local stable of steady state
solutions are given. The infection rate of this disease in each age group of human is given. The trajectories of solutions
are shown to compare the different situations.

KEYWORDS: Anopheles mosquito, Age group, 4Anopheles mosquito, local stable, Malaria, seasonal transmission

model.

INTRODUCTION

Malaria 1s transmitted between human by the biting of the Anoplieles mosquitoes. There are 480 species of
Anopheles, only about 50 species can transmit malaria, with every continent having its own species of these mosquitoes
[1,2]. This type of mosquito becomes infected with one of the four plasmodium parasites that cause malaria in humans,
through a previous blood meal from an infected person. Four types of human malaria, namely, Plasmodium falciparum,
Plasmodium vivax, Plasmodium malariae and Plasmodium ovale. Malaria with Plasmodium falciparum causes the most
serious illness and it is the most common cause of infection in Africa and South East Asia , and is responsible for about
80% of all malaria cases and about 90% of deaths [3,4] . The general symptoms of Malaria include headache, nausea, fever
and flu. These symptoms can vary depending on the type of plasmodium that caused infection. Symptoms usually appear
between 10 and 15 days after the infected mosquito bite. If it 1s not treated, malaria can quickly become life-threatening by
disrupting the blood supply to vital organs [3]. Not only human are the host (vertebrate) of human but also the Anopheles
moscquitoes are also a host (invertebrate). This disease can also be transmitted accidentally through blood transfusion when
the donor has the malaria parasite. This is one of the reasons why people who have been infected with disease can never
donate blood. Congenital infection of a newbom from an infected mother also happens, but it is comparatively rare [5].
Generally, transmission of malaria depends on the presence of the relationship between the three basic factors: the host, the
agent, and the environment. Temperature and humidity are the most important environment factors for the growth of
Malaria parasites. Malaria parasites stop developing in the mosquitoes when the temperature is below 16 °C. The best
condition for the development of disease is within the range of 20 — 30 °C and the average relative humidity is at least
60% [6]. A high relative humidity lengthens the life of the mosquito and it enables them to live long enough to transmit
the infection to several persons. From the data of Malaria in Thailand during 2003 and 2010 as shown in fig.1 and fig.2, we
can see that age and season effect to the transmission of this disease[7].
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Fig. 1. Situation of Malaria cases classified by age group of human [7].
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Fig. 2. Situation of Malaria cases classified by month [7].

The transmission of malaria was first explained by the Ross-MacDonald (RM) model [8]. However, this model
is only suitable for the transmission of Plasmodium falciparum malaria since it does not consider the possibility of
relapses of the illness. In 2007. we introduced the mathematical model for the transmission of Plasmodium vivax and
considering the relapse of Plasmodium vivax but age group and season are not considered m our model[9]. We has
introduced a mathematical model [10] to describe the transmission of malaria by separating the human into juvenile and
adults groups but we did not consider age group of human and season m Thailand. To develop the model more
appropriate in Thailand, age of human and season should be considered m this study.

MATHEMATICAL MODEL

Age group of human and season are considered in our model. We separate population into two groups, ie.
human and vector populations. Human is divided into 4 classes such that susceptible, infectious, dormant and recovered
classes. Vector is divided into 3 classes such that susceptible, infectious and recovered classes. Each human class is
subdivided into 6 age groups such as 0-4 years old, 5-9 years old.10-14 years old, 15-24 years old, 25-34 years old and
more than 35 years old. In Thailand, there are three seasons: The dry (or cool season) is between November and
February. The hot season is between March and June. The rainy season is between July and October. The transmission
model can be described based on the diagram in Fig 3.
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Fig.3. Diagram of our model

The variables and parameters of our model are defined in Table 1.
‘Variables/Parameters Definition
Birth rate of human population.

Death rate of human population.
Rate at which human change from one age group to the another age group.
Rate at which human change from infected status to be dormant status.

Infection rate of Malaria from vector to human age group j.

Rate at which infectious human in whom some hypnozoites remain in the liver

Relapsing rate of human

Rate at which human change from dormant human to be susceptible human
Rate at which human change from recovered human to be susceptible human
Recovery rate

Constant recruitment rate of vector at season 1

Infection rate of Malaria from human to vector at season i

=Rl 0@l @e] « Ple = F e

}' Incubation rate of Plasmodium in vector
oy

1 Death rate of vector

¥

' Number of susceptible human of group age j: j =1.2.3.4.5.6
Shj-(‘) P group ageJ:
I#m Number of infectious human of group age j: j =1.2.3.4.5.6
th ® Number of dormant human of group age j: j =1.2.3.4.5.6
R‘};‘m Number of recovered human of group age j: j =1.2.3.4.5.6
S\. t’t‘) Number of susceptible vector at season i: i=1.2.3

WL,
ET,- (t_) Number of exposed vector at seasoni; i=1.2.3
l‘-‘.l:f] Number of infectious vector at season i: i=1.2.3

Table 1. Definition of variables/parameters in owr model.

The rate of change for human population can be described as following equations:
For the first age group:

83, (0= 0N + (2981 Th, (0 By, Shy (0140~ (1 103085, (1 5D}, (0 + Ry, (1), M
%fhl (1) = By Sty (DL () = 1= 8)S) Ty, (1) = y4Tp, (1) =88, Ty, (1) +S,Dpy, ()= (B + iy, )Ty, (1), (&)
LDy, (0= e84l (D~ (82 =5 + 11 = 1Dy, (0, )
SR}y (0= By (0= (84 73 + 1R}, () “
For age group j; j =2,3,4,5:

%S‘hj (1) = 3D (1) =By Sh; (DT (0 + (L= e)S1Ly (0 + 7j1Sn .y (0= 7S, (1) - waSh () + OR (1), )
%Ii,j (1) =Py; Sy (DL (D —(A-e)SyTy () =88y Ty (0+ D (0475 3Ty (O 75T (D~ (g +B)y, (). (©)
LDl 0 = 81T (6= 52455 + 13 Dy, (0= 751D}y (0, ™
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SR} (0 =Bl (0= (0+7; + 1Ry (047, 4Ry (1) ®
For the last age group:

%8116 (D) = 75Shs (1) + S5Dp ()~ By S (DT (0 + (1~ )8, T (1) ~ 1S (1) + OR (0. ©)
(0= S (0T, (0~ (= 93T 0+ 75T (0~ 85yThg 0+ ,Dlg (0=t + Ty 1, (10)
%Dilﬁ (t) = €SI g (1) = (S + S5 + i )Dp g (1) + 5Dy (0. an
LRG0 = Bl 0+ 75Ri g (0= 0+ 1Ry (1) (12)

j =1 means group of human age 0-4 years old.

j =2 means group of human age 5-9 years old.

1= 3 means group of human age 10-14 years old.

j =4 means group of human age 15-24 vyears old.

7= 5 means group of human age 25-34 years old.

j =6 means group of human age more than 35 years old.

We define N is the total human population. This means that

6 ' ' ' ' .
Nt =3I (8 1 )+ D R
T=ZX (6 MO+ (H+D (H+R (1)

=t 4 j i i
Because we suppose that N is the constant number, thus the dynamical change for N1 equals to zero. From

d
ENT =0: wecanhave by, = [1}, or birth rate and death rate of human are equivalent.
The rate of change for vector population can be described as following equations:
as\'i (T) = R{i - B\'i S\'i (t)Ih (T) - “\"Svi (T) (13)
aEVi (1) =Py Syy (DI (1) = AyE; () -y Eq, (1), (14)
d , o '
al\‘i (t) = A\'EVi (t) - “YIVi U)- (15)
We define Ny, (= Sy (D) +EL (D) +1, (1)) is the total vector and supposed it to be constant; this means that
d : 3. . 3. : 3.
d—Nv = Owhere S.(t)=zSy;(). Eo()= T Ey (1) and I, (D)= T I;(1) (16)
t i= i=1 i=1

1

From setting the rate of change for vector population equals to zero, we obtain  ,  _ =y

N Uy
‘We suppose that number of vectars is different in each season. We define 1 = 1 means the dry or cool season, 1 =2
means the hot season and i = 3 means the rainy season.
We reduce eqs.(1) to (15) by letting

Shj = Shj fN]-j . lhj = Ihj /NT_] . dhj = Dhj fNT] R rhj = th /N]‘J .

e. =E,. /N, .i_=I,./N

vit S TV ety T

s. =S, /N

. vi !
vi i

where NTj is the total human population for age group j(j=1.2,3,4,5,6) and NV.1 1s the total vector for season

Vi

1(1=1,2,3). Thus, The normalized equations become:
For human population;

The first age group:
d . ' . . .
Eshl (0 = by+(1- S)Sllhl (- Bhl Shy (T)(lx'l (t)Nvl +tly 2 (t)N\'g + 1\'3 (t)N\'_g ) a7

= (Y1 + tp)sp, (1) = Sdy, (1) + By (1).
o (0 = Bnysn (O0y, (ONy, +iy, (ONy, +iy, (ONy3) = (1=8)Siiy, (0 =iy, (0 - Sy, (O

+ 52d111 (t) - (B Uy )ih] (t)

(18)
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d .

Edh] () = £84ip, () = (32 + 53 + v + 1y )y, (0. (19)
d .

thl('f) = Bip, (0 = @ +y; + 1y, (D 20)

Age group j; j =2,3,4,5:
d ' . . . .
a.<;hj (= Ssdhj (t) - th Sh; (t)(l\,1 (ON,, + Ie, (ON, +i, 3 (N, } )+(1- S)Sllhj (t)
+ 7150 (t)- V3Sh; (- HuSy; (t)+ E)rhj (1), (21

Elhj 0= th Shj (1)(1\,1 (r)N\'l +1\'2 (T)N\'g +1\'3 (T)N\'s ) 7(175)81111]' ® 7551”}]‘ U] +Sldhj (t)

Yot oy (0 = 74in (0 = (1 +Bliy; (0. (22)
d .
Edhj ()= E:Sllh_i (—(Sy +S3 + Tit l—lh)dhj 0+ Yj—ldhj,l (0. (23)
d .
arhj (t)= Blhj (—(®+7y;+uy )rhj (1) Yty (1). 24)

The last age group:

d ' . . . .
751‘6 t)y= ‘fsshs O+ dehG (0- E’hs S116 (t)(lvl (r)Nvl Tly 2 (t)Nvl +1\'3 (t)N\:j )+(1- E)Sllhs ® 7“115116 (0+ 91116 (t).

dt
(25)
alhﬁ (= 131155115 (r)(lvl (t)Nvl + 1\'2 (UN\'; + 1'\'3 (T)Nv; )—(1- S)311116 0+ Tslhs (- ES11]1.5 (0+ Sldh@ (0
= (up + Plipg (0. (26)
d - )
adhs () = £Syip ¢ (1) = (S5 + S5 + 1y ddp ¢ (1) + 75dp 5 (D). (27)
d .
e (1) = Bip g () + 7515 (1) = (6 + py )y g (1), (28)
For vector population;
d ' 6 .
as“i (l’) = (I\'Ii ‘IN\"I) - ﬁvisv‘l (r)(J‘E[lthTj) - l-l\‘s'\-'i (T) (29)
d : 6. R
ae\'i = B"i Svi (t)(_zllthTj )- Ayey; () —py €y (t). (30)
j=
d ) .
al"i (= AvCy (t)— Hyly; (). (31
6 ) 6 6 6
Let sp(t)= p2 Shj (1), ip (= z lhj (). dy(t)= z dhj (). 5,(1) = z rhj (t) and
j=1 J=1 =1 i=1
3 3 . 3.
(0= T35, (0. u(D= Ty, (0. iv(0)= Tiy, (1) then
i= = i=
d . . .
ash(t) =My F (1 - S)Sllh(t) - 1\'(I\/I/ e )(Bh>5h (t) +SSdh (t) —HpSh (t) + 9(1 Sy Ty _dh) B (32)
d. . ) . .
alh (0= IV(IVI-‘" M Xﬁh >5h (1) =Syip (0 +Sodp (O = (B + 1y i (1) - (33)
d . . .
Edh(t) =&S1 (1) = (S5 + S5 +11)dy (1), (34)
d .
ES\' =uy -1 Ny (BV>5V(t) —Hysy (t), (35)
d . ,
E ey = thT(B\')S\' (t) - (""V + H\')e\' (0 (36)
6 3, 5, 3,
where jzl BhJShJ (® iEIDﬂSVI (t) ) jzllthTj ‘ lgll\“iNvi
Po)= 5 =g - Ny VTN, MM

and sy +ip Fdp o =Lse fep i =1
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MODEL ANALYSIS

The steady state solutions (S{,i .i:]‘lj .dl‘;j 'lﬁj) forj=123456and (s:v1 . ei.i.iiil) for i =1,2.3 are obtained by setting

the right hand side of eqs.(17) to (31 ) equals to zero. The steady state solutions are as follows:
For human population:
The first age group:

. " K
b, +(1-g)S;i hy + Sadh1 + Bl‘h1

S = N
I ' L e Lk s
(B, (y Ny +iy Ny, +iy Ny )+ (1 +iy)

' * . L LE #
. ﬁhlshl (1\.1N\.l +1‘.2N\.2 +1\-3N\.3)+Szdhl

1 =
b ((1=8)S; +y1 +8S +(B+up))
L
. zsllhl
B Sy +Sy ey )
L
+ Blh]

e —
By )
Age group j; j =2,3.4,5:
3 Lk + +
S3dhi —(1—8)5111” + fjflshj,l —Olhj
= E T »
J (th (1"1N\'1 71\'1 N\‘; - 1\'3,N\'3 ) + YJ - Uh)

Sn

I ¥

' # Lk Lk Lk k
thshj (1\'1N\1 +iy N +1\'3N\'3)*Szdhj +Y

* 2°V2 _]—lihj_l
i, = s
bj (S1+7; +Hy +P)
Sy ¥jod
d:l: (t) B a1 hj (l) + rfj—l lljfl (t)
hj (S +Sz+7j+ny) ’
Lk 1
N pi h; () BB 1 ®
r, ()= -3 - =
h

i (e""/j +uy)
The last age group:

* ~a".ig:‘lls O+ S3d:I16 0+ 78)81{;6 O+ el‘;ﬁ ®

)i Tt e E .
o {Bhé (]\'1 (t)N\'l +1\'; (t)sz + 1v3 (r)Nl'_z, )+ ”h)

. ﬁ;,ﬁs'hﬁ (v, (ONy, +iy, (ON, +il.3(t)N\.3)+~,f_;i'hS (t)+52d;16 (t)-

1
s (y +PB+ Sl)
Sl (+ysdl (t
a (= ths D7 T O vt O
'6 (82 485 +1y)
Lk *
1‘:,: (t) _ ﬁl 1‘6 (t) + rfilh5 (t)
g ®+pp)
For vector population:
® (M;/N,.)
s ()= 6‘—‘1
1 a7 .
(B\‘l ( ‘Z 1lliNTi )= ll\')
e
Ll I 6 L
ﬁ‘.iq Vi (t)( z lhj NTi )
* 1 j=1 -
e, ()=——F——
Vi (hy +1y)
N 1
i (= by @ .
i s

From (32)-(36), the steady state solutions are given by
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st = iy Gy F i)yt < By > i Np(uf i (B+ )y 5, - 83) +5,(52(1-8) +5;))
<Py >< Py > A MNT (U +S, +853) (52)
o sif,Sl
b Uy +S; +85 7 (53)
st, S S —.
Hy+ < Py »ipNT (54)

Lk *
w <Py > i Npsy
e =——

v Wy +Ahy (55)
s Wy +8)
Iy 7T(BO -1,
W =3Oy = 1 )(B + 11y, + Sy + S5 +S3).
(56)

G= (BV)NT(((Bh)}"Vl\i(“h + SSI + SZ + Ss) Ty (?‘V Tu \')(“ h (“ h + Sl + Sl + SS )+ SI(SZ (1 - 9) + SS )))(uh +9)

+Bllp +S2 +83)((B ) M+ )y +6)) (57

and
By = 1 ((BhXB\))\vMNT i eSS, 58
By +51L Wi(h, +1y)  Hp TS2+S;

It can be seen from the above equations that the steady state solution is positive for B> 1.

Local Stable
We deternune the local stable of steady state solutions from the signs of eigenvalues of Jacobian matrix of the

right hand side of eqs. (32) to (36). If the eigenvalues have negative real part, then the steady solution will be locally
stable[11].

For equations (32)-(36). the Jacobian matrix evaluated at the steady state solution is given by
{ / * / A ® \
| ) L. {Bh/\/Msh \Qah Msy
—pp (B )M/ ) =5y —e) =8 (1-2)S; -8 s5-8 =
p‘\, by
* 7o =
1o . . (Fn )Msh \ﬁ h )MSh
B (1 T N e L 55 A
Eg = v e iy
0 e85y —Up —Sy —53 0 0
f \ * / *
0 ~(po )Nrst 0 —pe —(Be JinNT 0
lo Mgt fo Lt
0 c\p\, )-x TSy 0 f\p\, /n@T —hy —lly

The eigenvalues are obtained by solving the characteristic equation; det (J -ALg ):0 where Is 1s the identity

matrix dimension 5<5. The characteristic equation for the steady state solution is given by

Wzt ez} 22 4 2+ 24 =0 (59)
where
(1Bl <py >l uyliy +uy NFW 2 (uy =8P « G20 (g = ny Ny =31+ 20y =8, +8, +S3+ 8k < B> Guy by + ny )
7, _ @y < (-1+Bg)<py > NTW iy +€)}+ (-1+Bo)< Py > GN 1W (uy + 8M< fy > AyM = py lhy +py Ny +30up =uy )+ S =5 <53+ 9)) (60)
4= Guylhy +uy NGy + 1+ Bg)<pfy > NWlny =8))
(~1+Bg P <ph > NIW (uy + 6P (< By > hyM =y iy = ny Ny = 3uy + py + Sy =52 =83 < 68))
ey < ny] 3uf +ud <5+ Sy Ruy + (- eJSiSy + (2uy = 51J53 + (2uy + Sy +53 + 836+ Ay (Bup =y + 51 + 53 =53+ 6) |
20y Buy +5; +53 +83+8) J
Cep> 148l <l > pyliy =ny NIW iy =87 = G2ud oy = uy Ny +20p =uy )= S2+$3 = 8)= (= 1+Bg )< py > GN W luy = 8))
[<By > hyM +uy iy +py Nhy + 2ny +3uy +S; +S3 +8))
(<PBp > yM{iy + 2(uy +ny )+ 28 + 85 + 83+ 8)+uy iy +ny)
=(=1=-Bo)< By > GNTWlup = 8 (3uf + 20 +(S; + 52 Buy = (1- 2515y + By + 5 53 + Guy +5; + 53 +S: 6+ ‘
s U2y (Bup =20y + Sy =Sy =S5+ 8)+ uy By +2(S; + S5 +53 + 8)) (61)
i Guy iy +uy NGy + -1+ By )< fy > Ny Wing + 8))
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f71+Bn)2 By > NIW2(uy L8P (< Bp > AyM+py iy Ry by #20y +uy +82 485 804G T (hy +0y)
Blug +55+ S5 (] + 20y (85 45504 (2ng 85 #8508+ 0y Quy +55 #8531 8)5 ny(duy +55 +8;+6))+ (-1+Bg)< B3 > Ny Winy +8)

f . (ul :
PPy v AyMlhy gy + 20y +S5 + 83 )+ ny iy +;Lv4 Hi +“V‘(“‘ +3(S37+ 530+ ) ”
| (Buy +8; +53B+hy (2, +iy +55 +5;5 +8)+py, (6uy +S, +55 +8) |

2
+(=1+Bg ) <BF > Nfluy +52 =53)W2(ny = 0)°
f I 2 A
. . . 3up + 181 +8 r+(1- Sy + +8 + +81+8,+8 +

< By > AyMliy +2ny +py +858; +8, +S3 +e]+vLLv(AVf}lv1 na + (81 iy +(-sBiS2 + uy 153+ (uy 1=z 3R ||
| L iy (Buy 91 +S2 +83+6)+uy (3uy < 2(S; +S, +53+8))
+GM iy +y)
(1 + g llng +25,05, +55 7 +25,5, iy — 208, +53))+(5, +55 lud + 25,8 +5, +55)+5,(1-e5, +5; )b+
|15 (61 +8; +208, +85 )+ 8) -1 (205 +5,(2- 285 + 285 +8)+(S, +85 )8, +85 +28)+ 20y (28, +518, + 55 )+ 28))
|+ 1y l=Sl(=1+2J85 =S5 Sy =83 )+ (85 +85 6+ 842 =215 + 283 8+ pF(3(S; +83 )+ B)= oy la(s, +85)% +6(S, + 53 )+ 281((3-25; +355 + )+
:} (?mi -85S (- Ly +8, +5; ]l+p§<2mv +8; +8)+5(S5 +53))+(S; + S5 Ny +51 482 +S3 )+ {1y +5; +5; +53 )8}

Y \ g \ \ \ \
L+ np(Sy1(3—21Sy +353 +8)+ 1y (3(Sy +S31+8)+(S; +5342(S5 +55)+38))

Z, =
2 Guiyliy + Ly Mg +52 +83 MGy +(=1+Bg )< By > Ny Wiy +6)) (62)
'< By > A yMip + 55+ s};’ ;1‘:!2yi12, iy (ESy + S5+ 83+ (y +2(e8; + 85 + 8308+ 2y gy +25 45, +5; _+9]]+ ) .
\hylud +ng(eS) +87 +83)+ (y + 88y +S3 #8538+ 11, 21y +85; + 55 +S;3 +0))
(g =S -1+ 082 — 85 0S5 +83)8+ ud (duy +8, +2(5, +85)+8)
sy lC 1 )80 - 83080 +85)5 2082 + 83 Pe 5y (1 4+ £)85 + 53 )8 )+
hyl ({92 +5. P - Y|+
V] g (83 =55 31ar(Sy + 53 +53 )+ Sy((1= 25 + 55 )| 52 531 #8122 +283)+ ‘9 ]+
+(1-By)<py > GNW, [ ‘_uVlSlJri(Sz +33)) I
ty (hy + By Lpilsy((2— 25, + 285 +8)+(S3 +53 M52 +53+28)+ ny (28, +7(S, +53)+38))
(3uf —uySy -1+ e85 =53 082 +83)+ 30y (52 + 53 Ny (S, + 82 +55 )+ 55 ((1—e 55 + 53 )+
. [ 38)((- 14 €152 — 83082 + 83 )+ 1y (2082 + 83 7 + 8yl 2152 + 55 )b
v i "
gl 8y + 5055 +83)+3((85 +55 7 +5,((2—e 55 + 285 )b+ ud (4 +3(5; + (5, +55)+8))
4 U L nd g (28, + 70 +30)+ 3(5,((2 - 2085 + 285 +6)+ (S5 + 83 )(S; + 55 +28))) i (63)
1= Gy liy + iy it + 85 + 830Gy +(-1+Bg)<py = Ny Wiy +8))
(< By > 1MLy, + €5, + Sy + 55 )4ty (g = by M2 + 11y (S +55 + 83 )48 ((1—2 8, + 5 )1y, + 0]
(—1Bq)< By 'NTW(Llh-*-e)[ B > Ay, +£8; 2 3) Ly " l\]tlh (S, +8, + 83 )+5 (-8, ﬂ)llh )]
7= <P > (g +S5 + 83 0= By > Ay M+ py iy + iy iy, +8)) ) (64)

Gy

We use Routh-Hurwitz criteria[11] for determining signs of all eigenvalues. If they satisfy the following
conditions, then a steady state solution will be local stable. The Routh-Hurwitz criteria is given by
1) Z; =0 1=0.1.2.3.45
i) 724757, -(Z3 +73Z)) > 0
2, 2 2 2
1l) (Z4Z) - ZoNZ4Z5Z5 - (23 + Z3Z1)) - (Zo(Z4Z5 = Z3)" +Z4Z55) > O
From our calculations, we found that 1) to 1ii) are satisfied when B, > 1 where

1 ((Bh)(B\:)?\vhmT L =%

By = PR .
B+, +5; L Uy (g +1y) Hy +53 53

(65)
Thus the steady state solution 1s local stable for By >1.

We simulate eqs. (32)-(36) by using numerical method. The parameters satisfy the real life observations. The
trajectories of the solutions will lead to a steady state solution.
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Fig. 4. Time series solutions of susceptible human, infectious human dormant human. recovered human. susceptible vector, exposed
vector and infectious vector, respectively.

The wvalue of parameters are py, =1/365%x70), =08, M = 100,000,000, p,=1/25, <Bh> =
0.00000000I,(B\;}:0.000001. S; = 1730, S, =1/(365x2), S3=1/(365%3).0=1/(365x5), B=1/30, N;=

6000000; Ay = 114, By =3600. The solution oscillates to the steady state  solution
(0.13,0.013,0.14,0.71,0.97.0.01.0.02).
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Fig. 5. Numerical solution of eqs. (32)-(36) demonstrates the solution trajectories. The values of parameters are similar to fig.4.

We use real data of Malaria patients and simulate B'hj for j =1.2.3,4.5 by using eqs.(17) — (31). The results are shown
in fig.6.
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Fig.6.The values of th forj = 1.2.3.4.5 simulated from eqs.(17) — (31).

We can see that the highest infection rate of this disease is occurred in the human age group 10-14 years. This
is corresponding to fig 1.

DISCUSSION AND CONCLUSION

In this paper, we analyze the transmission of Malaria by considering age group of human and season in
Thailand. The basic reproductive number is defined by

1 [ <ﬁh><ﬁ\'>}~v1\INT + eSS, l
p+up+5 \ _u\:v(}_\. +ly) By +S2+8; )
If By = 1, the steady state solution will be local stable, then we can reduce the outbreak of this disease. The

basic reproductive number are used for reducing the outbreak of different diseases[9-10,12-14].
We compare the numerical solutions for the different basic reproductive numbers
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Fig.7 Time series solution for the different basic reproductive munber.
7a) The wvalue of parameters are p =1/(365x70), e=0.8, M = 100,000,000, p,=1/25, (Bh>:

0.00000001. (B ) =0.00001, S; = 1/30, S, =1/(365x2). S3=1/(365x3).6=1/(365x5). p=1/30. N, = 6000000:
hy = 1/14, By =360000.

7b) The y =1/(365x70), £=08. M = 100,000,000, pu,=1/25. (B,)=
0.000000001. (B, )=0.000001, S; = 1/30. S, =1/(365x2). S;=1/(365%3).8=1/(365x5), B=1/30. N =
6000000: %, = 1/14, By =3600.

value of parameters are

From the above results, if the basic reproductive number is higher, this means that one case can produce the
greater number of secondary cases, and then the period of oscillation is shorter.

Fuwrthermore, we simulate eqs.(17)-(31) by using the real life parameters to see the behavior solutions of
human population.
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Fig.8 Numerical solutions for eqs.(17)-(31).The parameters are comresponding to the real life observations. The solutions converge to
the steady state solution.

From comparing the results i fig.5 and fig.8, we can see that the periods of fluctuations m the number of
mndividuals in each class are much shorter in the absence of any age group and season. This model should be better for
describing the situation of Malaria in Thailand because age group of human and seasons affect to the number of Malaria
patients. The results of this study should be the alternative way for controlling this disease.
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