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ABSTRACT

This thesis presents design of Modified Array Codes (MAC) and Interleave Modified
Array Codes (IMAC). Both are considered low-density parity-check (LDPC) codes. Simulation
results show that the IMAC code provides bit error rate reduction compared to MAC at medium to
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nlFlumsadudisde mmivaznantasiateadiian Igmsthsiadomaindmnsadn
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e gnImIaauiavesioyalumaIndmsamsn Faflundnmslmidinauely

’J“I/]EﬂL!W’L!‘ﬁ’L!LW@LﬂuWHﬁWHiuﬂﬁ@ﬂﬂlmUiﬁf;ﬂl@'ﬁ G?i"l)’l.lﬂ’é)ﬁliﬂﬂﬂ@ﬁiﬁﬂﬁﬁﬁ Gdﬁﬂ

mnzdmsussuuiuiindeyadoyaiBumiman

S A

3.1 sHaueaand
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a a 4 % a 1

Tuaneninusseavlls W UDNUDI R.Gallager 1 Massachusetts Institute of Technology (MIT)
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~ 9 1 v FI d? ™ =)
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[l { & o Y { o
uup'lineh (Irregular Regular LDPC codes) Faduswanwauinn Regular LDPC codes
Y @ A 9 9 a o Qdycs' v 9 o = a = Y
NITVITUFITLTUAUIINNITAINNUUATNANITALEA H GLHWTU@E]@%J’I]\iﬂgﬂ‘ﬁll"lflﬂﬂiﬂiﬂﬁi"lﬂ
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codes)
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@ < { a
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a J¢ adﬁ I =
WATNANWITAYAVUIA mxn LHD
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A 9 dgl a 19
1) Hppun NATWUUNANNITNITFUUDYAFTUY YU

U
2

A o = Y] a 4 aa d A

2) W, A9 mmmawuﬂuwaﬂmmmmﬂﬁwwmw Iﬂﬂ“l/l W, <<m
A o £ a 4 Qdy <3

3) W, A9 P1UIURYHTR UL IUATNAWITATA Az W, =W, (n/k) , W, <<n
A 9y & Y a Vv

4) H 1/1ﬁsNﬁummmﬂi"mmﬂ”lcmmmumm”mu 4
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U 1 d! 4 4 .
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Ay m e
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Lﬂﬂwaﬂl@\‘l]‘l“mﬂamu']ﬂlﬂ'lﬂﬂ 4 ‘VIHJH!?E]\?@E]\TI’T'liJﬁ']Wi‘UiWﬁ'LLﬂﬁﬂW"lfﬂﬂﬂ DANDINUTINITUY
Y qu @ @ ] < R 9 A ] I
ﬂ'ﬁﬂ@ﬂﬁ’ﬂﬁ'uuﬂgfnﬁﬂﬂaﬂﬂ']5%@3ﬂ31ﬂu1ﬂ3lﬂuiuﬂ’lﬁﬁ\1N'IHGU'E'HJ“EI Iﬂﬂ'ﬂﬂ:]'lﬂu'ﬁlgﬂju
1 J 3 I a 1w £ =) a dy o Y 1 |
mﬂﬂllﬁaglﬂﬂﬂ'limuulﬂuﬁ]ﬁigﬁ@ﬂu "]f\“lWﬁeU'E'J\Tﬂ'lillll‘:]ﬂﬂauﬂgﬂTGlWﬂ'J'liJu'ﬁ]glﬂublL!ﬂ'ﬁ
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3.1.2 ‘5‘P‘ii‘l’!!i’)ﬁﬂ‘IN“ININﬂﬁﬂﬁ%i]1819’]’J‘Ilf’)ﬂ!ﬁ“ll“r‘i‘l»!ﬁ!‘lju!mﬂ"luﬂﬂﬂ (Irregular LDPC
Codes)
Y AAAAA @ £ 1 A
i‘l’iﬁ'LLﬂﬁﬂ‘W"BﬂMﬂﬁﬂi%%181&5]’Jﬂlﬁlﬁlﬁﬂlﬁu\‘llﬂulmﬂquﬂ\iﬂ (Irregular LDPC codes)
oa.;l aA Ao = 1 A ' Y a o Qdy 3 Ao
uumwmmﬂmwmmumwuﬂmmamm NIDUAASHANUDUNATNTWITALBANITUIU

] A A @ a d¢ Qdyd @ dgl ~
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. 9 = o = g ' A
2001(2544) Iﬂﬂ T.Richardson [7] Llazﬂﬁﬂlﬁ?{]ﬂﬂTﬁﬂﬁgﬁnﬂ@]’JGU’EJ\TL?IGUWHQL‘IJHLL‘]J‘]JlliJﬂ\‘WIﬂT

9
v A

' £ a Yo o = (4
ANUUUIUUVDUAVHUN p ‘Vlufﬂlluhﬂ‘ﬂ Regular LDPC uumgﬂaau”lﬂmu

]
A

Henw : Irregular LDPC codes AesvaLeaANTN
1) MANUHUIHUYDIaUHHvoLaazu0He 108 [py, ps. ..., ool

2) MANUHUIU UV TR aazaniemIag [4y, 43,..., 1]

3) 9A515Hd R = 1—[@?22/9,-/”/@?:2/11/]»

4
A1835M5904 T.Richardson HUENUTTAULMITNINIUYD Irregular LDPC AN Regular LDPC
13 ao 1
VD4 D.J.C. Mackey UANNY 18911 [8-9] WU Irregular LDPC Tunuvues T.Richardson
Y [
Husgshauldadmsudassva rR<3/4 uazinnuenmswa n=5000
3.1.3 mstnsHaneadng

@ 9 a d¢ adﬁ <3 v 09.:’ [ (YRR AL A
HAININESIUNATAFITAFA H 1a291niue1donnudunus lumsaumsin 3.4

Tumsademsia
ComHlnxm = 0
axn)yH(nxm) = Yaxm) (3.4)
o C =lgcchey .. Cn](lxn) Wumesndmsiavua 1xn)
0(1m) Wunmindauduung (1xm)

TunsalsWendaszuy wesndmswa ¢ Weou'ldlug
C = [Py Py P2 oo Pk My My Mg o my

C = [P M) o) (3.5)
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A o a

2
P(1n—k) B WATNAMNTAVUIA (Lxn—K) LAZ M) Aowasnddoyaving (Lxk)

)}

Y=

= a J as
IYUNATNEANITALYA H GLL!?"].]

H = [H| H,]
HT
H' = |1 (3.6)
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9 v
NNUUUNUAIIUMNT 3.5 Lazaums 3.6 a3 lugunisi 3.4

T fpim]| M
CH = |p/m =0
T
H;
CH' = mH] +pH] =0 (3.7)
T T?
P = mHl +(H2) (38)

wandwsann H, JUaminy (mxm)

M3 AemIsmuaummasnd p minaunsh 3.8 T I TETRT p aq
Tuaumssi 3.5 fvzldmsvadmiusiaueadiia dwaunsi 34 19lumsasrenny
gnAvIvRIRITHA

3.1.4 MIvATHatoan N

9 v A o Yy 1 Aa A v o Jdo ] 9 a o
mmmwauwaﬂﬂwmaummazmumm’gmwmﬂu N1H‘VINI?]§\1€T§NGU’EJ\1!,3J¢]§T1ET

U

a

@ [ v o 1

a Y < Q Y 1 @ @ a
WTiaL“]fﬂ H Gd]);\'iﬂ?ﬁﬂﬂﬂﬁﬁﬁﬂﬂ%@?ﬁﬂﬂ??ﬂﬁllWuﬁLWa1ﬁ3J16b"Jﬁlsluﬂ15ﬂfJﬂﬁ°Viﬁ ﬂﬁﬂﬂiﬁll
o o o anad Al a A o . .
AHIUNTDVATUTUDAANTUUNBDLIUNNHAINUA1YNY sum-product algorithm (SPA), belief

$
propagation algorithm (BPA) 8¢ message passing algorithm (MPA) Gdﬁm,ﬂugﬂuuumﬁ
[ F4 k4
POATHANISEAIN soft iterative decoding TsTUADUMIDOATHAVZUTLNOUAITUABUTAN

QsJ‘ A 9 9 a J Qdyd Y KX A
AONUUADU  AD ’dSNﬁﬂJﬂWﬁmﬂiﬂﬁ\‘lﬁﬁNﬂlﬂﬁlﬂJﬂﬁﬂﬁWﬁm“Bﬂ H Ua33UVYIULNUNN

=

9
Tanner Graph NHUIBHIMIAIIBMMAVeToyauaaziaauInsdsvveIdanes iy

1¥lumsnoasiia

4
Aa ad <
D afeaumsnnlaseadaveunasndmiada B uazWouHUAIN Tanner Graph
#9581 Regular LDPC ¥11A (10, 5) H90A1 W, = 2 1ag W, =4 auaumsi 3.1 masndm

Qdyd AN YA
SAFA H Nlano
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H=|01 00100110
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9 a 4 Qdy < 9 v o Ja ~
910 1ATIASVDIUNATNANT ALTA H a2 Idanuduiusiluaumsiueas
] ] 4 ] a H 1 a o [ I~
ANVAUNUTUDADETN 1AsNUAAZUDIVOUNATNE H 92538071 1M UAFA (Check Node)

1 [ ~ ' v v L4 . Y
LAZUASTANISLIUNIN Iﬁuﬂﬁﬂejﬁﬂym (Bit Node) ﬁllﬂ”lSLLﬁm"lﬂIﬂEJ

Truaida 7 1. C, +C+C+C, = 0 (3.9)
Truaida i 2: C, +C+C+cC = 0 (3.10)
Truaia 7 3: C, + Co+ Cg+ C = 0 (3.11)
Truaida i 4: C; + Co+ Cg+ Cp = 0 (3.12)
Trnuaida it 5: Cq + C7+ Cg + Cpp = 0 (3.13)
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o ] % 1 Y o Ao o a
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a A o < 09/’ o v v t4
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o’/’ 9 3 9 A v o J [ <3

Gluﬂluﬁ@uq@ﬂ’]ﬂ!ﬂuﬂ15ﬁ1ﬂlﬁu@]3\1LGD"E]Mﬂ')’]uﬁ'mwuaﬁizﬁa']ﬁjﬂuﬂl%ﬂ uae Iﬁuﬂ

v v J

Fudnyal muanuduius luannsn 3.9 -3.13

9

Tnuada

f1 f2 f3 f4 f5

o

v 4
Tnuadyanyal

gﬂﬁ 3.1 Tanner Graph

2) misamavesdoyausazdaam Inssaswuesoanssnunldlumsoonsid
o vy an =) a o’dy Ya A
91N Tanner Graph 92@WI5000ATHA IAAIBHAWITUAINGTNUT T 1T

(56N Log-Domain SPA Decoder
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Triuada (j=1-m)

fl f2 f3 f4 f5

C, C, Cs Cs Cs Co G G

f f

LLR,, LLR, LLR,,

Tnuadadnual (i=1-n)
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Design of High-Rate Modified Array Codes for
Magnetic Recording System
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Abstract- In applying iterative decoding methods to magnetic
recording systems, the high-rate code must be considered. This
paper presents design of high-rate Modified Array Codes, a type
of Low Density Parity Check (LDPC) Codes, that have been
known to possess many advantages required in magnetic
recording system such as low error floor, capability of detecting
and correcting burst error.

Index Terms- Modified Array Codes, Low-density parity-
check codes, high-rate codes, Magnetic recording.

I.  INTRODUCTION

Iterative decoding techniques of error correcting codes in
magnetic recording system have been of great interest to
replace the conventional error correcting codes. Turbo codes
and Low Density Parity Check Codes (LDPC) utilize iterative
decoding method which shows performance results close to
the Shannon limit [1], [2]. However, many researches found
that LDPC codes have better outperform Turbo codes for large
block size such as [9].

In magnetic recording systems, higher-rate codes must be
considered. One reason is that the internal clock rates of read
channels inversely scale with code rate. A low code rate,
therefore, means a large disadvantage in practice in hardware
design. Furthermore, due to thermal instabilities in the media
at high area densities, it may not be possible to reliably record
at the higher symbol densities required by low code rates [4].

Recently, a type of LDPC codes coined “Modified Array
Codes” is proposed [7] for use in communication system for
medium code rate. The code is shown to have performance
similar to regular/irregular LDPC codes, but possess attractive
properties such as simple encoding, low error floor and
capability of detecting and correcting burst error.

In this paper, we present a design of Modified Array Codes
for high-rate applications such as magnetic recoding system.
We show two sets of codes for block sizes common in
magnetic recording systems. The effect of permutation matrix
size is studied and together with iterative processing, coding
gain is achieved.

Il. Low-DENSITY PARITY CHECK (LDPC) CODES

An LDPC code is a binary linear block code defined by a
spare parity check matrix. It can be represented by the
Bipartite Graph [5]. Suppose that a parity-check matrix H has
n columns and m rows, and the codeword consists of n bits,
which satisfy m checks, the number of message bits will be
k=(n—m), and the rate of code isR; =k/n. The number 1’s

in the parity check matrix in rows and columns represents an

edge between the i—th bit node C; and the j—th check
node f; .

An example of the parity check matrix H of a LDPC code of
dimension (m,n) = (3, 7) is shown in Eq. (1).

1000111
H={0 1 01 101 1)
0011011

mxn

The Bipartite or Tanner graph representing the LDPC code can
be constructed as shown in Fig. 1.

M Check nodes

n Bit nodes

Figure 1. Bipartite or Tanner graph for LDPC code

A disadvantage of general LDPC code is that significant
amount of memory is needed to store the parity-check
matrix H due to long input message bits. An Array Code is a
structured LDPC code which solves the memory problem since
their parity-check matrix consists of the circulant permutation
matrices and the identity matrices. In fact, the required memory
for storing them can be reduced by a factorl/p, when px p

circulant permutation matrices are employed. Moreover, Array
codes have capability to detecting and correcting burst error [6].

A. Modified Array Codes

To achieve efficient encoding and minimum distance
properties, Eleftheriou [7] proposed a new Array Codes which
is known as “Modified Array Codes”. A parity-check matrix H
of a modified array codes can be described in terms of the
parameter (p, j, k) and has the form
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01 P p(i-2) plk-2)
H(p,j,k)é 0 0 1 p2(i-3) p2(k-3) ’

00 .. 0 I p(i-2)k-j)

where pis prime and j<k<p,0is the px p null matrix
and |l is the px p identity matrix . The matrix P isa px p

circulant permutation matrix which shifts the identity matrix
I to the right once given in Eqg. (2). The permutation matrix
can be used to shift the multiplied matrix to the right by i

times for any integer i ,0 < i <p.

010 0
001 ..0
P=|i i i : @)
000 .. 1
_1 0 .

In [7], it is shown that for a modified array code, the
minimum distance d,j, = 6 for j= 3 and dj, =8 for j = 4.
Efficient encoding is achieved from H without the need to
compute the generator matrix of the code. As the upper
triangular form of H, there are no cycles of length 4 in the
corresponding Tanner graph.

The Modified Array Codes defined by H has codeword
length N =k - p, number of parity bit M = j- p and message
block length K=p-(k—j) and finally, code rate
isSR=1-j/k.

B. Cycles of Modified Array Codes

To understand the cycle properties of Modified Array Codes,
we will consider the following a more general from of a parity
check matrixH , i.e.,

_Pao-o Pao-l Pao-z Pao-p—l T
0 Pa1~l Pa1~2 Pal-p—l

H= 0 0 P%? S )
0 0 P |

A cycle of length 2k exits in the Tanner graph of Modified
Array Codes with the parity check matrix H and block row

labels a,, a,,..., a; if and only if there exists a close path
(i, 3u) (i 32D (g 3o (s do) oo G i) G J2).

The possible cycles in H is 2k times, and then the length of the
cycles in the permutation is described as shown below.

Pail'jl (Pah'jZ )lpaiz-jz (PaiZ'j3 )71 ces Paik'jk (Paik‘h )71

From the result of short cycles properties in [8], the cycles of
length 4 depends on the following permutation,

Pail'jl (Pah'jz )_1Pai2'j2 (Pai2~jl )_l — P(ail_aiz )(jl—jz)
which is exact when it is equal to 1. This occurs when

(ail —aiz)(jl— 12) = 0, which is clearly impossible since

I, #1, and J, # ], . Hence, there are no cycles of length 4 for
Modified Array Codes.

I1l. THE SUM-PRODUCT ALGORITHM (SPA)

The sum-product algorithm (SPA) is a soft iterative
decoding algorithm most commonly used to decode LDPC

codes [2-3]. Given that y; is the i received channel value
corresponding to the i transmitted codeword Ci . Input of
LDPC decoder is in the form of log likelihood ratios (LLRS)
L(ci)=log(P(c; =0] y;)/P(ci =1] yi)).

From Fig 2, the basic operation in the decoding algorithm is
shown. In the Tanner graph, the check nodes and bit nodes
interchange soft information. Let the variable g be the
message (information) sent from the i bit node to jth check
node along a connecting edge, and rj; is the message

(information) sent from jth check node to the i bit node along
a connection edge. The information ;; is computed based on

the values sent from check nodes connecting to the i™ bit node
excluding the j™ bit node.

O !
Gij

[e O

i

ER N

o N\ O o 0
7i q7J

@) {17 7 ]

(a) (b)

Figure 2. (a) A message is passed from i bit node to jth check
node and (b) A message is passed from the jth check node to
the i bit node.

The Operation of Log-Domain SPA Decoder
The operation of log-domain SPA decoder consists 5 steps, i.e.,

Step 1: Initialization. The LLR value of g; is set to be equal to
the LLR value of the received channel values computed from
L(Qij)= L(ci)=2y; /o2, 4

2

where o is variance of Gaussian noise.
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Step 2: Update equation for the message from check nodes to
bit nodes given by

%%n%{zm@, ©

i'eV\i i'eV\i

Where %ij=sgn{L(q )} Bij :| L(Qij)|
and define ¢(x)= Iog{(eX Jrl)/(eX —1)}with the base of e. In

addition, V;\; represents all the bit nodes except the i bit
node.

Step 3: Update equation for the message from bit node to
check node is given by

Llgi)=Lle)+ X Llry) 6)
j'eC\j
Step 4: For i =0, 1... n-1, the extrinsic output of decoder is
given by

L(Qi)=L(ci)+ X '—(rji) (7
jeC;
Step 5: For i =0, 1... n-1, the estimated channel input can be
computed from
; {1, if L(Qj)<0
P =

0 else

®)

If CH' =0 or the number of iterations equals the maximum
limit, stop, or else, go to Step 2.

IV. SIMULATION RESULTS AND DISCUSSIONS

The current magnetic recording systems require high code
rate such as 8/9 (0.88) and higher and the block size is around
1000 and 4000 bhits. In this section, we present the design and
performance of modified array codes at high-rate codes with
block sizes which are common in magnetic recording systems.

A. Performance results with block size 1100~1300

The Modified Array Codes can be designed by fixing the
code rate R and codeword length N =k - p to be around 1,100
— 1,300 bits, and then select p and k respectively. Due to the
constraint of high code rates, the parameter j has to be low,
given k. The relationship between j and k can be found in
Table I. The targeted code rates are in the range of 0.88 — 0.9.
Some examples of the designed codes are shown in Table 1.

Table 1: Code parameters with block size 1,100-1,300

J 3 3 3

k 31 29 25

p 37 43 53
R. = (1_ j/k) 0.903 | 0.897 | 0.88
Message p-(k- j) 1,036 | 1,118 | 1,166
Parity bit j-p 111 129 159
Block size k- p 1,147 | 1,247 | 1,325

For high-code rates, it can be observed that the parameter j is
small compared with the parameter k. To select the best codes
among designed codes, we simulate the performance and
compare the results in AWGN channel, but the code rates and
code lengths are tailored for magnetic recording systems.. The
code performance in terms of the bit error rate (BER)
compared with SNR is plotted. In the simulations, we refer to
the input signal-to-noise ratio as electronics SNR in AWGN
channel and defined it as

N | T T I
N, s RN,

where E. is the average energy of coded bits, E, is the

average energy of message bits and N, is noise PSD. Each

BER point is computed by using as many data packets as
needed to collect at least 1000 error bits. The performance of
the targeted block sizes are shown in Fig. 3. Note that the
number of iterations in the decoding process is 30. Three
modified array codes with code rates of ~0.9 are simulated in
this paper. Three different values of p are considered,

including 37, 43 and 53. The modified array codes with p= 37
has the worst performance than the other two, in particular, at

BER = 107°, the codes with p = 43 and 53 need the SNR of
4.8 and 4.6 dB, which are less than for the code with p = 37.
The size of permutation matrix P evidently affects the code
performance. It can be seen that performance is improved when
the permutation matrix size increases. As the performance of
the decoder is determined by the minimum distance of the code,
the codes with larger P produces higher minimum distance.

—0—[1147;p=37/R=0.90] |-
—— [1247 ; p=43/ R =0.89] |
—0—[1325; p = 53/ R = 0.88]

1071

Eb/No(dB)

Figure 3. Performance results with block size 1100~1300 with
various sizes of permutation matrix (after 30 iterations)
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B . Performance results with block size 4000~4100

For this part, we fix the codeword length to be 4,000-4,100
bits, and then adjust the parameter j, k, and p, respectively.
The code rate is targeted at 0.89 - 0.92, then the designed
codes are shown in Table 2.

Table 2 : Code parameters with block size 4,000-4,100

j 5 5 5

K 61 53 47

D 67 79 89
R, =(1-j/k) 0.92 | 091 | 0.89
Message p-(k—j) | 3,752 | 3,792 | 3,738
Parity bit j- p 335 | 395 | 445
Block size K- p 4,087 | 4,187 | 4,183

Similar to the result in Fig. 3, the permutation matrix size
affects the code performance. Three different values for p are

considered, including 67, 79 and 89. The modified array code
with p = 67 has the worst performance compared with the

other two, in particular, at BER =107°, the code with p=79
and 89 need 4.5 and 4.25 dB less than that of p = 67 code.

It can be seen that performance is improved when the
permutation matrix size increases as well.

777777777777777777777777777777777777

—Q— [4087 ; p=67/R=0.92]
—A— [4187 ; p=79/ R=0.90]||
—— 4183 ; p=89/R=0.89] |

6 T e —————

H

|
3 35 4 45
Eb/No(dB)

55 6

Figure 4. Performance results with block size 4000~4100 with
various sizes of permutation matrix (after 30 iterations)

V. CONCLUSIONS

The design of high-rate Modified Array Codes at high code
rate with block sizes suitable for magnetic recording system is

illustrated. For high-rate codes, the simulation shows that the
size of permutation matrix affects the code performance with
larger p leads to higher minimum distance. This is valid for the
both cases of considered block sizes. Modified Array Codes
LDPC have been shown to possess suitable properties for
magnetic recording system such as low-complexity encoding
process, low error floor and capability of detecting and
correcting burst. It is, therefore, possible to use the Modified
Array Codes together with iterative decoding method, as the
error correcting code in the magnetic recording channel. For
future works, we plan to evaluate the performance of Modified
Array Codes together with turbo equalization in realistic
magnetic recording channel model.
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