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Panupun Mungkala 2012: Path Planning using Gauss Pseudospectral Method and
Neighboring Optimal Feedback Control for Industrial Robot. Master of Engineering
(Electrical Engineering), Major Field: Electrical Engineering, Department of Electrical

Engineering. Thesis Advisor: Associate Professor Peerayot Sanposh, D.Sc. 96 pages.

This thesis proposes a path planning method for industrial robots. The objective is to
find the path planning to move a robotic arm between two points, with two types of objective

functions: time and energy minimization, under control input and control input rate constraints.

This thesis uses Gauss Pseudospectral Method (GPM) for solving nonlinear optimal
control problems. This method is a direct method, and discretizes a continuous optimal control
problem into a nonlinear program (NLP). Furthermore, it is based on global polynomial
approximations to dynamic equations at a set of Legendre-Gauss collocation points (LG points).
The effectiveness of this approach has been demonstrated by simulating path planning

optimization of an industrial robot and applied to Neighboring Optimal Feedback Control.
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yd‘ v v a [ . .
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o
=)
=
@
[@c}
=b
o))

Te(t) = fwe(t), ue(t), t), @7
fHoulyvevA (boundary conditions)
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ty—1
S D X, — f2 O F(Xep. UeprTiitonty) = 0 (1)
=0

W0 X,, = Xo(m) € RMUAT U, = Uu(m) € R™, (k= 1,.., N)
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ﬁ]%W‘]J’JHQ@uleU‘]JQﬂUL%QWG'JGI ADNITIAINNYALADIDIANE uaz"ln”lmgm]ﬂ
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a < 4
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[
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Mnualdaail

N
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Xey = Xey + = gwf,-f(xq,..bﬂ.,mu,ff) (32)
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12

Y v A d'
msmugafeunauimimnziga
9 o A a 9
1. m3nuauiloundunmuzNgAv0IILUIFUAY (Bryson and Ho, 1975)

Y o A A o o v a g9 Y 9 =
ﬂ1§ﬂ3ﬂﬂ1]ﬂ'ﬁ]uﬂall‘VIL‘VI?J"Ig‘Vl'sjﬂﬁ'l‘ﬂillﬁgllUwajﬁ!ﬂfﬂlﬁuﬂgﬁ’ﬂﬂﬂ1iiﬁﬂﬁ5“]51!

AUTIOULHVVMNAIAD (Quadratic performance index)

1 1 [
J(x,u) = éznT(tf)Sfx(tf) + 3 /t‘ (27 Qx + u” Ru)dt (35)
L]

a

Y oA ! A < 7 A R '
mu@a‘nq{@ UUBNIATE € [to, tJr] Iﬂ‘c’l“l/] Sf Lag Q Lﬂummﬂcﬁﬁummmﬂummﬂuuuau

g}

an I a 4 A g 1 Aan 9
U n x nuae R Lﬂmmniﬂ%aummmﬂummmuau UUA m X m ﬂﬂlslﬁﬁllﬂ'li'ﬁm‘ﬂ

ZD

1
&= Az + Bu 36)

Tumsuddaymansaldaunisi 36) 2wAUAUNIT0001005-a10319%  (Euler-Lagrange

Equation)

T
T
aHN\T
(E) -0 (38)

[

A A ) A a . . ; o 2
Wo A AeWenyuaia lnileu (Hamiltonian Function) N UAANU

H(x,u,\) = %.?ITQH? + %’MTR‘U, + AT(Ax + Bu) (39)

[

A Y A Y 1 1 a 9 dy
WBLNENNTN (37) 1ag (38) iw'lﬂﬂmummmameumzmnamﬁmsgmﬁmmu AU

[ i ] - [ o i ] [ A ] (40)
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o 2(to) = 70 (41)

uay Atyg) = Spa(ty) (42)

Wmsudtymdmso A Gluﬂﬂujmﬁmmmf‘ﬁﬂu'lﬁﬁu

Aty = S(H)z(t) (43)

Tﬂﬂgﬂu‘ummmmﬁ}ﬂﬂujm%mmﬂwﬁﬁ Applied Optimal Control (Bryson and Ho, 1975)

Fevz 19103 ndn1sldeunlag (ransition matrix) Taemsunuaumsi @3) lUSaumsd
40) wansameuldauaumseail

(§+SA+ATS —SBR'BTS+ Q) =0 (44)

S+8SA+ATS —SBR'BTS+Q=0 (45)

v H ] a a . . . Y 9 [} 4
Faaunsn (45) FUNNANNITIANA (Riccati Equation) wazazdeaud lndeusuidou lu

YOUWATIAGANY £
S(tg) = S (46)

A Y a a 9 o . .
e S(t) ﬁ']?J']ﬁﬂWT"lﬂﬂ']ﬂﬂ'ﬁ@uﬂlﬂﬁ@l!kﬂﬂl?ﬁ’]ﬂﬂl‘lﬂﬁﬂ (backward in time) Hagngynlg

1] Y
ﬂmﬂm’jauﬂa1JLm°u@1’e)Lﬁ@af?”lw5°uﬂﬂujmmimmmamwmmmﬁmuﬂ”lﬁ’mﬁ
u(t) = =R 'BTS(t)x(t) (47)
9 = a Y A A 9
2. idungavaLs e Indinganszyaigane (Bryson and Ho, 1975)
' dy ' =2 ag = . o
Tuaauliazna1nDaunIIngad¥a  (extremal trajectory) VIMAN (1) Ay IV

1 ~ 9 [ A [ I [ v A &
AVAN w° (1) UAZAANTIY M) NapanaoInuTou lusuiusuauAnils (first-order

v 9
necessary condition) ﬁmiuﬁﬂgmﬁizunmqﬂﬁ'wmﬂm (fixed final time) AMUUAAIY
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T
;fr: = (%—{{) = f({(f)., 'U,(t)., IL), (48)
: or\"
OH\"

nazReu Iy UIUANE ¢ = 1 Uag t = ¢, No

;l?(t[]) = Xy, (51)
bS] T
Aty) = —qbagf), (52)

Io(ty)

H(T._U,t) |f:"«f: = or (53)
iienssuiianssaus (performance index) Ao
ty
J(z,u) = dp(z(ty). ty) + / L(x(t), u(t), t)dt (54)
to
wazlanFuaiialnileu Ao
H(z,u, M\ t) = L(x,u,t) + AT f(a, u,t) (55)

a 14 14 v . d‘ a ] 1 Aan
WIITUUWOTINOTIUFU (perturbation) TUAANNWAANTEHINUUIID (2, u, A) 1A
a, { { : [ a 4 14 Y
puadnmmziga (22, 1%, \°) Feagsh ldinamesimesiutu fe sz(1), sult), uag 5A() Tag

[

\ ' . o A . . ) v
Jou'luanaumsn 48) 84 (52) ansnin 1milu@adu (linearization) 1daail

dia(l) = =—dx + =—0du, (56)



2 H af

SA(t) = ——=-61 — —=0\ —

Ox? Ox

O*H
du,

dudzx

O*H ar\” O2H _
= ()_ —_ 5)\ O( N
drdu ot ((‘)u) * auz "
P
SA(tf) = —,5:,‘
() 922" 1= F
TaeT NI nF19a 1990 (2w, A) = (22,1, \°)
Con oh O on on
or;  Odxo drn, dur  dus
0f 0f2  OF: o 0%
of ory  Jdrs o, of Jur  Ous
or ou
Ofn Ofn Ofn Ofn  Ofn
L dry Odao Orn 1 (nxn) Oup  Qus
N O O*H PH
8:1",% drq 015 dr,0x,,
9?H O”H PH
PH drada 89:% dxa0a,
or2
O*H O*H O*H
L Oz, 0z  Ox,0x9 dr?
T OPH PH OPH
OU% Juaduy du,, Ouq
PH ?H PH
FPH Juq s 8u§ Oy, Qs
oz
O*H PH O*H
L Ou1Ouy,  OuaOugy, ouz,

(nxn)

(mxm)

225
My,

dfa
O,

dfn

du'f”

15

(57)

(58)

(59)

(nxm)



[ 0*H FPH PH
0’(1:-1 01111 &ugb)w] o 0'u,n.8;¢r]
PH PH OPH
O*H | Qwmdzy Quxday U OugOao
udr
PH PH O*H
L 8‘1,61833“ auzamn_ L & au-mair'n d (nxm)
e
[ 0PH O H PH ]
Or10uy,  Ozsdu; Or,0u
PH T O’H
OPH | OxQup  dwedup  Ov,dug
drdu
O*H O*°H OPH
L ailflau,” Bmgaum J axnaum 4 (mxn)

Womrualiass¥ilaussouzuanuAy (augmented performance index) 7D

tr

(2,1, \) =¢(m(tf),tf)+/ La(a(t), (), u(t), A(£), t)dt

to

[

v 9

Taen I, MHuAail

Lo(w, @, M t) = L{zu,t) + M (f (2w t) — &)
HAZATIFUANTTOULIATNA (extremal performance index) AD

Ja (:UO, ua7 /\o) — J(;r";u", )\0)

16

(60)

(61)

(62)
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o ~ - o -d' Q’ g
Mviuald Sa:(t) = ho(t) € R" uag su(t) = hy(t) € R™ Aoaulsmnuiuainuun

H Y
v W 1

aa A =~ ~ o Y v dy
ADNUNIENTA muuwamwmmﬂuﬁmmuzﬁlzmmsam‘wu@"lﬂmu

L)

AJy(he, ) = o (27 4 By, uw® + Ry, A7) — T (27, u®, A9) (63)

[

v ¢ ok ' 2
nszaelaglyoynsumdass ¥9azed lugdunuaall

AJu(he, hy) =80 (B hy) + 52.1(1(.?2.1.? hy) + HO.T. (64)

v
o o

‘- v v W ! % - | : ] d. ~
Taoh 6.7, AoNsulsHUBUADNNIN (first variation) FeWAnYuguendumismgadn, 4.7,

Q

v
= 1

Y [ Y] { N Jd o [
ApMIsulsHUBUADNA0Y (second  variation)  uag H.O.T. AOWNBUAVNGINT
. é s 9 d' ~ 1% _2 (% g’; 1 ~ =
(high order term) FANUAHBLUINWBNBUAY 52/, AIHUNAA1IVDIATIFUANTTOULILINAD

4 -2 é ] [ dy
WV 52, Hazeglugiuuuaall

1 P T @A M [ sz
AJ, = 5], = fJ.rTTO;lt [sZee: +/ [ oxT suT ] H [ 6,L ] dt (65)
; .

A — A a2 J =~ . . = dy
(10 A AOWNINHaAWEY (Hessian matrix) U31luanaeil

PH O*H
> or?2 Oxou
H = (66)
PH O*H
dudxr  Ou
meldFenlnfirumanasa
o Of of .
di(t) = aa.(SJ:—I— E_)u()u, (67)

AL A Y oA .
LAZUAUTUAUND bi(to)

LY

TiuApIn1IN1 dult) N1 427 Tadesnganiolditoululuaunisn (67) a9

dy v o w a 9 . . A 9 [ '
Jaymted lugiuuumasaeuraudu (inear-quadratic type) HazingIvoInuymimvaUe
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1 . ] v A ]
7¥MINYIATDIYA (two-point  boundary-value problem) Fagmsant laorndou lvduilu
.. o [ A A A A [ Jd o a =
(necessary conditions) aTWiUﬂTi‘Vi’lﬂ’l'ﬂL‘ViﬂJ’lgquﬂ'ﬂllﬂ15ﬂﬂ’?uﬂﬁ\1ﬂﬂfu?ﬂ?JﬂI‘V]L‘L!EJ‘L!GU'ﬂQ

Modmedua (5z. su, 5)) 1iwail

| =

gl —

¢

[ dxt su” ]E’ [ ox ] + aAT (gfr) + d:fd ) (68)

bo

[

v FPH < A @ . A = @ Y o
Lﬂuu@u“ﬁ\iﬂﬁ']i (Non—Slngular) ﬁﬁ@ﬁ'”JWiQCI’TW'E)UL'J?)ﬁﬁulﬂﬁWW5U

du
TN

Y

2
Y
afuaumsii (58) aumsudeglugy su(e) lumeuves 5z uag 51 laasil

9?H O2H ar\t
i 2y (W) (c)zduo 4 (c)_{a) 5)\) (69)

UNUAUNIN (69) adluaumsn (56) uaz (57) a12'ld

i = A(t)dz + B()oA (70)
SA = —C(t)dz — AT (t)oA (71)
P of  af (PH\ ' 9*H
) AN e
K (t) RPN ( du? ) drdu

w5 (58 (5)

9?°H  9°H (aﬁﬂ)“ 92 H

ce) = dz2  Oudr \ ou? drdu

Taevin (z, u, \) = (2°, u, \°)
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3. msmmuadungadausnalndifes (Bryson and Ho, 1975)

1 dy 1 = Y o A A = Y a . .
Tudautisznandangmistloundunmuizaungavsnalndifes (Neighboring
. Jay A ) [ o o a 9 .
optimum feedback law) 1a81475671 (sweep method) STy IAMaIa@UFIAY (linear

quadratic problem) Fevzunaymanmsh (71) lugdupvgail
SA(E) = S()dx(t) (72)

A = I a J . . A o 9
W9 S(1) NI nsauuINg (symmetric metric) NAHUAAY

= ¢
S(ts) = 573 b=ty 73)

{ { ) a AaA {
unuaumMsn (72) aaluaumsi (70) uag (71) 3¢ ldaumsaumssaaanuilsnlasuaiunal

(time-varying riccati equation) G113 VBNt <t < ¢ f Ao
S§=-54-ATS+3B5-C (74)

A, Y = % a a o 1 { 4
Bnsun S() ewsaun lagl¥nsdunmsadeunduluaumsi (74) flSeuly
02

D >*o Tk ' o A o
youLua S(ty) = C)—qg li=t, waza () azgmnuar 3dmiulFlunsdiuiuningns
3 lt=t
Younduirudunnuaeiiiad (continuous linear feedback law) MUANATAI
FPHN ' [ 2H  fof\T -
ou(t) = — | =— — ] S|z 75
ult) ( ou? ) (Oaré)u + (0u> ! (75)

H [ a ! y 8
Tﬂﬂﬁﬂg]mii”Jauﬂammzﬁmmmmﬁm (continuous linear feedback law) ﬂﬁaﬂgmimmu
Youndumunzdgavinulndifesunylitongiu (Non-Singular  Neighboring Optimal

Feedback Control) 41104

4. miﬂ’J‘]JﬂiJ‘ﬂ’f)uﬂﬁlﬂ‘]ﬁnmclﬂéjLﬁENLL‘]J‘]JLE’Jﬂ@u (Singular Neighboring Optimal

Feedback Control) (Gros et al., 2007)
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vinmsmuguileundvusnalndifesdmsudywuuuieng i (Non-Singular
v Y
Neighboring Optimal Feedback Control) Famnuanail

ou = —Kéx (76)
- OQH -1 E}QH ()f T B
= - ( du? ) (&rau * (du) S (77)
S O°H af af PHN af
S_iwi (d1> (dT) 7 (8u8:r>ﬁ+s(@u) (78)

~ 14 4 % -~ I - o [ -
WanFuaia lnHleuvo N snesIuTy (da, du, AA) NMUUAAIU

PH  °H
1 dz?  Oxdu S ) af
H = - [ oxl dut ] [ ga ] +oAT (a—flda. + d—fﬁu) (79)
BZH (.JZH U o u
dudxr  Ou?

. . ).
andeu lvluaumsn (58) Weu'lan

0H, = oA\T f+o r O°H 7O H

80
Du oz0u T BE (80)
30 §H, = 0ATF, + 627 Hyu + 6uT H,, (81)
d’ 82 [ g’/ 9
HNIN —— = 0 mumz‘lﬂ
2
(5H-u = 5)\TF11 + diETHl:ﬂ (82)

v J -
weyusves 517, 1 14

di SH, = 6\ E,HATT[F + dx Hw+§rf(i u (83)
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sz lmduFaduldail
SHT = A16)\ + Bidx + Ciéu (84)

o Ay = Ag — Aj_1 F], By = By — BoFy — AgHpa, Cy = ByF, — AgH,,
Taon Ay = FT. By = Hy, 182 Cp = Hy,

NANMIN (115) ensomuualdn

SHT = Apd) + Bodz + Codu (85)

@

awnsaeuliegluzduuveyiusnaly1dsa

=he

k
it

Iﬂﬂ‘ﬁ A=A, — Ag,_lFE

Bi=Br1 — Br1ly — A1 Hyy
C.[; - B.lc—l-Fu N Ak—leu

o

o2 A A ) a 4 @ Y Y
mimmggwuﬁﬁuqmn k=clUs O, mmmmmmnwnwu"lﬂ ilzllﬂ
ONCHUUAS SV R (86)

A o A P~ Y Y v a Y 2
WDHIFUNITN (86) LmusluﬁMﬂTi“V] (76) i]%hlﬂﬂaﬂW‘iﬂ’)UﬂﬂJﬂﬁ]uﬂaUUiDmiﬂmﬂ‘(’J\il,lf]J‘Ulf]ﬂ

974 (Singular Neighboring Optimal Feedback Control)
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a (Y] d
ﬁ?»lf’ﬂ'i!‘UQWﬁ?ﬂﬂlﬂQﬁuﬂuﬂQﬂﬁ1ﬂﬂ’i§N (Spong et al., 2006)

[

: 2
AUNTITINAIAVDY n-link Taen2 11/agiia15a191nauN15 Euler-Lagrange A4l
M(q)g+C(q.4)g+glq) + DGg=T (87)

A A 14 A Ay 9 1 o
Wo rADn x 1 nﬂmmmamsmwﬂ@uimwuﬁuam (Input torque vector)
A a 4 J A d .
M{g)f0 n xn UNINFYDI INUUANIIUADY (Inertia matrix)
4 a a
C(g.4) A0 n x n NNABSABIDOAE (Coriolis vector)

A s A Y . . 9
glg) 1D n x 1 NAABTVITINNANNUTI 11ND29U031an (Generalized gravitational
force vector)

a 4 [ A £
D A9 n x n N3 nENLeIveIFulsEEANTANMTIANIU (Diagonal matrix of viscous joint
friction coefficients)

[

Y
LL“U‘]Jﬁ”Iﬁ@\WINﬂﬂW]ﬁ'IﬁGI%‘Uﬂﬂﬁuﬂuﬁﬁ@ﬁllﬂu mmmuﬁm"lﬁ'mmumimﬁ

M(q)g+Cl(q.4)g +glq) =T (88)
M{q) = [ p1+ 2})3(_:0.5((12) P2 + p3cos(qa) ] (89)
P2 + p3cos(qz) P2

o | —psdasin(q2) —ps(g1 + ga2)sin(ge)

G(Q‘;Q’) - |: pgfﬁs’i?l((p) O (90)
P1gCcos| g + PsgCOS\ ( + (
glq) = | P19 (11)] P59 ( + q2) 1)
psgeos(qr + g2)
T= [ m ] (92)
T2

110 g AONNYDIUNUN 1, go AOYNTTHIWAUN T AUUAUN 2, uy, AousIbadIMTuMS
% 4 { a o @ &% 4 1 1 a d o [ ] 4
FunaouUNun 1, ug, Aoussdadmsumstundounnui 2 tazmmilweidmsuiueua

Y
AOUNY MHUAAIY



p1 = 'm.lL%l + mgL% + I

Py = ’I’.".'.QL%Q + I
p3 = maliLco

ps=mi1Lc1 +mal,

ps = maLca
Taeh my. mo AONIAVOINUAN 1 Bazunui 2 MuaIay
A d’ d' d' o %
I, IQ ADANURDYIVDIUNUN 1 LASUNUN 2 MIUAIAD

L1, L> ADANNEIVUAUN 1 Lazunui 2 muaiay

4 4 { o
Lot Beo ﬁ’aﬂamsmmﬂgfusmmwammﬁ 1 uazunuﬁ 2 MUAAY

23

93)

(94)

95)

(96)

7
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J ad
gUnsamazizms
gilnsal

Y
drsunanaassludnerinusiuazisenoulidreseniuag Ao Tdsunsw

MATLAB 2010 GPOPS LaZHUUTIA0I{UIUAANITITU IBM 7545 A4 1

MWA 1 HUIUATNTIU IBM 7545

ad
IBNII

9

a a = Y o 9 a ~ ~ v 4 =\
31/1muwu‘ﬁu”lﬂ‘mmimmwumu‘1/1Nmumwquﬂmawguﬂu@ﬁmﬁﬂﬂEm

@ s A a { A ] 4 U
Tagszasaenudumaduinmuizigalumsdronyuve 1 usuATL1HI19IAT0I9ARY

Q Q

=

o o 4 4 { o = : ' 4
Wanduiagiszasa 2 dszian Aenaidesige uazwasnunilosiga Fegneldouly
wvvesdyyImaIuguiazoasimalasunlasdyaianugu Tasldunusiaosves

] 4 J a a X o a a A
HUBUATNITIU IBM 7545 Taslidosmoass aalunmsmmuadumadusziansanias

AU AININN 2



T
=

]

MWN 2 aRWANVBIHUIUAANITIFY IBM 7545

fan: Sadegh and Guglielmo (1992)

1. msnamdumaaudmsuueudanis

Link 2

Link 1

25

Tumsesnuunilymimsnrgumingiga szNasandurniad s umsnaoun

A ] o J o o 4 A 9 ~
VOULNUN 1 LASLNUN 2 Iﬂﬂ‘ﬂ']ﬂ']ﬁf’)@ﬂl!‘ﬂ‘llﬁﬂﬂsﬁujﬁﬁ!ﬂﬁgﬁﬂﬂ 2 szian ADLINIUBYINGA

[ A 9 A
HAZNaNUNU2enNga

]
IS o %

o o 4 9 dy
'1/1\1ﬂ%u?@]q‘ﬂﬁgﬁ\‘lﬂllﬂﬂna']uﬂﬂﬂf,jﬂ NIUUAAIU

T=1

[

do o ¢ o Ay A o 2
LlﬁgﬁﬁﬂﬁﬁuﬁﬁgﬂigﬁQﬂLL‘]JTJ‘WﬁQﬁuVIu@fWIﬁ:ﬂ NMUUAAIU

J= [ "2 + u2(0))de

<o

Taeh to = 0uag tf = 10

(98)

99)
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a @ 1 a3 a o 4 { ] 4 1
aumaFanaiauun lidwiadunsumsnaouNaeunuresusuaanmsju

Y
IBM 7545 MHiUAAIL

|:p1 + 2p3cos(fa)  po + pacos(th) } [91 ] n [ py 0 ] { 9:1 ]
P2 + pscos(th) P2 0 | 0 ps ||t

(100)

n —[)35-.5?1.(9'2;(29'19.2 +Fjg?) _ [ g, ]
p3b sin(6s) up,

~ A ~ A 1 A ) A A a o o
Iﬂﬂ‘ﬂ & ABDUYNUDIUINUN 1, @ ABNYNIZHINUNUN 1 AULLHUN 2, g, ABDLLIIUATINTUNIT
Y A A A a o [ 7 A A v a J o @ v 4
VULAADULLNUN 1, g, ABDLIIUATIHIUNTULAADULINUN 2 lLaZﬂ’lW’li’lll!G]E]iﬁ'lﬁiﬂ?jﬂflu@

Y
AN313U IBM 7545 MHUAAIL

P =[P(1) P(2) P(3) P(4) P(5)] =[0.45 0.22 0.08 1.80 1.40] (1o1)

[

A ) Y o It
ﬁ?ulﬂi’)u"lauell@Ulmﬁlﬁuﬂullﬁgq@mﬁlfJ ATUUAANU

UAUA 12 61 (to) = 0, Oy (tf) = =, Bi(to) = 61(ty) =0, [6:(2)] < =

| :]4;| ¥

Uit 2: Ba(fo) = g Oa(tr) = =, Oa(te) = Ba(tf) = 0, |62(t)] < 7

o d’ v o a =
ﬂﬁﬂﬂ’iuﬂN@uhlﬁll“UQﬂ‘Ui]ZWini‘iMW 2 1521 Ao

Roulviiruvesdyguniugy

UAUN 12 Jug, (1)) < 1

UAUN 2: |ug, (1)] < 1
d‘ 74 % Q % dl QU
nazNou luisAuvesdyanuaiuan tazdasimsnasunlasdayanauniunm

UAUN 1t Jug, ()] < L, |ag, (6)] < 1

A
UOUN 2: |ug, (1)] < 1,

i, (1)] < 1



] [}
A A

2. dywimsauguitiunziigadmionisaiuguiniteu lnisduve sdyg

AR

a Y] [ a [ 4 { ] 4
nnaumadanatauun ludluFaduniunmsndaounae N uIoIUEUAT N1
1 o Y : N =) Y
JUIBM 7545 9MUUAIT 21 = 6, 20 = 0). 23 = By 0% 24 = 65 lagannsoeu oyl

9
sunvulsgiisanldasi

T = 9 (102)

¥y = paly — (p2 + pacos(x3))l2 (103)

Ty = a4 (104)

4 = (—pa — pacos(x3)) 1 + (p1 + 2pscos(xs))lo (105)

Taef I = uy + (2womy + 27 p3sin(xs) — wopy WAL I = uy — x3p3sin(xz) — T4ps

Y H H
Wiz ladgimsamuguimmnzigauuuTuas Taeldman Ao 2q)
dyraniuguae «() nazeasimsldsunlasdyaiuniuauae () VUFINIA

. s o 7
t € [to. t ;] BIAOIMTIRWINTUYALTZAIA (objective function)

ot g
J(x,u, i) = P(a(to), to, w(tys). ty) + / ' L(a(t). u(t), a(t), t)dt (106)

to

9}4‘ v v a [ . .
ameldeu lirumanaia (dynamic constraints)

fag))
o
=)
=
@
(@}
=h.
o]

&(t) = fa(t), u(t). ), (107)
{doulyveIvA (boundary conditions)

p(a(to), to, x(ts), ty) = 0, (108)
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naziou lviliiueaunszaln (inequality path constraints)
c(z(t),u(t),w(t),t) <0 (109)

ES o v ~ A Yan 7 o & 7w
%TﬂuuﬂZ‘ﬂ'lﬂ'lﬁllﬂﬁﬂ]u?nﬂ']ﬁﬂ?ﬂﬂll‘l’lH/iiﬂ%“lflﬁ;ﬂiﬂﬂﬁl“ﬁ?ﬁlﬂWﬁ“KIﬂﬁLﬂﬂﬁiﬂ “Bﬂﬂx‘lﬂ"ﬁu

[

4
Yo A

wtlszasdluaumsi (106) aztlszana lagl¥isimdnteasees 1anail

‘;\.'
ty—1
J = (Xo.to, Xp.t) + 5= 3" wp L(Xy, U miito. 1) (110)
= k=1

ﬁ' % QJ a v li' o ] d‘ o U a
N@u”lmmﬂumwamiuaumm (107) %mmiamwuﬂagﬂlugmmuNauhlﬁumﬂum

~ a Y o dy
Nyania laaail

£

&

N

Ly —1
ZDmX,' - ! Of(X;L. erri.,_’fk; 1?(], tf) =0 (111)
=0

o Xy = X(r) € R"MAL Uy, = U(ry) €R™, (k= 1,.., N)

A v oA v A [ A J J n 9y ~ @
%ZWU’J'IN@UVI,GUUQ?]UL%QWﬁ'Jﬁ ﬂamﬁmwmmammmmﬁ uazllu”l@@ﬂm;mamw A1

U

plsaanlumsaans lnsdu Ao X, = X(—1) uag X, wld lasnismivualumouues

9
Yo A

an J 4 I3
Xp (k=0,..,N)uag Uy, (k=1,..,N) mmmmamammammﬁﬂmwuﬂ"lﬂmu

tr—to

Xy = Xo+ -1

N
Z'wk:f(Xk-Uk~’fkit0-.tf) (112)
k=1

' A = o vo &
ﬁjﬂlﬁﬂuulellellﬂﬂlsllﬁcluﬁmﬂ'ﬁﬂ (108) ﬁ’lll’liﬂﬂ’]ﬂu@llﬂ JU
(X, to, Xy, ty) =0 (113)

4' Y a Aan ~ [ Y dy
ngN’E)‘L!]'I,EU‘]J\‘I?’I‘]J’EJG’Mﬂﬁl%’ﬂflﬂiﬂﬂﬁllﬂﬁ‘ﬂ (109) ﬁﬁﬂiﬂﬂﬁ’ﬁ!ﬂhlﬂ JU

A X, Up, 112 o, lff) <0, (L =1,..,N) (114)
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{ I { 4 v v A Aa y
TaghanFugadlseasaluaunisi (110) uazi@oulvilduFefisadialuaunsi (111),
o o § [R=~1 a
(113) uaz (114) ag1mmualudimsuddymvesldsunsun ludhugaduTasldldsunsy
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1.1

1.2
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function [Mayer,Lagrange] = robotArmCost(sol);
t0 = sol.initial.time;

x0 = sol.initial.state;

tf = sol.terminal.time;

xf = sol.terminal.state;

t = sol.time;

X = sol.state;

u = sol.control;

p = sol.parameter;

Mayer = tf;

Lagrange = zeros(size(t));

[
=

Jd v 4 [
Wanduyalszasauuunasnuiosiga

function [Mayer,Lagrange] = robotArmCost(sol);
t0 = sol.initial.time;

x0 = sol.initial.state;

tf = sol.terminal.time;

xf = sol.terminal.state;

t = sol.time;

X = sol.state;

u = sol.control;

p = sol.parameter;

Mayer = u(1)./2+u(2)./2;



1.3

1.4

Lagrange = zeros(size(t));
A a [ 1 4
N@ullﬂllﬂfﬂwaﬁﬂsll@\i?juﬂuglﬁﬂ'ﬁ"I

function dae=robotArmDae(sol);

t = sol.time;

X = sol.state;

u = sol.control;

p = sol.parameter;

Theta = [0.45 0.22 0.08 1.8 1.4];

I1 = u(;, DH+(2*x(:,2).*x(:,4)+x(:,4).22).*(Theta(3) *sin(x(:,3)))-(x(:,2) *Theta(4));

12 =u(:,2)- (x(:,1).”2).*(Theta(3)*sin(x(:,3)))- x(:,4)*Theta(5);

xldot =x(:,2);

x2dot = Theta(2)*I1-(Theta(2)+Theta(3)*cos(x(:,3))).*12;

x3dot = x(:,4);
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x4dot = (-Theta(2)-Theta(3)*cos(x(:,3))).*I1+(Theta(1)+2*Theta(3)*cos(x(:,3))).*12

dae = [x1dot x2dot x3dot x4dot];

f‘imuﬂﬁau‘lmmamw

x10=0;
x1f=3*pi/4;
x1min = -pi;
x1lmax = pi;
x20=0;
x2f=0;
x2min = -50;
x2max = 50;
x30 = pi/3;

x3f = pi/3;



x3min = -pi;
x3max = pi;
x40 = 0;
x4f=0;
x4min = -50;

x4max = 50;

ulmin =-1;
ulmax = 1;
u2min = -1;
uZ2max = 1;
tfMin = 1;

tfMax= 20;
iphase = 1;

limits(iphase).intervals = 1;
limits(iphase).nodesperint = 10;
limits(iphase).time.min = [t0 tfMin];
limits(iphase).time.max = [t0 tfMax];
limits(iphase).state.min(1,:) = [x10 x1min x1f];
limits(iphase).state.max(1,:) = [x10 x I max x1fJ;
limits(iphase).state.min(2,:) = [x20 x2min x2f];
limits(iphase).state.max(2,:) = [x20 x2max x2f];
limits(iphase).state.min(3,:) = [x30 x3min x3{];
limits(iphase).state.max(3,:) = [x30 x3max x3f];
limits(iphase).state.min(4,:) = [x40 x4min x4f];
limits(iphase).state.max(4,:) = [x40 x4max x4f];
limits(iphase).control.min(1,:) = ulmin;
limits(iphase).control.max(1,:) = ulmax;
limits(iphase).control.min(2,:) = u2min;
limits(iphase).control.max(2,:) = u2max;
limits(iphase).parameter.min = [];

limits(iphase).parameter.max = [];
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limits(iphase).duration.min = [];
limits(iphase).duration.max = [];

limits(iphase).path.min = [];

limits(iphase).path.max = [];
limits(iphase).event.min = [];
limits(iphase).event.max = [];
guess(iphase).time =[0; 1];

guess(iphase).state(:,1) = [x10; x10];
guess(iphase).state(:,2) = [x20; x20];
guess(iphase).state(:,3) = [x30; x30];
guess(iphase).state(:,4) = [x40; x40];
guess(iphase).control(:,1) = [0; 0];
guess(iphase).control(:,2) = [0; 0];
guess(iphase).parameter = [];
setup.name = 'Robot-Arm-Rotation';
setup.method = 'gauss';

setup.limits = limits;

setup.guess = guess;

setup.funcs.cost = 'robotArmCost';
setup.funcs.dae = 'robotArmDace’;
setup.linkages = [];

setup.derivatives = 'automatic';
setup.autoscale = 'off’;

setup.solver = 'snopt';

setup.mesh.grid = 'global’;
setup.mesh.tolerance = le-4;
setup.mesh.iteration = 5;

setup.mesh.on = 'yes';
setup.mesh.guess = 'yes';
setup.mesh.nodelimit = 200;

output = gpops(setup);



solution = output.solution;
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2.1 Mansugailszasauuunaiiseinga

function [Mayer,Lagrange] = robotArmCost(sol);
t0 = sol.initial.time;

x0 = sol.initial.state;

tf = sol.terminal.time;

xf = sol.terminal.state;

t = sol.time;

X = sol.state;

u = sol.control;

p = sol.parameter;

Mayer = tf;

Lagrange = zeros(size(t));

v
=

o o 4 (% 9
2.2 Manduyalszasdnuunasnuiosiige

function [Mayer,Lagrange] = robotArmCost(sol);
t0 = sol.initial.time;

x0 = sol.initial.state;

tf = sol.terminal.time;

xf = sol.terminal.state;

t = sol.time;

X = sol.state;

u = sol.control;

p = sol.parameter;
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Mayer = x(3)./2+x(6)."2;

Lagrange = zeros(size(t));
A a [ ] 4
Nﬂuhlﬂllﬂf\?“l"lﬂ')ﬂﬂl@\?‘l{jﬂﬂl&ﬂﬁﬂ']ﬁ”l

function dae=robotArmDae(sol);

t = sol.time;

x = sol.state;

u = sol.control;

p = sol.parameter;

P=1[0.450.220.08 1.8 1.4];

I1 = x(:,3)+(2*x(:,2).*x(:,5)+x(:,5).2).*(P(3) *sin(x(:,4)))-(x(:,2)*P(4));
12 = x(;,6)- (x(:,1).72).*(P(3)*sin(x(:,4)))- x(:,5)*P(5);

x1dot = x(:,2);

x2dot = P(2)*I1-(P(2)+P(3)*cos(x(:,4))).*12;

x3dot =u(:,1);

x4dot = x(:,5);

x5dot = (-P(2)-P(3)*cos(x(:,4))).*I1+(P(1)+2*P(3)*cos(x(:,4))).*12;
x6dot = u(:,2);

dae = [x1dot x2dot x3dot x4dot x5dot x6dot];

fvuaou lvusua

x10=0;
x1f=3*pi/4;
x1min = -pi;
x1lmax = pi;
x20=0;
x2f=0;

x2min = -50;
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x2max = 50;
x3min =-1;
x3max = 1;
x40 = pi/3;
x4f = pi/3;
x4min = -pi;
x4max = pi;
x50 = 0;
x5f=0;
x5min = -50;

x5max = 50;

X6min = -1;
x6max = 1;
ulmin =-1;
ulmax = 1;
u2min =-1;
u2max = 1;
t0 =0;
tftMin = 0.1;
tftMax= 10;
iphase = 1;

limits(iphase).intervals = 1;
limits(iphase).nodesperint = 10;
limits(iphase).time.min = [t0 tfMin];
limits(iphase).time.max = [t0 tfMax];
limits(iphase).state.min(1,:) = [x10 x1min x1f];
limits(iphase).state.max(1,:) = [x10 xImax x1f];
limits(iphase).state.min(2,:) = [x20 x2min x2f];
limits(iphase).state.max(2,:) = [x20 x2max x2f];
limits(iphase).state.min(3,:) = x3min;

limits(iphase).state.max(3,:) = x3max;
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limits(iphase).state.min(4,:) = [x40 x4min x4f];
limits(iphase).state.max(4,:) = [x40 x4max x4f];
limits(iphase).state.min(5,:) = [x50 x5min x5f];
limits(iphase).state.max(5,:) = [x50 x5max x5f];
limits(iphase).state.min(6,:) = x6min;
limits(iphase).state.max(6,:) = x6max;
limits(iphase).control.min(1,:) = ulmin;
limits(iphase).control.max(1,:) = ulmax;
limits(iphase).control.min(2,:) = u2min;
limits(iphase).control.max(2,:) = u2max;
limits(iphase).parameter.min = [];
limits(iphase).parameter.max = [J;
limits(iphase).duration.min = [];
limits(iphase).duration.max = [J;
limits(iphase).path.min = [];

limits(iphase).path.max = [];

limits(iphase).event.min = [];
limits(iphase).event.max = [];
guess(iphase).time =08 vk

guess(iphase).state(:,1) = [x10; x10];
guess(iphase).state(:,2) = [x20; x20];
guess(iphase).state(:,3) = [0; 0];
guess(iphase).state(:,4) = [x40; x40];
guess(iphase).state(:,5) = [x50; x50];
guess(iphase).state(:,6) = [0; 0];
guess(iphase).control(:,1) = [0; 0];
guess(iphase).control(:,2) = [0; 0];
guess(iphase).parameter = [];
setup.name = 'Robot-Arm-Rotation';
setup.method = 'gauss';

setup.limits = limits;
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setup.guess = guess;
setup.funcs.cost = 'robotArmCost';
setup.funcs.dae = 'robotArmDae’;
setup.linkages = [];
setup.derivatives = 'automatic';
setup.autoscale = 'off’;
setup.solver = 'snopt’;
setup.mesh.grid = 'global’;
setup.mesh.tolerance = le-4;
setup.mesh.iteration = 5;
setup.mesh.on = 'yes';
setup.mesh.guess = 'yes';
setup.mesh.nodelimit = 200;
output = gpops(setup);

solution = output.solution;

Y v a Y A
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syms x1 x2 x3 x4;

syms ul u2;

syms lambdal lambda2 lambda3 lambda4;

x =[x1;x2;x3;x4];

u=[ul;u2];

lambda = [lambdal lambda2 lambda3 lambda4];
P=1[0.450.220.08 1.8 1.4];

Il =ul + (2*x2.*x4 + x4./2).*(P(3)*sin(x3)) - (x2*P(4));
12 =u2 - (x1./2).*(P(3)*sin(x3)) - x4*P(5);

x1ldot =x2;
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x2dot = P(2)*11 - (P(2) + P(3)*cos(x3)).*12;

x3dot = x4;

x4dot = (-P(2) - P(3)*cos(x3)).*11 + (P(1)+2*P(3)*cos(x3)).*12;
f = [x1dot;x2dot;x3dot;x4dot];

dfdx = jacobian(f,x);

dfdu = jacobian(f,u);

a o ' J o @ A A Ao A
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syms x1 x2 x3 x4 x5 x6;

syms ul u2;

syms lambdal lambda2 lambda3 lambda4 lambda5 lambda6;
X =[x1;x2;x3;x4:x5;x6];

u=[ul;u2];

lambda = [lambdal lambda2 lambda3 lambda4 lambda5 lambda6];
P=1[0.450.220.08 1.8 1.4];

11 = x3+(2*x2.*x5+x5.72).*(P(3)*sin(x4))-(x2*P(4));

12 = x6- (x1./2).*(P(3)*sin(x4))- x5*P(5);

x1dot =x2;

x2dot = P(2)*I11-(P(2)+P(3)*cos(x4)).*12;

x3dot=ul;

x4dot = x5;

x5dot = (-P(2)-P(3)*cos(x4)).*I11+(P(1)+2*P(3)*cos(x4)).*12;
x6dot = u2;

f = [x1dot x2dot x3dot x4dot x5dot x6dot];



72

Jd o a = ) [ A A A Jd v 4
3.3 Manguaia lndeudmivdyminsaruguitiuns nganulensugailszasd

puunanudesiga uazmsmuuamdmiumsauquilounduusnaladifsauylien

U

suunaiesige wazmsmuuamdmsumsaivauileunavusnalndifeswwviengiu

H =ul"2+u2”2 + lambda*f;
dHdx = jacobian(H,x);

dHdu = jacobian(H,u);
d2Hd2x = jacobian(dHdx,x);
d2Hd2u = jacobian(dHdu,u);
d2Hdxdu = jacobian(dHdu,x);

d2Hdudx = jacobian(dHdx,u);

A = (dfdx) - (dfdu)*(inv(d2Hd2u))*(d2Hdxdu)
B = (dfdu)*(inv(d2Hd2u))*(transpose(dfdu))
C = (d2Hd2x) - (d2Hdudx)*(inv(d2Hd2u))*(d2Hdxdu)

M1 = inv(d2Hd2u)
M2 = d2Hdxdu

M3 = transpose(dfdu)

H =1 + lambda*f;

dHdx = jacobian(H,x);

dHdu = jacobian(H,u);
d2Hd2x = jacobian(dHdx,x);
d2Hd2u = jacobian(dHdu,u);
d2Hdxdu = jacobian(dHdu,x);
d2Hdudx = jacobian(dHdx,u);
A0 = transpose(dfdu);

B0 = d2Hdxdu;

C0 = d2Hd2u;

d v a ~ ) @ A P~ A Jd o 4
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Al = A0 - AO0*transpose(dfdx);
B1=B0 + BO*dfdx - A0*d2Hd2x;
C1 =B0*dfdu - A0O*d2Hdudx;

A2 = Al - Al*transpose(dfdx);
B2 =B1 + B1*dfdx - A1*d2Hd2x;
C2 = B1*dfdu - A1*d2Hdudx;
Hxx = d2Hd2x

Hxu = d2Hdudx

Fx = dfdx

Fu = dfdu

M1 = inv(C2)

M2 =A2

M3 =B2

Jd v o
3.5 WaNFUAINI D

function xx=lagrange(t,x,tt)
m=length(t);

n=length(x);

if m~=n, error('m and n must have the same number of elements');
end

s=0;

for i=1:n

time = ones(1,length(tt));

for j=1:n

if j~=i,

time = time. *(tt-t(j))/(t(i)-t(}));
end

end

s = s+time*x(i);

end
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3.6 AUMITIANA

functiondSdt = Riccati(t, S, A, B, C)
S = reshape(S, size(A));

dSdt =-A"*S - S*A + S*B*S - C;
dSdt = dSdt(:);

3.7 msnuauilounauusnalndifes

x = solution.state(1:52,1);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

x1 = (xi)';

x = solution.state(1:52,2);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

x2 = (xi)';

x = solution.state(1:52,3);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

x3 = (xi)';

x = solution.state(1:52,4);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

x4 = (xi)'

x = solution.control(1:52,1);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

ul = (xi)}

x = solution.control(1:52,2);

t = solution.time(1:52,1);



xi=lagrange(t,x,ti);

u2 = (xi)';

x = solution.costate(1:52,1);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

lambdal = (xi)';

x = solution.costate(1:52,2);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

lambda2 = (xi)';

x = solution.costate(1:52,3);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

lambda3 = (xi)';

x = solution.costate(1:52,4);
t = solution.time(1:52,1);
xi=lagrange(t,x,ti);

lambda4 = (xi)';

X =[x1 x2 x3 x4];

U= [ul u2];

lambda = [lambdal lambda2 lambda3 lambda4];
Time = solution.time(1:52,1);
A = cell(length(Time),1);

B = cell(length(Time),1);

C = cell(length(Time),1);
M1 = cell(length(Time),1);
M2 = cell(length(Time),1);
M3 = cell(length(Time),1);
for j=1:length(Time)

x1 = XG,1);

x2 = X(j,2);
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x3 = X(j,3);

x4 = X(j,4);

lambdal = lambda(j,1);

lambda2 = lambda(j,2);

lambda3 = lambda(j,3);

lambda4 = lambda(j,4);

ul =U(,1);

u2 =U(,2);

A{j} = (dfdx) - (dfdu)*(inv(d2Hd2u))*(d2Hdxdu)
B{j} = (dfdu)*(inv(d2Hd2u))*(transpose(dfdu))
C{j} = (d2Hd2x) - (d2Hdudx)*(inv(d2Hd2u))*(d2Hdxdu)
M1{j} = inv(d2Hd2u)

M2{j} = d2Hdxdu

M3{j} = transpose(dfdu)

end

Sf = zeros(4,4);

S = cell(length(Time),1);

for i = 1:length(Time)

Timei = Time;

Ai=A{i};

Bi =B{i};

Ci=Cl{i};

[t Si] = ode45(@Riccati, Timei, ST, [], Ai, Bi, Ci);
Si=Si(2,:);

for j = 1:1:length(A{i})

for k = 1:1:length(A{i})

S{i}(j.k) = Si(1,k+(-1)*length(A{i}));

end

end

end

K = cell(length(Time),1);
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for j=1:length(Time)

Kij} = -M1{i*M24j; + M3{j}*S{ji];
end

global U

[T,Y] = oded45(@scaradynamicl,[Time(1:52,1)],[0 0 pi/3 0],U);
global X

global Y

global K

fori=1:52
uc(i,1:2)=[K{i,1}*[X(1,1:4)-Y(1,1:4)]'";
end

Uc = U-uc;

Global Uc

[T,Yc] = ode45(@scaradynamic2,[Time(1:52,1)'],[0 0 pi/3 0],Uc);
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Abstract

This rescarch | the Gauss 1 method

(GPM) for solving nonlinear optimal control problems. This method is
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effectiveness of this app has been d d by simul
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the minimum-time path planning to move a robotic arm between two
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ABSTRACT

This research proposes the path planning for SCARA robot using Gauss pseudospectral
method (GPM) for solving nonlinear optimal control problems. This method is a direct method for
discretizing a continuous optimal control problem into a nonlinear program (NLP). Furthermore, it is
based on using global polynomial approximations to the dynamic equations at a set of Legendre-
Gauss collocation points (LG points). The effectiveness of this approach has been demonstrated by
simulating path planning optimization of a SCARA robot. The objective is to find the minimum-time
path planning to move a robotic arm between two points in minimum time under control input and
control input rate constraints.

Key Words: minimum-time path planning for SCARA robot, gauss pseudospectral method under control input and control input
rate Constraints
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Link 2 Link 1

Figure 1 IBM 7545 SCARA robot
Fan: Sadegh and Guglielmo (1992)
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Table 1 Simulation results of path planning for IBM 7545 SCARA robot using Gauss Pseudospectral

Method under control input and control input rate constraints.

Number of Discretization Objective Function Constraint Violation
N +2 J =ty
(second)
52 9.3437 4.4 x10°
62 9.3432 9.1 x 10"
82 9.3421 7.0x10°
112 9.3432 1 sl

Pasition Lovel States (radian)

-0.5~
)50

Time (Seconds)

Figure 2 Optimal states of minimum-time path planning to move a SCARA robot arm between two

points at 9.3421 second and N = 80
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Figure 3 Optimal control input of minimum-time path planning to move a SCARA robot arm between
two pointsat 9.3421 second and N = 80
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