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Rungrawee Amnarttrakul 2012: Detection of Outliers for Multivariate Data Using the
Minor Principal Components. Doctor of Philosophy (Statistics), Major Field: Statistics,

Department of Statistics. Thesis Advisor: Mrs. Ampai Thongteeraparp, Ph.D. 87

pages.

The objective of this study is to propose test statistics to detect outliers for multivariate
data using the minor principal components when the outliers do not conform with the
correlation structure of the remainder of the data. After studying principals and theories on
principal component analysis and properties of normal distribution, the test statistics R22Z and

R32Z , which use only 2 and 3 minor principal components respectively, were found. The study
shows that the test statistics are Chi-square distribution with degree of freedom equal to 1. The
comparison of the efficiency of the test statistics for detection of outliers in multivariate data
with dJ; ,, and d3, ; , which are proposed by Hawkins, and d?, which comes from
Mahalanobis distance is tested by generating data through simulation technique using
multivariate normal distribution under the condition of number of variables P =5, 10(2)20 with
a sample size of N =30, 40, 50, 75, 100 and 4 levels of percentage of outliers 10%, 20%, 30%
and 40%. There are 140 situations in total and each situation can be repeatedly simulated for

1,000 times.

The study shows that RZZZ is suitable for detection of outliers with P =16 and n =50.
The efficient of R32Z is lower than other test statistics in many situations, so it is not suitable to
detect the outliers. The test statistic dzzi’(z) is suitable for detection of the outliers with P <10,
whereas d 22i,(3) is more suitable for detection of outliers with 12< P <16. As for test statistic
d? is suitable for detection of outliers with p = 14. However, it is discovered that all statistics
are not much different, and it is found that R22Z and RSZZ are not complicated and easily

computed.
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& . . . = r 4 o A Y A
UITNAYIU (normalization constraint) 3© .0, =1 c}fﬂuﬂﬁﬂ1ﬂuﬂ1qau"lm1uaﬂym$au
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J { 4
A Ao AMWIzYed T ANNNMesmng a
A o 1 ’ 9 Y
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MNawMs (10) Wereyiuseuny a, shimstaglaumsivi uazga o] nede

vodaums a2 1dn
aXa, — Ao, — oo, =0 (11)
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4. 9% Mahalanobis distance
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My, uaz y, Imsuanuaauulnduuuaesdanls (bivariate normal distribution)

I a 1w
wag cov(y;,y,)=0 1an y, uag y, swiludaszaony

Y = a Y Ay A g '
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Hhuwainddesves X, Ndoanaoani agoslag vos y Imsuanuasuuyulnd ua il
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Und wufe y, ~N(0,4) e i=12,..,p (Rencher, 2002)
a s s v A
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L
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9 2 Y Iy a T W Y
01 yp—l uag yp HUuamnu vazusaszanni 1ad

(You+Y,) ~ N(0, 4, +4,) (Rencher, 2002)
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———~N(0,1
A 0.

p-1 T 4p
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27 32 2i,(2) 2i,(3)
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fovazuoannugndeslumsasiadey

yavoyadieds  Sesazvesairalng > 2 pE R pE
22 32 2i.(2) 2i,(3)
30 10 88.233 88.500 88.533 88.533 92.033
20 79.067 79.333 81.033 80.833 81.233
30 70.067 69.667 69.867 70.367 70.667
40 59.467 59.867 59.200 59.567 60.067
40 10 89.700 89.775 90.250 91.525 93.525
20 81.675 80.800 81.125 81.925 83.325
30 70.750 71.100 71.275 71.550 71.800
40 59.975 59.900 60.375 60.550 60.525
50 10 90.360 90.720 90.980 92.500 94.520
20 82.220 81.420 83.120 83.680 84.620
30 71.680 71.100 71.940 72.240 72.820
40 59.940 59.700 60.240 60.180 61.260
75 10 91.240 90.653 92.013 93.720 93.693
20 82.773 81.427 83.693 84.613 84.560
30 70.893 70.013 71.987 71.613 72.960
40 60.067 59.800 60.760 60.653 61.560
100 10 92.400 92.030 93.390 95.240 94.130
20 83.570 82.510 84.480 85.390 84.800
30 72.270 71.320 73.480 73.450 73.790
40 60.870 59.980 61.140 61.020 61.930
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fovazuoannugndeslumsasiadey

yavoyadieds  Sesazvesairalng > 2 pE R pE
22 3z 2i,(2) 2i,3)
30 10 87313 88393  87.927  89.047  91.440
20 79467 79367 79700  80.633  80.467
30 69.793 69913 70273  70.633  70.073
40 60.167  60.113 60307  60.427  60.007
40 10 89.350  89.875  90.550  92.100  95.100
20 85725 85825 86350  88.600  87.275
30 70950 71125 71750  73.000  71.900
40 61325 60325 61225  61.100  60.700
50 10 90.020  90.8%0  90.980  93.180  95.480
20 81780 82280 82960 85360  84.360
30 71760 71820 72940 73720 73240
40 61980 61260 61220  60.940  61.360
75 10 90.787  91.627 92533 94293  94.667
20 83.067 83360 84600 86347 85747
30 74013 71493 73507 72400  73.613
40 62147  60.827 61800  62.093  61.840
100 10 92070 92800 93320 95270  95.590
20 83.070 83830 84840 86820 85920
30 75280 72660 74570 73270 74470
40 62760 61200 62530 62710 62210
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yavoyadieee  Jesazvesaralng > =) pE E e
22 32 2i,(2) 2i,3)
30 10 87.500 87.500 89.067 89.267 90.113
20 78.267 78.267 78.833 79.667 80.001
30 68.433 68.900 68.600 69.133 70.133
40 59.667 59.500 59.800 60.142 60.467
40 10 89.075 88.225 91.300 91.600 95.050
20 78.900 78.525 81.900 82.300 83.200
30 70.100 69.950 70.650 71.300 71.425
40 60.250 60.125 59.725 59.950 59.875
50 10 89.540 88.620 92.640 93.080 95.480
20 79.960 80.000 82.480 83.220 84.580
30 73.000 72.480 71.420 72.880 70.640
40 61.140 60.500 60.340 60.860 60.020
75 10 90.907 89.613 93.560 94.693 94.840
20 85.360 84.653 83.640 84.493 81.173
30 73.107 72.547 71.880 72.560 70.440
40 61.547 60.827 60.707 60.013 61.213
100 10 91.830 90.060 94.880 95.100 95.300
20 85.790 83.570 84.740 85.580 82.000
30 74.230 72.380 72.970 71.270 73.780
40 61.560 61.460 60.390 60.100 61.550

WNEIHA A1 14 Sovazveinnugndedlumasivdeuniiqe



46

d' 1 ~ lﬁ' U aa 2 = a a tﬂ'
MINAINN 6 WU N8l p =181l n=30 drada d® aziilszaninminnige
Tunnnsdl Tunaaznsdinndadaselilszaninmindifesnu Taelidosazvesnnugndos

Tumsasrvaouuanaanu lunudssas 3

] ]
= A

d‘ % aa 2 =) a A Y 1A a 1w
e n=40 dada d* wwlilszaninmgangaesesazuesmuainaminy 10, 20
1 A 9 ) a 1o g aa 2 = a A ~ 9 [
1oz 30 uaioiosazveamAalnAINY 40 AIaddA RZ, asilszanimmunniga dmsy
o Aaa Aa A ° " @ Aaa <
dana RZ wiidszaninmdinndiana RZ isuaniios Tasiisosazvosnnugndoalu
1 [ a9 1 [ aa 2 2 = a A
maasaouuand iy liiiuiosas 1 dwdrada d2, , uaz d; , widszdniam

TndiRsanuann

A 9 !

d‘ U an 2 = a a d’ a a 1 5
e n=50 daadn d* swlilszaninmgangaesesazyesnidalnaminy 10
ld' Y 1A a 1w (% an 2 = a A d‘
1oy 20 uaioioaz veMAALNAND 30 ag 40 daada R szlilszanininganga
o v W aa a a ° Y aan <
dmSudana RZ wiidszaniamdinidiana RZ ieuaniioo Taelisooazvos
9y ] o a9 1 Y aa 2 2 o ~
anugndeslumsassaeuuananiu ifuiovas 2 daudiada df o, wae df , Gandl

a a Y [
szansanlndimeanuunn

d‘ (Y] an 2 =1 a A d’ d' Y ) a 1w 1
o n=75 alana d ﬂzuﬂizﬁmqumqmmﬁaﬂazmmmwwﬂﬂﬁmmu 10 u@
d‘ 9 1T Aa a 1w [ an 2 = a A d‘ ) (%
iiasosazyeImHalnaIN 20, 30 uaz 40 AraDa RZ, szllszaniamganga dmsy
o aa 2 =\ a A o " o an 2 ~ < Y =¥ 9
dradn R2 azlszanimmdinndradd RZ, iieuantios lnslisesazuainnugnaodlu
1 (% [ =Y 9 1 [ an 2 2 (% = a A
m3sasaeuLana iy liinuiosas 2 diudrada dsi ) Mae d7 o Sensdiadsza@nsnm

TndiReanuann

d' % aa 2 =\ Aa a d' d' 9 1A a v w
1o N=100 Ad0a d %fuﬂixﬁmqumqmuaiaﬂammmmﬂﬂmmﬂu 10
|d‘ 9 1A a v o Y aa 2 = a A d‘ o [
A3 peazvoImMHalnALINY 20, 30 ia 40 Aa0R RZZ ﬁ]gﬂJﬂigﬁﬂ‘ﬁﬂWW@;\‘i‘ﬂq&] anIy
%] aa 2 =\ a A ° " v an 2 =~ < Y =¥ 9y
dradn R2 azlszanimmdinndiadd RZ, iieuantios lnslisegazuaannugndodlu
1 [ 1a 9 1 LY aa 2 2 = a A

m3sasdeuana iy liinuiosaz 2 diudiada dji o Moy dj o deldszaniam

TndiReanuunn

ajtwamsulFeumeulszansmunidl p =18 wun lummwsaunnaradall

=

Uszansnmlndifesiunn Taelifesazvesnnugndssuanarany liinudesas 6 Feiiana

2 = Aa A A A 1 = o A 9y A v
d? ssszanimngangalunnnsgin n =30 wwdeanun n =40 sniuioiosazyos



47

v ] 9 v
MAalnamINY 40 uamﬁa%’aﬂammmmﬂﬂmmﬁ’u 10 1182 20 1 N =50 iﬂﬂﬁﬂlﬁﬂ%}ﬂﬂaz
1A a ol o ti' o % v ana 2 IS a A Lﬂ' tﬂ' =
YoaAANAMIAY 10 1 n =75 taz 100 dwmsudIada R azlilszaninmgangaiioll

% 1

9 9 1A a Q‘ d? Y 1 d’ 9 1A a ol o d'
VUIAVDUAAI0EN LLaZToIAZVDIAHAL DAL ulﬂll,ﬂ W3z YRIARHAUNANND 40 N

QU

]

9 U

N =40 p3osazuoimAalndmiy 30 ag 40 1 N =50 uaziiesssazvosmralnAmIiL

20,30 1AL 40 1 N =75 uag 100

wamslFeumeudssansnnueaveIalann lunsasnasumnalna lagnaisan
1nfesazupInugnAnlumIasaoveIMIadAlaR UATpeaz YBIMIAR NAA1

4 o 9 v 1 @ {
Lﬁﬁ] p=20 VUUNAVVUIAVDYANIDY I LL’ﬁ@]\iﬂ\WﬂiN‘ﬁ 7



Y Y Y 1 Aa a Y aa
Gﬂi]x‘iﬁ 7 5’[‘]ﬂagﬂlﬂ\iﬂ’ﬂll@,ﬂ@]ﬂﬂiuﬂ1i@53ﬂﬁﬂﬂﬂ1wﬂﬂﬂﬁﬂlﬂ\?@]?ﬁﬂ@]@ﬂﬁ"]

o p =20 Swunauadeyadied1e

48

fovazuoannugndeslumsasiadey

yavoyadieds  Sesazvesairalng > 2 pE R PE
22 32 2i.(2) 2i,(3)
30 10 86.067 87.067 87.067 88.300 90.200
20 78.000 77.267 78.067 78.533 80.143
30 68.767 69.067 69.367 69.833 70.002
40 59.800 60.200 60.233 60.367 60.000
40 10 88.825 88.775 89.625 91.050 94.225
20 80.675 79.700 81.500 82.350 82.325
30 70.575 70.550 71.250 72.025 70.875
40 61.300 60.700 61.900 61.875 60.150
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M3HUINd 1 uaasdeyaduiorionisasnu 10 Auls $1u9u 65 gadoya

yadoyaii X, X, X, o e Xg X, Xg X, X,

1 157393 0.03284 0.97438 128319 0.41195 7.01429 1103999 3024024 2.15531 4.47687
2 0.34674 0.6648 0.68682 0.40028 0.45797 17.15053 5.94672 10.0103 251 0.55781

3 145726 0.54857 0.71606 194509 0.11647 8.38816 12.2237 62.08351 16.69766 3.44215
4 0.53002 0.26823 0.55298 0.81844 0.13267 6.89225 3.65303 11.27427 6.02329 112937
5 156149 0.99065 147157 3.6286 0.32434 118728 1.85394 9.41513 5.47219 9.87451

6 0.8868 173322 2.06721 158259 0.35313 4.94582 438593 8.9166 5.07352 4.00269
7 168535 0.50494 121277 130836 0.10524 120637 2.03316 4.96777 5.83174 3.65977
8 5.47646 0.92605 0.96755 6.83601 0.01559 0.20164 1.10428 8.90629 1520735 35.93165
9 122552 0.53445 2.79471 2.88973 0.32481 120905 148172 5.42051 131465 5.83357
10 0.71372 0.07947 0.34396 5.684 0.17584 0.60283 0.43025 16.97746 6.43966 0.83383
1 133316 0.73574 1.24447 144963 0.25051 0.20749 0.27661 0.60937 3.89383 4.83541
12 115876 147013 166099 4.34597 0.0586 -2.34704 -2.71966 -18.1114 14.60274 3.33558
13 2.31463 0.17663 2.02523 146118 0.14724 -0.30963 -0.71668 -1.33919 4.21054 10.61561
14 0.91718 2.7048 3.25839 0.37657 0.20507 2.16888 198925 2.21915 251 25.91105
15 2.5108 0.96472 125291 3.46266 0.19598 3.2093 8.05792 3049915 1138708 54.34556
16 159844 0.88211 100651 5.05735 0.12773 4.46197 7.13219 43.53302  24.90921 13.03992
17 132702 169529 2.34946 118074 0.23712 4.34707 5.76863 9.88015 6.86517 4.27223
18 0.79774 0.30953 2.2328 154082 0.32094 3.79188 3.02496 5.11243 2.51032 9.0328
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MSINUINN 1 (919)

yadoyaii X, X, X, o e Xg X, Xg X, X,

19 5.56081 0.5053 0.77303 158923 0.07167 0.8475 4.71279 1554313 7830737 10.73237
20 1.19193 0.85056 143209 0.81114 0.26887 9.87605 1177155 19.61453 4.595 2.32255
21 178386 0.39474 0.97323 4.58477 0.20134 3.02957 5.40433 30.86345 3.08009 15.88653
22 128035 2.39996 2.55666 0.86854 -0.29783 8.03144 10.28307 13.7764 52.30286 3.64676
23 191793 0.26974 0.818 1.81131 0.20871 3.00194 5.7575 20.64893 5.09199 3.89548
24 126128 0.46784 0.77796 0.83771 0.05251 0.78767 0.99347 2.36384 8.71566 2.4274

25 3.37596 0.39283 124226 4.53128 0.07682 0.43543 1.47001 7.34821 5.22489 37.60982
26 1.51761 0.91874 1.09938 2.1095 0.11894 2.29247 3.47909 10.15481 11.73323 5.47331
27 0.79861 103092 2.18009 0.86713 0.2109 6.21242 4.96128 8.1658 2.65429 170381

28 144078 2.96436 3.29864 129687 0.56722 1441184 2076433 2892789 ILIlI1l  20.84756
29 0.77307 111734 142194 1.51546 0.10029 2.65487 2.05239 7.531 9222018 1.53464
30 177954 1.34309 149181 131725 0.39243 7.56949 13.4702 2639426 19.8262 5.4353

31 0.66915 0.66799 147045 106557 0.58808 -0.09134 -0.06112 -0.10619 121069 10.48994
32 174137 0.35008 0.65056 1.16907 -0.00439 -12.8266 -22.3359 -67.5288 10.21403 2.83926
33 0.69825 0.53125 122959 0.60626 0.1659 10.11093 7.05992 13.67781 3.8253 101626
34 127296 0.52739 122661 0.83573 0.17119 5.10509 6.49855 11.05965 5.28269 2.55644
35 2.46563 0.50527 1.0426 0.84092 0.08242 2.41029 5.94289 10.78467  11.24845 4.59484
36 0.7394 0.24196 134504 2.81981 0.18528 2.49878 184759 20.17247 4.73746 0.99685
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MSINUINN 1 (919)

yadoyaii X, X, X, o e Xg X, Xg X, X,
37 2.0209 0.83279 131401 146885 0.11387 3.56362 7.20171 1525203 12.33245 6.59771
38 0.39738 0.30881 2.38067 1.10008 0.32727 2009569 7.98557 2024679 0.75838 0.84605
39 1.85677 0.51194 0.89296 102198 0.10869 3.5532 6.59745 1414812 16.76301 3.61963
40 1.84459 1.19434 134747 3.12101 0.21187 3.86079 7.12155 23.61647 3171996 3133933
41 3.59285 0.16866 0.71503 1.89953 0.16934 199262 7.15917 27.16906 9.88633 7.19339
42 2.27976 1.06761 107291 5.69603 0.10299 3.4913 7.95934 52.53886 251 16.69304
43 2.45483 0.49325 108057 0.81579 0.15635 8.2007 20.1313 38.65887  36.22998 4.26791
44 1.00414 0.80199 118184 5.38684 0.10306 137329 137898 7.66437 251 3736911
45 0.06607 0.95924 0.9698 0.32861 0.76921 8.13493 0.53747 3.74616 251 0.06934
46 1.11736 0.80201 2.38912 103395 0.19505 1476885 16.50217  38.64036 5.75096 2.0009
47 133289 0.35177 132836 3.11762 0.14108 159029 2.11968 7.96811 195183 7.81069
48 0.53625 0.15177 136968 2.36052 0.15491 4.85336 2.60259 7.08792 13.96492 4.02441
49 0.82091 0.47077 0.96093 0.53256 0.16727 10.3731 8.51543 16.48421 5.52654 2.02405
50 168572 1.07626 2.41289 0.77013 0.05964 470122 7.92493 21.1637 13.08008 2.59096
51 157525 0.42058 142668 116153 0.15781 3.68232 5.80058 10.69926 3.25346 4.63524
52 3.60295 0.429 2.15679 146868 0.20394 3.92741 14.15029  25.01238 9.94601 24.58966
53 2.68689 146521 2.0721 174056 0.281 12.07658  32.44848  59.70521 251 50.49787
54 0.93828 0.24122 0.44634 0.69247 0.52729 172573 1.61922 10.56014  10.80183  42.65698
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MSINUINN 1 (919)

yadoyaii X, X, X, o e Xg X, Xg X, X,
55 158026 133538 2.02576 1.25472 0.15097 3.56534 5.63416 9.12385 251 16.53203
56 0.93383 0.60632 0.99728 0.88846 1 0.40845 0.38142 122289 0 157397
57 422237 0.24569 152839 1.8372 0.28602 418116 17.65442  38.8759% 4.3529 59.53419
58 2.04862 1.00837 129093 3.93186 0.17579 3.19503 6.54541 2648111 251 72.77329
59 4.21951 0.83144 168542 0.79559 0.17404 3.88655 1639935 2476133 39.48534  39.59107
60 1.8469 0.71339 106807 3.708 0.28594 2.30523 4.25755 19.03837 9.62365 18.86751
61 120192 170816 193696 158603 1 1871421 2249203 4217167 0 9.27982
62 2.53126 0.98826 10401 7.33571 0.0994 2.3567 5.96541 48.03804 5021485 28.4217
63 1.83805 0.65013 2.04424 182537 0.25859 0.6168 113371 2.93414 2.8651 6.23692
64 168529 0.23716 0.56824 156371 0.0851 0.32993 0.55604 2.3604 7.85243 3.03133
65 195704 0.36942 1.20612 2.92642 0.06765 151041 2.95593 10.84478  88.44879 1174582
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