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ABSTRACT 

 

This thesis is concerned with the V-H-M failure envelopes for strip, ring, 

and conical foundations under combined loadings on anisotropic clay. The study 

employs the finite element limit analysis (FELA) technique and utilizes the well-

established Anisotropic Undrained Shear (AUS) failure criteria. The focus of the study 

is on evaluating the influences of the geometric footing (ri/ro, β) and the anisotropic 

factor (re) on the bearing capacity of foundations subjected to external forces of vertical 

force (V), horizontal force (H), and moment (M). The combinations of V-H, V-M, and 

H-M load spaces are analyzed using dimensionless output parameters, and the various 

characteristics of failure mechanisms of the foundations are examined. Throughout this 

thesis, examining predicted foundation failure mechanisms is given importance. This 

research aims to take a holistic approach to foundation analysis, linking foundation 

capacity to the corresponding collapse mechanism in the soil to improve the 

understanding of foundation behavior. Alongside FELA, the study introduces an 

innovative machine learning approach using Artificial Neural Network (ANN) and 

hybrid ANN (ABC, ALO, ICA), Categorical Boosting (CATBoost), Extreme Gradient 

Boosting (XGBoost), and Gradient Boosting Machine (GBM) to evaluate the 

correlation between input parameters and their outcomes. The proposed machine 

learning models are rigorously verified and validated with the machine learning model, 

Ref. code: 25676510300566KEP



(2) 

 

showing exceptional agreement with numerical results, as demonstrated by an 

impressive R2 value. The present study is a practical and efficient method for evaluating 

the 3D failure envelope of foundations on anisotropic clay under general loading 

conditions in (V-H-M) space.  
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CHAPTER 1 

INTRODUCTION 

 

1.1 Background 

 

The increasing demand for oil and gas, exploration and production has 

moved ever more into the offshore foundations. A wide range of foundation is used in 

the offshore oil and gas industry and in the offshore wind industry. Offshore 

foundations are commonly found in clay. There are many types of offshore foundations 

after Poulos (1988) such as gravity, jack up, piled, compliant platform, jacket on caisson 

foundation (see in Figure 1.1). Reservoirs of oil and gas are located in geological 

structures offshore as well as onshore. The development of some offshore fields has 

posed huge engineering problems because of the water depth and the sometimes sever 

loading conditions. 

 

Figure 1.1 The typical of offshore foundation (after Poulos, 1988) 

Figure 1.2 illustrates clearly a typical of concrete gravity platform. There 

are different shaped of gravity foundation such as strip footing, rectangular footing, 

square footing or circular footing. Gravity structures and their foundations are an order 

of magnitude larger than platforms previously built, and achieve stability through their 

own weight after Eller (1982). Gravity platform depend on their own weight to provide 

foundations stability against the vertical and horizontal loads imposed by the 

environment conditions.  
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Figure 1.2 A typical of gravity platform (after Eller, 1982) 

The new type foundation for the onshore wind turbine was proposed, which 

was called conical foundation, as shown in Figure 1.3. For the conical foundation, 

mainly used in mountainous areas, gravels produced during excavation can be the part 

of the foundation. For the isolation layer with flexible rubber in cone-shaped 

foundation, it can reduce bending moment acting on the foundation and the stability of 

superstructure can be guaranteed. The conical foundation had been successfully applied 

for patent in geotechnical engineering.  

 

Figure 1.3 A model of conical foundation (after Tan, 1990) 

Ring foundations are also widely used offshore to anchor floating structures 

such as spars. Foundations consists of a ring plated based attached to the jacket leg Tan 

(1990). The ring plated base is connected to a perimeter skirt which, when installed, 

penetrates into the seabed. Figure 1.4 shows an example of the ring foundations. Self-

weight causes a ring to partically embed when it is lowered into position Andersen et 

al. (2005). The vertical and horizontal components of the mooring load can vary and 

Ref. code: 25676510300566KEP



3 

 

are particularly dependent on the type of mooring system, loading from catenary 

mooring systems is predominantly horizontal. 

 

Figure 1.4 An example of ring foundation (after Andersen, 2005) 

Offshore structures are subjected to gravity and environment loads. Gravity 

loads correspond to the weight of the structure and act vertically. Environmental loads 

consist of wave, wind and current components and laterally producing horizontal and 

moment loads at the foundation Poulos (1988). Offshore structures of all types are 

subjected to a combination of environmental forces such as waves, currents, wind and 

possibly earthquakes. In foundation design, it is essential to consider all types of loads 

that a structure will exert on the foundation. This includes vertical load, horizontal load, 

and bending moment load. Here is a brief explanation of each: 

1) Vertical load: This refers to the downward force exerted by the weight 

of the structure, including its permanent elements and live loads such as people, 

furniture, and equipment. The foundation must be designed to withstand the vertical 

load, distribute it evenly over the soil, and prevent excessive settlement or heave. 

2) Horizontal load: This refers to the lateral force exerted on the foundation 

by external factors such as wind or seismic activity. The foundation must be designed 

to resist horizontal loads by providing adequate lateral support, such as shear walls or 

bracing. 

3) Bending moment load: This refers to the rotational force exerted on the 

foundation by uneven loads or irregularities in the structure's shape. Bending moment 

loads can cause the foundation to deform or crack, so it is crucial to design the 

foundation to resist bending moment loads by providing sufficient reinforcement and 

support. 
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Ignoring any of these loads can lead to inadequate foundation design, which 

can result in structural failures, such as excessive settlement, uneven foundation, or 

even collapse. Therefore, it is crucial to consider all types of loads, including vertical, 

horizontal, and bending moment loads, when designing foundations to ensure their 

stability, durability, and safety. The combined load is the total load that the foundation 

will have to support.  The failure envelope helps to evaluate the combined effect of 

these loads and determine the maximum allowable load that the foundation can 

withstand without failure. By considering the failure envelope of a foundation under 

combined loading, structural engineers can optimize the design of the foundation to 

ensure its stability and safety. They can determine the appropriate dimensions, shape, 

and reinforcement of the foundation, as well as the most suitable soil properties and 

bearing capacity. 

 

1.2 Problem definition detail 

 

The design of offshore foundations consists of two main stages including 

stability analyses and deformation analyses. In the preliminary analysis of foundation 

stability, semi-empirical bearing capacity formulae such as Meyerhof (1956), Hansen 

(1970), Vesic (1975) are usually used to take into account the footing shape, footing 

embedment depth and the load inclination and eccentricity. 

The problem with analyses using both semi-empirical formulae and 

rigorous finite element analyses is argued by Butterfield (1981). Butterfield (1993) 

further suggested an alternative approach called interaction diagrams or bearing 

capacity envelopes in the V, H, M/B space. Note that a similar approach was suggested 

by Roscoe and Schofield (1956). In the same way as the yield surface is used in the 

plasticity theory, the bearing capacity envelope defines a boundary surface for combine 

load in the load space V, H, M. This approach is discussed in more detail in Chapter 2. 

Another concern about the bearing capacity formulate is that they are 

primarily intended for use for conventional shallow foundations, while offshore 

foundations are subjected to large horizontal and moment loads, and sliding failure is 

frequently critical. The predictions of vertical, horizontal and rotational moments are 

usually made using either a simple hand method which employs the theory of elasticity, 
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the finite element method Poulos (1988). Also, there is lack of solutions for embedded 

or conical footings which are usually used in offshore foundations. 

In addition, the usual approach does not allow accurate analyses in which 

the interaction between soil and structure is taken into consideration. A numerical 

model for the behaviour of shaped foundations on an undrained clay under combined 

loads based on the work hardening plasticity theory is proposed by Martin (1994). 

Foundations must be designed to withstand applied loads without experiencing bearing 

failure. The offshore environment can subject foundations to arduous loading 

conditions, primarily as a result of waves, wind and currents, as shown in Figure 1.5. 

In addition to the structural self-weight and thermally-induced axial loads.  The applied 

loads may be two dimensional, or can be simplified as acting in plane. This enables a 

more straightforward plane strain assessment as shown in Figure 1.6. However, 

significant loading acting in three dimensions may be imposed on the foundation, 

leading to the application of vertical (V), horizontal (H) and moment (M) loads. In 

addition, applied loads may be cyclic in nature which can add further complexity 

(Andersen, 2009). 

 

 

Figure 1.5 Environment force on offshore foundation (after Selnes, 1982) 

Wind

Waves

Earthquake

Seaquake

Slide

Current
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Figure 1.6 Environmental load component in plane on offshore structure (after Tan, 

1990) 

 

1.3 Objective 

 

This thesis has used the failure envelope approach to determine the bearing 

capacity of regularly shaped shallow foundations such as strip, ring, and conical 

foundations. The focus of the research in this thesis is to examine the bearing capacity 

of shallow foundations under combined loading within the framework of V-H-M failure 

envelopes. 

This thesis has taken the form of numerical analysis to explore the shape of 

the failure envelope and the stability of offshore foundations under combined loading. 

This thesis contributes to research into novel numerical modeling techniques and to 

research into ultimate limit state analysis of offshore foundations. More information is 

currently available on the implementation of 3D FELA. Thus, this research aims to 

describe the method and its advantages or disadvantages for foundation capacity 

analysis. In this thesis, OptumG2 and Optum G3 are benchmarked against analytical 

solutions. The application of FELA to offshore foundations is described in detail. This 

research demonstrates that FELA with adaptive mesh refinement is a viable preliminary 

design tool. 

The finite element limit analysis method is used to address a wide range of 

problems with different boundary conditions, footing geometry, and soil profiles. The 

anisotropy characteristic of soil has been evaluated. The influence of design parameters 

such as radius ratio, interface conditions, and load angle on capacity will be quantified, 

and the optimal load location will be determined for an extensive range of foundations. 
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The most common features of offshore foundations, such as footing cone angle and 

embedment, are addressed. 

Throughout this thesis, examining predicted foundation failure 

mechanisms is given importance. This research aims to take a holistic approach to 

foundation analysis, linking foundation capacity to the corresponding collapse 

mechanism in the soil to improve the understanding of foundation behavior. 

In addition, the machine learning (ML) algorithm provides a potential 

solution to understand the complex interaction among factors that influence failure 

envelopes. The tools provided in this study would contribute to practical designs. 

 

1.4 Scope of study 

 

This thesis contains the failure envelope problem of foundations under 

combined loading for undrained clay with AUS criterion. The AUS criterion is 

anisotropic with the anisotropic strength ratio re. 

The early chapter provide context to the analysis problems considered later 

in the thesis. 

Chapter 2 is literature review, provides background information on the 

undrained analysis of foundations in soil and capacity analysis studies of shallow 

foundation under combined loading as well as machine learning algorithm. 

Chapter 3 is methodology research, reviews of numerical techniques, the 

FELA implementation and discuss parametric studies.  

Chapter 4, the failure envelope of strip footing under combined loading are 

analysis, the AUS criterion and the interface between footing and soil are considered. 

The effect of combined loading on failure envelopes is assessed. The failure envelope 

of strip footing problem in anisotropic clay for plain strain condition are defined in 

Figure 1.7.  The analysis performs parametric studies of failure envelope of strip footing 

using FELA, OptumG2 Krabbenhoft et al. (2015). 

Ref. code: 25676510300566KEP
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Figure 1.7 Scope of work for failure envelope of strip footing on plain strain condition 

force 

1) Base width and base thickness of strip footing (B) and (T = 0.2B), B is 

assumed to be 1 unit 

2) Anisotropic strength ratio (re) should be in the range of 0.5 to 1 

3) Three anisotropic undrained shear strength obtained from triaxial 

compression (suTC), triaxial extension (suTE), and direct simple shear (suDSS) are the input 

strengths parameter. 

4) Two anisotropic strength ratios for anisotropic clays can be defined as re 

= suTE/suTC and rs = suDSS/suTC 

5) The interfaces are assumed to be full tension or no tension, where no 

tension means that the feature of tension cut-off is activated at the interface between 

soil and structure. 

6) Combined loadings include vertical load (V), bending moment (M) and 

horizontal load (H). 

7) The machine learning (ML) is also applied to build predictive models 

and relationships in large amounts of data that may not be immediately apparent 

through traditional analytical methods. 

Chapter 5, the failure envelope of ring foundation under combined loading 

are analysis, the AUS criterion and the size of the ring foundation are considered. The 

effect of combined loading on failure envelopes is assessed. The failure envelope of 

ring foundation problem in anisotropic clay is defined in Figure 1.8. The analysis 

performs parametric studies of failure envelope of ring footing using finite element 

limit analysis.  
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Figure 1.8 Scope of work for failure envelope of ring foundation on plain strain 

condition force 

1) The ratio between internal and external radii (ri/ro) should be in the range 

of 0 to 0.6 

2) Anisotropic strength ratio (re) should be in the range of 0.5 to 1 

3) Three anisotropic undrained shear strength obtained from triaxial 

compression (suTC), triaxial extension (suTE), and direct simple shear (suDSS) are the input 

strengths parameter. 

4) Two anisotropic strength ratios for anisotropic clays can be defined as re 

= suTE/suTC and rs = suDSS/suTC 

5) The interface between the bottom of the ring foundation and the soil was 

assumed to be fully rough, ensuring complete bonding between the footing and the soil. 

6) Combined loadings include vertical load (V), bending moment (M) and 

horizontal load (H). 

7) The machine learning (ML) is also applied to build predictive models 

and relationships in large amounts of data that may not be immediately apparent 

through traditional analytical methods. 

Chapter 6, the failure envelope of conical foundation under combined 

loading are analysis, the AUS criterion and the cone apex angle varies by adjusting cone 

height while keeping the footing diameter constant are considered. The effect of 

combined loading on failure envelopes is assessed. The failure envelope of conical 

foundation problem in anisotropic clay for plain strain condition are defined in Figure 

1.9. The analysis performs parametric studies of failure envelope of conical foundation 

using finite element limit analysis. 
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Figure 1.9 Scope of work for failure envelope of conical foundation on plain strain 

condition 

1) A variable cone apex angle (β) ranging from 900 to 1800 

2) Anisotropic strength ratio (re) should be in the range of 0.5 to 1 

3) Three anisotropic undrained shear strength obtained from triaxial 

compression (suTC), triaxial extension (suTE), and direct simple shear (suDSS) are the input 

strengths parameter. 

4) Two anisotropic strength ratios for anisotropic clays can be defined as re 

= suTE/suTC and rs = suDSS/suTC 

5) The interface between the bottom of the ring foundation and the soil was 

assumed to be fully rough, ensuring complete bonding between the footing and the soil. 

6) Combined loadings include vertical load (V), bending moment (M) and 

horizontal load (H). 

7) The machine learning (ML) is also applied to build predictive models 

and relationships in large amounts of data that may not be immediately apparent 

through traditional analytical methods. 

Chapter 7 will discuss and conclusion about the failure envelope of 

foundation under combined loading as well as the effect of soil anisotropic. The use of 

machine learning in predicting the failure envelope of foundations can help engineers 

to make more informed decisions about foundation design and construction, ultimately 

leading to safer and more reliable structures. In regards to the machine learning model 

applications, machine learning models were used to build realistic engineering tools for 
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the construction of failure envelopes in both two dimensions (H-M) and three 

dimensions (V, H, and M). Comparisons among the boosting models have demonstrated 

that machine learning is the most efficient method in predicting the 3D failure envelope 

of foundations on anisotropic clay under combined loadings (V-H-M), achieving high 

accuracy. It is important to emphasize that this thesis focuses on the failure envelope 

capacity of foundations due to the absence of design equations predicting the failure 

envelope of footings using machine learning methods. Failure envelopes of strip, ring 

and conical foundations in anisotropic clay under general loadings (V-H-M) have been 

effectively studied in this thesis using advanced finite element limit analysis (FELA) 

as well as the machine learning methods of ANN, ANN-ICA, ANN-ALO, ANN-ABC, 

CATBoost, XGBoost and GBM. It further enables the establishment of a failure 

envelope for footings under combined loading conditions, which can be valuable for 

practitioners in the field. The present study underscores the novelty and importance of 

its significance in foundation designs. 

 

1.5 Expected benefit 

 

The numerical model may be used to examine the failure envelope of 

foundations, the stability of foundations, the extent failure in the event of a collapse.  

Designed charts, tables and equation are represented by an interaction 

diagram in the V–H–M space consisting of dimensionless variables using the concept 

of dimensional analysis to predict the failure envelope of foundations. 

To instruct by applying finite element limit analysis in software to address 

the failure envelope problems under differences soil media. 

The machine learning algorithms demonstrate promising results in terms of 

predictive accuracy, resilience, and computational efficiency across various practical 

scenarios, enabling the establishment of a failure envelope for foundations under 

combined loading conditions (vertical, horizontal, and moment), which can be valuable 

for practitioners assessing the capacity of foundations under combined loading 

conditions.  
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CHAPTER 2 

LITERATURE REVIEW 

 

2.1 Loading conditions 

 

2.1.1 Central vertical loading 

There are only a few specific bearing capacity problems for which 

analytical solutions have been derived. Prandtl (1921) solved the problem of a strip 

footing on a weightless, perfectly plastic material. The axisymmetric case was solved 

by Shield (1955) for a Tresca material and by Cox et al. (1961) for a weightless Mohr-

Coulomb material. Cox (1962) extended the solution of Cox et al. (1961) to include 

Mohr-Coulomb material with self-weight, but results were not generated for a wide 

range of friction angle values. Terzaghi (1943) used the results of Prandtl to develop 

the well-known semi-empirical bearing capacity formula for shallow strip footings.  

 A number of assumptions are made in the solution of the hearing 

capacity problem. The foundation material is assumed to be rigid perfectly plastic 

(shown in Figure 2.1). 

 

Figure 2.1 Implementation of combined loading by the classical bearing equation 

(after Vesic, 1975) 

  Investigations by Tan (1990) led to similar conclusions but 

differences were detected for the case of sharp cones on dense sand. The finite element 

method has been used to predict bearing capacity loads, failure envelopes and in some 

cases the results have been in agreement with traditional bearing capacity predictions 

by Griffiths (1982), Simonini (1993), Gourvenec (2007). 
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2.1.2 Combined loading – Vertical: Horizontal failure surface 

Combinations of vertical and horizontal load can be modelled as a 

single load, with an inclination angle a to the vertical, acting at the centre of the footing 

as shown in Figure 2.2. Meyerhof (1953) noted that the bearing capacity reduced to 

zero and that sliding failure occurred when the inclination angle approached the soil-

footing friction angle. The following relationship, which describes a V-H failure surface 

for a circular footing on sand, can be deduced from Meyerhof's formulae as 

 

 

           

(2.1) 

where V is the vertical load, Vm is the bearing capacity under a central 

load, H is the horizontal load, and ϕ is the friction angle of the sand. Corresponding 

relationships can be derived from Brinch Hansen's bearing capacity formula 

 

 

           

(2.2) 

and from Vesic formula 

 

 

           

(2.3) 

 

Figure 2.2 Effective areas concept for shallow foundation (after Brinch Hansen, 1970) 

Tan (1990) investigated the V-H failure surface of flat circular and 

conical footings using a geotechnical centrifuge apparatus. Tan's tests were performed 

on medium dense and loose sand at w/R ratios of 0.2 to 1.8. Tan (1990) normalised the 

results by the maximum vertical load previously experienced by the footing. Tan (1990) 
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found that a V-H failure surface, for a particular ratio of w/R, could be traced in one test 

by subjecting a footing to a horizontal displacement whilst maintaining a constant 

vertical displacement.  

Martin (1994) performed a comprehensive series of the 

displacement- controlled tests in which the combined load failure surface of a spudcan 

footing on clay was defined. His sideswipe tests indicated that h0 was equal to 0.127 at 

a V/V0 value of 0.464. As with Tan (1990), Martin used V0 values to normalise his 

results since his sideswipe tests were performed on a soft material. 

 

2.1.3 Combined loading – Vertical: Moment failure surface 

The bearing capacity of footings subjected to vertical and moment 

loads has traditionally been calculated using the statically equivalent eccentric load and 

effective area concept that is shown in Figure 2.1 and 2.2. The following V-M 

interaction equation can be derived using the aforementioned procedure in combination 

with Meyerhof (1963) method. 

 

 

      

     (2.4) 

where the prime indicates an effective dimension. Moment load is 

incorporated into Equation 2.4 via the effective dimensions that are functions of the 

loud eccentricity. A similar equation can be deduced using the methods of Brinch 

Hansen (1970) and Vesic (1975), 

 
 

           

(2.5) 

Normalised failure surfaces obtained using Equations 2.4-2.5 are 

compared in Figure 2.3. The curves are all approximately parabolic and thus similar to 

the V-H failure surfaces. The most notable difference being the lower magnitude of the 

peak normalized moment load as compared to that in V-H space. Ingra and Baecher 

(1983) suggest a relationship for an eccentricity factor based on statistical analysis of 

available data. Their method predicts a peak normalized moment load of 0.084 at V/Vm 

= 0.446. This is greater than that predicted by the methods shown in Figure 2.3. It is 

widely accepted that the equivalent area method is conservative. Most of the researchers 
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mentioned in the previous review of V-H surfaces also addressed the V-M problem. The 

main difference between V-M and V-H surfaces being the smaller size of the V-M 

surfaces, when normalized by V, and using the M/2R convention. 

 
 

           

(2.6) 

where m = M/2RV, and m0 is the peak normalised moment load. 

Butterfield and Ticof (1979) found that a peak normalised moment load of 0.1, 

occurring at V/Vm = 0.5, was representative of model footing tests on sand. Recent 

research conducted by Butterfield and Gottardi (1994) and Montrasio and Nova (1997) 

on strip footings suggests a lower peak value of 0.0875. Montrasio and Nova (1997) 

also found that the size of the normalised failure surface increased with footing 

embedment and suggested that m0 = 0.125 at w/R= 1. Sand density and footing 

roughness were found not to affect the V-M failure surface. 

 

 

           

(2.7) 

The V-M sideswipe tests of Gottardi and Houlsby (1995) shown that 

the changes in the vertical displacement that occurred during the sideswipe tests are 

accounted for in the values of V0. The peak normalised moment load seems to be 

dependent on the value of V0. This is consistent with V-H behaviour. The following 

expression is used to fit the V0/Vm data.  

 

Figure 2.3 V:M interaction loci deduced from traditional bearing capacity method 

(after Vesic, 1975) 
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2.1.4 Combined loading – Vertical: Horizontal: Moment failure  

The V-H-M problem can be modeled using the traditional bearing 

capacity methods and an equivalent inclined load centred on a reduced footing area as 

shown in Figure 2.2 and described in Meyerhof (1963) method may be used to derive 

the following V-H-M failure surface. 

 

 

      

     (2.8) 

Similarly, the theory of Brinch Hanse, (1970) gives 

 

 

      

     (2.9) 

And theory of Vesic (1975) gives, 

 

 

           

(2.10) 

It should be noted that Equations 2.8-2.10 are only valid in the 1 and 

3 quadrants of H-M space. The degrading effect that a horizontal load has on the 

moment capacity at V/Vm = 0.5, and vice versa, is evident. 

Butterfield and Ticof (1979) used the results of numerous combined 

load tests of strip footings on sand to derive parabolic shaped V-H and V-M surfaces. 

They also postulated a cigar shaped V-H-M surface as shown in Figure 2.4. The cigar 

shaped V-H-M failure surface has been verified by Georgiadis and Butterfield (1988) 

and Nova and Montrasio (1991) for strip footings on sand, and by Dean et al. (1992) 

for conical footings on sand. Butterfield and Gottardi (1994) and Gottardi et al. (1997) 

have since verified the applicability of a cigar shaped failure surface to both positive 

and negative combinations of horizontal and moment load, for strip and circular 

footings respectively. 
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Figure 2.4 Cigar shaped V-H-M failure surface (after Butterfield and Ticof, 1979) 

 

2.2 Bearing Capacity analysis 

 

2.2.1 Theory of bearing capacity 

Capacity analysis is undertaken in order to find the maximum load or 

combinations of loads that can be applied to a foundation before the soil is expected to 

fail in shear. For the analysis of offshore foundations, consideration must be given to 

the rate of load application when compared with the rate of water movement in the soil, 

as this will determine whether the response of the soil is likely to drained or undrained. 

Clays and silts, commonly found in deep waters and considered in this study, typically 

have low permeability. When foundation loading is sufficiently rapid, it can be assumed 

that the soil remains undrained for foundation capacity analysis, such that a total stress 

analysis is appropriate and the undrained shear strength su is the governing soil strength 

parameter. 

Interface shear strength and tension capacity need consideration at 

foundation/soil boundaries. In undrained capacity analysis the available shear strength 

at an interface is commonly modelled as a roughness factor, αsu. A fully rough 

foundation can utilize the full shear strength of the adjacent soil, α = 1 while a fully 

smooth foundation has no shear resistance at the interface, α = 0. This can be achieved 

by imposing a tension cut-off on the interface.  

Undrained triaxial tests can be undertaken on clay samples to 

determine undrained shear strength. In this test, a confining pressure is applied to 
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cylindrical sample of soil with cross sectional area. Axial loading is then applied to the 

sample until failure occurs. 

 
 

           

(2.11) 

For an unconsolidated undrained test, the undrained shear strength is 

not dependent on the confining pressure and typically a series of tests at a range of 

confining pressures are undertaken to estimate su, shown in Figure 2.5. In situ tests can 

also be used to find su, such as the shear vane test or more commonly offshore, the cone 

penetration test CPT. 

 

Figure 2.5 Undrained triaxial test showing Mohr’ circles of stress and undrained shear 

strength 

Shallow foundation bearing capacity is commonly assessed using a 

modified version of the classical Terzaghi bearing capacity equation Terzaghi (1943). 

The soil is assumed to act as a rigid-plastic Mohr-Coulomb material in drained 

conditions, or as a rigid-plastic Tresca material in undrained conditions. With the 

inclusion of these factors, the ultimate capacity qu for a footing of width B is given by 

 
 

      

     (2.12) 

where Nc, Nq and Nγ are bearing capacity factors corresponding to 

cohesion c, surcharge pressure at footing level q, and soil unit weight below footing 

level γ. The bearing capacity factors are each a function of the friction angle, φ. 

Equation 2.12 is written in a general form and can be applied to assess both drained and 

undrained capacity. 

In Equation 2.12 the shape and depth modification factors are given 

by sq, sγ, sc and dc, dq, dγ respectively. Load inclination modification factors, iq, iγ and ic 
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are used to account for the effects of horizontal loading. Several different expressions 

for the modification factors have been proposed, including those by Meyerhof (1953), 

Brinch Hansen (1970) and Vesic (1973). 

 

2.2.2 Failure envelopes 

An alternative to the classical bearing capacity equation is to consider 

bearing capacity directly within a three-dimensional V-H-M load space by defining the 

envelope of the failure surface in this space (see in Figure 2.6). The failure envelope 

shows how the foundation capacity varies with different loading combinations. Load 

combinations located on or outside the envelope result in foundation failure, whilst load 

combinations within the envelope can be considered stable. 

 

Figure 2.6 Failure envelope for combined loading (after Martin, 1994) 

A number of studies have been undertaken to investigate the shape of 

the failure envelope for strip and circular footings on both clay and sand. Failure 

envelopes for foundations on clay have been determined by fitting curves to 

experimental results, or by using numerical or theoretical techniques Martin (1994), 

Murff (1994), Bransby and Randolph (1998), Ukritchon et al. (1998), Taiebat and 

Carter (2000), Gourvenec and Randolph (2003), Gourvenec (2007). Failure envelopes 

for foundations on sand have mostly been derived based on experimental results Nova 

and Montrasio (1991), Butterfield and Gottardi (1994), Gottardi et al. (1999), Byrne 
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(2000). The form of failure envelopes has generally been found to be approximately 

parabolic in the H:V and M/B:V load space, and elliptical in the M/B:H load space 

(Figure 2.6). The elliptical M/B:H failure envelope for clay has been found to have a 

positive eccentricity (as defined by the sign convention shown in Figure 2.6) whilst for 

sand the eccentricity has been shown to be negative. 

The shape of failure envelopes can be defined experimentally or 

numerically using swipe tests, displacement-controlled probe tests, or load-controlled 

probe tests. An illustration of exploring the failure envelope numerically using these 

approaches is given in Figure 2.7. This figure shows finite element analysis results in 

the V-H load space for a rough strip footing of width B (Bransby and Randolph, 1998). 

 

Figure 2.7 Numerical swipe and probe test for strip foundation 

Swipe tests are carried out by first loading the foundation vertically 

until a failure load V0 is reached (Figure 2.7). The vertical displacement is then kept 

constant, and when the foundation is translated or rotated it has been found the load 

path will track closely along the failure envelope Tan (1990), Martin (1994). Probe tests 

are undertaken by applying a fixed ratio of displacement or load until failure occurs. 

For load-controlled probes, when failure is reached a single point will be defined on the 

failure envelope, and the corresponding incremental displacement vector obtained. 

Figure 2.7 shows that the failure envelope defined by these three types of tests matches 

the theoretical solution for this case given by Green (1954). A number of expressions 

have been proposed to describe the shape of failure envelopes determined numerically 

or experimentally as a function of the loads V, H and M. It has been found that different 

expressions are required for different foundation configurations and soil types. 

A failure envelope is defined in load space and describes the ultimate 

capacity of a foundation under the simultaneous action of two or more load 
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components. This approach is advantageous as it allows for the exploration of 

foundation capacity under different loading combinations, see Gottardi and Butterfield 

(1993). Loading combinations which are located within the envelope are viable and 

outside are unviable. Numerous failure envelopes have previously been determined by 

fitting expressions to experimental Tan (1990), Martin (1994), Gottardi et al. (1999) or 

numerical results Taiebat and Carter (2005), Gourvenec (2008), and Feng et al. (2014). 

 

2.2.3 Bearing capacity of foundation in undrained condition 

The bearing capacity of foundations in undrained conditions is a 

primary focus of this thesis and is reviewed in further detail in this section. 

Consideration has been given to both surface and embedded foundations as shown in 

Figure 2.8. Foundation embedment is commonly achieved offshore by the use of thin-

walled skirts beneath the foundation base which penetrate into the seabed. The skirts 

improve foundation capacity by trapping the soil within the skirted compartment such 

that it can act as a solid embedded foundation with loads transferred to the foundation 

base. 

 

Figure 2.8 Surface and embedded foundations with undrained shear strength 

assumption (after Tan, 1990) 

In undrained conditions the soil friction angle φ is taken to be zero 

and the variation of undrained shear strength su with depth is a key parameter. For ease 

of assessment in bearing capacity calculations the soil strength profile variation is often 

assumed to be either homogeneous or to increase linearly with depth such that 

  

           

(2.13) 

where sum is the undrained strength at the soil surface (often referred 

to as mudline), k is the rate of strength increase with depth, and z is the depth below the 

V

M

H
V

MH

su

z

su0 = sum + kd

k

u ums s kz= +

Ref. code: 25676510300566KEP



22 

 

soil surface (Figure 2.8). In the case of homogeneous soil k = 0. For normally 

consolidated (NC) soils a linearly increasing soil strength profile with zero mudline 

strength, sum = 0, can often give a good approximation of the soil strength variation with 

depth. The strength profile for over consolidated (OC) soils is typically less linear in its 

variation with depth, but often a reasonable linear approximation can still be made. In 

other case assuming a constant homogeneous profile (k = 0) might provide an adequate 

approximation. 

 

2.2.4 Yield function 

The Tresca model is a special case of the Mohr-Coulomb criterion 

and is applied in the classical undrained bearing capacity solution. The model adopts 

the failure criterion given by Equation 2.14 as a yield surface such that the yield 

function becomes 

  

           

(2.14) 

In three-dimensional principal stress-space the Tresca yield function 

plots as a hexagonal cylinder, with the space diagonal (where σ1 = σ2 = σ3) as its axis 

(Figure 2.9). When plotted in the deviatoric plane, the vertices of the hexagon 

correspond to triaxial compression and extension points. 

 

Figure 2.9 Tresca and von Mises failure criterion in a three-dimensional stress space 

1 3 2 0uf s = − − =

Ref. code: 25676510300566KEP



23 

 

In finite element analysis (FEA) the Tresca model is a common 

choice of constitutive model for the analysis of undrained problems. A disadvantage of 

the Tresca model in FEA is that the yield and plastic potential surface corners can create 

implementation problems and numerical difficulties for the analysis software. When 

using FELA, 3D analysis of Tresca materials requires semi definite programming, 

which is a more challenging class of numerical optimization than SOCP. 

 

2.3 Capacity under combined loading 

 

2.3.1 Classical approach 

Combined loading is incorporated into the classical approach using 

an inclination factor (for horizontal loading) and the effective width principle (for 

moment loading). Based on the classical approach, the DNV (1992) guidelines suggest 

the following expression to be used for undrained foundation capacity under combined 

loads. 

 

 

      

     (2.15) 

where F is a correction factor to account for interface roughness and 

the degree of heterogeneity Davis and Booker (1973), Nc is the bearing capacity for a 

strip on homogeneous soil is 5.14, and B’ is the effective width of the foundation. The 

shape factor sca can be calculated as follows 

 
 

           

(2.16) 

and is dependent on the coefficient scv which is a function of the 

strength heterogeneity. In homogeneous soil scv = 0.2. The depth factor is given by 

 

 

           

(2.17) 

where su1 is the average undrained shear strength above base level 

and su2 is the equivalent shear strength below base level which is described by 
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The inclination factor ica is given by 

 

 

           

(2.19) 

For purely vertical loading on homogeneous soil Equation 2.6 

reduces to Vmax = 5.14Asum which matches the exact solution for a surface strip 

foundation. For circular and square surface foundations on homogeneous soil, the 

equation becomes Vmax = 6.17Asum. When horizontal loading is introduced, the 

inclination factor ica is equivalent to the solution by Green (1954) and so is accurate for 

the case of a strip foundation on homogeneous soil (see Figure 2.2), but does not take 

into account change for other foundation geometries. These are close to solutions for a 

strip found from plasticity analysis of about Mmax = 0.66ABsum by Houlsby and Puzrin 

(1999).  

Whilst Equation 2.6 is seen to provide a reasonable match with 

analytical solutions for the case of inclined loading (V-H) or eccentric loading (V-M) 

on homogeneous soil, this is less the case for heterogeneous soil, as described in 

Randolph et al. (2005) for example. Furthermore, loading cases where inclined and 

eccentric loading occur in combination (V-H-M) are also not handled well. 

 

2.3.2 Failure envelopes 

Failure envelopes for undrained conditions have been investigated by 

experimentally, numerically, and analytically using plasticity solutions. Martin (1994) 

undertook an experiment by conducting swipe tests on model circular foundations on 

clay, as shown in Figure 2.10. The envelope indicates that no tension can be sustained. 

It also shows that as the vertical load approaches zero the horizontal capacity 

approaches zero. Martin and Houlsby (2000) suggested that undrained loading 

conditions may not have been maintained at this loading condition due to the shallow 

nature of the sliding failure mechanism. Noted that the equation describing the model 

failure envelope in dimensionless terms is as follows Martin and Houlsby (2000), 

Martin and Houlsby (2001). 
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Figure 2.10 Normalised failure envelopes (Martin and Houlsby, 2000) 

A number of numerical studies have been undertaken using FEA to 

map out the shape of failure envelopes under V:H:M loading by Bransby and Randolph 

(1998), Ukritchon et al. (1998), Taiebat and Carter (2000), Gourvenec and Randolph 

(2003), Gourvenec and Barnett (2011). Taiebat and Carter (2000) undertook FEA of a 

surface circular foundation on homogeneous soil. Different load combinations were 

applied to the foundation and used to define the failure envelope as shown in Figure 

2.11. 

 

Figure 2.11 Failure envelope of circular footing on homogenous clay (Taiebat and 

Carter, 2000) 

Gourvenec (2007b) undertook finite element analysis of the same 

problem and compared the results to the failure envelope approximation given by 

Taiebat and Carter (2000). The comparison is given in Figure 2.12 and shows that there 

is a reasonable match.  
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Figure 2.12 Comparation studies of Taiebat and Carter, 2000 with finite element 

result (Gourvenec, 2007) 

In addition, plasticity theory has been used as another approach to 

investigate undrained failure envelopes Bransby and Randolph (1998), Houlsby and 

Puzrin (1999), Randolph and Puzrin (2003). Bransby and Randolph (1998) used upper 

bound plasticity calculations to estimate upper bound failure envelopes for a surface 

strip foundation under combined loading with full tension capacity. The mechanisms 

adopted were informed from the results of FEA for different load combinations. Each 

mechanism was derived from either ‘scoop’ or ‘wedge’ components (see in Figure 

2.13).  

 

Figure 2.13 Upper bound wedge scoop failure mechanisms (Gourvenec, 2003) 
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2.3.3 Effective foundation tension capacity   

Several studies have investigated the impact that the tension capacity 

of a foundation has on its performance under combined loading Salencon and Pecker 

(1995a), Salencon and Pecker (1995b), Michalowski and You (1998), Houlsby and 

Puzrin (1999). The bounding cases are for a foundation sustaining either full or zero-

tension capacity (the latter is imposed when adopting the effective width rule). 

Ukrtichon et al. (1998) considered these two cases by undertaking finite element limit 

analysis of a strip foundation where both full and zerotension soil-foundation interfaces 

were modelled. Figure 2.14 shows the V-H-M failure envelope obtained from the 

analysis. The results illustrate that there is reduced moment capacity for the case where 

no tension is sustained. 

 

Figure 2.14 Failure envelopes for strip footing (Ukritchon, 1998) 

 

2.3.4 Effective foundation shape 

Figure 2.15 gives displacement contours from FEA undertaken by 

Gourvenec et al. (2006) for comparison. It is seen that diagonal symmetry is also 

obtained, although the shape of the failure mechanism implied by the displacement 

profile is different since it does not taper appreciably towards the corners. Four 

symmetry planes were obtained.  
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Figure 2.15 Numerical result for smooth square foundation (Gourvenec et al, 2006) 

The combined loading of strip foundations can be assessed in plane 

strain which makes the analysis more straightforward. Previous studies have also 

addressed circular foundations, and less commonly square and rectangular foundations. 

Gourvenec (2007b) undertook FEA of strip, circular and square foundations to 

investigate the effect of foundation shape on bearing capacity under combined loading 

(Figure 2.16). 

 

Figure 2.16 Shaped effects on combined load failure envelopes (Gourvenec, 2007) 

The results show that bearing capacity determined under plane strain 

conditions may not be reliably applied for the case of circular and square foundations. 

When full interface tension was permitted, the normalised moment capacity of a square 

foundation was found tobe significantly larger than a strip (by about 30%), whilst the 

capacity of a circular foundation was similar, although slightly lower (Figure 2.16). For 

a zero-tension interface, the moment capacity of a square foundation (B/L = 1) was only 

marginally greater than that of a strip foundation (B/L = 0). 

 

2.3.5 Theory of bearing capacity 

Gourvenec and Randolph (2003) undertook FEA to investigate the 

effect of soil strength heterogeneity on bearing capacity of strip and circular 
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foundations under combined loading. The shape of the failure envelope in the V:H plane 

was found to be independent of the degree of heterogeneity. In the H:M plane the degree 

of heterogeneity was found to have a significant effect on the shape of the failure 

envelope. When normalised by Asu0, the failure envelope expands with heterogeneity 

due to increasing moment capacity (Figure 2.17). When normalised by the peak 

capacities H0 and M0, the failure envelope is seen to contract in the positive quadrant. 

 

Figure 2.17 Effect of soil heterogeneity on combined load failure envelopes 

(Gourvenec and Randolph, 2003) 

 

2.4 Anisotropic Undrained Shear (AUS) 

 

The Anisotropic Undrained Shear (AUS) model can be thought as a 

progression from the Generalized Tresca model. It is a comprehensive stress model for 

clays and related materials. Anisotropic shear behavior may be seen in natural clays 

which depends on the shearing mode obtained from laboratory tests. There are three 

unequal undrained strengths of anisotropic clays that can basically be obtained from 

triaxial compression (suc), triaxial extension (sue), and direct simple shear (sus), which 

can be represented as a function of the plasticity index of clays. 

The usual behavior of clays and related materials under undrained triaxial 

compression and extension is broadly shown in Figure 2.18 In the triaxial compression 

test, an initial state given by  σa = σr = P0 is first established. The axial stress is then 

increased by an amount Δσa until failure is reached at σa - σr = 2suc. In the triaxial 

extension test, the same initial state is used, but the axial stress is now released by an 

amount Δσa until failure is reached at -(σa - σr )= 2suc .The failure strengths in the two 

cases, measured by half the difference in axial and radial stress are the undrained shear 

strengths, suc and sue, respectively 
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Figure 2.18 Typical stress-strain behaviour in triaxial compression (TC) and triaxial 

extension (TE). 

Two anisotropic strength ratios, namely re = sue/suc and rs = sue/suc, are 

employed as the input dimensionless parameters for FELA. These ratios represent the 

degree of undrained strength anisotropy of clay. According to the assumption of a 

harmonic mean relation by Krabbenhoft et al. (2019), the suggested relationships of suc, 

sue, sus, re, and rs are carried out, which can be written as shown below. 

 
 

           

(2.20) 

Where re = sue/suc and rs = sus/suc 

It is usually observed that the undrained shear strengths in triaxial 

compression (suc), triaxial extension (sue) and simple shear (sus) are related to each other 

by suc < sus < sue 

For the isotropic strength option, the Generalized Tresca surface is used as 

shown in Figure 2.19 and the triaxial compression and extension strengths are the basic 

strength parameters. 

 

Figure 2.19 Undrained strength envelopes of AUS model for different re = sue/ suc 

(after Krabbenhoft et al., 2019) 
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This model comes with the limitation that shown in equation 2.21 

 
 

           

(2.21) 

With sue and suc specified, the strength in simple shear follows as: 

 

 

           

(2.22) 

It is important to note that re has a range of 0.5 to 1. For re below 0.5 the 

yield surface becomes non-convex and while ratios of re up to 2 in principle could be 

accommodated and may resulted in a computation error. 
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CHAPTER 3 

METHODOLOGY 

 

3.1 The numerical method 

 

3.1.1 Limit analysis theory 

Limit analysis refers to the use of the lower bound (LB) and upper 

bound (UB) plasticity theorems, which together place limiting values on the theoretical 

plastic collapse load of a foundation or other structure subject to live loading. The 

plasticity theorems were developed by Drucker et al. (1952) and Gzodev (1960), 

amongst other. Assumptions such as perfect plasticity and an associated flow rule are 

required in order to apply these theorems. Once these assumptions have been made, the 

method is rational and consistent and the bound theorems can be used to obtain 

foundation collapse loads directly, without intermediate steps. 

To satisfy the LB theorem, a stress field must be found which satisfies 

the equations of equilibrium, the boundary conditions, and is everywhere below yield. 

The UB theorem requires an admissible velocity field, mechanism with compatible 

plastic deformation, no gaps or overlaps, a rate of external work equal to or exceeding 

the rate of internal plastic energy dissipation, and for deformations to satisfy the 

associated flow rule.  

 

3.1.2 Finite element limit method 

Finite element limit analysis (FELA) refers to numerical 

implementations of the LB and UB theorems through a finite element discretization of 

the problem stress and velocity fields. The LB and UB are independent problems but 

can be formulated using the same element discretization, although different element 

types are used. Plasticity bound analyses are undertaken using the following general 

steps: 

Step 1 is the problem domain is discretised into elements 

Step 2 is the constraints required by the LB and UB theorem are 

enforced within and between connected elements. 
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Step 3 is the variables and constraints are arranged as an optimization 

problem. In general, this problem will involve both linear and nonlinear constraints. 

Step 4 is a numerical optimization technique is used to find the 

optimal LB or UB collapse load multiplier, or load factor. 

Lower bound FELA 

To implement LB FELA, a piecewise continuous stress field is 

usually introduced in the elements of discretised domain. An early implementation of 

LB FELA was undertaken by Belytschko and Hodge (1970). Belytschko and Hodge 

used quadratic triangle elements, which can cause difficulty in enforcing the yield 

criterion throughout the element. Analysis undertaken by Lysmer (1970) used linear 

triangle elements, which have the advantage that the yield criterion will be satisfied 

everywher in the element if it is enforced at the vertices 

Commercially available limit analysis software, OptumG2 

Krabbenhoft et al. (2015), formulates analysis based on the implemention outlined in 

Krabbenhoft (2007). OptumG2 has recently been used for LB and UB analysis of plane 

strain and axisymmetric geotechnical problems (Keawsawasvong and Ukritchon 

(2016), Ukrit-chon and Keawsavong (2016), Keawasavong et al. (2021). 

Upper bound FELA 

When implementing UB FELA it is often difficult to ensure that the 

associated flow rule is satisfied throughout the discretised domain. Constant strain 

elements, three-noded triangles with linear variation of velocity have been used to 

satisfy this requirement e.g. Bottero et al. (1980), Abdi et al. (1994), Sloan and Kleeman 

(1995), Pastor et al. (2000) and have been combined with discontinuities in the velocity 

field to help to compensate for poor accuracy when using linear elements. Figure 3.1 

show a linear velocities variation u with the field of constant-stress field σ. In spite of 

being possible to generate discrete formulations of upper-bound which do not involve 

the unknown stresses, yield models are restricted by means of a linear envelope. 
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Figure 3.1 Comparation between solid and skirted footing in normally consolidated 

soil (Bransby and Yun, 2009) 

An alternative to the constant strain element approach is outlined in 

Makrodimopoulos and Martin (2007), first suggested for purely cohesive material by 

Yu et al. (1994). It was found that six-noded triangles could be used to obtain strict UB 

solutions in plane strain, provided that the sides of the elements were straight. This 

element is termed a simplex strain element and is shown in Figure 3.2. Because the 

strains vary linearly, the flow rule need only be enforced at the three triangle vertices 

to ensure that it is satisfied throughout the triangle. This element and the method 

described in Makrodimopoulos and Martin (2007), is implemented in plane strain 

analyses. 

 

Figure 3.2 Linear element used in limit analysis of upper bound (Lyamin and Sloan, 

2002b) 

The optimization of UB FELA, just as for the LB, can be formulated 

as a SOCP problem, provided that the yield criterion can be expressed as a quadratic 

cone constraint. 

Ref. code: 25676510300566KEP



35 

 

 

3.1.3 The previous applications of three dimensional FELA     

Axisymmetric FELA, using SOCP optimization, has recently been 

used to find capacities of footings caissons in clay soil obeying the Tresca criterion, 

such as Kumar and Chakraborty (2014), Chakraboty and Kumar (2015), Ukritchon and 

Keawsawasvong (2016). 3D FELA has been applied to slope stability problems for a 

number of years by Chen et al. (2001), Li et al. (2009), Lim et al. (2015), and Yang et 

al. (2003).  

Salgado et al. (2004) used 3D FELA to find the vertical bearing 

capacity of circular, square and rectangular footings in clay. The FELA LB and UB 

imple-mentations followed Lyamin and Sloan (2002). Symmetry allowed for 15 degree 

of the circular footing problem domain and one quarter of the rectangular footing 

problem domain to be analysed, as shown in Figure 3.3.  

 

Figure 3.3 Upper bound simplex strain displacement elements (Makrodimopoulos and 

Martin, 2007) 

Martin and Makrodimopoulos (2008) undertook 3D FELA of Mohr-

Coulomb materials by using semidefinte optimization. Two example problems were 

considered, the compression of a square block and the expansion of a thick spherical 

shell. 3D FELA of Mohr-Coulomb material using semidefinite optimisation was also 

undertaken by Krabbenhoft et al. (2008).  

Failure envelopes for combined loading are found by probing in 

displacement space. A number of displacement-controlled probes can be used to define 

a failure envelope (Figure 3.4). FEA is very popular for the analysis of offshore 

foundations and displacement-controlled probes are the most common method for 
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determining failure envelope, as highlighted by Bransby and Randolph (1999), 

Gourvenec (2007), Gourvenec and Barnett (2011), Feng et al. (2014). 

 

Figure 3.4 Quadrant of a failure envelope found using FEA (Bransby and Randolph, 

1999) 

OptumG2, Krabbenhoft (2015) is the program of finite element for 

analysis of strength and deformation for boundary value problems of geotechnical 

engineering as illustrated in Figure 3.5. Rigorous upper and lower bounds to the failure 

loads are possible to be calculated, by ranging the exact solution from above and below. 

Special features providing an exact modeling involve special elements used in modeling 

joints, geotextiles, walls, interfaces and anchors.  

 

Figure 3.5 Example model using OptumG2 (Krabbenhoft, 2015) 

Optum G3 Krabbenhoft (2018) is a software tool designed for 

analyzing and designing shallow foundations, it provides an efficient method to 

determine bearing capacities and the capability to perform elastoplastic analysis for 

settlement predictions. The application of lower and upper bound finite element 

analysis to geotechnical problems considering plane-strain conditions has been 

conducted as early as Lysmer (1970) and Bottero et al. (1980). Based on these works 
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many contributions enabled continuous improvement of both methods Sloan (2013). A 

model using OptumG3 is illustrated in Figure 3.6. The methods permit discontinuities 

in the stress and velocity fields, Merifield et al. (1999). Compared with traditional 

incremental finite element method, the procedures are very fast and straightforward to 

use Sloan (2005), giving the limit load directly, without the need to perform a complete 

incremental analysis. This is a major advantage in large-scale three-dimensional 

applications, where stability analysis using the conventional finite-element method is 

both difficult and time consuming Sloan (2013). In this study, OptumG3, Krabbenhoft 

(2018) is applied to perform finite-element lower and upper bound analyses. 

 

Figure 3.6 Example model using OptumG3 (Krabbenhoft, 2018) 

In this thesis, numerical analysis was undertaken using the FELA 

program OptumG2 and OptumG3, Krabbenhoft (2015) to model some of the shallow 

foundation. OptumG2 and OptumG3 uses plasticity theory to generate both lower 

bound (LB) and upper bound (UB) collapse loads for plane strain problems. The lower 

bound solution requires a statically admissible stress field to be upheld and stresses 

associated with each element must satisfy equilibrium and not violate the yield criterion 

for the soil. OptumG2 and OptumG3 applies equivalent loads to the vertices of each 

element and generates constraints to enforce the plastic flow rule. The resulting solution 

requires equalising the internal and external work. 

 

3.2 Machine learning approach 

 

3.2.1 Gradient boosting machine (GBM) algorithm       

Gradient boosting machine (GBM) is a machine learning algorithm 

that can be used for both regression and classification problems in a variety of fields 
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including geotechnical engineering Friedman (2001), Touzani et al. (2018), Zhou et al. 

(2016), Qi et al. (2018), Qi and Tang (2018), Roe et al. (2005). GBM aims to improve 

the performance of a model by combining many fitted base-learners together Natekin 

and Knoll (2013). Decision tree (DT) algorithm is a non-parametric supervised learning 

method, and it aims to create a base-learner that predicts the value of a target variable 

by learning simple decision rules inferred from the data features Zhou et al. (2015). A 

decision tree contains one root node, several internal nodes and leaf nodes (see in Figure 

3.7), which can be regarded as a piecewise constant approximation. To find a single, 

highly accurate strong learner (i.e., a strong DT here) may be difficult sometimes, while 

it is easy to find many simple base-learners ( Schapire, 2003). GB algorithm proposed 

by Friedman (2001) combines multiple base-learners to improve the model 

performance and avoid difficulties in finding a strong learner. A differentiable loss 

function is determined before the whole process of gradient boosting which is centered 

on the minimization of this function Qi et al. (2018). The calculation steps of the GBM 

algorithm are briefly introduced as follows (see Figure. 3.8). 

 

Figure 3.7 Structure of a decision tree (Zhou et al., 2015) 

 

Figure 3.8 GBM algorithm calculations (Chen et al., 2022) 
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Previous studies Gourvenec and Barnett (2011), Ibsen et al. (2014), 

Liu et al. (2014), Zhang et al. (2020) showed that the failure envelope has a nearly 

ellipse shape in the H-M plane. The general form of an ellipse can be described as 

follows 

 

 

           

(3.1) 

where a and b are the lengths of the semi-major and semi-minor axes, 

respectively, φ is the rotation angle of the major axis. 

The performance of GBM based regression model for the prediction 

of fitting parameters can be evaluated by regression evaluation indicators 

quantitatively, such as mean square error (MSE) and the coefficient of determination 

(R2) which are defined by 

 

 

           

(3.2) 

And 

 

 

           

(3.3) 

where yp i is the ith predicted target value, ya i is the ith actual target 

value, n is the number of data and ya is the average value of ya i . 

MSE reflects the average prediction error of a model, a value of MSE 

= 0 indicates a perfect model while a large value of MSE indicates an inferior model. 

The coefficient of determination R2 is used to characterize the quality of a fit through 

changes in data, which normally ranges from 0 to 1. The closer it is to 1, the stronger 

the model in explaining the relationship between input variables and target variables 

Zhang et al. (2020). A prediction with a low value of MSE and a high value of R2 

indicates an excellent performance of the regression model. The goodness of fit of 
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fitting and predicted curves to the failure envelope can be also evaluated by such 

indicators Chen et al. (2022). 

 

3.2.2 Extreme Gradient Boosting (XGBoost)      

Extreme Gradient Boosting (XGBoost) has become increasingly 

popular since the influential research works published by Chen and Guestrin (2016) 

and Kim et al. (2022). This popularity is due to its combination of bagging and boosting 

techniques, leading to its high adaptability and efficiency. As a result, XGBoost was 

frequently used in successful machine learning competition solutions, particularly on 

platforms like Kaggle (Sheridan et al., 2016). However, its application in geotechnical 

engineering has been very limited, as indicated by research from Nguyen et al. (2023), 

Dessi et al. (2023), Tran et al. (2024), and Dong et al. (2023). XGBoost functions as an 

ensemble algorithm with the regression tree as its base model. Non-leaf nodes split the 

data space into two regions, and the leaf nodes represent these regions with assigned 

values (Breiman, 2017; Bharti et al., 2021). The model function is defined by Fathipour-

Azar (2021) in Eq. (3.4). 

( )
T

T t i

t=1

ŷ = f x
     (3.4) 

where T indicates the total number of regression 

trees, 
( )t if x

 denotes the output from the tth tree, and  tŷ
 represents the predicted value 

generated by the XGBoost model. The hyperparameters are identified using the 

GridSearchCV method from the scikit-learn package (Pedregosa et al., 2011). They 

include the number of trees, maximum tree depth, learning rate, minimum loss 

reduction threshold, regularization factor, and subsample ratio. Recently, the 

applications of the machine learning model in geotechnical engineering are seen in the 

works of Zhou et al. (2021), Zhang et al. (2017), Zhang et al. (2018), Zheng et al. (2019, 

2020), and Lai et al. (2021a, b). For a deeper understanding of XGBoost, readers can 

refer to the study by Chen and Guestrin (2016).  
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Figure 3.9 An example of the XGBoost algorithm structure 

 

3.2.3 Artificial neural network (ANN)      

Artificial neural networks (ANN) are computing methods that are 

based on the function of the human brain neural network (Basheer and Hajmeer, 2000). 

An ANN consists of an input layer, some hidden layers, and an out-put layer. All nodes 

in one layer are connected to all other nodes in the next layer. The design of ANN 

models follows several systematic steps. In general, there are five basic steps Dongare 

et al. (2012), including Collect data, Data preprocessing, Building a network, Training, 

and Model test performance. 

Collecting and preparing sample data is the first step in designing an 

ANN model. Figure 3.10 shows the scheme of the ANN model. 

 

Figure 3.10 A typical structure and operation of ANN 

Each layer contains computational units (neurons) connected to other 

neurons by weights. Each neuron can in fact calculate a weighted sum of its inputs 
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which is transmitted to a transfer function (f) in order to produce the outputs, Equation 

3.5 

 

 

           

(3.5) 

Where Ij: output value; Xi: the input value; Wji: the weights of the 

connections; n: the number of inputs.  

The most popular and commonly used ones are the sigmoid, binary 

step, hyperbolic tangent, and radial functions Arama (2021). This process is repeated 

iteratively until the desired error is reached Goutham and Krishnaiah (2021). 

 

3.3 Parametric study 

 

3.3.1 Parametric studies in failure envelope of strip footing       

The strip footing is subjected to various loads involving vertical force 

(V), horizontal force (H), and bending moment (M). It is important to emphasize that 

the positive orientation is assigned to the vertical load in the compression condition 

(vertical load applied downward to the footing) in this study. 

 

Figure 3.11 Problem for failure envelope of strip footing 

In this study, a 3D failure envelope in the space of V-H-M is adopted 

to express the undrained capability for the strip footing in anisotropic clay under various 

loading conditions. For practical application, the output results (V-H-M) of the 3D 

failure envelope are normalized following the dimensionless approach as introduced by 

Butterfield (1999), as shown in Eq. (3.6): 
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where V/suTCB is the non-dimensional vertical load coefficient; 

H/suTCB is the non-dimensional horizontal load coefficient; M/suTCB2 is the non-

dimensional bending moment coefficient, and re represents the anisotropic ratio.  

The numerical of model is shown in Figure 3.12 

 

Figure 3.12 A numerical model of finding the failure envelope of strip footing 

The physical properties for all cases which include the failure 

envelope problem in natural clay are described in Chapter 2. The parametric studies for 

strip footing on anisotropic clay are shown in table below, respectively. 

Table 3.1 Parametric studies for all cases in failure envelope of strip footing  

Parameter Symbol Considered range 

Vertical load  V 1 unit 

Bending moment load M 1 unit 

Horizontal load H f(M)  

Anisotropic strength ratio re 0.5 – 1.0 

The interface  No tension or 

tension cut-off con-

ditons 

 

 

3.3.2 Parametric studies in failure envelope of ring foundation       

The ring foundation has an internal radius (ri) and an external radius 

(ro), and it is subjected to combined V-H-M loads. It is important to emphasize that the 

positive orientation is assigned to the vertical load in the compression condition 

(vertical load applied downward to the footing) in this study. 
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Figure 3.13 Problem for failure envelope of ring foundation 

Applying Butterfield (1999) dimensionless approach reveals that two 

dimensionless input factors predominantly lead to the normalized output outcomes (V-

H-M) represented in Eq. (3.8). 

 , , ,i
e

uTC uTC uTC o

rV H M
f r

s A s A s AB r

 
=  

   

           

(3.8) 

where the radius ratio is denoted as (ri/ro) and the anisotropic strength 

coefficient is presented as (re). The specified dimensionless values for these parameters 

in the research are ri/ro = 0, 0.2, 0.4, 0.6, and re = 0.5, 0.6, 0.7, 0.8, 0.9, and 1. The 

numerical of the model is shown in Figure 3.14 

 

Figure 3.14 A numerical model of finding the failure envelope of ring foundation 

The physical properties for all cases which include the failure 

envelope problem in natural clay are described in Chapter 2. The parametric studies for 

ring footing on anisotropic clay are shown in table below, respectively. 

ro

ri

Ring footing

Ground surface

Anisotropic clay 

suTC, re, rs

re = suTE/suTC

rs = suDSS/suTC

H

V

M

B = 2ro

4B

Load reference point

V

H

M
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Table 3.2 Parametric studies for all cases in failure envelope of ring foundation 

Parameter Symbol Considered range 

Vertical load  V 1 unit 

Bending moment load M 1 unit 

Horizontal load H f(M) 

The radius ratio ri/ro 0 - 0.6 

Anisotropic strength ratio re 0.5 - 1.0 

The surface area A π(ro
2-ri

2) 

The interface  Rough 

 

3.3.3 Parametric studies in failure envelope of conical foundation       

The foundation is subjected to vertical force (V), horizontal force (H), 

and bending moment (M) for assessing the combined V-H-M failure envelope on 

anisotropic clay. The positive orientation is assigned to the vertical load in the 

compression condition (vertical load applied downward to the footing) in this study. 

 

Figure 3.15 Problem for failure envelope of conical foundation 

The dimensionless method introduced by Butterfield (1999) is 

utilized, and it enables the derivation of normalized output results (V-H-M) for conical 

foundations subject to various loading conditions in anisotropic clay. The formulation 

is based on two input parameters, as shown in Eq. (3.9). 

 ( ), , , e
uTC uTC uTC

V H M
f r

s A s A s AD
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(3.9) 
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where β represents the cone apex angle and re denotes the anisotropic 

strength ratio. The study examines the effects of these parameters with the different 

values of β at 90, 120, 150, and 180 degrees, while re ranges from 0.5 to 1 in increments 

of 0.1. The numerical of the model is shown in Figure 3.16. 

 

Figure 3.16 A numerical model of finding the failure envelope of conical foundation 

The physical properties for all cases which include the failure 

envelope problem in natural clay are described in Chapter 2. The parametric studies for 

conical footing on anisotropic clay are shown in table below, respectively. 

Table 3.3 Parametric studies for all cases in failure envelope of conical  

Parameter Symbol Considered range 

Vertical load  V 1 unit 

Bending moment load M 1 unit 

Horizontal load H f(M) 

The cone apex angle β 90 -180 

Anisotropic strength ratio re 0.5 – 1.0 

The suface area A πD2/4 

The interface  Rough 
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CHAPTER 4 

FAILURE ENVELOPES OF STRIP FOUNDATIONS 

 

4.1 Introduction 

 

In geotechnical engineering science, the footings of offshore structures 

often experience general load consisting of vertical load (V), horizontal load (H), and 

bending moment (M). Various numerical and experimental studies have explored the 

behavior of different foundation types subjected to general loading in clay. These 

studies include the works of Bransby and Randolph (1998), Bransby and Yun (2009), 

Martin (1994), Martin and Houlsby (2000), Gourvenec and Randolph (2003), 

Gourvenec (2008), Gourvenec and Barnett (2011), Taiebat and Carter (2000), Yun and 

Bransby (2007), and Bolton and Lau (1993). Generally, the combined loading problems 

were based on the traditional bearing capacity design method, as proposed by Brinch 

Hansen (1970), Meyerhof (1953), Vesic (1975), and Das and Larbi (1983).  

The methodology of this failure envelope was initially proposed by Roscoe 

and Schofield (1957). Numerous studies have explored the utility of this methodology, 

including previous works by Butterfield and Ticof (1979), Butterfield and Gottardi 

(1994), Feng et al. (2014), Martin and Houlsby (2001), Gourvenec (2007), Mana et al. 

(2013), Nova and Montrasio (1991), Ukritchon et al. (1998), Vulpe et al. (2013), Zhang 

et al. (2011), and Ibrahim et al. (2022). 

It is worth noting that soils typically exhibit various levels of strength 

anisotropy, as highlighted in previous studies by Davis and Christian (1971), Ladd and 

Degroot (2003), Law (1978), Pan and Dias (2016), Reddy and Rao (1981), Su et al. 

(1998), Ukritchon et al. (2003), Kumar and Ghosh (2007), and Yang and Du (2016). 

These investigations have explored the significant impact of the anisotropic 

characteristics of natural clays on foundation stability.  

This chapter aims to analyze the capacity of strip footings in anisotropic 

clays under general V-H-M loading. The 3D failure envelope in (V-H-M) space and the 

2D failure envelope in (H-M) spacing considering the effect of the anisotropic behavior 

of clay and interface interaction between soil and footing are investigated. Then, the 
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Artificial Neural Network (ANN) models are adopted in this chapter can be helpful for 

practitioners to check the capacity of strip foundations subjected to combined loads (V, 

H, M) in natural clays. 

 

4.2 Problem statement 

 

The challenge of analyzing a rigid strip footing placed on an anisotropic 

clay subjected to various loads is illustrated in Figure 4.1. The width of a strip footing 

is denoted as (B) and subjected to vertical force (V), horizontal force (H), and bending 

moment (M). Tensile forces in the vertical direction are not considered. The clay 

profile underlying the strip footing is assumed to be anisotropy and weightless. The 

numerical models are simulated following full-tension condition and no-tension 

condition. Note that zero-thickness interface elements are applied to connect footing 

and soil.  

 

Figure 4.1 Problem definition of finding failure envelope of strip footing 

In Chapter 4, the Anisotropic Undrained Shear (AUS) failure criterion and 

the associated flow rule (Krabbenhoft et al. 2019) are utilized to develop the criterion 

for anisotropic clay failure. The soil strength requirement for the AUS model is based 

on three distinct anisotropic undrained shear strengths, which can be acquired through 

triaxial compression (suTC), triaxial extension (suTE), and direct simple shear (suDSS) tests. 

In order to emphasize the variability in undrained strength across various directions, 

two anisotropic strength ratios, denoted as re and rs, are introduced, where their 

expressions are described in Eqs. (4.1) and (4.2) as shown below: 

B

V

MH

Rigid strip 

footing

Anisotropic clay

suTC,re,rs

re = suTE/suTC

  rs = suDSS/suTC

Zero thickness

Ground surface
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(4.1) 
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r
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(4.2) 

Krabbenhft et al. (2019) further explained that the harmonic mean can be 

derived from the relationship between rs and re, expressed as Eq. (4.3) follows: 

 
2

1

e
s

e

r
r

r
=

+
 

           

(4.3) 

where the variable re falls within the range of 0.5 to 1. As mentioned by 

Krabbenhoft et al. (2019), altering the value of (re) results in a corresponding 

modification of the failure surface following the AUS failure criterion, as illustrated in 

Fig. 4.2.  

 

Figure 4.2 The formations of the AUS model with various re values 

In this chapter, the output results (V-H-M) of the 3D failure envelope are 

normalized following the dimensionless approach as introduced by Butterfield (1999), 

as shown in Eq. (4.4) 

 ( )
2

, , e
uTC uTC uTC

V H M
f r

s B s B s B
=

 

           

(4.4) 

where V/suTCB is the non-dimensional vertical load coefficient; H/suTCB is 

the non-dimensional horizontal load coefficient; M/suTCB2 is the non-dimensional 

bending moment coefficient, and re represents the anisotropic ratio.  
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To build a 3D failure envelope through dimensionless variables (V/suTCB, 

H/suTCB, M/suTCB2), the dimensionless vertical load factor, V/suTCB, is broken into the 

ratio between the levels of vertical load mobilization (V/V0) and V0/suTCB, as shown in 

Eq. (4.5): 

0

0uTC uTC

VV V

s B V s B
= 

 

           

(4.5) 

where V0 is the ultimate load of a strip foundation under the pure vertical 

loading (pure V) for each of the soil profiles. The investigated 3D failure envelope 

(V/suTCB, H/suTCB, M/suTCB2) is changed to 3D failure envelope (V/V0, H/suTCB, 

M/suTCB2), as mentioned by Gottardi and Butterfield (1993), Houlsby et al. (1999), 

Taiebat et al. (2002), and Gourvenec et al. (2003).  

Fig. 4.3 indicates a three-dimensional interaction plot within the (V/V0, 

H/suTCB, M/suTCB2) space is used to express the undrained capacity of strip footings 

under general loading.  

 

Figure 4.3 3D failure envelope through dimensionless variables (V/V0, H/suTCB, 

M/suTCB2) 

 

Figure 4.4 Establishing the 2D failure envelope for a specified value of V/V0 
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As illustrated in Figure 4.4, two separate scenarios are analyzed for each 

envelope within the (H/suTCB, M/suTCB2) space, as emphasized in prior research 

conducted by Keawsawasvong and Ukritchon (2016). The value of β represents the 

angle assessed starting from the positive of the horizontal axis (refer to Fig. 4.4) 

(Salencon and Peeker 1995; Keawsawasvong and Ukritchon 2016). In this chapter, the 

value of β is selected within the ranges from 0 to 180 degrees with intervals of 10 

degrees, serving as the loading constraint for the FELA.  

 

4.3 Methodology 

 

4.3.1 Finite element limit analysis (FELA) 

In this section, numerical solutions of rigid strip footing in anisotropic 

clays under combined loads are calculated utilizing the OptumG2 FELA software 

(Krabbenhoft et al. 2015). The typical model geometry for this problem is shown in 

Fig. 4.5. The interaction between the soil and footing is represented in the model by 

incorporating “no-tension” and “full-tension” conditions. Soil elements are modeled by 

AUS material. Limiting boundary conditions for the model were assessed at a distance 

of 6B lateral from the footing center and 3B below the soil surface. The breadth (B) of 

the strip foundation was maintained at 1.0 m throughout the research. The right and left 

boundaries of the domain are specified as roller supports, permitting vertical movement 

while restricting lateral rotation and horizontal displacement. The top ground surface is 

unrestricted, allowing for movement and deformation without any imposed constraints. 

On the other hand, the fixed support is employed to the base boundary of the model, 

providing complete restraint against rotation and translation.  

The auto-mesh adaptive method in OptumG2 is employed to enhance 

the precision and dependability of numerical solutions. In this chapter, five adaptive 

iterations of mesh adaptivity are employed. This study initiated this process with 5,000 

elements and concluded with 10,000 elements to narrow the gap between lower and 

upper bounds solutions, yielding more precise and dependable outcomes. An 

illustration of the application of the auto-mesh adaptive method for the strip footing 

problem is depicted in Fig. 4.6. In total, there are 840 analysis cases considering no-

tension and full-tension interface with ranges of (re, V/V0, β), as shown in Table. 4.1. 
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Figure 4.5 FELA model of a strip footing under general loading in OptumG2 

 

Figure 4.6 An adaptive mesh pattern and boundary conditions 

Table 4.1 Ranges of input parameters 

Variable Selected values 

V/V0 0, 0.2, 0.4, 0.6, 0.8 

re 0.5, 0.6, 0.7, 0.8, 0.9, 1 

β 
0, 15, 30, 40, 50, 60, 70, 80, 90, 100, 110, 

120, 130, 140, 150, 160, 170, 180 

 

4.3.2 Artificial Neural Networks (ANNs)    

Artificial Neural Networks (ANNs) is a complex system inspired by 

human brain learning (Shams et al. 2020; Kapadia et al. 2021; Cherif et al. 2023; Saint-

Fleur et al. 2023). Fig. 4.7 shows the architecture of a feed-forward, so-called multiple-

layer network with the input, hidden, and output layers, respectively. Each node 

consists of its weights and biases, which are adjusted in the training process following 

the Levenberg-Madquardt backpropagation algorithm (Hagan et al. 1994).  

This chapter proposes the application of artificial neural networks to 

determine the dimensionless horizontal load (H/suTCB) and bending moment factor 

(M/suTCB2) of the strip footing on anisotropic clay under combined loading through the 
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correlation equations. The inputs to the ANN model include (re), the vertical load 

mobilization (V/V0), and different (β) angles, respectively.  

The ANN is implemented in MATLAB code (Beale et al. 2010), in 

which the size of input layer Qx3 (re, V/V0, β) and the outcomes layer Qx2 (H/suTCB, 

M/suTCB2), where Q is number 420 cases. In this chapter, 420 data points are randomly 

allocated into three sets: 70% for training, 15% for validation (to prevent overfitting), 

and 15% for an independent test of network performance. As a result, optimal weight 

and bias are generated and applied to investigate the sensitive analysis of each 

parameter toward their outputs (Abdollahi et al. 2021; Ahmad et al. 2022; Kumar et al. 

2023). 

 

Figure 4.7 The architecture of multi-layer networks 

 

Figure 4.8 The process of backpropagation 

 

4.4 Result and comparison 

 

4.4.1 Verification 

A comparison of failure envelopes of strip footing in clay in the 

(H/suTCB, M/suTCB2) space with the cross-section of V/V0 = 0 (no vertical load) between 

the present study and the numerical solution suggested by Ukritchon et al. (1998) has 
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been presented in Fig. 4.9. It is noted that the case of isotropic clays is carried out by 

setting re = 1, meaning that the AUS failure criterion becomes the Tresca failure 

criterion, respectively. The agreement between the previous solutions and the results 

derived from the FELA analysis in the failure envelopes in (H-M) space of strip footing, 

is in good agreement with Ukritchon et al. (1998). 

 

Figure 4.9 A comparison of determining failure envelope of strip footing in isotropic 

clay between the current study and the results from Ukritchon et al. (1998) 

 

4.4.2 FELA result 

As shown in Figs. (4.10-4.15) for cases of re [0.5, 0.6, 0.7, 0.8, 0.9, 

1], the magnitude of the failure envelopes is most significantly impacted by the values 

of re. An increase in re results in an increase in the size of the failure envelope. An 

increase in (re) leads to a greater obliqueness of the failure envelopes. For full-tension 

cases, the case of V/V0 = 0 expresses the largest H-M failure envelope for all values of 

re. Note that the contour dimensions are similar in both V/V0 = 0 and 0.2 in full-tension 

conditions 

 

Figure 4.10 Failure envelope of strip footings with re = 0.5 
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Figure 4.11 Failure envelope of strip footings with re = 0.6 

 

Figure 4.12 Failure envelope of strip footings with re = 0.7 

 

Figure 4.13 Failure envelope of strip footings with re = 0.8 

 

Figure 4.14 Failure envelope of strip footings with re = 0.9 
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Figure 4.15 Failure envelope of strip footings with re = 1 

 

a) No tension 

 

b) Full tension 

Figure 4.16 Examples of 3D failure envelopes 

The size of the 3D envelope of the full-tension case is much bigger 

and asymmetry than another no-tension case when the value of V/V0 is less than 0.6. 
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The reason for these problems can be explained through the failure mechanism, as 

illustrated in Figs. (4.17-4.18). 

 

Figure 4.17 Failure patterns of strip footings with no-tension interface, where V/V0 = 

0.4 

 

Figure 4.18 Failure patterns of strip footings with full-tension interface, where V/V0 = 

0.4 

To enhance the understanding of the failure mechanisms, a 

comparison of failure mechanisms under varying combinations of horizontal load and 

bending moment is shown in Fig. 4.19 for cases of full-tension interface. In the first 

quadrant, where the (β) angle ranges from 0 to 90 degrees, the maximum moment 

capacity is achieved since both horizontal load and moment are applied on the footing 

in the same direction. The plastic zone expands as (β) approaches 90 degrees, leading 

to a wedge-scoop-wedge mechanism similar to the one. These results are compatible 

with system normalcy, and the processes produce H-M plane envelopes with positive 

and negative gradients. 

 

re = 0.5 

re = 1 
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Figure 4.19 Examples of failure mechanisms of a strip footing  

 

4.4.3 ANN result 

As shown in Fig. 4.20 for full-tension cases, the number of neurons 

is varied from 1 to 11 to investigate the impact of a number of neurons on the value of 

MSE and R2. The optimal selection for the full-tension conditions uses 8 neurons in the 

hidden layer for the ANN architecture with the MSE and R2 equal to 0.0006 and 0.9988, 

respectively. The analysis process will be carried out similarly in the cases of no-

tension, as shown in Fig. 4.21. The optimal ANN model for cases of no-tension is also 

3-8-2. After the updating weighs and bias in the training process, these optimal Neural 

Networks Constants values are shown in Tables 4.2 and 4.3. 

 

Figure 4.20 The Mean Square Error (MSE) and Coefficient of determination (R2) of 

the number of selected hidden neurons for full-tension cases 
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Figure 4.21 The Mean Square Error (MSE) and Coefficient of determination (R2) of 

the number of selected hidden neurons for no-tension cases 

Table 4.2 Weights and Bias of the ANN model for full-tension cases 

Neuron 

W12 

b12 

W23 

b23 Input variables  Output 

re V/V0 β H/suTCB M/suTCB2 

1 0.1797 1.9045 1.0338 -2.7454 0.5397 0.1665 

-1.1005 -6.2164 

2 0.1110 0.0156 0.6109 -1.1192 -5.1610 -2.2676 

3 -0.0370 0.2793 -0.0609 0.1564 -4.2810 -8.6456 

4 -0.0467 0.8478 4.0437 2.4346 -0.1956 -0.3536 

5 0.0201 0.6080 -0.0225 0.2852 2.1402 3.9972 

6 0.1289 -0.1028 -3.4743 -3.0350 1.4163 -3.9180 

7 0.0676 -0.0838 1.6644 -2.5432 2.1471 -4.0740 

8 -0.1151 0.0591 4.2550 3.6564 1.3008 -2.2507 

 

Table 4.3 Weights and Bias of the ANN model for no-tension cases 

Neuron 

W12 

b12 

W23 

b23 Input variables  Output 

re V/V0 β H/suTCB M/suTCB2 

1 -0.1113 1.3186 0.8764 -1.9487 0.5434 1.4619 

1.9494 -5.9733 

2 -0.0354 0.5096 1.2221 -1.2101 -0.5360 -6.3716 

3 0.0609 -0.8485 0.4135 -0.7521 -4.9188 -0.7339 

4 0.1039 0.5186 0.4006 0.8191 2.8575 0.1561 

5 -0.0217 0.7081 0.4908 0.4999 -2.9650 1.6990 

6 -0.0306 -0.2940 -2.2199 1.4255 0.2433 -2.1190 

7 -0.0054 -0.6041 0.4395 -1.0194 7.0870 -2.0440 

8 0.1035 -0.7711 1.1624 1.1374 -0.3559 2.1609 
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To be more precise and applicable for practical engineering, the 

detailed calculation described below shows an example of calculating the predicted 

value of (H/suTCB, M/suTCB2) in the case of (re= 0.5, V/V0 = 0, β = 0), with full-tension 

condition. FELA results for the case of (re= 0.5, V/V0 = 0, β = 0) with (H/suTCB, 

M/suTCB2) = (0.6665, 0.1786) where ANN prediction is (0.7003, 0.2020). The error 

between the ANN prediction and the FELA results is less than 12.00%.  

According to the above calculation, all predictions for both full-

tension and no-tension cases from the ANN model are compared with FELA results, as 

shown in Fig. 4.22 and Fig. 4.23, respectively. The prediction results agreed with the 

FELA results, with MSE and R2 values of (0.0006, 99.88%) and (0.00013, 99.57%) for 

full-tension and no-tension conditions, respectively.  

 

Figure 4.22 The comparison between the results of ANN predictions and FELA 

results for the full-tension cases 

 

Figure 4.23 The comparison between the results of ANN predictions and FELA 

results for the no-tension cases 
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4.5 Conclusion 

 

The failure envelopes of strip footing in anisotropic clay under general 

loading (V-H-M) by applying the lower bound solutions of 2D FELA and artificial 

neuron networks (ANN). The results of the paper are summarized as follows:   

1. An increase in (re) makes the 2D failure envelope bigger but does not affect 

much on the shape failure envelope.  

2. The results show that the shape of the 3D failure envelope between no-

tension and full-tension cases is different. In the upper part of the 3D failure 

envelope where V/V0 is larger than 0.6, 3D failure envelopes in full-tension 

cases are larger than those in no-tension cases.  

3. The ANN model is applied in this study to propose an efficient tool for 

practical engineering to build 2D space (H/suTCB, M/suTCB2) and 3D failure 

envelope (V/V0, H/suTCB, M/suTCB2). 
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CHAPTER 5 

FAILURE ENVELOPES OF RING FOUNDATIONS 

 

5.1 Introduction 

 

Ring foundations are often used for onshore applications with examples 

being cooling towers, storage tanks, radar stations, transmission towers, chimneys, 

silos, and bridge piers (Chen et al. 2021). Figure 5.1 presents a schematic of ring footing 

to support a wind turbine structure. 

 

Figure 5.1 Ring foundation as an offshore structure 

Early investigations into the behavior of ring foundations under individual 

static loads were conducted through experimental tests by several researchers, such as 

Saha (1978), Hataf and Razavi (2003), Boushehrian and Hataf (2003), and El Sawwaf 

and Nazir (2012). Other analytical studies, such as Kumar and Ghosh (2005), Zhao and 

Wang (2008), Remadna et al. (2017), and Kumar and Chakraborty (2015), Nayyeri et 

al. (2016) and Keshavarz and Kumar (2017), Benmebarek et al. (2012), Lee et al. 

(2016), Birid and Choudhury (2021), Keawsawasvong et al. (2022), and Yodsomjai et 

al. (2021a). Krabbenhoft et al. (2019) developed a novel failure criterion, termed the 

anisotropic undrained shear (AUS) model, akin to the formulations of Casagrande and 
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Carrillo (1944) and Lo (1965). Moreover, some researchers have developed new limit 

analysis solutions for determining the stability of foundations in anisotropic clays via 

the AUS model (e.g., Yodsomjai et al., 2021b; Ukritchon et al., 2020). 

Although there have been comprehensive investigations into the failure 

envelopes of skirted shallow foundations under various loading conditions (e.g., 

Bransby and Randolph, 1998; Chanda et al., 2021; Gourvenec, 2008; Fiumana et al., 

2019; Bransby and Yun, 2009; Mana et al., 2013; Zhuang et al., 2019; Liu et al., 2014; 

Shen et al., 2016; Dunne and Martin, 2017; Du et al., 2022; Liu et al., 2021; Zhao 2022 

and 2024), most of them have focused on circular foundations, neglecting the effects of 

ring foundations under similar loading conditions. 

Chapter 5 aims to study the failure envelopes of ring foundations of varying 

shapes and sizes placed on anisotropic clay. This research builds upon the prior work 

of Birid and Choudhury (2022) and Shen et al. (2016) to establish a new research 

framework. The failure loci developed here, termed AUS failure loci, offer valuable 

insights for designers to evaluate different load combinations under critical failure 

conditions. This chapter further utilizes artificial neural networks (ANNs) with their 

optimization performance through various models, such as ANN-ABC (artificial bee 

colony), ANN-ICA (imperialist competitive algorithm), and ANN-ALO (ant lion 

optimizer) (see, e.g., Le et al., 2019; Karaboga, 2005; Kumar et al., 2022; Jitchaijaroen 

et al., 2023; Reddy, 2017; Keawsawasvong et al., 2023; Gholami et al., 2022; Tran et 

al., 2023; Panomchaivath et al., 2023). These techniques aim to develop an optimal 

predictive model for predicting the failure boundaries of ring foundations within 

complex engineering scenarios involving anisotropic clay in V-H-M space.  

 

5.2 Problem definition 

 

Shown in Figure 5.2 is the problem statement of a rigid ring foundation 

placed on the surface of an anisotropic ground. The ring foundation has an internal 

radius (ri) and an external radius (ro), and it is subjected to combined V-H-M loads. The 

outer diameter B = 2ro, the surface area A = π(ro
2-ri

2), and the ratio between internal 

and external radii (ri/ro) would define the size of the ring foundation.   
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Figure 5.2 Problem definition of ring foundation under general loadings 

Numerical results of V-H-M are presented as dimensionless load 

parameters (V/suTCA, H/suTCA, and M/suTCAB) throughout the paper. Various 

combinations of V-H, V-M, and H-M loads thus created failure boundaries for different 

scenarios. In cases of combined V-H-M loading, portions of the vertical capacity were 

distributed (V/V0 = 0, 0.25, 0.5, and 0.75) onto the ring foundation's surface, followed 

by varied fixed ratios of H-M loads to assess different H-M combinations at failure 

under varying vertical loads. This approach has been well-documented in the literature 

by Gourvenec and Randolph (2003), Bransby and Randolph (1998), Tan (1990), Chen 

et al. (2022), and Shen et al. (2016). 

Applying Butterfield (1999) dimensionless approach reveals that two 

dimensionless input factors predominantly lead to the normalized output outcomes (V-

H-M) represented in Eq. (5.1). 

, , ,i

uTC uTC uTC o

e

V H M

s A s A s AB r

r
f r

 
=   

    (5.1)    

where the radius ratio is denoted as (ri/ro) and the anisotropic strength 

coefficient is presented as (re). The specified dimensionless values for these parameters 

in the research are ri/ro = 0, 0.2, 0.4, 0.6, and re = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.  

To construct a 3D failure envelope using dimensionless variables (V/suTCA, 

H/suTCA, M/suTCAB), the dimensionless vertical load factor, V/suTCA, is split into two 

components: the ratio of vertical load mobilization levels (V/V0) and V0/suTCA, as 

described in Eq. (5.2). 

ro

ri

Ring footing

Ground surface

Anisotropic clay 

suTC, re, rs

re = suTE/suTC

rs = suDSS/suTC

H

V

M

B = 2ro
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0

0uTC uTC

VV V

s A V s A
= 

  (5.2)   

 

5.3 Methodology 

 

5.3.1 Finite element limit analysis (FELA) 

The model geometry for this problem is shown in Fig. 5.3, 

showcasing a half-cut view of a ring foundation on clay. The modeling involved using 

rigid plate elements for the ring footing and solid components to represent the clay 

layer. Different ring foundations are considered with varying inner-to-outer radius 

ratios (ri/ro) at 0, 0.2, 0.4, and 0.6 for the circular rigid shells. The AUS model is 

employed as a failure criterion for anisotropic clay. The interface between the bottom 

of the ring foundation and the soil was assumed to be fully rough, ensuring complete 

bonding between the footing and the soil. A sufficiently large domain size is used to 

eliminate possible boundary effects. In this case, the soil domain is 7B in width and the 

depth is 4B below the soil surface, providing ample area for failure mechanisms to fully 

take effect. The load reference point (LRP) can be positioned at the midpoint of the 

foundation at the ground level in the case ri/ro = 0. The side boundaries were constrained 

against lateral deformation but allowed free vertical displacement. The model's bottom 

edge was fixed to prevent lateral and vertical displacement, as indicated in Fig. 5.3. The 

mesh underwent three adaptive refinement steps, starting with 5000 elements and 

concluding with 10000 elements. This is considered as a good balance between 

computational efficiency and accuracy (e.g., Xiao et al., 2018; Chen and Liu, 2018; 

Zhang et al., 2022; Yu et al., 2018; Payan et al., 2022). Specifically, the initial and 

target number of elements, the number of adaptive iterations, and the adaptivity control 

parameter (such as shear dissipation) must be defined (Krabbenhoft et al., 2015; Ciria 

et al., 2008). Notably, both fixed and multiplier load concepts are essential for applying 

and analysing simulations using Optum G3 (Krabenhoft et al., 2015). This methodology 

has been widely applied to several geotechnical stability problems by Shiau et al. (2020, 

2022, 2023). 
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Figure 5.3 Problem domain showing adaptive mesh design and boundary conditions 

In view of the computation process, the limit load (V0) was initially 

assessed under a solely vertical load condition before proceeding with the V-H analysis 

(Tan, 1990). This process yields the limiting vertical loads (V0) for different re and ri/ro 

values. The V-H load combination analysis was then followed by applying a fixed 

horizontal distributed load while optimizing the vertical limit load (V). Similar analyses 

were conducted to create V-M failure boundaries on the centreline of the footing. These 

solutions have been explained by Birid and Choudhury (2022). Specifically, the 

analyses involved applying horizontal loads in both the positive and negative directions, 

with the moment used solely in the positive direction to produce H-M failure, as shown 

in Fig. 5.4. Note that the unit moment (1 kNm/m) was applied along the centerline of 

the ring footing. 

 

Figure 5.4 Illustration of V-H, V-M, and H-M loadings 

To simulate combined  ‒ ‒  loading, a percentage of the vertical 

capacity (V/V0 = 0, 0.25, 0.5, and 0.75) was applied to the surface of the ring foundation 

as a distributed load. At a certain value of V/V0, it can be seen as a two-dimensional 

4B
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H

M

Horizontal distributed load 

surface

Vertical distributed load 
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Vertical-Horizontal loading
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Vertical distributed load 

surface 
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failure envelope in the H-M space (H/suTCA, M/suTCAB). Figure 5.5 shows the analysis 

of two distinct situations for each envelope in the (H/suTCA, M/suTCAB) space, as 

highlighted in a previous study conducted by Keawsawasvong and Ukritchon (2016).  

 

Figure 5.5 Analysis of the 2D failure envelope for a given V/V0 value 

To construct a 3D failure envelope, the initial step involves 

determining the 2D failure envelope for four different cross-sections of V/V0 = 0, 0.25, 

0.5, and 0.75, using the dimensionless parameters H/suTCA and M/suTCAB. This study 

selects the value of β as the loading limit for the FELA, which is within the range of 0 

to 180 degrees. Table 2 illustrates the total number of 960 (4 × 6 × 4 × 10) analysis 

cases with ranges of (ri/ro, re, V/V0, β) to compute (H/suTCA, M/suTCAB). The failure 

envelopes for ring foundations can be normalized as V/V0, H/H0, and M/M0, respectively 

(Gourvenec and Randolph, 2003; Gourvenec, 2008; Birid and Choudhury, 2022). The 

ultimate loads refer to the loads that occur when there is pure loading, such as when H 

= M = 0 for V0, M = V = 0 for H0, and V = H = 0 for M0. 

Table 5.1 Parameter ranges for the input 

Variable Selected values 

ri/ro 0, 0.2, 0.4, 0.6 

re 0.5, 0.6, 0.7, 0.8, 0.9, 1 

V/V0 0, 0.25, 0.5, 0.75 

β 00, 150, 300, 600, 900, 1000, 1200, 1400, 1600, 1800 

 

M/(suTCAB)

H/(suTCA)

tan() = M/(HB)



 

 

  

  

Failure Envelope

MHM
H
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A schematic of the scoop mechanism is shown in Fig. 5.6(a). As the 

horizontal load increases and the moment capacity decreases, the scoop decreases, and 

the wedges extend across the foundation base, transitioning into a sliding mechanism. 

For vertical load mobilization on a ring foundation, failure dominated by a moment 

rather than a horizontal load appears as a scoop–wedge mechanism (Fig. 5.6b). After 

the maximum moment is mobilized, a Brinch Hansen mechanism is generated, as 

shown in Fig. 5.6c (Brinch Hansen, 1970; Gourvenec, 2007). Failure more strongly 

influenced by the horizontal load than the moment results in an asymmetric wedge 

mechanism, as shown in Fig. 5.6d.  

 

Figure 5.6 Examination of the failure mechanisms for H‒M loading with (a) scoop, 

(b) scoop-wedge, (c) Brinch Hansen (1970), and (d) asymmetric wedge 

 

5.3.2 Artificial Neural Network (ANN) and Hybrid ANN  

Several studies, including those by Rabi et al. (2023), Nguyen et al. 

(2023), Kumar and Samui (2008), Armaghani et al. (2015), and Kumar et al. (2022), 

have highlighted the importance of using ANNs across different civil engineering 

applications. Figure 5.7 shows a typical structure of a feed-forward network comprising 

input, hidden, and output layers. Note that each node within carries its weights (W) and 

biases (b) that are adjusted during training via the Levenberg‒Madquardt (LM) 

backpropagation algorithm (Hagan et al., 1994). These functions, known for enhancing 

convergence speed and model performance, are employed for the linear transfer 

functions of the hidden and output layers, respectively (Sirimontree et al., 2022). This 

research uses both activation functions to build artificial neural network (ANN) models 

according to Eq. (5.3). 

 

a) b) 

c) d) 

Scoop
Scoop-wedge 

Brinch Hansen (1970)
Asymmetric wedge
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 (5.3) 

In this work, artificial neural networks are used to calculate the failure 

envelope (H/suTCA, M/suTCAB) for a ring footing on anisotropic clay subjected to 

combined loading. The inputs for the ANN model consist of parameters such as (re), 

vertical load mobilization (V/V0), the proportion angle (β), and various (ri/ro) radius 

ratios. More detailed information on the use of the Levenberg‒Madquardt (LM) 

algorithm to train feedforward networks can be found in Marquardt (1963) and Hagan 

et al. (1994). 

 

Figure 5.7 Model architecture for an ANN (Artificial Neural Network) 

To optimize artificial neural network models, three unique 

combinations of soft computing techniques, namely, artificial neural networks with an 

artificial bee colony (ANN-ABC), artificial neural networks with an imperialist 

competitive algorithm (ANN-ICA), and artificial neural networks with an ant lion 

optimizer (ANN-ALO), are adopted in this paper to assess the failure contour of a ring 

footing on anisotropic clay. These methods have been well addressed in earlier studies 

by Le et al. (2019), Sangjinda et al. (2024) and Kumar et al. (2022). In brief, the ABC 

optimization algorithm, inspired by nature and introduced by Karaboga (2005), is a 
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swift and straightforward method in AI and is a metaheuristic optimization approach 

that handles discrete and continuous problem types.  

The imperialist competitive algorithm (ICA) is a method for 

optimizing solutions inspired by social and political systems, particularly the dynamics 

between imperialist powers and their colonies (Le et al., 2019; Atashpaz-Gargari and 

Lucas, 2007). 

The ALO algorithm draws inspiration from the distinctive behavior 

of antlion larvae during their food search, a concept introduced by Mirjalili (2015). The 

ALO method serves as a solution for complex engineering challenges, functioning as a 

global search optimization strategy, as highlighted by Mirjalili et al. (2017). For an in-

depth understanding of the developed algorithm, interested individuals can refer to 

literature sources such as Mirjalili (2015) and Narasimhulu et al. (2020). The flow chart 

presented in Fig. 5.8 illustrates the model's development process. 

 

Figure 5.8 Flow diagram showing the development of an ANN-hybrid model 

In this study, the numerical data are split randomly into two 

segments: training and testing sets, in which 70% (672 data points) of the entire dataset 

Numerical data (FELA) 

960 samples

Dataset randomization

Traning dataset (70%) Testing dataset (30%)

An evolution of 

models

Output from a hybrid 

model (Training)

Output from a hybrid 

model (Testing)

Analyzing

ANN-ABC

ANN-ICA

ANN-ALO

ANN 

(Artificial 

Neural 

Network)

Input data Output data

ri/ro: the radius coefficient

re: the anisotropic ratio

V/V0: the vertical load mobilization 

β :  the proportion angle

H/suTCA: the non-dimensional horizontal 

load coefficient; 

M/suTCAB: the non-dimensional bending 

moment coefficient
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is chosen randomly and 30% (288 data points) is set aside for testing the developed 

models (Kumar et al., 2024). The details of the descriptive statistics for the failure 

envelope of the ring foundation are presented in Table 5.2. 

Table 5.2 Statistical details of the variables used in the failure envelope  

Index ri/ro re V/V0 β H/suTCA M/suTCAB 

Minimum 0.0 0.5 0.0 0.0 -1.204 0.0 

Maximum 0.6 1 0.75 180 1.205 1.537 

Mean 0.3 0.75 0.375 89.5 0.029 0.406 

Median 0.3 0.75 0.375 95 -0.017 0.391 

Standard Deviation 0.223 0.171 0.279 58.93 0.683 0.305 

Kurtosis -1.36 -1.27 -1.36 -1.28 -1.24 0.565 

Skewness 0.0 0.0 0.0 -0.057 0.077 0.696 

 

The ANN model employs a hidden layer (NHL) with the number of 

hidden neurons (Nh) ranging from 5 to 10. The activation functions use a hyperbolic 

tangent for the hidden layer and a linear function for the output layer. The optimization 

algorithm is characterized by hyperparameters such as a population or swarm size (NP) 

of 30, a maximum of 10,000 iterations (Imax), and weight and bias values constrained 

between -1 and 1 for both the lower and upper bounds (LB and UB).  

 

5.4 Result and comparison  

 

5.4.1 Verification 

The validation of the calculated solutions for the vertical bearing 

capacity factor obtained from the present study for ring footing resting on isotropic clay 

(re = 1) is shown in Fig. 5.9. The verification process includes the examination of the 

solutions proposed by Lee et al. (2016) using the finite element method (FEM), the 

finite element limit approach introduced by Birid and Choudhury (2022), and the two-

dimensional finite element limit analysis conducted by Keawsawasvong et al. (2022) 

under axisymmetric conditions. Fig. 5.9 shows that the current solutions are slightly 

greater than the earlier solutions by Birid and Choudhury (2022) and Keawsawasvong 

et al. (2022) because different mathematical types for failure criteria were employed. 

Nevertheless, the outcome closely corresponds to the findings of Lee et al. (2016). The 
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proposed method can be deemed highly effective, as it results in a percentage difference 

of less than 7% compared with previous investigations. 

 

Figure 5.9 Comparison of the results with those of existing studies on ring 

foundations resting on isotropic clay 

The first validation involves examining the  ‒  failure envelope of 

the ring footing on isotropic clay, with ri/ro values of 0.4 and re value of 1. This is shown 

in Fig. 5.10. The numerical results show that the present solutions are similar to those 

of Birid and Choudhury (2022) by approximately 2.8%. The second verification show 

that the present solutions are consistently greater than those of Birid and Choudhury 

(2022) by approximately 0.4% to 5.7%. The last verification show some discrepancy 

between the two solutions, mostly because different mathematical criteria are employed 

for determining failure. Overall, the present FELA solutions align well with those from 

Birid and Choudhury (2022) across all combinations of V-H, V-M, and H-M loads. 

 

Figure 5.10 Comparison of the V‒H‒M failure envelopes between the current study 

and those in Birid and Choudhury (2022) with (a) V‒H loading, (b) V‒M loading, and 

(c) H‒M loading 
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5.4.2 FELA results 

The comprehensive solutions for the failure envelope of a ring 

foundation on anisotropic clay are presented in Figs. 5.11, 5.12, 5.13, and 5.14 for V-

H, V-M, and H-M loading spaces, respectively. In Fig. 5.11, four different ring 

geometries (ri/ro) are investigated to explore the shape and dimensions of the failure 

envelopes. The maximum value of V/suTCA decreases from 6.06 to 5.77 as the ring 

foundation area decreases (i.e., ri/ro increases from 0 to 0.6).  

The numerical results for the  ‒  loading space are presented in Fig. 

5.12. This study follows the same approach as in Fig. 5.11, where four different ring 

geometries (ri/ro) are investigated for various (re) = 0.5 to 1.0. Notably, both the ratios 

of V/suTCA and M/suTCAB increase as the value of re increases for all the ring shapes 

(ri/ro). In addition, the value of M/suTCAB increases substantially as (ri/ro) increases, 

resulting in an expansion of the failure envelopes. 

 

Figure 5.11 Failure envelope under V-H loadings with (a) ri/ro = 0, (b) ri/ro = 0.2, (c) 

ri/ro = 0.4, (d) ri/ro = 0.6 
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Figure 5.12 Failure envelopes under V-M loadings with (a) ri/ro = 0, (b) ri/ro = 0.2, (c) 

ri/ro = 0.4, (d) ri/ro = 0.6 

Figure 5.13 shows the variations in the failure envelopes in the  ‒  

loading spaces at V/V0 = 0.5. Similar to Figs. 5.11 and 5.12, these variations consider 

ring geometries (inner to outer radius ratio, ri/ro) and anisotropic ratios (re). While 

symmetric failure envelopes are observed for V-H and V-M loading conditions (Figs. 

5.11 and 5.12), the H-M failure envelopes exhibit an asymmetric trend when subjected 

to both positive and negative horizontal loads (H/suTCA). Note that the failure envelope 

tends to increase as the ri/ro ratio increases. Additionally, note that the moment capacity 

M/suTCAB and horizontal capacity H/suTCA increase with increasing re for all ring 

geometries. 

 

Figure 5.13 Failure envelope of the ring footing for combined loading analysis under 

H‒M loading for V/V0 = 0.5 and (a) ri/ro = 0, (b) ri/ro = 0.2, (c) ri/ro = 0.4, and (d) ri/ro 

= 0.6 
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The combined effects of  ‒ ‒  forces acting on the ring foundation 

are further investigated in Fig. 5.12. This analysis aims to create (V/suTCA)-(H/suTCA)-

(M/suTCAB) failure load contours and thereafter to develop three-dimensional failure 

surfaces. The 2D and 3D contours for these failure loading combinations on ring 

foundations with ri/ro = 0.2, re = 0.5, 0.7, 0.9, and 1 are shown in Fig. 5.12(a-d), 

respectively. Notably, the total area of the failure envelope decreases as the value of 

(V/V0) increases.  

 

Figure 5.14 2D diagram representation of the combined failure loads for a ring 

foundation with ri/ro = 0.2 and (a) re = 0.5, (b) re = 0.7, (c) re = 0.9, (d) re = 1 

Fig. 5.14 can be further extended to 3D failure contour envelopes, as 

shown in Figs. 5.15 and 5.16. Figure 5.15(a-d) illustrates the 3D failure envelope (V/V0, 

H/suTCA, M/suTCAB) in the cases where ri/ro = 0.4 and re = 0.5, 0.6, 0.8, and 1, 

respectively. Increasing the value of re expands the 3D failure envelope, which assumes 

the shape of a vertically rotating ellipsoid. The plots for both re = 0.5, 0.6, 0.8, and 1 

show that the size of the contour decreases as V/V0 increases. The 3D failure surfaces 

for the cases re = 0.7 and ri/ro = 0, 0.2, 0.4, and 0.6 are presented in Fig. 5.14. The shape 

and size of the 3D failure envelope expand when the value of ri/ro increases. This can 
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be explained by the horizontal and moment capacity in the 2D failure envelope 

increasing with increasing ri/ro, as shown in Fig. 5.13. 

 

Figure 5.15 3D diagram representation of the combined failure loads for a ring 

foundation with ri/ro = 0.4 and (a) re = 0.5, (b) re = 0.6, (c) re = 0.8, (d) re = 1 

 

Figure 5.16 3D diagram representation of the combined failure loads for a ring 

foundation with re = 0.7 and (a) ri/ro = 0, (b) ri/ro = 0.2, (c) ri/ro = 0.4, (d) ri/ro = 0.6 
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Several demonstrations of the failure patterns (or mechanisms) are 

shown in Fig. 5.17 for foundations subjected to various load combinations (V-H-M). A 

pure bending moment failure is observed, where the ultimate moment M0 is mobilized, 

whereas a pure horizontal mechanism is developed with the rigid translation of soil 

occurring in the back and bottom of the ring foundation, and H0 is mobilized at β = 00. 

 

Figure 5.17 Failure mechanism of a 2D failure envelope of a ring foundation under 

general loading for re = 0.9, ri/ro = 0, and V/V0 = 0.75 

Figure 5.18(a-c) shows a comparison of failure mechanisms under 

different combinations of horizontal loads and bending moments, specifically for 

conditions where re = 0.8, V/V0 = 0.5, and ri/ro = 0.2, 0.4, and 0.6, respectively. The 

observed failure mechanisms result from both rotational and translational modes, 

providing practical insights for practical applications. At β = 00, a pure sliding 

mechanism occurs, where soil rigidly translates at the base of the footing due to 

interface conditions, and H0 is activated. As β reaches 90 degrees, the plastic zone 

expands, resulting in a Brinch Hansen mechanism (see Fig. 5.6c). When β approaches 

180 degrees, the shear plane transforms from Brinch Hansen mechanism to an 

asymmetric wedge mechanism at the back and bottom of the foundation for all the cases 

of ri/ro = 0.2, 0.4, and 0.6 (refer to Fig. 5.6c and 5.6d).  
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Figure 5.18 Failure mechanism of a 2D failure envelope of a ring foundation for re = 

0.8, V/V0 = 0.5 and (a) ri/ro = 0.2, (b) ri/ro = 0.4, (c) ri/ro = 0.6 

 

5.4.3 ANN and ANN-hybrid optimal algorithm results 

Regression plots that compare the FELA solutions and those 

predicted values of the dimensionless components M/suTCAB and H/suTCA are presented 

in Figs. 5.19 and 5.20 for various machine learning models (i.e., ANN-ABC, ANN-

ICA, and ANN-ALO). Among the three models, the predicted values of ANN-ICA, 

shown as M/suTCAB and H/suTCA, are more closely aligned with the line of equality, with 

R2 =0.8803 and 0.9749, respectively. Similarly, ANN-ALO achieved R2 values of 

0.9555 for training and 0.9604 for testing H/suTCA, whereas ANN-ABC achieved R2 

values of 0.6175 for training and 0.6283 for testing M/suTCAB. Hence, the ANN-ICA 

model has exceptional performance H/suTCA and M/suTCAB in both the training and 
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testing stages, as evidenced by its better R2 results. It can therefore be concluded that 

the ANN-ICA model possesses remarkable predictive capacity. 

Taylor’s diagram is a visual tool introduced by Taylor (2001) to 

compare various models against a reference dataset. In this chpater, Taylor’s diagrams 

for the training and testing phases of M/suTCAB and H/suTCA are shown in Figs. 5.21(a) 

to (d), respectively, for the three models. While the other two models (ANN-ABC and 

ANN-ALO) cluster slightly farther from ANN-ICA, they still have good potential as a 

tremendous prediction mode, as the difference in correlation (R2) among all the models 

in the training and testing phases is minor. Therefore, it can be concluded that the ANN-

ICA model is considered the best performer in this study. 

 

Figure 5.19 Comparison of actual FELA results with those from ANN for M/suTCAB 

with a) train ANN-ABC, b) test ANN-ABC, c) train ANN-ICA, d) test ANN-ICA, e) 

train ANN-ALO, f) test ANN-ALO 
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Figure 5.20 Comparison of actual FELA results with those from ANN for H/suTCA 

with a) train ANN-ABC, b) test ANN-ABC, c) train ANN-ICA, d) test ANN-ICA, e) 

train ANN-ALO, f) test ANN-ALO 

 

Figure 5.21 Taylor diagrams for a) M/suTCAB training, b) M/suTCAB testing, c) H/suTCA 

training, and d) H/suTCA testing 
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5.5 Conclusion 

 

In general, an increase in the anisotropic ratio (re) or the inner and outer 

dimensions (ri/ro) would yield a larger failure envelope. The size of the H/suTCA- 

M/suTCAB space at various levels of vertical loading (V/V0 = 0, 0.25, 0.5, 0.75) in the 

3D failure envelopes increases by approximately 10% when re changes from 0.5 to 1 

and approximately 4.2%-10.6% when ri/ro changes from 0.6 to 0. 

A comparison of ANN models with different optimization algorithms 

revealed that ANN-ICA has the greatest efficiency in predicting the 3D failure envelope 

of ring foundations on anisotropic clay subjected to combined loadings (V-H-M) with 

high accuracy (R2 = 97.49%). 
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CHAPTER 6 

FAILURE ENVELOPES OF CONICAL FOUNDATIONS 

 

6.1 Introduction 

 

The application of conical footings is a widely adopted practice for 

supporting both onshore and offshore structures. Various studies such as Craig and 

Chua (1990), Hossain et al. (2005), Gaudin et al. (2011), Chakraborty and Kumar 

(2015), Kaiser (2017), and Keawsawasvong (2022) have contributed to the 

understanding and development of this foundation type. Fig. 6.1 illustrates a typical 

conical footing application supporting ocean engineering structures (Byrne and 

Houlsby, 2003; Fan et al., 2021; Nguyen et al., 2022). 

 

Figure 6.1 The application of conical foundation on ocean engineering systems 

Several early studies have examined the performance of conical 

foundations under various static load conditions. Cassidy and Houlsby (2002) utilized 

Conical footing
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the method of characteristics (MoC) to study conical foundations in cohesionless soil, 

while Houlsby and Martin (2003) employed this technique for purely cohesive soils. 

White et al. (2008) and Hu et al. (2016) explored bearing capacity issues of conical 

footings considering different base roughness and apex angles. Khatri and Kumar 

(2009), as well as Chakraborty and Kumar (2016), employed finite element limit 

analysis (FELA) to calculate bearing capacity solutions for conical footings on 

cohesionless soil. Furthermore, Chakraborty and Kumar (2015) used FELA to derive 

bearing capacity factors for conical footings on cohesive-frictional soil, a method also 

adopted by Keawsawasvong (2022) and Nguyen et al. (2022) to determine bearing 

capacity factors for conical foundations on anisotropic and heterogeneous clay. Very 

recently, Tadayon et al. (2024) conducted experimental tests to examine conical 

foundation behavior on sand. Phuor et al. (2022) proposed finite element analysis 

(FEA) to assess the bearing capacity of rough conical foundations in cohesive-frictional 

soils.  

While skirted shallow foundations have been thoroughly investigated under 

different loading conditions, including V, H, and M, as highlighted in studies by 

Bransby and Randolph (1998), Gourvenec and Randolph (2003), Gourvenec (2008), 

Bransby and Yun (2009), Taiebat and Carter (2000), Mana et al. (2013) Liu et al. 

(2014), Shen et al. (2016), Dunne and Martin (2017), Fiumana et al. (2019), Feng et al. 

(2014), Du et al. (2022), Taiebat and Carter (2010), and Birid and Choudhury (2022), 

very little research has focused on conical foundations under combined loading.  

Chapter 6 aims to explore the three-dimensional effects of clay anisotropy 

on V-H-M failure envelopes for conical foundations with varying shapes. Following the 

previous research by Birid and Choudhury (2022), Gourvenec and Randolph (2003), 

and Shen et al. (2017), an innovative approach is used to determine the failure envelope 

capacity of conical foundations embedded in anisotropic clays. The numerical 

framework involves three-dimensional finite element limit analysis (3D FELA) with 

the AUS model.  Several machine learning techniques such as the CATBoost, 

XGBoost, and GBM models are utilized to investigate the impact of each parameter on 

the capacity factor, which can be valuable for practitioners assessing the capacity of 

conical foundations under combined loading conditions. 
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6.2 Problem statement 

 

A schematic representation of a conical foundation is shown in Fig. 6.2. 

The foundation is subjected to vertical force (V), horizontal force (H), and bending 

moment (M) for assessing the combined V-H-M failure envelope on anisotropic clay. 

The conical foundations are treated as a rigid material, and the cone apex angle (β) 

varies by adjusting cone height while keeping the footing diameter constant. It has a 

diameter of D, a surface area A = πD2/4, and a variable cone apex angle (β) ranging 

from 900 to 1800. The current study considers a rough interface between the foundation 

and the soil.  

 

Figure 6.2 Problem definition of determining the failure envelope of a conical 

foundation subjected to general loading conditions 

Three dimensionless load parameters, such as V/suTCA, H/suTCA, and 

M/suTCAD, are defined to create V-H-M failure envelopes. The process has been widely 

used in previous studies by Tan (1990), Gourvenec and Randolph (2003), Birid and 

Choudhury (2022), and Chen et al. (2022). 

The dimensionless method introduced by Butterfield (1999) is utilized, and 

it enables the derivation of normalized output results (V-H-M) for conical foundations 

subject to various loading conditions in anisotropic clay, as shown in Eq. (6.1). 

( ), , ,
uTC uTC uTC

e

V H M

s A s A s AD
f r=

        (6.1)              

ro

Conical footing

Ground surface

β 

D

Anisotropic clay 

suTC, re, rs

re = suTE/suTC

rs = suDSS/suTC

H

V

M
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where β represents the cone apex angle and re denotes the anisotropic 

strength ratio. The study examines the effects of these parameters with the different 

values of β at 90, 120, 150, and 180 degrees, while re ranges from 0.5 to 1 in increments 

of 0.1.  

To construct a 3D failure envelope using dimensionless variables (V/suTCA, 

H/suTCA, M/suTCAD), the dimensionless vertical load factor, V/suTCA, is split into two 

components: the ratio of vertical load mobilization levels (V/V0) and V0/suTCA, as 

described in Eq. (6.2). 

0

0uTC uTC

VV V

s A V s A
= 

               (6.2) 

The value of V0 represents the maximum load that a conical footing can 

sustain under pure vertical loading (pure V) for each soil profile. 

 

6.3 Methodology 

 

6.3.1 Finite element limit analysis (3D FELA) 

The FELA technique in the OptumG3 software (Krabbenhoft et al., 

2015) is utilized in this study. Fig. 3 presents a typical adaptive mesh for a conical 

foundation on clay. The conical footing is represented by rigid elements, while the clay 

layer by solid elements that are in contact with the rigid-perfectly plastic AUS material 

with an associated flow rule. The interface between the foundation bottom and soil is 

assumed to be rough with full bonding. Various soil types with anisotropic parameters 

(re = 0.5, 0.6, 0.7, 0.8, 0.9, and 1) are considered. It is to ensure that the chosen domain 

size is large enough to mitigate boundary effects. The soil domain extends 7D (seven 

times of the diameter D) in width and length and 4D beneath the surface. Standard 

boundaries are given to the sides where the velocities in the normal direction of each 

face are fixed. The top ground surface is allowed to move freely with unrestricted 

velocity boundary. Fixed support is applied to the base boundary of the model, ensuring 

a full restraint in all directions. See Fig. 6.3 for the adaptive mesh and boundary 

conditions. 
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Figure 6.3 The issue area features an adaptive mesh structure and boundary 

limitations 

Moreover, the current study utilizes auto-mesh adaptivity 

methodology to improve result accuracy, particularly in areas where shear dissipation 

differs significantly. As discussed by Ciria et al. (2008) and Ali (2017), this technique 

involves increasing the number of elements using three adaptive refinement steps. 

Starting with 5000 elements, the mesh ends with 10000 elements. This approach, 

introduced by Sloan (2013), enhances result accuracy by bracketing these bounds, 

enabling the estimation of an exact value.  

Regarding the V-H-M solution process, the current investigation 

conducts individual analyses for each failure point along the path (Tan, 1990; 

Gourvenec and Randolph, 2003; Taiebat and Carter, 2000). Note that the limiting 

vertical loads correspond to different parameter values, as presented in Table 1. The 

unit moment (1 kNm/m) was applied along the center line of the conical footing, as 

illustrated in Fig. 6.4. 

Table 6.1 Dimensionless ultimate vertical load 

re 0.5 0.6 0.7 0.8 0.9 1 

β = 900 5.122 5.351 5.61 5.825 6.03 6.198 

β = 1200 4.989 5.273 5.501 5.709 5.887 6.032 

β = 1500 4.943 5.272 5.519 5.725 5.903 6.044 

β = 1800 4.948 5.282 5.576 5.756 5.936 6.059 
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Figure 6.4 Examination of combined loading patterns involving V-H, V-M, and H-M 

loadings (after Birid and Choudhury, 2022) 

The V-H-M failure envelope is generated based on the H-M analysis 

(Gourvenec, 2007; Chen et al., 2022). The contour of the 3D failure envelope 

corresponding to the vertical load cross-section. At a given value of V/V0, it can be seen 

as a 2D failure envelope in the H-M space (H/suTCA, M/suTCAD).  

To build a 3D failure envelope (V/V0, H/suTCA, M/suTCAD), the 2D 

failure envelope (H/suTCA, M/suTCAD) is first determined at four cross-sections of V/V0 

= 0, 0.25, 0.5, and 0.75. In this study, the value of α is selected within the ranges from 

0 to 180 degrees, serving as the loading constraint for the FELA. Note that the values 

of (V0, H, and M) are determined using the FELA model. In total, there are 960 (4 × 6 

× 4 × 10) analysis cases with ranges of (β, re, V/V0, α) to calculate (H/suTCA, M/suTCAD), 

as shown in Table. 6.2. 

Table 6.2 Values of input parameters 

Variable Selected values 

β 900, 1200, 1500, 1800  

re 0.5, 0.6, 0.7, 0.8, 0.9, 1 

V/V0 0, 0.25, 0.5, 0.75 

α 00, 150, 300, 600, 900, 1000, 1200, 1400, 1600, 1800 

 

The normalized failure envelopes for conical foundations can be built 

based on the ultimate values V0, H0, and M0 and presented as V/V0, H/H0, and M/M0, 
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respectively (Gourvenec and Randolph, 2003; Gourvenec, 2008; Birid and Choudhury, 

2022).  

Using a similar approach to Bransby and Randolph (1998) and Yun 

and Bransby (2007), a limited set of simple mechanisms was employed. Figure 6.5 

illustrates these mechanisms for a conical foundation. The optimal mechanisms for 

values of H slightly below or above the value corresponding to M lead to a backward 

(opposite to H) and forward translation of the foundation, along with rotation.  

 

Figure 6.5 Examination of the failure mechanisms for H-M loading with (a) scoop, (b) 

reverse scoop, (c) slide, (d) scoop-slide 

 

6.3.2 Boosting algorithm (CATBoost, XGBoost, GBM) 

CATBoost is an innovative machine learning algorithm. It was first 

introduced by Dorogush et al. (2018) and further elucidated by Prokhorenkova et al. 

(2018) to address the challenge of dealing with categorical features, as noted by 

Hancock and Khoshgoftaar (2020). The tree expansion process maintains a level-wise 

growth pattern across all leaf nodes, as highlighted by Li et al. (2019). Moreover, 

CATBoost mitigates issues such as gradient bias and prediction shift, thereby reducing 

the likelihood of overfitting, as discussed by Hancock and Khoshgoftaar (2020) and 

Zhang et al. (2020). CATBoost employs a standard method of improving Greedy TS 

(Target-based Statistics) by incorporating prior distribution terms to enhance its 

performance (Prokhorenkova et al., 2018), as outlined in Eq. (6.3)  

 

Scoop Reverse scoop

Slide

a) b) 

c) d) 

Scoop-slide
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p-1

δj,k δp,k δjj=1

δp,k p-1

δj,k δp,kj=1

x =x ×Y + P
x =

x =x +

   

   



  (6.3)   

                

where P represents an additional prior term, and λ typically denotes a 

positive weight coefficient. This initial term signifies the previous probability of 

positive instances in classification tasks. More details of the works can be found in 

Huang et al. (2019) and Kim et al. (2022). 

Extreme Gradient Boosting (XGBoost) has become increasingly 

popular since the influential research works published by Chen and Guestrin (2016) 

and Kim et al. (2022). As a result, XGBoost was frequently used in successful machine 

learning competition solutions, particularly on platforms like Kaggle (Sheridan et al., 

2016). The model function is defined by Fathipour-Azar (2021) in Eq. (6.4). 

( )
T

T t i

t=1

ŷ = f x
     (6.4) 

where T indicates the total number of regression 

trees, 
( )t if x

 denotes the output from the tth tree, and  tŷ
 represents the predicted value 

generated by the XGBoost model.  

Gradient Boosting Machine (GBM) is a widely employed supervised 

machine learning technique introduced by Friedman (2001). It is versatile and has a 

role to play in both regression and classification tasks across various disciplines, 

including geotechnical engineering (Zhou et al., 2016; Touzani et al., 2018; Qi et al., 

2018; Chen et al., 2022; Schapire, 2003; Roe et al., 2005). Its fundamental principle 

involves iteratively enhancing predictions by blending numerous simple models termed 

weak learners (Natekin and Knoll, 2013). Each weak learner's contribution to the final 

prediction is determined through a gradient optimization process aimed at minimizing 

the overall error of the robust learner (Aurelien, 2018). Through continuous training, 

errors decrease progressively (Friedman, 2001). The architecture of the boosting 

algorithm is depicted in Fig. 6.6.  
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Figure 6.6 The architecture of the boosting models 

The dataset for training the CATBoost, XGBoost, and GBM models 

was split into 70% for training (672 data points) and 30% for testing (288 data points). 

Table 6.3 details the statistical characteristics of each set, including the ranges, means, 

and standard deviations (SD). Furthermore, Fig. 6.7 displays the correlation heatmap 

matrix plotted for each input and output variable. 
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Table 6.3 Statistical properties of the training and testing datasets 

Input 

parameters 

Training set (70% data) Testing set (30% data) 

Min Max Mean SD Max Min Mean SD 

β 90 180 135.27 33.25 180 90 134.38 34.18 

re 0.5 1.0 0.751 0.171 1.0 0.5 0.748 0.171 

V/V0 0 0.75 0.368 0.28 0.75 0 0.38 0.277 

 0 180 87.22 59.48 180 0 94.81 57.25 

Output 

parameters 

Training set (70% data) Testing set (30% data) 

Min Max Mean SD Min Max Mean SD 

H/suTCA -3.353 3.178 0.106 0.902 -2.632 3.353 0.009 0.848 

M/suTCAD 0 0.649 0.313 0.191 0 0.65 0.321 0.182 

 

 

Figure 6.7 Correlation heatmap for (a) M/suTCAD, (b) H/suTCA 

The effectiveness of CATBoost, XGBoost, and GBM machine 

learning methods in predicting the V-H-M failure envelope is assessed using six 

performance metrics. These metrics include the coefficient of determination (R2), 

weighted mean absolute percentage error (WMAPE), root mean square error (RMSE), 

variance account factor (VAF), Willmott’s index of agreement (WI), and maximum 

absolute error (MAE) (Willmott, 1984; Jiang et al., 2021; Zhou et al., 2020). To 

ascertain the model that provides the most reliable predictions and best fits the 

particular issue, rank analysis is utilized in this study (Pradeep et al., 2021).  

The error matrix, like a confusion matrix or heatmap, adeptly 

condenses the evaluation of a machine learning model's efficacy. Scatter plots and line 

plots are versatile tools to illustrate connections between observed and forecasted 

values (Kumar et al., 2024). A Taylor diagram, alternatively called a Taylor plot, is a 

visual tool designed to compare several models against a reference dataset (Taylor, 
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2001). By showcasing multiple performance measures concurrently, the Taylor 

diagram streamlines the evaluation of model precision. 

 

6.4 Results and comparison 

 

6.4.1 Verification 

To verify the numerical results produced in this study, Figure 6.8 

compares the vertical bearing capacity factor (V/suTCA) assessment for various conical 

foundations on anisotropic clays. In Fig. 6. 8a, our results are compared with those of 

Keawsawasvong (2022) for cases with (re = 0.5 to 0.9 and β = 90 to 180 degrees). The 

comparison shows a close alignment between present results and Keawsawasvong 

(2022) across all scenarios, with differences ranging from 4 to 6%. Similarly, in Fig. 

6.8b, numerical results of (β = 90 to 180 degrees, re = 1) are compared with those of 

Houlsby and Martin (2003) using the method of characteristics as well as 

Keawsawasvong (2022) using the axisymmetric FELA method. The excellent 

agreement can be attributed to the use of the Tresca failure criterion for isotropic clays 

with re = 1. Overall, our results closely match those published ones, giving confidence 

for the parametric studies in anisotropic clay. 

Comparisons are further made in relation to the normalized failure 

envelopes under V-H, V-M, and H-M load combinations. These are shown in Figs. 6.9a 

to 6.9c where our results are compared with those in Gourvenec and Randolph (2003), 

Taiebat and Carter (2000), and Taiebat and Carter (2010) for conical footings on 

isotropic clay (β = 1800, re = 1). Despite that different failure criteria were employed in 

each method, our results closely align with those of Gourvenec and Randolph (2003), 

Taiebat and Carter (2000), and Taiebat and Carter (2010).  

 

Figure 6.8 Comparison of results with those by Keawsawasvong (2022) and Houlsby 

and Martin (2003): (a) anisotropic clay and (b) isotropic clay 
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Figure 6.9 Comparison of results with published solutions: (a) V-H loadings, (b) V-M 

loading, (c) H-M loading 

 

6.4.2 FELA results 

Fig. 6.10 presents the variations in failure envelopes for conical 

foundations on anisotropic clay surfaces subjected to V-H loading. Numerical results 

are for varying cone apex angle (β = 180, 150, 120, and 90 degrees) and anisotropic 

ratio (re = 0.5 to 1). Four observations can be made from inspecting the figure: (1) for 

a pure vertical loading (i.e., H/suTCA= 0), the greater the value of re, the larger the 

vertical limit load factor V/suTCA;  (2) for a pure horizontal loading (i.e., V/suTCA=0), 

the horizontal limit load H/suTCA increases with the higher value of re; (3) the smaller 

the apex angle β, the larger the area of failure envelope; (4) the larger the value of re, 

the greater the area of failure envelope. 

 

Figure 6.10 The failure envelope of conical footing under V-H loadings: (a) β = 1800, 

(b) β = 1500, (c) β = 1200, (d) β = 900 
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Fig. 6.12 presents the various failure envelopes under V-M loading 

combinations for cone apex angle β = (180, 150, 120, and 90 degrees) and anisotropic 

ratios re = (0.5 to 1). Three observations are made based on the numerical results: : (1) 

for a pure moment action (i.e., V/suTCA =0), the greater the value of re, the larger the 

moment limit factor M/suTCAD;  (2) for a pure vertical loading (i.e., M/suTCAD =0), the 

greater the value of re, the larger the vertical limit load V/suTCA; (3) the larger the value 

of re, the greater the area of failure envelope.   

 

Figure 6.11 The conical footing failure envelope under V-M loadings: (a) β = 1800, 

(b) β = 1500, (c) β = 1200, (d) β = 900 

Fig. 6.12 presents the variations in failure envelopes under H-M 

loading combinations at the level vertical load of V/V0 = 0.25. The horizontal capacity 

H/suTCA decreases with increasing β. Also, note that the moment capacity M/suTCAD 

and horizontal capacity H/suTCA increase with increasing re for all conical geometries. 

The resulting contours for conical foundations with the cone apex angle β = 150 degrees 

and re = 0.6, 0.8, 0.9, and 1 are presented in Figure 6.13 for practical design uses. It is 
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also noticeable that the shape and size of the envelopes for conical foundations depend 

on V/V0.  

 

Figure 6.12 The failure envelope of conical footing under H-M loadings at V/V0 = 

0.25 with (a) β = 900, (b) β = 1200, (c) β = 1500, (d) β = 1800 

 

Figure 6.13 Two dimensions illustrating the collective failure loads for a conical 

foundation with β = 1500 and (a) re = 0.6, (b) re = 0.8, (c) re = 0.9, (d) re = 1 

Further, by integrating these failure surfaces with the reflecting 

negative bending moments and horizontal loads, a comprehensive representation of 
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failure surfaces within the V-H-M space is shown in Fig. 6.14 and 6.15. Figure 6.14(a-

d) illustrates the 3D failure envelope (V/V0, H/suTCA, M/suTCAD) in the cases of β = 1200 

and re = 0.5, 0.7, 0.8, and 1, respectively. The size of the 3D failure envelope becomes 

more significant when the value of re increases. The 3D failure surfaces for the cases re 

= 0.6 and β = 90, 120, 150, and 180 degrees are illustrated in Fig. 6.15. The shape and 

size of the 3D failure envelope becomes smaller when the value of β increases. 

 

Figure 6.14 A three-dimensional graphical depiction illustrating the combining failure 

loads for a conical footing with β = 1200, and (a) re = 0.5, (b) re = 0.7, (c) re = 0.8, (a) 

re = 1 

 

Figure 6.15 A three-dimensional graphical depiction illustrating the combining failure 

loads for a conical footing with re = 0.6, and (a) β = 900, (b) β = 1200, (a) β = 1500, β = 

1800 

Using shear power dissipation, Fig. 6.16 demonstrates a series of 

possible failure mechanisms under various combinations of V, H, and M loads, both 
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positive and negative, for cases where re = 0.7, β = 1800, and V/V0 = 0.75.  Six cases are 

investigated, corresponding to different values of α angles, including α = 00, 150, 300, 

900, 1400, and 1600. At α = 00, a pure horizontal mechanism is developed with the rigid 

translation of soil occurring in the bottom of the conical foundation, and H0 is mobilized 

in this case. A pure bending moment failure is observed at α = 900, where the ultimate 

moment M0 is mobilized.  

 

Figure 6.16 Failure mechanism of a 2D failure envelope of a conical foundation under 

general loading for re = 0.7, β = 1800, and V/V0 = 0.75 

Figure 6.17(a-c) illustrates the comparison of failure mechanisms 

under different combinations of horizontal loads and bending moments, specifically for 

conditions where re = 0.9, V/V0 = 0.5, and β = 90, 120, and 150 degrees, respectively. 

At α = 00, a pure sliding mechanism occurs, where soil rigidly translates at the base of 

the footing due to interface conditions, and H0 is activated. As α reaches 90 degrees, 

the plastic zone expands, resulting in a scoop-slide mechanism (see Fig. 6.7d). When α 

approaches 180 degrees, the shear plane transforms from scoop-slide to reverse scoop 

mechanism at the back and bottom of the foundation for all cases of β = 90, 120, and 

150 degrees (refer to Fig. 6.7b and 6.7d). 
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Figure 6.17 Failure mechanism of a 2D failure envelop of the conical footing under 

general loading for re = 0.9, V/V0 = 0.5, with (a) β = 900, (b) β = 1200, (c) β = 1500 

 

6.4.3 Machine learning results 

In this section machine learning results are discussed in detail. With 

a total of 960 datasets containing x and their corresponding y values for the probability 

of the failure envelope (H/suTCA, M/suTCAD). A series of regression plots comparing the 

results of 3D FELA with those of CATBoost, XGBoost, and GBM models are presented 

in Fig. 6.18 for both the training and testing phases.  The closeness of predicted values 

for CATBoost to the equality line is noticeable, with a remarkable R2 value of 0.99996 

for the training set, indicating superior performance and reliability over other models. 
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Line plots for the CATBoost, XGBoost, and GBM models are presented in Figs. 6.19(a-

c). These plots demonstrate similar data fitting among the models, suggesting their 

performance probabilities are evenly matched. Furthermore, Fig. 6.20 presents Taylor 

diagrams for the training and testing stages in the cases of H/suTCA and M/suTCAD. The 

CATBoost, XGBoost, and GBM models demonstrate strong performance in both 

phases, positioning them closer to the reference point. This superiority is evident in Fig. 

6.20a, where the dots representing CATBoost, XGBoost, and GBM coincide, indicating 

their comparable performance; however, CATBoost shows a slight edge in both the 

training and testing phases. 

 

Figure 6.18 Comparison of the FELA with those from: a) CATBoost training, b) 

CATBoost testing, c) XGBoost training, d) XGBoost testing, e) GBM training, and f) 

GBM testing 
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Figure 6.19 Performance of machine learning model utilizing line plot for a) 

CATBoost, b) XGBoost, and c) GBM 

 

Figure 6.20 Taylor chart for a) M/suTCAD training, b) M/suTCAD testing, c) H/suTCA 

training, d) H/suTCA testing 

 

6.5 Conclusion 

 

It was found that the failure envelopes of conical foundations exhibit 

symmetry under vertical-horizontal (V-H) and vertical-moment (V-M) planes. 
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Generally, a bigger failure envelope often results from an increase in either the 

anisotropic ratio (re) or the cone apex angle (β). As re changes from 0.5 to 1, the size of 

the H/suTCA-M/suTCAD space in the 3D failure envelopes dramatically rises for various 

levels of vertical loadings (V/V0 = 0, 0.25, 0.5, 0.75).  

CATBoost is the most efficient method in predicting the 3D failure 

envelope of conical foundations on anisotropic clay under combined loadings (V-H-M), 

achieving high accuracy with R2 = 99.99%.  

 

 

Ref. code: 25676510300566KEP



102 

 

CHAPTER 7 

CONCLUSION 

 

7.1 Summary 

 

Failure envelopes of strip, ring and conical foundations in anisotropic clay 

under general loadings (V-H-M) have been effectively studied in this thesis using 

advanced finite element limit analysis (FELA) as well as the machine learning methods 

of ANN, ANN-ICA, ANN-ALO, ANN-ABC, CATBoost, XGBoost and GBM. The 

normalized factors of (V-H-M) for foundations were determined by considering two 

dimensionless input parameters; namely the shape factor (e.g., ri/ro, β) and the 

anisotropic factor (re). Extensive comparisons were made between the present solutions 

and those published previously. It was found that the failure envelopes of foundations 

exhibit symmetry under vertical-horizontal (V-H) and vertical-moment (V-M) planes. 

However, asymmetry was observed in the failure zones under (H-M) planes across all 

shapes and anisotropic ratios. Generally, a bigger failure envelope often results from an 

increase in either the anisotropic ratio (re) or the shape ratio. As re changes from 0.5 to 

1, the size of the H-M space in the 3D failure envelopes dramatically rises for various 

levels of vertical loadings (V/V0). 

 In regards to the machine learning model applications, machine learning 

models were used to build realistic engineering tools for the construction of failure 

envelopes in both two dimensions (H-M) and three dimensions (V, H, and M). 

Comparisons among the boosting models have demonstrated that machine learning is 

the most efficient method in predicting the 3D failure envelope of foundations on 

anisotropic clay under combined loadings (V-H-M), achieving high accuracy. It is 

important to emphasize that this thesis focuses on the failure envelope capacity of 

foundations due to the absence of design equations predicting the failure envelope of 

footings using machine learning methods.  
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7.2 Suggestion 

 

This thesis demonstrates promising results in terms of predictive accuracy 

and computational efficiency across various practical scenarios. It further enables the 

establishment of a failure envelope for footings under combined loading conditions, 

which can be valuable for practitioners in the field. The present study underscores the 

novelty and importance of its significance in foundation designs. In the future, failure 

envelopes can also be developed for foundations situated on cohesive-frictional and 

sandy soils. 
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