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Common Fixed Points of a New Three-Step Iteration with Errors of
Asymptotically Quasi-Nonexpansive Nonself-Mappings in Banach
spaces

Utith Inprasit!?> and Hathaikarn Wattanataweekul'~?

ABSTRACT: In this paper, we introduce an iterative method for finding a common element of
the set of solutions of a generalized mixed equilibrium problem and the set of common fixed
points of a finite family of nonexpansive mappings in a real Hilbert space. Then, we prove that
the sequence converges strongly to a common element of the above two sets. Furthermore,
we apply our result to prove three new strong convergence theorems in fixed point problems,
mixed equilibrium problems, generalized equilibrium problems and equilibrium problems.

1. Introduction

We assume that X is a normed space and C is a nonempty subset of X. A mapping T : C —
C is said to be asymptotically nonexpansive [3] if there exists a sequence {k,} of real numbers
with k, > 1 and lim k, = 1 such that ||T"x — T"y|| < ku||x —y|| for all x,y € C and each

n—o0o

n > 1. The class of asymptotically nonexpansive mappings is a natural generalization of the
important class of nonexpansive mappings. Goebel and Kirk [3] proved that if C is a nonempty
closed and bounded subset of a uniformly convex Banach space, then every asymptotically
nonexpansive self-mapping has a fixed point. A mapping T : C — C is called asymptotically
quasi-nonexpansive if F(T) # @ and there exists a sequence {k, } of real numbers with k, > 1
and lim k, = 1 such that ||T"x — g|| < ku||x —g]| forall x € C,q € F(T),n > 1, where F(T)

n—o00

is the set of fixed points of T. The mapping T is called uniformly L-Lipschitzian if there exists a
positive constant L such that || T"x — T"y|| < L||x —y|| forall x,y € C and each n > 1. Itis easy
to see that an asymptotically nonexpansive mapping must be uniformly L-Lipschitzian as well
as asymptotically quasi-nonexpansive but the converse does not hold.

In 2000, Noor [9] introduced a three-step iterative sequence and studied the approxi-
mate solutions of variational inclusions in Hilbert spaces. Glowinski and Le Tallec [4] applied
three-step iterative sequences for finding the approximate solutions of the elastoviscoplastic-
ity problem, eigenvalue problems and in the liquid crystal theory. It has been shown in [1],
that three-step method performs better than two-step and one-step methods for solving varia-
tional inequalities. The three-step schemes are natural generalization of the splitting methods
to solve partial differential equations; see, Noor [9, 10, 11]. This signifies that Noor three-step
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methods are robust and more efficient than the Mann (one-step) and Ishikawa (two-step) type
iterative methods to solve problems of pure and applied sciences.

In 2001, Khan and Takahashi [5] have approximated common fixed points of two asymp-
totically nonexpansive mappings by the modified Ishikawa iteration. Recently Shahzad and
Udomene [15] established convergence theorems for the modified Ishikawa iteration process
of two asymptotically quasi-non expansive mappings to a common fixed point of the map-
pings. For related results with error terms, we refer to [2, 6, 13] and [15].

The purpose of this paper is to establish strong and weak convergence theorems of a
new three-step iteration for three asymptotically quasi-nonexpan sive non-self mappings in a
uniformly convex Banach space. This scheme can be viewed as an extension of Xu and Noor
[18], Suantai [16] and Nilsrakoo and Saejung [8].

Let X be a normed space. A subset C of X is said to be a retract of X if there exists a con-
tinuous map P : X — C such that Px = x for all x € C. Every closed convex set of a uniformly
convex Banach space is a retract. A map P : X — C is said to be a retraction if P> = P. It follows
that if a map P is a retraction, then Py = y for all y in the range of P. A mapping T : C — Xis
said to be asymptotically quasi-nonexpansive if F(T) # @ and there exists a sequence {k, } of real
numbers with k,;, > 1 and lim k,, = 1 such that

n—oo
IT(PT)""x — gl| < kallx — ]|
forallx € C,q € F(T),n > 1, where F(T) is the set of fixed points of T and (PT)? = I, the
identity operator on C.
The mapping T : C — X is called uniformly L-Lipschitzian if there exists a positive constant
L such that

IT(PT)"""x = T(PT)"'y|| < L||x —y]

forall x,y € Cand n € IN.

Let C be a nonempty closed convex subset of X and P : X — C a nonexpansive retraction
of X onto C, and let Ty, Tz, T3 : C — X be asymptotically quasi-nonexpansive mappings and F

3
is the set of all common fixed points of T; i.e., F = (| F(T;), where F(T;) = {x € C: Tjx = x}
i=1

for all i = 1,2,3. Then, for arbitrary x; € C, compute the sequences {x,}, {y.},{z.} by the
iterative scheme

Zn — P[anTl(PTl)n_lxn + (1 - an - 51/1).7(1/1 “l’ (5111/[;1],
Yp = P[bnTz(PTz)”_lzn + chl(PTl)”_lx,1 + (1 —=by —cn — 0n) Xy + 040y,
Xu41 = PlanT3(PT3)" 'Yy + BuTo(PT2)" 'z + 7 T1 (PT1)" 'y
(1) + (1= an = Bn = Yn — Pn)Xn + PnWs]
for all n > 1, where {a,},{bn},{cn}, {an}, {Bn}, {Vn}, {6n},{on}, {pn} are appropriate se-
quences in [0,1] and {u,}, {v,}, {w,} are bounded sequences in C.
Without errors (6, = 0, = p, = 0), and Ty, Ty, T3 are self-maps of C, the iterative scheme
(1) reduces to the following iterative scheme:
zn = ayT{'xy + (1 — a,)xy,
Yn = by TYzy + ¢y Ti'xy + (1 — by — cn)Xp,
(2) Xn+1 :“nTgyn+,Bnngn+'YnT{1xn+(l_“n_,Bn_')/n)xn/ n Z 1/
where {a,},{b,},{cn}, {an}, {Bn}, {yn} are appropriate sequences in [0, 1].
If T :=T1 = T, = T3, then (2) reduces to the iterative scheme defined by Nilsrakoo and
Saejung [8].
Ify, =0and T := T; = T, = T3, then (2) reduces to the iterative scheme defined by
Suantai [16].

Ifch = Bn =7 =0and T := T} = T, = T3, then (2) reduces to the iterative scheme
defined by Xu and Noor [18].
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If a, = by, = ¢, =0, then (2) reduces to the following iterative scheme:
3) X1 = &n T3 X0 + BT xn + Y Tixn + (1 — &y — B — V) Xn

foralln > 1, where {a,}, {Bn}, {77n} are appropriate sequences in [0, 1].

To study strong and weak convergence theorems of the iterative scheme 1, we recall
some useful well-known concepts and results.

Recall that a Banach space X is said to satisfy Opial’s condition [12] if for each sequence
{xn} and x,y € X with x, — x weakly as n — o0 and x # y imply that

lim sup [|x, — x[| < lim sup [[x, —y|.
In what follows, we shall make use of the following lemmas.

Lemma 1.1. [17, Lemma 1]. Let {a, }, {b, }, {Jx } be sequences of nonnegative real numbers satisfying
the inequality
apy1 < (14 6p)a, + by foralln =1,2,....

If ¥ 0, <ocand Y b, < oo, then
n=1 n=1
(i)  lim a, exists, and
n—oo

(ii) lim a, = 0 whenever lim infa, = 0.

n—oo n—oo

Lemma 1.2. [7, Lemma 1.4]. Let X be a uniformly convex Banach space and let B, = {x € X :
|x|| < r}, r > 0 be a closed ball of X. Then there exists a continuous, strictly increasing convex
function g : [0,00) — [0,00),g(0) = 0 such that

1A% + py + &z + dw|* < Allx|® + wllyl® + ¢ llz)* + Ollw]* — Aug (Ilx — )
forall x,y,z,w € Brand all A, u, &, 0 € [0, 1] with A +u+¢+ 09 =1.
Similar to Lemma 1.2, we can prove the next lemma.

Lemma 1.3. Let X be a uniformly convex Banach space and let B, be a closed ball of X. Then there
exists a continuous, strictly increasing convex function g : [0,00) — [0,00), g(0) = 0 such that

IAx + py + Gz + 8w + s[> < Alx > + pllyll + Ellz17 + Ollw]l* + ¢llsl* — Apg (Ilx = yll)
forall x,y,z,w,s € Byand all A, u, &, 0,0 € [0, 1] withA+u+¢+9+7=1.

Lemma 1.4. [16, Lemma 2.7]. Let X be a Banach space which satisfies Opial’s condition and let {x,, }
be a sequence in X. Let u,v € X be so that lim ||x, — u|| and lim ||x, — v|| exist. If {xp, } and {xp, }
n—oo n—0o0

are subsequences of {x,, } which converge weakly to u and v, respectively, then u = v.

2. Main Results

In this section, we prove strong and weak convergence theorems for the iterative scheme
(1) for asymptotically quasi-nonexpansive nonself-mappings in a Banach space. In order to
prove our main results, the following lemmas are needed.

Lemma 2.1. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, To, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn},{ln},{mn}, respectively, such that

FA@ke>1 1y > 1my > 1, z(k “1) < oo, 2(1 1) < oof(mn—m < co. Let
{an}, {bn}, {cn}, {an}, {Bn}, {Vn}, {5 bAon}, {on} be real sequences in [0 1] such that ay + On,
by + cn + 0y and ay + By + Yn + pn arein [0,1] forall n > 1, Z Oy < 00, Z oy < 00, Z Pn < 00
and let {uy,}, {v,}, {wn} be bounded sequences in C. Foragzven x1 e€C, let {xn} {yn}, {zn} be the
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sequences defined as in (1). Then

(i)
(i)

lim ||x, — q|| exists forall g € F.
;ﬁ)orje of the following conditions (a), (b), (c) and (d) holds, then
lim || T;(PT;)" 'x, — x| = 0.
zjwlim infB, >0and0 < lim infa, < lim sup(an +6,) < 1.
() 11m infa,, l1m infb, > 0 and 0< 11m 1nfan < 11m sup(an +6n) < 1.
(c) 0 < 11m 1nf'yn < hm sup(ocn —i—ﬁn —i—'yn +on) < 1
(d)0 < ,}Ef}omf“” and 0 < nh_r&mfcn < ]}ggosup(b +entoy) <1
If either (a) 0 < lim infﬁn < lim sup(ocn +Bn+rntpon) <1
or (b) lim mfoan =~ 0and 0 < ’}Lra}olnfb < lim sup(b +oeopt+on) <1,
then lgr(}oHTz(PTz)” L2y — xu]| = 0.
If0 < lim infa, < &ggosup(an +Bn+vn+pn) <1,
then lim | T5(PT3)" ty, — x| = 0.

Proof. (i) Let g € F. By (1), we obtain

lzo —qll = [IPlaxTu(PT0)" "y + (1 = @y — ) xu + Suttn] — P(q)]|
< ag|Ti(PTh)" xew — gl + (1 — an — 64) || X0 — ql| + Sullttn — q|
4) < (Ttan(kn —1) = 6n)|lxn — gl + 6nlun — g
and
lys —qll = ||P[baT2(PT2)" ‘z, 4+ ¢ Ty(PTy)" Yoy 4+ (1 — by — ¢ — 00) X
+0won] — P(q) ||
< bul|T2(PT2)" 20 — qll + cul| T (PT1)" s — g
+ (1= bn — cn — on)[|xn — ql| + oullon — 1|
< bulnllzn — gl + cnknl[xn — gl + (1 = by — cn — o) || X0 — 4|
(5) +oullon — 4.
By (4) and (5), we obtain

|2%n+1 = gl = | PlanT3(PT3)" " yu + BuTa(PT2)" 'z + 9 T (PT1)" s

+ (L= aw = Bu = Tu = Pn)Xn + pnwn] — P(q)]]

< an| T3(PT3)" "y — q|| + Bl T2(PT2)" 24 — 4
+ Y| TL(PT)™ Yy — gl + (1 = — B — Y — o) |0 — 4|
+ pnllwn — 4|

< ‘Xnmn“yn - ”]H + ,BnlnHZn - 5]” + Yuknl|xn — 5]”
+ (L= aw = B = vn — o) 10 — qll + pullwn —q]|

< (anmubply + Buln)llzn — gl + anmucuknl|xn — q|
+ (antmy — anmyby — 6pMycy — 0y 0y) || X0 — 4|
+ &t Onl[on — q|| + Yukn |20 — 4[|
+ (L= aw = Bn = vn — o) 1Xn — qll + pullwn —q]|

< lwn — qll + (I = 1) (@nttnby + Bu) + (kn — 1) (vn + antttncy
+ (lxnmnbnln + ﬁnln>ﬂn) + ‘xn(mn - 1))Hxn - ‘7||
+ (muln + 1n)onllun — ql| + muonl|on — gl + pul[wn — q]l.
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Since {I, }, {mn}, {un}, {vn}, {wn} are bounded, there exists a constant K > 0 such that a,,m,,b,, +
Bn < K, vu + apmycy + (aumpbply + Bulp)ay < K, (muly + 1) ||un — q|| < K,myllv, —q| <

K, ||lw, —q|| < Kand a, < K forall n > 1. Then

w1 =gl < (14K (k= 1) + (b = 1) + (ma = 1)) ) 00 — 4
(6) + K(6n + 00 + pn)

By Lemma 1.1, we obtain lim ||x, — g|| exists.
n—oo

Next, we want to prove (ii), (iii) and (iv). It follows from (i) that {x, — g}, {T1 (PT; )" 'x,
g}, {yn — q}, {T3(PT3)" 'y, — q},{zs — q} and {T(PT»)" 'z, — q} are all bounded. Let

M = max { sup ||, — qll, sup | T, (PT2)" " — qll, sup 1y —qll,
n>1 n>1 n>1

sup || T3(PT3)""yu — qll, sup [|zn — gl sup [|u — ],
n>1 n>1

n>1

sup || T2(PT2)" 'z, — 7l sup o = qll, sup e, = ql!}-

n>1 n>1

By Lemma 1.3, there exists a continuous, strictly increasing convex function g : [0,00) — [0, 0)
with ¢(0) = 0 such that

[Ax + py + &z + dw + s||* < Al|x||* + plly||* + €l1z)1* + Ol|wl||* + ¢|[s]|?
(7) —Aug(llx—yll)

forall x,y,z,w,s € Byand all A, i1, {, 9, € [0,1] with A+ u+ ¢ + 0+ ¢ = 1. By (7), we have

|20 — EIHZ = ||P[anT1(PT1)"_1xn + (1= an — 0n)Xn + Ontin] — P(CI)HZ
< Han(Tl(PTl)n_lxn —q)+ (1 —an—84)(xn — q) + 6 (un — EI)HZ
< || T (PT)" oy — gl 4 (1 = an — &) [ x0 — g1
+ Onllun — ‘7”2 —an(1—a, — ‘Sn)g(HTl(PTl)nilxn — xnl|)
< ankl|2n = ql1* + (1 = an — 6) 1x0 — ql1* + 6 || un — g1
—ay(1—a, —38n)g(| Ti(PT1)" 'y — x4 ])
8) < (14 an(ky = 1) = 8n) 20 — g1 + Su | — g2

and

lyn — ql1* = ||P[bx T2(PT2)" 'z + co Ty (PT1)" 2y + (1 — by — ¢y — 03)

X+ 040q) = P(q) |12

< an<T2(PT2)nilzn —q)+ Cn(Tl(PT1>n71xn —q)
+ (1 =bu —cn — o) (xn — ) + 0 (xn — ‘7)”2

< anTZ(PTZ)nilzn - ‘1”2 + (L =bu —cn—0n)xn — ‘7”2
+anT1(PT1)”*1xn - ‘JHZ + Oullon — q||2
— by(1 = by — ¢ — 00)g (| TR(PT2)" 12y — x4 ])

< bulyllzn — ‘7”2 + (L =bu —cn—0u)|xn — QHZ + k|0 — ‘7”2

) + Onllon — ‘JHZ —bp(1—bp—cpn— Un)g(HTZ(PTZ)nilzn - an)
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By (7), (8) and (9), we obtain

B QHZ =

IN

IN

IN

(VAN

IP[an T3(PT3)" "y + BuTa(PT2)" 20 + 1 T (PT1)" 1y

+ (1 —an — Bu— Y — Pn)Xn + Pnt0p] — P(Q)HZ

|| T3(PT3)" tyn — q||* + Bl T2(PT2)" 'z — g

+ Yl TL(PT)" 2 = q)* + (1= & = B — Y — o) [0 — g1
—an(l—an = Bu—n _Pn)g(HTS(PB)nilyn — xa )

+pullwn —q|*

ity ||yn = 411> + Buli |20 — gl + viki X0 — q11* + pallwn —
+ (1 —ay —Bn—Tn _Pn)Hxn _”]HZ

— a0 (1= &y — B — v — )8 (I T3(PT3)" 'y — x|
aptigenky || xn = ql1* + anmi (1= by — ¢ — o) |l xa — g7
""Ynk%szn - 5I||2 + (1T —an — Bu—vu— pn) || xn — QHZ

+ (anm2bul% + Bul2)|1zn — q|1* + anmoul|on — q||* + oullwn — gl
— aymiby (1 — by — ¢y — 00)g (| T2(PT2)" 'z, — x4
—an(l—an = Bu—n _Pn)g(HTS(PTC%)nilyn — xal)
itk |0 — q||? + anmiy (1= by — ¢) |20 — g

+ vk ||lxn = ql12 + (1 = an — Ba — 1) |xn — 1> + (@umibyl;
+ﬁnl%)||xn - ‘7H2 + (“nm%bnl% + ﬁnl%)(an(k;% = 1)) lxn — QHZ
— (anmbuly + ,Bnl;%)an(l —fn — 5n)g("Tl(PTl)nilxn - an)
+ (mals + 1)0u || un — g1 + mycul|on — q)1> + pnl|wn — g

— aym2by (1= by — cp — )8 (|| T2(PT2)" 2, — x4 )

—an(1 =y — Bn — vn — )8 (I T3(PT3)" Ly — x|

26w — qlI* + (k2 — 1) (anmBen + Yu + (anm2bul? + Bul?)an)

+ (I = 1) (antmiby + Bu) + an (mi; — 1)) [l2en — ql1?

+ (myly + 1) 8nllun — 11> + mionllon — q)1> + pallw, — q]1?

— aymibulaa, (1 —ay — 6,)g (|| T1 (PT1)" *xu — x|

- ﬁnl%”n(l —an —6:)g(IITh (PT)" 'xy — Xul|)

— aymaby (1= by — cn — 0)8 (|| T2(PT2)" 'z, — x4 )

— (1 —an — Bu— Tn _Pn)g(HTB(PTB)n_lyn - xn”)

Since {ku},{ln}, {mn},{un}, {vn}, {w,} are bounded and {x,} is bounded, there exist con-

stants Ky > 0 such that

(anm2en + yn + (@umZbyl2 + Bul2)an)||xn — q||*> < Ko,
(“nm%bn + Bu) lxn — ‘7“2 < Ko, o || xn — ‘7”2 < Ko, (m%l,% + Z%)Hun - ‘7“2 < Ko,
m?2||v, — g||*> < Ko and ||w,, — q||* < Ko for all n > 1. Thus

D‘nm%bnl%“n(l —an — ‘5n)g("T1(PT1)nilxn - an) <l — q,|2 — [|xny1 — ‘7“2

(10)

,Bnl,%an(l —ay —0n)g

(11)

+Ko((k2 —1)+ (13— 1) + (m3 — 1))
‘f’KO((sn +o0n + pn)

(T (PT)" oxw — xull) < 2w — ql1* = [|x041 — gl
+Ko((k = 1) + (I; = 1) + (m; — 1))
+ Ko(én + 00 + pn)-
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D‘nm%bn(l — by —cn— Un)g(HTZ(PTZ)n_lZn - xn”) < lxn — ”IHZ — |[xny1 — 5IH2
+Ko((ky = 1) + (I = 1) + (m5; — 1))

an(1—an —Pn—n — Pn)g(HTS(an%)nilyn - an) < lxn— ‘JHZ = llxns1 — ‘1”2

+Ko((ky = 1) + (17 = 1) + (m, = 1))
(13) + Ko (65 + 04 + pn)-
Again (7), we obtain

lyn —ql> = |IP[bnT2(PT2)" 'z, + cy Ty (PTY)™ xy + (1 — by — cn — ) xn
+ 0] — P(‘?)Hz

anT1(PT1)”_1xn - CIHZ + (1= by —cn — 0n) | xn — CIHZ

+ anTZ(PTZ)nilzn - QHZ + Onlvn — qH2

—cn(1=by—cn — 0n)g(ITa (PT1)" 2ty — x4 ])

anﬁllxn - qHz + (1= by —cn—0n)[|xn — ‘1”2 + bnliuzn - qHZ
(14) + Oullon — ‘7”2 —cn(1—bn—cn — ‘Tn)g(HTl(PTl)n_lxn - xn”)
By (7), (8) and (14), we have

Ixne1 —qll> = [IPlanT3(PT3)" "y + BuT2(PT2)" 'zu + 7Ty (PTh)" 'y
+ (1= ttn = B — Yu — Pu)Xu + putwn] — P(q)]||?
|| T3(PT3)" Yy — q1I? + Bul T2(PT2)" 'z — q | + pul| w0 — q]I?
+ Yl TL(PT)" 2 — q)* + (1= & = B — Y — o) [0 — g1
—Bn(1—an — B — v — Pn)g(HTZ(PTZ)nilzn - an)
wuttiy ||yn = 411> + Bulill 20 — gl + vaks | X0 — qI?
+ pnllwn — q|I* + (1 = an — B — Yn — pu) |20 — g
+ Bn(L—an — Bu— 10 — Pn)g(HTZ(PTZ)nilzn - an)
it ki |0 — ql|* + @iy (1 = by — ¢p — ) || 20 — g1
+ ki e = q))* + (1= — B —n — pn)llxn — q)1?
+ (‘xnmﬁbnl% + ,Bnl;%) lzn — ‘7”2 + wn?ﬂi%llvn - ’7“2 + pnllwn — EIHZ
—aymincy(1— by — cn — o) g (| TL(PT1)" Pty — x4 |)
—Bu(1 —an = Bn—vn — Pn)g(HTZ(PTZ)n_lZn - xn”)
wnmﬁcnkﬁllxn - QHZ + “nm%(l — by —cn)|lxn — QHZ
+ ke = ql> + (1= an = Bu — 1) X0 — 1> + (wumibul;
+ Buli) |xn — g% + (awmybal} + ;B”lfl)(a"(k% — ) llxn —4ql?
+ (m%l% + l%)énH”n - QH2 + m%UnHUn - ‘1”2 + pnllwn — ’7”2
—aymincy(1— by —cn — o) g (| Te(PT1)" Pty — x4 ])
—Bn(1—ay — By — Y0 — Pn)g(HTZ(PTZ)n_lZn — xn”)
= |lxu —qll* + (K2 — 1) (anmicn + v + (anmibals + Bul2)ay)
+ (I = 1) (wamzby + Bu) + (11, — 1)) 262 — qI?
+ (Ml + 13)6n || — qHZ + mioy||on — ql* + Onllwn — q)1?
— aymicy (1 — by —cn — 0)g (|| T1(PT1)" 2w — %))
—Bn(l—an — Bn— 1 — Pn)g(HT2<PT2)n71Zn — xa )

IN

IN

IN

(VAN

(VAN

IN
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Thus

‘Xnmicn(l_bn_Cn_‘Tn)g(HTl(PTl)nilxn_an) < Hxn—qHz— Hanrl_’JHZ
+Ko((ki = 1) + (I = 1) + (m; — 1))
(15) +KO((511 +ou +pn)

,Bn(l_“n_ﬁn_’Yn_Pn)g(HTZ(PTZ)n_lZn_an) < ||xn_‘J||2_ Hxn+1_4|’2
+Ko((ky = 1) + (I = 1) + (m; — 1))
(16) +KO((Sn +ou +pn>

By (7), (8) and (9), we obtain

%041 =4l = | PlanT3(PT3)"yu + BuTa(PT2)" 'z + 7 T (PT1)" s
+ (1 —an — Bn = Yn — Pn)Xn + Pntn] — P(q)|?
< 7l T (PT)" o — g1 + @ | T3(PT3)" "y — 411 + pullw0n — qI?
+ (1 —an—Bn— 70— pn)llxn — ‘7“2 + ﬁnHT2<PT2)nilZn - QHZ
— (1= — Bn— Yn — p)S (I T1 (PT1)" "2 — x|
< yakpllxn = qlI* + anmillyn — q)* + Balillzn — 4l
+ pullwn = qlI* + (1 = an = Bu — Yn — o) |20 — g1
= Yn(L—an = Bu—Tn _Pn)g(HTl(PTl)n_lxn — Xnl|)
< ’Ynk%Hxn - QHZ +,Bnl;%||zn - 5]||2 + “nm%UnHUn - 5]||2 + pnllwn — ‘JHZ
+ i bal |20 — ql|* + aum (1= by — ¢ — o) 0 — g1
+agmgeakylxn = ql1> + (1=t — Bo = 1 — pu) 120 — 4|1
= (L —an = Bu—Tn _Pn)g(HTl(PTl)nilxn — xn||)
< Yk l|xn — ql* + myoullon — ql* + pullwn — ql|>
+ (ntbuly + Bull) 1xn — q|1 + (m305 + )8 | un — q1?
+ ((nm2bal? + Bul?)an (kK2 — 1)) || xn — q||* + anmieak? || xa — g
+ (L —an— B — 1) ||lxn — ‘7”2 + “nm;%(l — by —cn)||lxn — ‘7”2
— (1=t — Bn — Yn — p)S (I T1 (PT1)" x5 — x|
= |lxn — qlI* + ((2 = 1) (aumien + v + (anmZbal2 + Bal2)ay)
+ (I = 1) (anmyby + Bn) + (115, — 1)) [l2cn — qHZ
+ (m%l,% + l%)énH”n - EIHZ + m%‘TnHUH - QHZ + pnlwn — EIHZ
— (L —an —Bn—1n — Pn)g(HTl(PTl)n_lxn — xal])-

Thus
(1 —an = Bu — 1 — Pn)g(HTl(PTl)n_lxn —xall) <l - ql1> = llxeir — gl
+Ko((k = 1) + (17 = 1) + (m; — 1))
(17) + KO(én + oy + Pn)
(i) (a) Let lim inf B, > 0and 0 < lim infa, < lim sup(a, + J,) < 1. Then there exists
a positive integer np and 77,51 € (0,1) such that0 < 7 < B,,0 <7 <ayanda, +4, <7 <1
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for all n > ng. This implies by (11) that

(1 —1)g(ITi(PT)" Txy — xall) < 2w — ql1> = || %01 — g2
+Ko((kp —1) + (I = 1) + (m5 — 1))
(18) + Ko(6y + 04 + pn)

for all n > ny. It follows from (18) that for » > ny,

r 1 ;
E n—1 — < - - o 2 o 2
nn0g<”Tl(PT1) Xn xn”) = 172(1 _17/) (n;no(Hxn q” ||xn+1 q” )
T

+Ko Y (K —1)+ (I3 —1)+ (m3—1)

n=ny
+ 3y +on + pn))
< (I — g Ko Y (2 1)
N 772<1 -7 ) ’ n=ng "
(19) +(z§—1)+(m§—1))).
Since 0 <t —1 < 2t(t—1) forall t > 1 and E(kn—l) < oo, Of;(ln—l) < o0, ozol(mn—l) <
n=1 n=1 n=1
0o, we get E (K2 —1) < oo, OZO: (I2-1) < oo, OZo} (m? — 1) < oo. By inequality (19), let r — co.
n=1 n=1 n=1
We get % (T (PTh)" 'xy — x4]|) < 0. Thus lim (T (PTh)" x,y — xu|) = 0. Since g is
n=no —00
strictly increasing and continuous at 0 with ¢(0) = 0, it follows that lim ||Ty(PT;)" 'x,
n—oo
Xn|| — 0.
By using a similar method as in (ii) part (a) together with (10), (17), (15), (16), (12) and
(13), the results in (ii) (b,c,d), (iii) (a,b) and (iv), respectively, can be proved. O

Lemma 2.2. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, T,, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {1}, {mn}, respectively, such that

F# Qky >1, 1, > Lmy > 1, E(k —1) < oo, z(z —1) < oo, Z(mn—1)<ooLet
{an}, {bu}, {cn}t, {an}, {Bn}, {Vn}, {(5 } {on}, {pon} be real sequences in [0 1] such that Ay + On,
by + ¢cn + On, 00 + Bn + Yn + pn are in [0,1] foralln > 1, 2(5 < 00, Zan<oo an<oo

and let {uy,}, {v,}, {wn} be bounded sequences in C. For a gwen x; €C, let {x,,,} {yn} {zn} be the
sequences defined as in (1). Suppose Ty, To, T3 are uniformly L-Lipschitzian. If lim ||T;(PTy)" x, —

Xu|| =0, y}im | To(PT2)" zy — xu|| = O,nlim | T5(PT3)" Yy, — x| = O, then
() lim [T, — . = 0,
(ii)  lim ||Tox, — x4|| = 0, and
n—oo

(iii)  lim || T3x, — x,|| = 0.
n—oo
Proof. Since

| %n41 — xu]| < "‘n||T3(PT3)n71]/n — Xl + ﬁnHTZ(PTZ)nilZn — x|
+ Yl T (PTY)" oty — x| + pnllwn — x|

—0as n — oo,
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we obtain
1T (PTy)" g1 — Xpa || < 1T (PT)" xgq — Ty (PTh)" x|
T (PT)" o — 2| + (2041 — x|
< Ll|xper = 2]l + [ T1(PT1)" ™ o — x|

(20) + [[Xp+1 — x|l — 0 as n — oo.
By (20), we get

I Ta2 = xall < [ TL(PT1)™ "y — x| + | T2 (PT2)" ™y — T

< Ta(PT0)" Yoy — xal| + LI T (PT2)" 220 — x|
— 0 as n — oo.
Thus r}im | Tyxn, — xn|| = 0. Next, we want to prove (ii). Since
llzw — xnl| < an||To(PTY)" txy — x4]| + Oul|tn — xn|| — 0 as n — oo,

we obtain

I T2(PT2)" " xys1 — Xpsa || < | T2(PT2)" ' xugq — To(PT)" 'y
+ || To(PT2)" Yz, — To(PTo)" o, |
+ | T2 (PT2)" 2 — xu || + |20zt — x|
< Ll[xpg1 = xull + Lllzn — xu ]l + | T2(PT2)" 21 — x|
+ ||xp41 — xn|| — 0 as n — oo.
Hence, we have
ITexs = all < T (PT2)" s = x| + | Ta(PTe)" s — Tos |
< | T2(PT)" 'z, — To(PT)" x,|| + | T2(PT2)" 1z, — x|

+ L| To(PTy)" 2x, — xp|| — 0 as n — co.

Thus lim || Tox, — x,|| = 0, so (ii) is obtained. Since
n—oo

lyn — xull < anTZ(PTZ)nilzn — Xu| + CnHTl(PTl)nilxn — x|

+0‘n“’0n - XnH — 0
and || T5(PT3)" 'y, — x,|| — 0 as n — oo, we obtain

IT3(PT3)" "%y — x| < | T3(PT3)" "y — T3(PT3)" '
+ I T5(PT3)" 'y — x|
< Lllyn — xull + [ T3(PT3)" 'y — x|
— 0 as n — oo.
Thus
IT5(PT3)" w1 — Xy || < | T3(PT3)"  atsn — T5(PT3)" x|
+ | T(PT3)" yu — T3(PT3)" x|
+ HT3(PT3)”71%1 — Xl + |01 — x|
< Lflxng1 = Xl + Lllyn = xull + | T3(PT3)" Ty — x4

+ ||xp41 — xn|| — 0 as n — oo.
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It follows that,
T3 = xall < | T3(PT3)" "2y — x| + | T3(PT5)" " — T
< | T3(PT3)" " ot — xul| + L|| T3(PT3)" 22 — x|
— 0 as n — co.
Hence (iii) is satisfied. O

Theorem 2.3. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, To, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {1}, {mn}, respectwely, such that

F#Qk, >11, >1m, >1, Z(k —1)<ooZ(l—1)<ooand2(mn—1)<oo

Let {an},{bn},{cn}, {an}, {Bn}, {’yn} {6n},{on}, {pn} be real sequences ¢ in [0, 1] such thut ap + Oy,
by + ¢y + 0y and wy + By + yn + pn are in [0,1] for all n > 1, and Z oy < 00, Z oy < 00,

n=1
Z pn < oo and let {u,},{vn},{wn} be bounded sequences in C. Assume that Ty, T, T3 are uni-
formly L-Lipschitzian. If one of T;(i = 1,2,3) is a completely continuous and one of the following
conditions (C1)-(Cb) is satisfied:
(C1) 0< lim infa, < lim sup(a, +6,) <1,
n—oo n—oo
0< lim infb, < lim sup(b +cn+0,) <1,and
0< hm infa, < 11rn sup(zxn +Bn+vn+pn) <Ll
n—oo

(C2) 0< hm infb,, hm infc, < hm sup(b +cn+oy) <1,and
0< 11m infa, S hm sup(ucn +,Bn + 9+ pn) <1

n—oo
(C3) 0< liminfb, < 11m sup(b +cnto0y) <1,and
n—oo
0< nhm infx,, 11m mf’yn < hm sup(zxn + B+ n+pn) <1
(C4) lim infb, >0, andO < lim 1nfan < lim sup(a, + 0,) < 1, and

n—o0 n—oo n—o00

0 < lim infay,, lim inf B, < lim sup(ay, + Bn + vn +pn) < 1.
(C5) 0 < lim infay,, lim inf B, lim infy, < lim sup(ay, + Bn + vn +pn) < 1.
1n—00 n—oo n—o0 n—oo
Then the sequences {x, }, {yn}, {zn} defined as in (1) converge strongly to a common fixed point of T,
Tz and Tg.
Proof. Suppose one of the conditions (C1)-(C5) is satisfied. By Lemma 2.2, we obtain lim || Tjx, —
n—oo

Xn|| = 0 for i = 1,2,3. Assume one of T;, T and T3 says T; is completely continuous. Since
{xn} is a bounded sequence in C, there exists a subsequence {x,, } of {x,} such that {Tyx,, }
converges to g € C. Since ||x,, — q|| < || Tixy, — Xn, || + || T1xn, — q||, we get klim |20, —ql| = 0.
Thus {x,, } converges to g € C. By continuity of T;, we have T;x,, — T;q as k — oo. Since
ITiq — qll < I Tixne — Tig| + [ Tixn, — [ + [0 —ql| — Oask — oo,
we obtain Tjqg = q (i = 1,2,3). Thus g € F. By Lemma 2.1 (i), lim ||x, — g|| exists. This implies
n—oo

lim ||x, — g|| = 0. By Lemma 2.1, we have
n—oo

| T (PTy)" 'x, — x4]| — 0 and ||T2(PT>)" 'z, — x,|| — 0as n — co.
It follows that
[Yn = xull < bul T2(PT2)" 'z — x| + cul[ T (PT1)"  otw — x| + Ouflon — x|

— 0and ||z, — x| < || TL(PTy)" 'x — x4 + Oulln — xu|| — 0 as n — oo. These imply
lim y, = g and 11m 0 Zy = . U

n—oo

Remark 2.4. In Theorem 2.3, assume that T7, T, and T3 are asymptotically nonexpansive self-
mappings of C such that one of them is completely continuous and thus T, T>, T3 are uniformly
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L-Lipschitzian and J,, = 0;, = p, = 0. We obtain the following results.
(1) If one of the conditions (C1) — (C5) is satisfied, then the sequences {x,},
{yn},{zn} defined as in (2) converge strongly to a common fixed
point of T1, T, and T5.
(2) IfT:= Ty = T, = T3 and one of the conditions (C1) — (C5) is satisfied,
then we obtain the results of Nilsrakoo and Saejung [8].
(3) If T:= Ty = T, = T3 and one of the conditions (C1), (C2), (C4) is
satisfied and 7y, = 0, then we obtain the results of Suantai [16].
(4) I T:= Ty = T, = T3 with condition (C1) is satisfied and ¢, = B, = Va
= 0, then we obtain the results of Xu and Noor [18].
(5) If the condition (C5) is satisfied and a,, = b, = ¢, = 0, then the sequence
{x,} defined as in (3) converges strongly to a common fixed point of
Thlbandlb

The mapping T : C — X with F(T) # @ is said to satisfy Condition A [14] if there is a
nondecreasing function f : [0,c0) — [0, 00) with £(0) =0, f(r) > 0 for all r € (0,00) such that
|x — Tx|| > f(d(x,F(T))) forall x € C, where d(x,F(T)) = inf{||[x —g|| : ¢ € F(T)}. As Tan
and Xu [17] pointed out, the Condition A is weaker than the compactness of C.

The following result gives a strong convergence theorem for asymptotically quasi-nonexpansive
nonself-mappings in a uniformly convex Banach space satisfying Condition A.

Theorem 2.5. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let T1, T, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn},{ln}, {mn}, respectzvely, such that

F # Qky, > 1,1, >1mn>12(k —l)<ooZ(l—l)<ooand Z(mn—l)<oo

Let {an}, {bn},{cn}, {an}, {Bn}, {’yn} {6n}, {on}, {pn} be real sequences | in [0, 1] such that ap + Oy,
by + ¢y + 0y and ay + By + Yn + pn are in [0,1] for all n > 1 and Z o < o0, Zan < 00,

n=1 n=1

Z pn < oo and let {u,},{v,},{w,} be bounded sequences in C. Suppose Ty satisfies Condition A

and Ty, Tz are uniformly L- szschztzzan and one of the conditions (C1)-(C5) in Theorem 2.3 is satisfied.
Then the sequence {x,} defined as in (1) converges strongly to a common fixed point of Ty, T and Ts.

Proof. Let q € F. By Lemma 2.1, lim ||x, — g|| exists. Thus {x, — g} is bounded. Then there
n—oo
is a constant H such that ||x, — ¢q|| < H for all n > 1. This together with (6), we have

(21) %01 = qll < llxn —qll + Dy,

where D, = KH((ky — 1)+ (I, —1) +(my — 1)) + K(6y + 04 + pn) < oo for alln > 1. By
Lemma 2.2, we have lim ||x, — Tjx,|| = 0 (i = 1,2, 3). Since T; satisfies Condition A, we obtain
n—oo

lim d(x,, F(T1)) = 0. Next, we want to show {x, } is a Cauchy sequence. Since lim d(x,, F(Ty)) =
n—o00 n—00

Oand Y D, < oo, for any € > 0, there exists a positive integer 1y such that d(x,, F(T1)) < €/4

n=1

n
and ), Dy < e/2foralln > ng. Now, let n € N be such that n > ny. Then we can find q* € F
kZTlo

such that ||x, — g%|| < €/4. This implies by (21) that for m > 1,

[xntm — Xall < [[Xnem — " + [|xn — 7|
n+m-—1
<olv g+ Y Dy
k=n
n+m-—1 €
=2lxu —q* |+ ), Dk<2( )—l—zze.

kl’lg
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This shows that {x,} is a Cauchy sequence and so it is convergent. Let lim x, = p. Since
n—oo

d(xn, F(T1)) — 0as n — oo, it follows that d(p, F(T;)) = 0 and hence p € F(T;). Next, we
want to show p € F(T,) N F(T3). Since Ty, T3 are uniformly L-Lipschitzian and by Lemma 2.2,
we obtain
ITip = pll < NI Tixn = Tip[| + [ Tixn — 2| + [0 — pl|
< Lfjxn = pll + I Tixn = xal + |20 = pll — 0 as n — co.

Thus T;p = p (i = 2,3). Therefore p € F. O

In the next result, we prove weak convergence for the iterative scheme (1) for asymp-
totically quasi-nonexpansive nonself-mappings in a uniformly convex Banach space satisfying
Opial’s condition.

Theorem 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s condition and let C be a
nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let Ty, Tp, T3 :
C — X be asymptotically quasi-nonexpansive mappings with respect to sequences {k, },{l,},{mn},

respectively, such that F # @,k, > 1,1, > 1,m, > 1, ¥ (k, —1) < 0o, ¥ (I, —1) < o0 and
n=1 n=1

l(mn —1) < oo. Let {an}, {bu}, {cn}, {an}, {Bn}, {1n}, {60}, {0n},{pn} be real sequences in

[0, 1] such that a, + 6n, by + ¢ + 0 and &y + By + Yn + pn are in [0,1] foralln > 1and Y. 5, <
n=1

8

o, Z 0y < 0, E pn < oo and let {uy,}, {vn}, {wn} be bounded sequences in C. Suppose Ty, T, T3

are umformly L- szschltzzan and I —T; (i = 1,2,3) is demiclosed at 0. If one of the following conditions
(C1)-(C5) in Theorem 2.3 is satisfied, then the sequence {x,} defined as in (1) converges weakly to a
common fixed point of Ty, T and T3.

Proof. Assume one of the conditions (C1)-(C5) is satisfied. By Lemma 2.1 and Lemma 2.2,
we have lim ||Tix, — x,|| = 0 (i = 1,2,3). Since X is uniformly convex and {x,} is bounded,
n—oo

without loss of generality, we may assume that x, — u weakly as n — oo. Since [ — T; is
demiclosed at 0, we obtain u € F. Suppose subsequences {x,, } and {x,, } of {x,} converge
weakly to u and v, respectively. Also, since I — T;(i = 1,2,3) is demiclosed at 0, we have u and
v € F. By Lemma 2.1, we obtain r}grolo ||x — u|| and 7151010 ||x, — v|| exist. It follows from Lemma

1.4 that u = v. Therefore {x, } converges weakly to a common fixed point of Ty, T, and T3. [
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