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Common Fixed Points of a New Three-Step Iteration with Errors of
Asymptotically Quasi-Nonexpansive Nonself-Mappings in Banach
spaces

Utith Inprasit'? and Hathaikarn Wattanataweekul'

ABSTRACT: In this paper, we introduce an iterative method for finding a common element of
the set of solutions of a generalized mixed equilibrium problem and the set of common fixed
points of a finite family of nonexpansive mappings in a real Hilbert space. Then, we prove that
the sequence converges strongly to a common element of the above two sets. Furthermore,
we apply our result to prove three new strong convergence theorems in fixed point problems,
mixed equilibrium problems, generalized equilibrium problems and equilibrium problems.

1. Introduction

We assume that X is a normed space and C is a nonempty subset of X. A mapping T : C —
C is said to be asymptotically nonexpansive [3] if there exists a sequence {k,} of real numbers
with k, > 1 and }i_r&k,, = 1 such that ||T"x — T"y|| < kn|lx —y|| for all x,y € C and each

n 2> 1. The class of asymptotically nonexpansive mappings is a natural generalization of the
important class of nonexpansive mappings. Goebel and Kirk [3] proved that if C is a nonempty
closed and bounded subset of a uniformly convex Banach space, then every asymptotically
nonexpansive self-mapping has a fixed point. A mapping T : C — C is called asymptotically
quasi-nonexpansive if F(T) # @ and there exists a sequence {k,} of real numbers with k, > 1
and nli_r.r;k,, = 1such that ||T"x — q|| < kn|lx —q|| forall x € C,q € F(T),n > 1, where F(T)

is the set of fixed points of T. The mapping T is called uniformly L-Lipschitzian if there exists a
positive constant L such that || T"x — T"y|| < L||x — y|| forall x,y € C and each n > 1.1tis easy
to see that an asymptotically nonexpansive mapping must be uniformly L-Lipschitzian as well
as asymptotically quasi-nonexpansive but the converse does not hold.

In 2000, Noor [9] introduced a three-step iterative sequence and studied the approxi-
mate solutions of variational inclusions in Hilbert spaces. Glowinski and Le Tallec [4] applied
three-step iterative sequences for finding the approximate solutions of the elastoviscoplastic-
ity problem, eigenvalue problems and in the liquid crystal theory. It has been shown in [1],
that three-step method performs better than two-step and one-step methods for solving varia-
tional inequalities. The three-step schemes are natural generalization of the splitting methods
to solve partial differential equations; see, Noor [9, 10, 11]. This signifies that Noor three-step

Corresponding author: utith@sci.ubu.ac.th(U. Inprasit)
Manuscript received March 16, 2010. Accepted July 31, 2010.



170 U. Inprasit and ¥1. Wattanataweekul / Journal of Nonlinear Analysis and Optimization 1 (2010) 169-182

methods are robust and more efficient than the Mann (one-step) and Ishikawa (two-step) type
iterative methods to solve problems of pure and applied sciences.

In 2001, Khan and Takahashi [5] have approximated common fixed points of two asymp-
totically nonexpansive mappings by the modified Ishikawa iteration. Recently Shahzad and
Udomene [15] established convergence theorems for the modified Ishikawa iteration process
of two asymptotically quasi-non expansive mappings to a common fixed point of the map-
pings. For related results with error terms, we refer to [2, 6, 13] and [15].

The purpose of this paper is to establish strong and weak convergence theorems of a
new three-step iteration for three asymptotically quasi-nonexpan sive non-self mappings in a
uniformly convex Banach space. This scheme can be viewed as an extension of Xu and Noor
[18], Suantai [16] and Nilsrakoo and Saejung [8].

Let X be a normed space. A subset C of X is said to be a retract of X if there exists a con-
tinuous map P : X — C such that Px = x for all x € C. Every closed convex set of a uniformly
convex Banach space is a retract. Amap P : X — C is said to be a retraction if P> = P, It follows
that if a map P is a retraction, then Py = y for all y in the range of P. A mapping T : C — X is
said to be asymptotically quasi-nonexpansive if F(T) # @ and there exists a sequence {k,} of real
numbers with k, > 1 and r}gro\o ks, = 1 such that

IT(PT)""'x - g|| < kul|x — q

forall x € C,q € F(T),n > 1, where F(T) is the set of fixed points of T and (PT)? = I, the
identity operator on C.

The mapping T : C — X is called uniformly L-Lipschitzian if there exists a positive constant
L such that
IT(PT)""'x = T(PT)"1y|| < Lfjx ||

forallx,y € Candn € IN.
Let C be a nonempty closed convex subset of X and P : X — C a nonexpansive retraction
of X onto C, and let Ty, Tz, T3 : C — X be asymptotically quasi-nonexpansive mappings and F

3
is the set of all common fixed points of T; i.e., F = (| F(T;), where F(T;) = {x € C: Tix = x}
i=1

for all i = 1,2,3. Then, for arbitrary x; € C, comp_ute the sequences {x,}, {yn}, {zn} by the
iterative scheme

zn = P[anT1(PT1)" %0 + (1 — @n — 8n)Xn + Sutn),
Yn = P[bnT2(PT2)" 'z + cy Ty (PT1)" Y 2n + (1 = b — Cn — On)Xn + Onn],
Xn41 = PlanT3(PT3)" Yy + BaTo(PT2)" 2y + 7n To(PT1)"
(1) +(1—an—PBn—vn— Pn)Xn + PnWn)

for all n > 1, where {an}, {bn},{cn}, {@n}, {Bn} {¥n}, {6n}, {on}, {pn} are appropriate se-
quences in [0, 1] and {un}, {vn}, {wn} are bounded sequences in C.

Without errors (6, = 0w = pp = 0), and Ty, T2, T3 are self-maps of C, the iterative scheme
(1) reduces to the following iterative scheme:

Zp = anTln.x" + (1 s an)xn,
y" = bnT;Zn + CnTlnx" + (1 e bn = Cn)xn,
() Xnt1 = &nT3Yn + BuT3Zn + YuT1%n + (1 — &n — Bn — Yn)xn, n>1,

where {an}, {bn}, {cn}, {€n}, {Bn}, {¥n} are appropriate sequences in [0, 1].

If T := T1 = T, = T3, then (2) reduces to the iterative scheme defined by Nilsrakoo and
Saejung [8].

fyy=0and T:=T1 =T,
Suantai [16].

Ifch =Bn=7n=0and T := T} = T, = T3, then (2) reduces to the iterative scheme
defined by Xu and Noor [18].

T3, then (2) reduces to the iterative scheme defined by
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If an = by = cn = 0, then (2) reduces to the following iterative scheme:
3) Xn+1 = lan;x" + ﬁnTznxn + ')’nTlnxn + (1 —&n — Pn — ')’n)xn

foralln > 1, where {an}, {Bn}, {7n} are appropriate sequences in [0, 1].
To study strong and weak convergence theorems of the iterative scheme 1, we recall
some useful well-known concepts and results.

Recall that a Banach space X is said to satisfy Opial’s condition [12] if for each sequence
{xn} and x,y € X with x, — x weakly as n — o0 and x # y imply that

Jim sup ||xn — x|| < lim sup [|x, — y]|-
In what follows, we shall make use of the following lemmas.

Lemma 1.1. (17, Lemma 1]. Let {ax}, {bn}, {6n} be sequences of nonnegative real numbers satisfying
the inequality

Ans1 < (1+dn)an+by  foralln=1,2,....
If}:&n<ooand[)b < o0, then

n=1
(i) lim a, exzsts, and
n—oo

(ii) lim ay = 0 whenever lim infa, = 0.
Lemma 1.2. [7, Lemma 1.4]. Let X be a uniformly convex Banach space and let B, = {x € X :

lxll < r}, r > 0 be a closed ball of X. Then there exists a continuous, strictly increasing convex
function g : [0,00) — [0,00),¢(0) = 0 such that

1A% + py + &z + Swl| < Allxl|? + plly|I® + Elzll* + ollw]l® — Aug (llx - y1))
forallx,y,z,w € Brand all A, u,§,8 € 0,1 with A+ u+&+96 =1.
Similar to Lemma 1.2, we can prove the next lemma.

Lemma 1.3. Let X be a uniformly convex Banach space and let B, be a closed ball of X. Then there
exists a continuous, strictly increasing convex function g : [0,00) — [0, 0),£(0) = 0 such that

IAx + py + &2+ 6w + Z5[12 < Mlxl2 + plyl? + Ellzl + Sllwll? + ls| — Aug(lx - y1)
forallx,y,z,w,s € Byandall A, y,§,8,{ € 0,1 with A+ u+&+0+7=1.

Lemma 1.4. [16, Lemma 2.7]. Let X be a Banach space which satisfies Opial’s condition and let {x,}
be a sequence in X. Let u,v € X be so that nlgro\o |xn — u|| and Jlim |xn — || exist. If {xn, } and {xm, }

are subsequences of {xn } which converge weakly to u and v, respectively, then u = v.

2. Main Results

In this section, we prove strong and weak convergence theorems for the iterative scheme
(1) for asymptotxcally quasi-nonexpansive nonself-mappings in a Banach space. In order to
prove our main results, the following lemmas are needed.

Lemma 2.1. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, To,Ts : C — X be asymptoti-
cally quasi-nonexpansive mappings w:th respect to sequences {kn}, {ln}, {m,,} respectively, such that

E 75 @ knzl ln 2 1lmy 21, Z(k _1) < &, ):(ln_l) < °°E(mn_1) < . Let
{an}, {bn}, {cn}, {an}, {Bn}, {1}, {5,,} {on}, {on} be real sequences in [0 1] such that an + Op,
bn +cn + 0y and ay + Bn + Yn + puarein [0,1] foralln > 1, ): by < 00, ): On < 0, ): pn < 00
and let {un}, {va}, {wn} be bounded sequences in C. Foragwen x1 €C, let {x,,} {yn}, {z,,} be the
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sequences defined as in (1). Then

(1) nh_r‘g\o lxx — q|| exists for all g € F.

(i)  If one of the following conditions (a), (b), (c) and (d) holds, then
lim [Ty (PTy)" " xn — x| = 0.
(a) }%infﬁ,, >0and 0 < }i_r&ixﬁa,, < '}i_{r}osup(a,, +6n) <1
(b) '}i_{gomfa,,,’}minfb,, >0and 0 < }i_r&infa,, < }’_u:xoxosup(a,, +6y) < 1.
(c)0< Iim n infy, < lim sup(a,, +Bn+Tn+pn) <1
(d)0< hm inf &, and 0 < lun infc, < hm sup(b,. +entoy) <1

(iii) If either (a) 0 < lim inf B, < < hm sup(oc,, T ﬁ,, +n+pn) <1

or (b) hm mfcx,, > OandO < hm infb, < lun sup(b,, +entop) <1,

then hm ||T2(PT2)"‘12,. ~ x,,|| y |

(iv) Ifo < ’}gr.}omfan < lim sup(an + B+ 1n +pn) <1,
then nh_{{}o I T3(PT3)" "1y — x| = 0.

Proof. (i) Let g € F. By (1), we obtain

lzn =qll = [IP[aaTa(PTa)" "% + (1 — @n — 8n)xn + Suttn] — P(q) |
< anl|Ti(PTL)" %0 — gl + (1 = an — ) l|n — gl + Sullun — g
(4) < (T +an(kn —1) = én)llxn — qll + énllun — 9|l
and
lyn =qll = [IP[baT2(PT2)" " 2n + caTa(PT1)" " xn + (1 = by — Cn — )2
+0nvn] — P(q)
< bl T2(PT2)"'za = ql| + call TL(PT1)" 20 — g
+ (1 = b — cn = on)|xn — qll + oullvn — 4|l
< balnl|zn — qll + cuknllxn — qll + (1 = ba — cn — 0u)[|xn — 4|
5) + ullvn —ql|.
By (4) and (5), we obtain

l%n41 = qll = [IP[anT3(PT3)"  yn + BnT2(PT2)" 'zn + YTy (PT1)" Lt

+ (1 = & = Bn — Yn — Pn)Xn + pnwn] — P(q)|

< anl| T3(PT3)" Yyn — 41| + Ball T2(PT2)" 'z, — g
+ 1l Ta(PT1)" % = g1l + (1 = &n — Bn = Yn — pu) |xa — 4
+ pnllwn — g

< anttin||lyn — [ + Balnllzn — gl + Ynknl|xn — q||
+ (1= an = Bn = 1n = pn)llxn = qll + oullwn — 4l

< (@ntnbuln + Buln) 1zn — gl + anttnCuknl|xn — gl
+ (@ntn — antnby — &utyCy — antnoy)||xn — 4|
+ anttnOn|vn =l + Ynknllxn — q]|
+ (1 —an = Bu = Yn — pn)llxn — ql| + pallwn — 4]

< llxn =gl + ((n = 1) (&nmnbn + Bn) + (kn = 1) (Yn + antrincn
+ (@nMnbuln + Buln)an) + an(mn — 1)) 1% — q||
+ (Mnln + 1n)Snl|tin — q|| + MuGn||vn — q|| + pnllwn — 4|
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Since {In}, {mn}, {tn}, {vn}, {wn} arebounded, there exists a constant K > 0 such that a,m, b, +
ﬁn < K, T + anmucy + (“nmnbnln + ﬂnln)an <K, (mnln + ln)”un = ‘JH < Krmn”vn == ‘7" <
K, ||wn —q|| < Kand ap < K for all#n > 1. Then

lnsr = qll < (14 K(Ckn = 1) + (b = 1) + (0 = 1)) ) 120 =g
(6) + K(n + 0 + pn)

By Lemma 1.1, we obtain ,}Erc}o |xx — g| exists.

Next, we want to prove (ii), (iii) and (iv). It follows from (i) that {x, — g}, {T1(PTy)"1x, —
q}, {yn — 9}, {T3(PT3)"'yn — q}, {zn — q} and {T2(PT)"'z, — q} are all bounded. Let

M = max { sup |lxn - qll,sup | Ty (PT1)"Lxn — qll 5up ly - 4l
n>1 n>1 n>1
sup || Ts(PTs)""yn — g1l sup [lzn — qll sup llux - g1l
n>1 n>1 n>1

sup || T2 (PT)" 2o — |, sup llon — Il sup lwn - g1l }.
n>1 n>1 n>1

By Lemma 1.3, there exists a continuous, strictly increasing convex function g : [0, 00) — [0, &)
with g(0) = 0 such that

Ax + py + &z + dw + Zs||* < Allx||? + pllyll® + €llz)|? + 8||wl|® + ¢||s|?
?) —Aug(llx = yll)

forallx,y,z,w,s € Byand all A, %,¢, 9, € [0,1] with A+ u+ ¢ + 8+ { = 1. By (7), we have

lIzn = qlI* = | PlanT1(PT1)" " %n + (1 = @n — 64)%n + Sutén] — P(q) |
< llan(Ty(PT1)" xn — q) + (1 = an — 8n) (Xn — ) + Sn(utn — 9)|I
< anl| Ty (PTy)" 2w = q11% + (1 = an — 6n) 1xn ~ 12
+ 6nllun — qII* — an(1 — an — 8n)g (|| T (PT1)" " 2p — x|
< ankl|xn = gl + (1 = an — 8n) %0 — q11* + Snlln— g1
— an(1 = an = 6n)g (I TL(PT1)" xn — xu|)
®) < (1+an(ky = 1) = 8n)l1xn — ql1% + Snllun — g1

and

llyn = qlI* = [IP(baT2(PT2)" 20 + ca Ty (PT1)" x4 + (1 — by — cn — o)

Xn + 0nvn] — P(q) |12

< |ba(T2(PT2)" " 20 — q) + cn(T1 (PT1)" " x — q)
+ (1= bn = cn — 0n) (Xn — q) + 0u(xn — 9)|1?

< bl T2(PT2)" Y20 — glI1% + (1 = b — cn — o) [|xn — g2
+ cal| TL(PT1)" " xn — q||% + onllon — q]I?
—bn(1=bn—cn— (7,,)g(||T2(PT2)"_lz,, = xull)

< bulgllzn — g1 + (1 — bn — cn — ) l|xn — qlI1% + cakB | xn — q||?

©) + 0nllon = ql|* = ba(1 — by — cn — Un)g(“TZ(PTZ)"_IZn — xu|)
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By (7) , (8) and (9), we obtain

||x,,+1 = 4”2 = "P[anTS(PTCi)n—lyn -+ ﬂnTZ(PT2)"_lzn i ')’nTl(PTl)"—lxn
o (1 —&n—PBn—Yn— Pn)xn +inn] i P(q)||2

< anl|T3(PTs)"tyn — q11* + Ball T2(PT2)" 2, — q|?
+ 1l TL(PT1)" xn — g1 + (1 = &n — Bn — Yn — pn)l|xn — g2
—an(1 = ttn = Bn = 1n — Pn)8 (I T3(PT3)"yn — xnl|)
+pnllwn — q|2

< "‘nm%”yn —ql*+ Bulil|zn — ql1? + vnkd|| 20 — ql* + pnllwn — q|?
+(1—an—Bn—vn—pn)llxn — ‘l”z
—an(l—an — Bn —Tn “‘Pn)g(“TS(PTS)"_lyn = x,,||)

< anmicnkl||xn — ‘7"2 + g (1 — by — cp — n) |l xn — 4”2
+ Ynknl|n = 112 + (1 — an = Bn = Yn — pn)l|xn — qlI2
+ (anmibal] + Bnl2)l|zn — ql1? + anmiou||lv, - qll* + Pnllwn — gl
— aptibu(1 = by — cn — 00)g (| T2(PT2)" 20 — x4]|)
= (1= on = B — n —-p,,)g(||T3(PT3)""1y,, - xul)

< anmieakdlxn — ql|* + anm?(1 = by — ca)||xn — qll?

+nknl|2n = 4112 + (1 — an = Br — vn)l|xn — 9% + (tnrm2bal?
* ﬁ,,l,z,)llx,, = ‘7“2 + (“nmpzubnlﬁ o pnlﬁ)(an(kﬁ ~ 1) ™ ‘1”2
~ (anmyball + Bul7)an(1 = an — 82)g (I T (PT1)" xn — xu)
+ (M1 + 12)8nlltn — q1I2 + m30ullon — ql1% + pullwn — q|2
— by (1 — by — cp — on)8 (I T2(PT2)" 24 — xal)
—tn(1 = an — Bn — 1n — pn)g (I T3(PT3)" "y — xnl|)

= |lxn — qlI> + (K& — 1) (anm2cn + Yn + (@nm2bal2 + Bul2)ay)
ip (1;21 - 1)(“nm§bn + Bn) + “n(mﬁ = 1))"xn - q”2
+ (m2l% + 13)8nl|tn — qll* + mf,a,,llv,, - ‘7”2 + pnllwn — q|1?
— tntybulian(1 - ay — 6n)g (1T (PT1)" " xn — xnl|)
~ Bulpan(1 — an — 8n)g (|| Ty (PT1)"2xtn — xa]])
— anibu(1 — by — cn — 0w)g (|| T2(PT2)" Y20 — x4
—an(1 = ot = B — 1 — pn)g (I T3(PT3)"1yn — xal)

Since {kn}, {In}, {mn}, {tn}, {vn}, {wn} are bounded and {x,} is bounded, there exist con-
stants Ky > 0 such that

(antmzcn + Yn + (anm3bul? + BulZ)an)||xn — gl < Ko,
(etnmzbn + Bn)l|xn — q||* < Ko, an||%n — q1* < Ko, (212 + 12) | un — q||2 < Ko,
m?||vn — g||* < Ko and ||wy — g||*> < Ko forall n > 1. Thus

“nmibnlgan(l — @n —5,.)g(||T1(PT1)""1x,, = x,,H) < lxn = ‘7”2 —{|%n41 ~ ‘7“2
+Ko((kh —1) + (12 — 1) + (m3 - 1))
(10) + Ko(0n + 0n + pn).
Bnlzan(1—an — 80)g(ITy(PTL)" Y2t = xull) < |1%n — q11 = |[%n41 — ql[2

+Ko((K3 — 1) + (12 = 1) + (m% — 1))
(11) + Ko(6 + 0w + pn).
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a,.m?,b,,(l —= ity — an)g(||T2(PT2)""lz,, - x,,||) S xa= ‘7"2 - || %n41 — ‘7”2

(12)

+Ko((K —1) + (2 —1) + (m? - 1))
+K0(¢5n + On +Pn)-

an(l—an—Bn—rn “Pn)8(||T3(PT3)"_1yn = x,,||) g — ‘1"2 — |lxn41 = ‘i“z

(13)
Again (7), we obtain
lyn—ql* =
<
<
(14)

+Ko((K; — 1)+ (A= 1) + (m% - 1))
+K0(5n + 0y +Pn)-

"P[bnTZ(PTZ)n_IZn +CnT1(PT1)"_1xn + (1 — by — cn — Ou)xn
+0vn] — P(q)|2

cnl| T (PTy)" 1y — ‘7”2 + (1 = bn — cn — 0n)||xn — 4|12

+ ba|| T2(PT2)" "2, — ‘7”2 + 0nllvn — g1

—cn(1 = by — cn — o) g (ITo (PT1)" Y2y — x|

cnkall%n = qlI* + (1 = bn — cn = ) [|%n — q1I? + bl2]|2n — g]|2
+ Onlvon - ‘7"2 —cufl=by —cn — ¢7,,)g(||T1(PT1)"'1x,. — xull)

By (7), (8) and (14), we have

| xn41 = q|12

IA

IA

IA

IA

IPletn T3(PT3)" " yn + BuT2(PT2)" ' 2zn + 1n T1(PT1)" 2

+ (1= &n = Bn = Yn = Pn)Xn + pntn] — P(q)|1?

|| T3(PT3)" " yn — 4117 + Ball T2(PT2)" 20 — 4% + pnllwn — q]I*
+Ynll To(PT1)" 20 — qlI> + (1 — &n — Bu = Yn — on)l|xn — ql1?
—Bn(1—an — Bn—Tn — p,.)g(||T2(PT2)""1z,, 1)
antty|[yn — qI2 + Bulxllzn — glI* + yuk’ 1 xn — g2

+ pnllwn — ‘l”z + (1= an—Bn—vn—pn)l|lxn — ‘7”2
+PBn(l—an—Pn—n— p,,)g(||T2(PT2)"’lz,, - xull)
&M ks || Xn — qll* + anmZ(1 — by — cn — an)||xn — q1I

+ ki l|xn = qlI2 + (1 = &1 = Bn = Yn = pa) 1xn — g1

+ (antizbuly + Buld) 120 — % + anminllon — g1 + pullwn — q||?
— aymcn(1 = by — cn — 00)g (| TL(PT1)" 20 — %)

== ﬁn(l - &y — ﬁn ==¥n — Pn)g(“TZ(PTZ)n—IZn = xn”)
&Mkl || Xn — ‘7"2 + g (1 — by — cn)||xn — ql1*

+ 1kl xn — 112 + (1 — &n — Bn — ) l|xn — qI|% + (@nm2bul?
+ﬂn13)“xn e ‘7“2 + (@nmibal} + 5nlr21)(an(k3a =1))[lxn = ‘7"2
+ (M1 + 12)8nllun — ql1* + mi0ul|on — ql1* + pullwn — q]|2

— otytiCn(1 = by — cn — 00)g (I T1(PT1)" " x5 — x4]|)
~Bu(l—atn = Bu— Y — Pn)g(”TZ(PT2)n_1Zn — xull)

llxn — qlI% + ((kﬁ — 1) (anmhcn + vn + (anm3ball + Bul?)an)

+ (17 = 1) (@ntibn + Bu) + an(mi — 1)) |2 — 4|2

+ (mals + 12)0ul|un — q|1* + mioullon — q11* + pnllwn — g1

— tgtien(1 = by — ¢ — o) (I T2 (PT1)" Yxtn — x|

= PBn(l —an — Bn—yn — Pn)g(”Tz(PTz)n_lzn = xn“)
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Thus

ac,,mf,c,,(l #= Dy = Gy == (7,,)g(||T1(PT1)"'1x,, ™ xn") £ Hens ‘7”2 = | %n41 — ‘7“2
+Ko((Ka —1) + (13 = 1) + (m} - 1))
(15) + Ko(6n + 0w + pn).

Bu(1—an—Bn—Tn = pn)S(IT2(PT2)"'zp — xull) < lxn — qlI* = l|2n41 — g1

+Ko((Ka = 1) + (2 = 1) + (m} - 1))
(16) + KO(é.n + On + Pn).
By (7), (8) and (9), we obtain

Il %n+1 = q11% = [|P[2nT3(PT3)""'yn + BaT2(PT2)" 20 + YuT1(PT1)" x4

+ (1 =&y — Bn = Tn — Pn)Xn + PnWn) — P(‘f)llz

< Yl Ty (PT2)" " n = g2 + anl| T3(PT3)" " yn = q11* + pullwn — 412
+ (1= an = Bn = 1n = pn) %0 — 41> + Bl T2(PT2)" "2, — g
—In(l— g = Bpn—n — Pn)g(”Tl(PTl)"—lxn = x,,II)

< Yukilltn = qI2 + anrillyn — g1 + Bulil|zn — 411
+ pnllwn — 4”2 + (1 —an—Bn—Yn—pn)llxn — ‘7"2
= (1 = an = Bn = Yn — Pu)g (I T1(PT1)" "2 — xu)

< Yukil|xn = q11% + BulEl|zn — qlI* + xnr2onllon — q11% + pullwn — q||2
i tx,.mf,b,,l,%“z,, — ql1* + anmi(1 = by — cn — )|l %n — 4|2
+ antmipcaky||Xn — ql|? + (1 — & — Bn = Yn — pn)l|xn — qII2
(1 —an—Bn—n —Pn)g("Tl(PTl)"-lxn = x,,ll)

< 1k} ||xn — q11? + mionllvn — q11? + pnllwn — ‘7“2
+ (anmybaly + Bali) | %n — ql1% + (mA1E + 12)8nllun — q|>
+ ((anmbaly + Bult)an(k; = 1)) |1xn — gl|> + anmicakl || 2 — g1
+ (1 = an = Bn = 1n)l|%n — qlI* + xnm3 (1 — by — cn)||xn — q]|?
— (1 =&~ Bu—Tn _Pn)g(”Tl(PTl)"—lxn — xnl|)

= [lxn — qlI% + ((K3 — 1) (anten + Yn + (anm3bal2 + Bul2)an)
+ (1,2, = 1)(“nm§bn + Bn) + “n(mi H 1)) llxn — ‘7”2
+ (M1 + 13)8al|un — q11% + m30nllon — q112 + pullwn — g1
— (1 —&n—Bn—Tn —Pn)g("Tl(PTl)"_lxn == x,.ll)-

Thus

Tn(1 = tn = Bn = Tn — pn) (I T2 (PT1)" 1 xn — ) < % =412 = a1 — 412
+Ko((ky = 1) + (17 = 1) + (m; - 1))
(17) +K0(5n + oy + pn).
(i) (a) Let ,}l’& infB, > 0and 0 < nlin;oinfa,, < nlinolosup(a,, +6n) < 1. Then there exists
a positive integer np and 17,7’ € (0,1) such that0 < 7 < B, 0 <77 < apand ay +6, <y < 1
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for all n > ng. This implies by (11) that

71— 1)g(ITe(PT))" xn = xull) < [ln = ql1% = [|%n41 — 4112
+Ko((K3 —1) + (B = 1) + (m3 - 1))
(18) S5 KO(én +0n + Pn)
for all n > ng. It follows from (18) that for r > ny,

r

L 8(IT(PT)" 50 — ) < 2 (hn = gl = llxns1 — q11%)
+I<o): K —1)+ (12 -1)+ @m2-1)
+0n + On +Pn))

1 r
£ m(”xno . ‘7”2+K0n;0 ((k2 -
19 + (B - 1) + (m} - 1))).

Since 0 < 2 —1 < 2t(t—1) forallt > Tand T (kn—1) < o0, 5 (I —=1) < 00, 1 (1 —1) <
n=1 n=1

n=1

o0, we get ﬁ (K3 —1) < oo, )of‘, (2-1) < oo, E (m% — 1) < 0. By inequality (19), let r — co.
n=1 n=1 n=1

We get T (1T (PT1)" x4 — xu||) < 0. Thus lim g([|T(PT1)" " an — xa[|) = 0. Since g is
n=ng —00

strictly increasing and continuous at 0 with g(0) = 0, it follows that '}ln;lo |T1(PTy)"1x, —
Xn " = 0.

By using a similar method as in (ii) part (a) together with (10), (17), (15), (16), (12) and
(13), the results in (ii) (b,c,d), (iii) (a,b) and (iv), respectively, can be proved. a

Lemma 2.2. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, Tp, T3 : C — X be asymptoti-
cally quasi- nonexpanswe mappings wzth respect to sequences {kn}, {In}, {mn}, respectzvely, such that

{an}, {b,.} {c,,} {a,,} {ﬂ,,} {'y,,} {5,,} {ow}, {pn} be real sequences in [O 1] such that an + On,
bn +cn + On,&n + Bn + Yn + pn are in [0,1] forall n > 1, ): On < 00, ):,crn < o, ):p,, < o

and let {un}, {vn}, {wn} be bounded sequences in C. For a gzven x1 €C, let {xn} {y,,} {z,,} be the
sequences defined as in (1). Suppose Ty, Ty, T3 are uniformly L-Lipschitzian. If m Ty (PTy)"1x, —
x|l =0, lim |T2(PT2)* 12 — xu|| =0, Jlim | T3(PT3)" "y, — xn|| = O, then

(i) ,,15!;, IT1xn = xn|l =0,

(ii) nlgrgo (| Taxn — xu|| = 0, and

(i) Jim I Tswn — o] = 0.

Proof. Since

%n+1 = %nl < @nl| T3(PT3)" " yn — x| + Bull T2(PT2)" 'z — x|
+ Yl To(PTL)" 20 — x| + | wn — x|

—0as n — oo,
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we obtain
ITL(PT1)" 41 — Xnaall < [Te(PT2)" g — To(PT1)" x|
+ ”TI(PTI)"—I’C'! = Xnl| + [|xn41 = xnll
< Llixnsr = 2l + I T1(PT1) " 2n — x4
(20) + [|xn4+1 — Xn|| — 0 as n — oco.
By (20), we get

| Tixn — xp|| < ||T1(P'I‘1)"‘1x,, — x| + [|T1(PT1)"‘1x,, — Tyxn||
< I Tu(PT1)" % — x| + LI To(PT1)" 2t — x|
— 0 as n — 0.

Thus ,}gro\o |T1xn — xa|| = 0. Next, we want to prove (ii). Since

lzn = xnl| < anl|TL(PT1)" Yxn — Xn|| + Snllttn — xu|| — 0 as 7 — oo,
we obtain
IT2(PT2)" xn41 = 41 ]l < I T2(PT2)" xps1 — T2(PT2)" x|
+ I T2(PT2)" " 2n — T2(PT2)" s
+ | T2(PT2)" 'z, - Xn| + |Xn41 — Xnl|
< Li|xnt1 = Xnll + Lllzn = xull + | T2(PT2)" 25 — xa||
+ || Xn41 — Xn|| — 0 as n — oo.

Hence, we have

I T2xn = 2n|| < (| T2(PT2)" x5 — 2| + [| T2(PT2)" % — Taxa||
< | T2(PT2)" 20 — Ta(PTR)"xn | + | T2(PT2)" " 20 — x|
+ L”T2(PT2)"”2xn — Xu|| — 0 as n — oo.

Thus Jim |T2xn — xu|| = 0, so (ii) is obtained. Since

1y = Xnll < bull T2(PT2)" "2z — 2l + call T (PT1)" x5 — |
+Un”vn = xn” ——p 0

and || T3(PT3)"~yn — xu|| — 0 as n — oo, we obtain

IT3(PT3)" " xn — xul| < || T3(PTs)" " yn — T3(PT3)" x|
+ | T3(PT3)" " yn — xal|
S Llyn — xull + | T3(PT3)" Yyu — 24|

— (0 as n — oo,

Thus

[IT3(PT3)" xn41 — xnsall < I T3(PT3)" *xns1 — T3(PT3)" x|
+ | T3(PT3)" yn — T3(PT3)" x|
+ I T3(PT3)" "y — xnll + [|Xn41 — xall
< Lllxns1 = Xull + Lllyn = xall + | T3(PT3)" " yn — xa]|
+ ||Xn+1 — Xn|| — 0 as n — oo.
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It follows that,
I Tsxn = xnll < I T3(PT3)" 25 = xul| + [| T3(PT3)" " — Taxa||
< ||T3(PT3)"—1xn — Xn|| + L|| T3(PT3)"2x, — A
— 0 as n — oo.
Hence (iii) is satisfied. O

Theorem 2.3. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, T, T3 : C — X be asymptoti-
cally quasi- nonexpanswe mappings wzth respect to sequences {kn}, {In}, {mn}, respectwely, such that

Let {a,,} {b,,} {c,,} {a,,} {ﬁ,,} {7,.} {6n}, {om}, {p,,}berealsequences in [0, 1] such that an + Oy,

bn + cn + 0n and ay + Bu + Yu + pn are in [0,1) forall n > 1, and ):5,, < oo,):a,. < oo,
=1 n=1

): pn < oo and let {un},{vn}, {wn} be bounded sequences in C. Assume that Ty, Ty, T3 are uni-

formly L-Lipschitzian. If one of Ty(i = 1,2,3) is a completely continuous and one of the following
conditions (C1)-(C5) is satisfied:

(C1) 0< '}gr.}omfa,, < nlgxgosup(a,, +464) <1,
0< ’}ijgohﬁbn < ,};%sup(b,. +cn+0y) <1,and
0< "li_{l;\oinf‘xn < nl_'_litolosup(ﬂn + ﬁn + Tn +Pn) <1
(C2) 0< lim inf by, lim infc, < lim sup(b,, +cen+0y) <1,and
0< hm infa, < hm sup(a,, +ﬂn+'y,, +pn) < 1.
(C3) 0< hm infb, < hm 0 sup(bn + cp + o) < 1,and
0< hm inf ay, hm mf'y,, & hm sup(:x,. +Bn+Tn+pn) <1
(C4) hm mfb,. >0, andO < hm mfa,, < hm sup(a,l +6n) < 1,and
0 < ’}_u'rt}omfa,,,'}x_r.x;ouﬁﬁ,, S '}grogsup(tx,. +PBn+Tn+pn) <1
(C5) 0< Jlim infay, lim 0 inf B, lim inf oy, < Jlim 0 sup(@n + Bn + Yu +pn) <1.
Then the sequences {x,,} {y,,} {zn} deﬁned asin (1) converge strongly to a common fixed point of Ty,
T, and T3.
Proof. Suppose one of the conditions (C1)-(C5) is satisfied. By Lemma 2.2, we obtain hm | Tixn —

x| = 0 fori = 1,2,3. Assume one of Ty, T, and Tj says Tj is completely contmuous Smce
{xn} is a bounded sequence in C, there exists a subsequence {xy, } of {x,} such that {Txy,}
converges to g € C. Since || x5, — q|| < ||Tyxn, — Xn, || + || T1xn, — 4||, we get ,}Ln; [|%n, — gl = 0.
Thus {xy, } converges to g € C. By continuity of T;, we have T;x,, — Tiq as k — 0. Since

ITiq = qll < | Tixn, — Tiqll + | Tixm, = %, || + [|xn, — gll = 0 ask — oo,
we obtain Tiq = ¢ (i = 1,2,3). Thus q € F. By Lemma 2.1 (i), nlm;o lx» — q|| exists. This implies
lim |xn — g|| = 0. By Lemma 2.1, we have

I TL(PT1)" xn — x4l = 0 and || To(PT2)""'z, — x4|| — O as n — oo.
It follows that

[Yn = xnll < ballT2(PT2)" 20 = xull + call TL(PT1)" 2% — xul| + Oullon — xnll

— 0and [|zn — xu|| < an||T1(PT1)" *xn — Xu|| + &nl|tin — xu|| — 0 as n — oo. These imply
hmy,, =g and hmz,, =q.

Remark 2.4. In Theorem 2.3, assume that T, T; and T are asymptotically nonexpansive self-
mappings of C such that one of them is completely continuous and thus T, T, T3 are uniformly
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L-Lipschitzian and 8, = 0, = p, = 0. We obtain the following results.
(1) If one of the conditions (C1) — (C5) is satisfied, then the sequences {x,},
{yn}, {2zn} defined as in (2) converge strongly to a common fixed
point of Ty, T, and Ts.
(2) IfT:=T; =T, = T3 and one of the conditions (C1) — (C5) is satisfied,
then we obtain the results of Nilsrakoo and Saejung [8].
(8) IfT:=T; =T, = T3 and one of the conditions (C1), (C2), (C4) is
satisfied and ¢, = 0, then we obtain the results of Suantai [16].
(4) IfT:= Ty = T, = T3 with condition (C1) is satisfied and ¢, = By = Yn
= 0, then we obtain the results of Xu and Noor [18].
(5) If the condition (C5) is satisfied and a, = b, = ¢, = 0, then the sequence
{xn} defined as in (3) converges strongly to a common fixed point of
Ty, Tz and T3.

The mapping T : C — X with F(T) # @ is said to satisfy Condition A [14] if there is a
nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0 for all r € (0, %) such that
lx — Tx|| > f(d(x, F(T))) for all x € C, where d(x, F(T)) = inf {||x — ¢| : g € F(T)}. As Tan
and Xu [17] pointed out, the Condition A is weaker than the compactness of C.

The following result gives a strong convergence theorem for asymptotically quasi-nonexpansive
nonself-mappings in a uniformly convex Banach space satisfying Condition A.

Theorem 2.5. Let X be a uniformly convex Banach space and C a nonempty closed convex nonex-
pansive retract of X with P as a nonexpansive retraction. Let Ty, T, T3 : C — X be asymptoti-
cally quasi-nonexpansive mappings with respect to sequences {kn}, {ln}, {ma}, respectwely, such that

F# ke Hile2 WM >1, ):(k -1) < oo, ):(l,.—l)<ooand E(m,,—l) < 0.

Let {an}, {bn}, {cn}, {an}, {Bn}, {'yn} {6n}, {on}, {pn} bé real sequences i in [0, 1] such thata,,+5,,,

by +cn + 0y and an + Bu + Yn + pn are in [0,1] forall n > 1 and ZJ,, < oo,)jv,, < oo,
n=1 n=1

): pn < oo and let {un}, {vn}, {wn} be bounded sequences in C. Suppose Ty satisfies Condition A

and Ty, T3 are uniformly L-szschztzzun and one of the conditions (C1)-(C5) in Theorem 2.3 is satisfied.
Then the sequence {x,} defined as in (1) converges strongly to a common fixed point of Ty, T, and Ts.

Proof. Let q € F. By Lemma 2.1, ,}E‘; [|xn — g exists. Thus {x, — g} is bounded. Then there
is a constant H such that ||x, — g|| < H for all n > 1. This together with (6), we have

(21) a1 =4l < [lxn — 4l + D,

where D, = KH((kn — 1)+ (In — 1) +(my — 1)) + K(6s + 05 + pn) < oo forall n > 1. By
Lemma 2.2, we have r}gr;o [|xn — Tixn|| = 0 (i = 1,2,3). Since T; satisfies Condition A, we obtain
'}51010 d(xn, F(T1)) = 0. Next, we want to show {x,} is a Cauchy sequence. Since r}l_l?f.}o d(xn,F(Th)) =

(2]
Oand ¥ D, < oo, forany € > 0, there exists a positive integer ng such that d(x,, F(T})) < €/4
n=1

and {‘, Dy < €/2foralln > ng. Now, let n € IN be such that n > ny. Then we can find g* € F
k=no
such that ||x, — ¢*|| < €/4. This implies by (21) that form > 1,

”xn+m = xn” < l|xn+m = q*” =t ”xn - q*”

n+m—1
< 2lxn —g"|| + ): Dy

n+m-—1
=2 g+ ) De<2(3)+

k“'ng

€.
e
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This shows that {x,} is a Cauchy sequence and so it is convergent. Let '}un Xp = p. Since
—00

d(xn,F(T1)) — 0asn — oo, it follows that d(p, F(T;)) = 0 and hence p € F(T;). Next, we
want to show p € F(Tz) N F(T3). Since Ty, T3 are uniformly L-Lipschitzian and by Lemma 2.2,
we obtain
ITip—pll < [Tixa — Tipll + | Tixn — xull + |20 — pl|
< Ll|xn = pll + | Tixn = xul| + [lxn = pll — 0 as n — oo.

Thus Tijp = p (i = 2,3). Therefore p € F. a

In the next result, we prove weak convergence for the iterative scheme (1) for asymp-
totically quasi-nonexpansive nonself-mappings in a uniformly convex Banach space satisfying
Opial’s condition.

Theorem 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s condition and let C bea

nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let Ty, Ty, T :

C — X be asymptotically quasi-nonexpansive mappings with respect to sequences {kn}, {In}, {mn},
(o) o

respectively, such that F # @,kn 2 1,1p 2 1,my 2 1, L (kn—1) < 00, ¥ (In —1) < oo and
n=1 n=1

)_'_‘,l(m,. —1) < oo. Let {an}, {bn}, {cn}, {@n}, {Bn}, {1}, {6n}, {0on}, {pn} Ve real sequences in

n=

[0,1] such that an + 8n, by + cn + 0 and &y + Bu + Yn + pn arein [0,1] for all n > 1 and E on <

o, ): Oy < 00, ): pn < oo and let {un},{vn}, {wn} be bounded sequences in C. Suppose Ty, T, T3

are umformly L—szschztzzan and I - T; (i = 1,2,3) is demiclosed at 0. If one of the following conditions
(C1)(C5) in Theorem 2.3 is satisfied, then the sequence {xn} defined as in (1) converges weakly to a
common fixed point of Ty, T, and T3.

Proof. Assume one of the conditions (C1)-(C5) is satisfied. By Lemma 2.1 and Lemma 2.2,
we have nh_x& | Tixn — xa|| = 0 (i = 1,2,3). Since X is uniformly convex and {x,} is bounded,

without loss of generality, we may assume that x, — u weakly as n — oo. Since [ — T; is
demiclosed at 0, we obtain # € F. Suppose subsequences {xx,} and {x,} of {x,} converge
weakly to u and v, respectively. Also, since I — T;(i = 1,2, 3) is demiclosed at 0, we have u and
v € F. By Lemma 2.1, we obtain nlx_r.r.}o [|xn — u|| and '}groto |xx — v|| exist. It follows from Lemma

1.4 that u = v. Therefore {x,} converges weakly to a common fixed pointof Ty, T and T5. O
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