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1. Introduction

The aging of large steel structures such as bridges has become a problem. Old bridges may collapse due to the lack
of seismic standards when they were built. Furthermore, many bridges require vehicle weight limits due to damage
and deterioration caused by aging. The inspection and maintenance of infrastructure such as bridges is thus important.
However, bridge inspection is very difficult. Many inspection robots, such as electromagnetic type [1], crawler type
[2] and magnetic wheel type [3, 4], have been proposed. These robots use an electromagnetic motor as a drive source
and require a large number of reducers and additional devices between the motor and the mechanical part. The
movement characteristics of robots based on electromagnetic motors is not expected to improve. Many flying-type
robots, such as drones [5, 6], have been proposed. However, these robots require a skilled operator and are affected
by weather.

A vibration actuator capable of movement on a magnetic material in which an electromagnetic force and mechanical
resonance are coupled was previously proposed by the authors [7, 8]. This vibration actuator has a simple structure
and can be inexpensively manufactured. To make this vibration actuator lightweight and compact, an electromagnet
is inserted into the vibration component. This vibration component thus exhibits the nonlinear behavior of a soft
spring. However, an analysis that considers the nonlinearity of the translational spring has not been performed for
this actuator.
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In this study, a dynamic analysis that considers the nonlinearity of the vibration component is performed. In the
analysis, the vibration component is replaced by a one-degree-of-freedom model with viscous damping. The
translational spring with the nonlinear behavior of a soft spring is replaced with an equivalent linear spring constant.
A theoretical analysis is performed for the case where the force-displacement characteristics of the translational spring
are asymmetrical with respect to the origin. The frequency response of the vibration actuator is calculated. In addition,
a static analysis of the movement of the vibration actuator is carried out. This paper shows that the movement
characteristics of the vibration actuator can be calculated using a theoretical analysis by combining dynamic and static
analyses. Furthermore, a prototype of the vibration actuator is constructed and its movement characteristics are
measured. For this vibration actuator, it is shown that the driving method using the nonlinearity of the translational
spring can greatly improve the movement characteristics compared to those in the linear case. The measurement and
theoretical analysis results are in relatively good agreement, verifying the validity of the theoretical analysis.
Therefore, the movement characteristics of the vibration actuator can be calculated for various parameter values.
Finally, design guidelines for engineering actuators are established.

2. Vibration Component with Nonlinear Restoring Force

Fig. 1 shows the vibration actuator capable of movement on a magnetic material. The vibration actuator consists of a
vibration component, a triangular acrylic frame, a permanent magnet, and natural rubber (the latter two items are
attached to the bottom of the triangular acrylic frame). The permanent magnet is used for holding the actuator on a
magnetic material. The magnet has a diameter of 10 mm and a thickness of 4 mm. Natural rubber with a thickness of
1 mm is attached to the lower part of the permanent magnet to increase the frictional force. The vibration component
consists of a cylindrical permanent magnet, a translational spring, and an electromagnet. The translational spring is
made of stainless steel and has an outer diameter of 12 mm, a free length of 25 mm, and a spring constant k.
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Fig. 1. Schematic diagram of vibration actuator and apparatus for force-displacement measurements.
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Fig. 2. Translational spring with nonlinearity.

The permanent magnet is a cylindrical NdFeB magnet magnetized in the axial direction. It has a diameter of 12 mm,
a height of 5 mm, and a mass m of 1.85 g. An electromagnet with an iron core (diameter: 3.5 mm, length: 22 mm)
with 840 turns of 0.2-mm copper wire was used in the experiment. The electromagnet was inserted into the
translational spring. The angle o of the vibration component was set to 60° based on results obtained in a previous
study [7]. The electromagnetic excitation force due to attraction and repulsion during one period of vibration acts on
the permanent magnet. The vibration actuator has a height of 40 mm, a width of 15 mm, and a total mass M, of
19.3 g.

To design a compact vibration actuator, the electromagnet was inserted into the translational spring of the vibration
component. In such a magnetic circuit, due to the influence of the attractive force between the permanent magnet and
the iron core within the electromagnet, the translational spring behaves as a soft spring. The vibration component of
the actuator is the electromagnet inserted into the translational spring. Due to the influence of the attractive force
between the permanent magnet and the iron core within the electromagnet, the translational spring behaves as a soft
spring. In order to measure the force-displacement relationship for the translational spring, a measuring device that
includes a force gauge and an x-y stage was used, as shown in Fig. 1(c). For the translational spring into which the
electromagnet is inserted, the displacement relationship was measured when compressive and tensile forces were
applied to the spring. In the figures, a positive sign indicates compression and a negative sign indicates tensile
displacement. In the measurements, the translational spring was displaced from -3 mm to 3 mm. The results converted
into SI units are shown in Figs. 2(a) to 2(c) using o marks. The linear approximation of the plotted points is indicated
by black lines. A spring constant k = 1836 N/m was used for the translational spring in the linear approximation.
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The relationship between force and displacement approximated using the following equation is shown by the green
line in Fig. 2(b).

F(x)=kx—ux®=1836 x — 28.46 x3 )]

When approximated by equation (1), the relationship between force and displacement is symmetrical with respect to
the origin and the nonlinearity of the translational spring cannot be accurately expressed. The result of approximating
the nonlinearity of the translational spring by the following equation is shown by the red line in Fig. 2(c).

F(x)=kx—Ax?—pux®=1836x — 40 x? — 14 x3 ()

With equation (2), the nonlinearity of the translational spring with asymmetry with respect to the origin can be almost
exactly approximated.

3. Dynamic Analysis of Vibration Actuator Considering Nonlinearity

In this paper, a dynamic analysis that considers the nonlinearity of the translational spring is conducted. The effect
of the spring in the natural rubber attached to the bottom of the actuator is ignored and the vibration component is
replaced by the one-degree-of-freedom model with viscous damping. The mass of the permanent magnet in the
vibration component is m, the spring constant for the translational spring material is k, the viscous damping coefficient
is C, and the displacement coordinate of the mass m is x. It is assumed that the restoring force F(x) produced by the
translational spring is defined by the nonlinear restoring force given in equation (2). Mass m is considered to vibrate
under a harmonic excitation force Pe’, where P is the force amplitude, w is the angular frequency, and t is time. For
the displacement x of mass m, let A be the vibration amplitude and ¢ be the phase.

x =Acos8,0 =wt—¢ 3)
In the above equation, the nonlinear restoring force F(x) with respect to the displacement x is represented by a Fourier

series. Assuming that the displacement of mass m varies at the same frequency as the excitation force, the following
equation is obtained with D as a coefficient.

Fo(x) = kx — Ax? — ux®
= k Acos@ — A A%cos8 — u A3cos36 4
= Dcos6

The coefficient D is calculated in the same way that the coefficients of the Fourier series are found.

D= %fozn(k Acosf — A A%cos?6 — p A3cos®0) cosf db

()
=kA-2pa
4

The following equation is obtained from the restoring force F(x) = Dcos®.
F)=Di=(kA-2pa®)i=k'x (6)
where

. _ 3 _ K
k —k(l—zé’Az),S—; (7)

k™ in the above equation is the equivalent linear spring constant. In the above calculation, the x?term vanishes, so the
equivalent linear spring constant is used for this squared term. Expressing the nonlinearity by a quadratic equation,
the restoring force F(x) is given as follows [9].
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F(x)=kx—Ax*=(kvV1+20242) x,0 =2 (8)

k

Combining the third-order nonlinear term in equations (7) and (8) yields the following equation of motion for the
one-degree-of-freedom model with i as the imaginary unit.

2 .
mE 4k (VI+207AZ - 26 4?) x + CZ = peiet )
dt 4 dt
Let A be the vibration amplitude of mass m and assume that the general solution of equation (9) is as follows.

x = Ael®t (10)

Substituting equation (10) into equation (9) yields the following equation.

where
pz\/;'“%' =58 =VIF 2074 — e A (12)

In addition, the following quantities and dimensionless quantities are introduced.

,a:wst,g:ga;t,gzwfn_l(,S=\/1+252£2—Z§A2 (13)

w =

< | e

When equation (13) is introduced, the vibration amplitude A of mass m is expressed as follows from equation (11).

Sst

_ i _ _ 2¢@
A= Aae”” ,Aa = m , tan(p =522 (14)

Since A, in the formula is the actual vibration amplitude of mass m, A is replaced with A, as shown in the following
equation.

A,=A="2 (15)
Sst

Expanding equation (15) yields the following 12th-order equation for the dimensionless vibration amplitude.

MAY% + 1A% + 03 A8 0 + A% a + s A a + 1A% a—1=0 (16)
Where
9 5\? 9 5.5 9. 5(3 __ _
7’]1=—(E82) , n2=56252—§£2(g sw2+202) )
— =2z=2 _ (3 -2 —22_2 =2 —4 22

;=12 5°€w (2 Ew +20‘) 85(1+w + 4 ¢%0%) l (17)
n4=6562+85264—§ 22— 3ea*+45%) (1+a*+4¢2@%) J

s =B éw?+45>) -1 +a*+4¢20)* +4a*, ng=2 (1+ &*+ 4¢*w?)?

A program in the MATLAB language was developed to calculate the dimensionless vibration amplitude in equation
(16). If the nonlinear terms shown in equations (7) and (8) are set to o = ¢ = 0, the vibration amplitude of the one-
degree-of-freedom model in the linear state can be obtained.
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4, Static Analysis of Vibration Actuator

As shown in Fig. 3, for this vibration actuator, the vibration component can vibrate by being held by the attraction
force of the permanent magnet in the support. The vertical and horizontal force components generated by the vibration
component periodically change the holding force of the support. When the horizontal component force exceeds the
frictional force, the vibration actuator can move in one direction. In order to clarify this operating principle, the
authors previously conducted a theoretical analysis of the movement of vibration actuators, to which the energy
method was applied [7]. However, this analysis did not take into account the load mass mounted on the actuator and
the traction force, so the propulsion characteristics of the actuator could not be estimated. Therefore, in this paper, a
static analysis that considers their influence is performed. As shown in Fig. 3, the amplitude and force generated by
the vibration component are denoted as A, and F,, respectively. For this vibration actuator, it is assumed that the
vibration displacement A, is movement while maintaining a steady state. Now, let us consider the state in which the
actuator is held by the attractive force F of the permanent magnet on a slope made of a magnetic material with angle
£. Let M be the load mass mounted on the actuator, g be the gravitational acceleration, W be the traction force, and u
be the coefficient of friction between the magnetic material and the natural rubber. When the mass m of the vibration
component is displaced in the positive x direction, as shown in Fig. 3(a), the following equation is obtained from the
balance between the frictional force Fr when the actuator moves along a slope (climbing) and the force when the
actuator starts to slide forward.

Vertical
component

Vertical
component

Attractive force F Attractive force F
(Ma+M)g (Ma+M)g

(a) Forward motion (b) Backward motion
Fig. 3. Vibration actuator moving on slope made of magnetic material.
Fp=u { F - Fsina+ (m+ M) gcos 8}, F,cosa=F +(m+M) gsinfg + W (18)

Conversely, when the mass m is displaced in the negative x direction, as shown in Fig. 3(b), the following equation
is obtained from the balance between the frictional force F, when the vibration actuator retreats along the slope
(downhill) and the force when it starts to slide backwards.

Fy=pu{F+Fsina+(m+M) gcos B}, F,cosa =F, —(m+M) gsinf —W (19)

Assuming that the vibration component is harmonically vibrating, the maximum value of the kinetic energy T of the
mass m and the elastic energy U due to the spring constant k are equal according to the law of conservation of energy.
Considering this, the elastic energy U (= kinetic energy T) generated by the vibration component is equal to the
energy dissipated by friction and the work done by gravity. In addition, as Fa = k A in the above equations, the
following quantities and dimensionless quantities are introduced.

U =tka,? (= Im (ﬂ)z) 20)
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The forward and backward displacements J: and dJy, respectively, during one cycle of vibration are expressed as
follows.

5, = Ucosa

f - {u—uFgsina+u (Mg+M) cosf+(Mg+M) sinf+W } 21
5 Ucosa ( )
b

- {utuFgsina+u (Mg+M) cosf—(Mg+M) sinf—W }

If the driving frequency of the vibration actuator is f (Hz), the real forward displacement ¢ of the actuator is regarded
as the difference between the forward and backward displacements.

§=f(8 -6 (22)
5. Specifications of Vibration Components and Force Generated by Electromagnets

The damping ratio = 0.0195 for the translational spring was measured from the damped free vibration curve obtained
by applying an initial displacement to the vibration component with the electromagnet inserted. For the translational
springs, the nonlinear coefficients for the curve fitting that included the cubic term in equation (1) are c =0 and ¢ =
0.0155 from equation (7). The nonlinear coefficients for the curve fitting that included the second- and third-order
terms are o = 0.021786 and ¢ = 0.0076253 from equation (8). Combining the above nonlinear terms, ¢ and ¢, the
vibration amplitudes when the nonlinearity is symmetrical and asymmetrical with respect to the origin can be
calculated from equation (16).

Using the experimental apparatus shown in Fig. 1(c), the relationship between the input current to the electromagnet
inserted in the vibration component and the force generated in the permanent magnet was measured. In the
measurement, the attractive and repulsive forces generated in the permanent magnet were measured by changing the
input current to the electromagnet. Table 1 shows the relationship between the input current and the average attractive
and repulsive forces. These results were obtained with a direct current passed through the electromagnet. In the
measurement of the movement of the vibration actuator, described later, the effective value of the alternating current
input to the electromagnet was measured with a power analyzer. Considering this, the value of the force amplitude P
of the forced excitation force shown in equation (9) was calculated as 1.41 times the effective value. From this, the
dst in equation (12) required for the theoretical analysis was calculated as shown in Table 1.

Table 1: Relationship between input current to electromagnet and excitation force.

Current Effective force Maximum force Ost

(A) amplitude (N) amplitude (N) (mm)
0.0125 0.0152 0.0215 0.0117
0.025 0.0298 0.0421 0.0229
0.0375 0.0445 0.0629 0.0343
0.05 0.0592 0.0837 0.0456
0.0625 0.0738 0.1044 0.0569
0.075 0.0881 0.1246 0.0679
0.0875 0.1032 0.1459 0.0795
0.1 0.1178 0.1666 0.0907

6. Frequency Response and Locomotion Characteristics of Vibration Actuator

An experimental test was conducted using the apparatus shown in Fig. 4. As the magnetic material, an iron rail with
a width of 50 mm, a thickness of 50 mm, and a length of 500 mm was used.

The vibration actuator was placed on the iron rail. The vibration component was driven using a function generator

and an amplifier. The resonance frequency at the small amplitude of the vibration component was 104 Hz (linear
case). The input current and power to the electromagnets in the vibration component were measured using a power
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analyzer. The coefficient of friction u between the iron rail and the natural rubber measured in the experiment was
0.97. The attractive force F of the permanent magnet attached to the bottom of the frame was 4.6 N, as measured
using a force gauge.

The frequency dependence on the vibration amplitude and speed of the vibration actuator with the inserted vibration
component was investigated. Fig. 5(a) shows the relationship between the vibration frequency ratio F; normalized by
the resonance frequency of 104 Hz (linear case) when the vibration component has a minute amplitude and the
vibration amplitude A, of the vibration component while the vibration actuator is moving in the horizontal plane. As
shown in Fig. 4, the vibration amplitude A, was measured using a high-speed data logger with a laser displacement
meter placed at a moving point of the vibration actuator. The movement speed was measured at the same time.

Function
generator
I
Amplifier
u
Py Power
@
Data logger analyzer

2 T : T : T - T - T 50 T T T T T T T T T
— : Calcurated result I )
— ®: 75mA 40 - Q:HmA .
IS A :50 mA —~ | - |
= B o5mA v - Calcurated result
~ € 30| e
3 E |
>
= 2 20t .
£ 5t
< w
10 - .
1 L 1 n 1 " 1 " 1 O L 1 L 1 n 1 N
096 0.98 1 1.02 1.04 0.96 0.98 1 1.02 1.04
Frequency ratio Fr Frequency ratio Fr
(a) Frequency response of vibration component (b) Speed of vibration actuator

Fig. 5. Frequency response of vibration component and speed of vibration actuator.

The measurement results when an input current (rms value) of 50 or 75 mA is applied to the electromagnet are shown
in the figure using A and e marks, respectively. When the attractive force F is as high as 4.6 N, as in this actuator,
the vibration amplitude when the vibration component is fixed is equal to that when the actuator is moving. The
actuator could not move when a current of 25 mA was applied to the electromagnet; the results when the actuator
was fixed are shown using the m mark. From the figure, as the input current to the electromagnet increases, the
nonlinear effect in the translational spring becomes more pronounced. The black line is the theoretical analysis result
calculated from equation (16) with the nonlinear coefficient o = ¢ = 0 (linear case). The red line is the result obtained
with ¢ = 0.021786 and ¢ = 0.0076253 (considering the second- and third-order terms) and the green line is the result
obtained with ¢ = 0 and ¢ = 0.0155 (considering only the third-order term) to approximate the nonlinearity of the
translational spring. The measurement results are asymptotic to the theoretical analysis results obtained considering
only the third-order term. This is because the nonlinearity of the translational spring is relatively weak in this actuator,
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and thus the vibration components are almost harmonically vibrating, eliminating the influence of the second
harmonic. For a strong magnetic circuit with pronounced nonlinearity of the vibration component, the nonlinearity
of the translational spring is prominent. For this reason, the analytical method presented in this paper is considered
to provide effective solutions for models with stronger nonlinearity. In the following, the nonlinearity of the spring
is calculated using parameters (o = 0, ¢ = 0.0155) that consider only the third-order nonlinear term.

Fig. 5(b) shows the relationship between the frequency ratio F, and the movement speed of the vibration actuator in
the horizontal plane. The solid line is the theoretical result calculated using equation (22) with the inclination angle
S of the iron rail set to 0. The theoretical results and the measurement results are in general agreement. When the
frequency ratio F, is 0.98 or 0.99, the movement speed is greatly increased compared to that for the linear case (Fr =
1). Therefore, for an actuator in which vibration and electromagnetic force are combined, it is possible to greatly
improve the movement characteristics by considering the nonlinearity of the translational spring.

Fig. 6 shows the relationship between the load mass My attached to the vibration actuator and the vertical upward
speed, with the input current (rms value) to the electromagnet of the vibration component fixed at 50 or 75 mA. The
load mass was attached with strings to the acrylic frame of the actuator. In the figure, o, @ and A, A marks are the
measurement results when the driving frequency ratio of the actuator is Fr = 0.99 (103 Hz, Case of nonlinear) and F,
=1 (104 Hz, Case of linear), respectively. The solid line is the theoretical result calculated using equation (22) with
the tilt angle g of the iron rail set to 90° and W (as W = My, g) in equation (20) varied. In the figure, the linear and
nonlinear results are distinguished using arrows. The figure shows that by considering the nonlinearity of the spring
and shifting the resonance point in the linear state by 1 Hz, the propulsion characteristics in the linear state are greatly
improved. The actuator can move vertically at a speed of 2.7 mm/s while pulling an additional mass of 120 g. The
plot points are along the solid line, verifying the validity of the theoretical analysis.
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Fig. 6. Relationship between load mass and vertical upward speed.
7. Conclusion

In this study, a dynamic analysis that considered the nonlinearity of the soft spring in a vibration component and a
static analysis of the movement in a vibration actuator were performed. In addition, a prototype of the vibration
actuator was constructed and its movement characteristics were measured. The theoretical analysis results generally
agreed with the measurement results, verifying the validity of the theoretical analysis. It was shown that the vibration
actuator can move vertically while pulling a load mass of 120 g, which is about 6.2 times its own weight, by a driving
method that utilizes the nonlinearity of a translational spring. The operation of a vibration actuator that is lightweight,
compact, and easily driveable was established.

Based on the theoretical analysis presented in this paper, the movement characteristics of the vibration actuator can

be calculated for various parameter values. Furthermore, the theoretical analysis can be applied to calculations of
other highly nonlinear models in which electromagnetic force and vibration systems are combined.
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However, since the size of this actuator is very small, it cannot be applied to inspecting structures at this stage. In
general, the electromagnetic force for the excitation source of this actuator is proportional to the cube of the volume.
By doubling or tripling the volumes of the permanent magnets and electromagnets of the actuator in this paper, a
dramatic improvement in propulsion characteristics is expected. Furthermore, in order to improve propulsion
characteristics, we plan to develop a measurement system for bridge inspection that uses a group configuration of
actuators.

The actuator proposed in this paper is a linear motor that can be driven directly without the need for additional
equipment. Since this actuator is lightweight and controllable, it has the potential to propose a new driving source for
robots through future development.
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