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ABSTRACT

Bivarate distributions calculate the probabilities for simultaneous outcomes of two
random variables. Thev are eszsential for understanding the relationship between two vartables. This
study proposed a new bivanate distnbution called the brvarate length-biased power Garmma
(BLBPG) distribution, created by combinmng the Farlie-Gumbel-Morzenstern (FGM) copula with
a length-ased power Garima distnibution. The BLBPG distribution describes lifetime bivanate
data with a weak correlation between variables as a flexible alternative to brvanate hifetime
distributions for modeling real-valued data mn applications. The proposed distnbution vielded
various properties mncluding joint conditional probability functions. rehiahility (survival) and
hazard functions, and generating a random variable. The maximum likelihood estimation was
presented to estimate the parameters of the proposed distribution and a Monte Carlo stmulation
study was conducted to evaluate the performance of the estimators. A practical application of the
proposed brvariate distribution to analyze environmental data was also demonstrated.

Kevwords: Brranate distribution; FGM copula; Dependent vanables; Numerical simulation.

1. Introduction probability distribution for each dataset: Two
Probability distributions are necessary distinct categories of data exust as discrete or
statistical tools used to represent the varous contimuous vanables. It 1s imperative to

characteristics of data sets. Hence, it is crucial determine the suitable distribution for each
to mvestigate the selection of an appropnate type of data to enhance the precision of data
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modeling. The concept of length-biased
distribution 15 used to develop models to find
probabilistic distributions suitable for data
analysis [1]. One length-biased distribution,
called the lenoth-biased power Ganma
distribution. has been mtroduced for lifetime
data analysis. A variety of real-world data sets
mcluding Kiama Blowhole, times between
failures, waiting time, breaking stress of
carbon fibers, time to fatlure of turbochargers,
and strength of glass fibers can be modeled by
compartng data fitng to the length-hased
Garima, power Ganma and Ganma
distributions. The distnbution 1s interesting
due to its flexible distnibution. and the
probabihity density function (pdf) has a
ummedal distnbution that has several shapes,
such as lefi-skewed, nght-skewed_ and almost
symmetrical [2].

Bivanate distributions are essential
tools in statistics and data analvsis to provide a
foundational understandmg of how two
variables mteract and to understand the
relationships between two random variables.
There are various concepts, including copulas,
to denve bivanate distributions i statistical
theory [3. 4]. Several kinds of copulas
mcluding the Plackett, Gumbel, Clayton,
Frank, and Farlie-Gumbel-Morgenstern
(FGM) copulas with different properties and
features are discussed in the literature.
Copulas are an mnvaluable instrument for
explaining a distribution that mnvolves two
variables. According to Nelsen, 2 copula 15 a
mathematical function that connects bivariate
distribution functions having uniform (0, 1)
margins [4], while Sklar presented the jomt pdf
and joint cumulative distribution function (cdf)
for two marginal univariate distributions [4-6].

Copulas are mathematical functions that
provide a connection between the marginal
distributions of wvanables and their jomt
distribution, hence enabling flexible modeling
of dependence. The FGM 1s widely recognized
as one of the most prevalent bivariate
distributions. The FGM copula 15 a statistical
tool commonly emploved i bivanate or
multivariate analysis to  reprezent  the

dependence  structure among  random
variables. One of its mamn advantages s ifs
sumplictty and ease of practical use.
Morgenstern first introduced the FGM copula
[7]. Many brvanate distibutions are denved
from the FGM copula such as the brvarate
gamma [8], bivariate Pareto [9], brvariate
generalized  exponential  [10].  bivariate
modified Weibull [11], brvariate Weibull [12].
bivariate Lomax-Clamm [13], brvanate Lomax
[14], and bivanate inverse Lindley [15]
distributions.

This study applied the FGM copula to
determine the correlation and dependencies
between two varables in the length-biased
power Ganma (LBPG) distribution, called the
bivaniate  length-biased power Ganma
distnbution. The unknown parameters were
estimated using the maomum likelihood (ML)
approach. Numerical sumulation and s
practical implementation using real data are
studied.

2. Materials and Methods
2.1 The FGM copula

Let X and ¥ be random vanables with
marginal distribution fonctions G(x) and
({y).respectively. If F 15 a2 brvarate
distribution function with maroins G{x) and
(#{ v), there must exist a copula C such that

F(x.3)=C(G(x).G(3):8) =Clu.v8). (2.1)

a

LE

where 15 mtroduced as a dependence

parameter. A copula 15 defined as a function
C:[0.1} —»[01], if the follommng two
conditions are satnsfied [15, 16]; (1) € satisfies,
for all 4.v=[0.1], the boundary conditions:
Clu.M=C{0.v)=0,and Ce.l)=u, C{Lv)=
v, (1) C s two-increasing. ie, for all
4.1, v, £[0.1]satisfying w <, and
the followmg mequality holds:
Cla v, )+ O W) = Clty. W) —Clu.v;) > 0.
K Cluv)=C(v,u) then C 15 symmetric for
(w.v) =[0I, &
asvmmetnic [17].

ey
1"1 _1.=

BVETY otherwise, 15
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According to the FGM copula, the jomt
distribution function can be expressed as
follows [7, 15, 16, 18]:

Cluv) =wfl+&(1—u)1-v)L
where u=G{x) and v=G(y) and -1<8<1.
1z a dependence parameter. Itz corresponding
pdf is

clu.v)=1+81-2u)1-2v). (23)
Based on condition (11}, the property

of two-1increasing can be substituted with the
condition

;
(22

5‘(:'[1{:1;}2

cucv
where c(u v) 1z the copula density. The
associated joint pdfis

F62) =e(G(x).GO)B)g(0e(). (25)

where o(x) and g(v) are the marginal pdf of
X and ¥ respectively.

cluv)= 0. 24

2.2 The LBPG distribution

Let X be arandom varable distributed
in the LBPG distribution with shape parameter
A andsecale parameter §. The pdf and cdf can

be expressed as
R SR A

gx)== AE ==aimcn

(2+ l + ﬁ}l‘ﬂ——f )

(2.6)

1+ g+t pr eyt pe

Gixi=1- ~ T L 2
ff:—:; —'ﬁ]f{l—-;}

@2.7)

for x.4,>0. where T(o)= ["+"e”ds and

';’lfrzxj=J‘_|I_':'__le_:d5 are gamma and lower

mcomplete gamma functions, respectively for
1> 0. Its correspondmg survival function 15

{ e g
I:] mf(l E E:J‘ﬁr‘ﬁ_ ."I:— {T-T.ﬂx 1' I:'E.BJ

1

Slx= i
(2 kot A=)
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According to the LBPG distribution by
[19], 1t can be reduced to the length-biased
Garima distribution when £ 1sequalto 1

2.3 Model comparison criteria

The Akatke information criterion (AIC)
and Bayesian information criterion (BIC) are
statistical criteria used to compare models to
find the best fit among several alternative
models. The present study utilized the AIC
and the BIC to choose the most suttable model
for fithng the data. The optimal model 1=
characterized by lower values of AIC and BIC.
The formulas for the AIC and BIC are as
follows:

AIC =—24(€) + 24.
BIC = —-L-‘H_E:.!} +glogn,

(2.9)
(2.10)

where g 1s the number of estimators m the
model, # 1s the mumber of observations. and
Q) 15 the value of the log-likelihood
function at the model’'s estimated parameter
vector

3. Results and Discussion
3.1 A new bivariate distribution

A developed bivanate distnbution,
named as the bivanate length- biased power
Garima (BLBPG) distribution, 15 ntroduced.
This distnibution 15 obtained using the copula
concept of Sklar and the FGM copula.

Let (X.T) be a bivanate random
variable distributed 1 the BLBPG distribution,
then its jomnt distnbution function (see i
Appendix) 15

Fix.3) =[L—[l.'1+ B85, (x)+ 8, ._{:c}]_l

| I_[U + 5.5, . (¥ +6,, ':.'l"J] |
=1+6{(+ 818, () +5, (0]
[ (1+ 85, (N+5,:.00])-

(3.1)
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Wi+ 4.
RSP H
J.k=12. The joint density function fm’ Eq.
{3.1) is denoted by

f':x- vl= /-Ll’gliw% (L+ 8 + .lErl'f"b Jl“;-,g_f\:t-.

ﬁﬁ*uﬂs’ e
Q@+YA+B)TA+YA)

{1+ 6] 201+ B)8; () + 283, () - 1]
3‘3[1{1 + 515, (¥)+ 28,5 (¥) = 1]}7
(3.2)

where §;;(z)=

where 4, 4 4, . »0and ~1<6<1
Graphs for jomnt pdf and cdf plots of
the BLBPG distribution are shown in Fig. 1
The shape of the BLBPG distribution is
ummeodal and the shapes of the plots in Fig. 1
(al) and Fiz. 1{b1) donot change. The only
change 1s the increase 1n dispersion when theta
has a posttive value ( 6=035) . When
comparing the plots of Fig. 1(bl) and Fig. 1
{cl) for fixed =025 _ the shape does not
change. The only change 1s a decrease in
dispersion when A and S, values change. If

B &y af BLBFRIT5 10500 A8)

BT| Mz.4) of MLAFG]1 5,153 005,33

4y =4, =1 then the BLBPG distnbution
reduces to the bivanate length- brased Garima
(BLBG) distribution Its joint distribution and
density functions respectrvely are

F(x.y)=| fI— (1+ 812 B)+¥(3, B7) |

L q"'ﬁ- f.'l

(+A N2 B3 +1B.8) |
I+ 5

\

L Jl%‘u{*ﬁxw{aﬁﬂ
L |
|’ q
| |

o
w| 1—

|
| (L+ By (2. Bx)+7(3. Bx)

w0 1+l!'.';I
3+ﬁ
x{ 1+ :'5'; W(2:5,)) «10. 5,y }-‘1 (3.3)
3+5, J
SR+ BODERR L B 4 Aiy)
Sxy) (B+A)3+4)

= {i & 5
xB s {1 + 5"‘3—:1?1 [[1"' B2, Bx)

+¥(3. Bx) |-

f 3
—[73. £.¥)
2 -"9:1 [ i

1+ )2 a0 (34

A Aiy| of BLAPGHL A8, 1.50.20.0]

Fig. 1. The joint pdfand cdf plotz of the BLBPG distribution with specified parametersof (4. 5. 4. 5..6).
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3.2 Some statistical properties

Several statistical charactenistics of the
BLBPG distnbution are presented, such as
conditional probability functions, reliability
and hazard functions. and vanable generation.

3.2.1 conditional
distributions
Let (X Y)~ BLBPG (4.B.4,.5.6)
with the joint pdf as Eq. (3.2). The marginal
distributions of X and I are provided in Eq.
2 6). Some probability functions can be easily
dertved:
(1) The conditional density function of
X pwven ¥ 1
S yA . B.4.5:.0)
(4. 5)

={1+ e[m +B6,(x)+26,,(x) - 1]

Marginal and

Jxiy)=

«[ 21+ )8, (1) + 28, () -1} Ax™
» ,&“""‘ (1+ 4+ ,ﬁ_,r""- e BE

2+ A4+BTA+YA)

{11) The condmional distribution flmgi;]x
of X given ¥ is
F(x|3) =G 4. 8){1+6[1- G(x. 4. £)]
x[1-2G(y: 4. B,)])
=(1=-[(+ B)é, (=) + 6y, (0 ])
{1+ 8] (1+ B)8,,(x)+ 8,,(x) ]
o A+ B)3 () + 8.5 m]] (3.6

(1) The condmonal reliabihty
{survival) distribution of X grven ¥ 13

S(x[¥)=580x4. B){1+6[1-5(x: 4. )]
x[1-25(v: 4. B)])

=1=(1-[(1+ B)8,(x) +5y,(x) ]

% {1+ 8] (1+ £)8,,(x) +1,(x) |

A+ 2)3:0)+3.M ]}
3.

195

3.2.2 Survival and hazard functions

Let X and ¥ be random variables
distributed i the LBPG distibution with the
survival function as Eq. (2.8). The survival
{ rehability) fiunction of the bivanate
distribution obtained using the copula concept
15 S(x1)=C(5(x).5(v)) [4. 20]. From the
FGM copula i Eq. (2.2). the survival function
of the BLBPG distribution can be expressed as

S(x,3) = S(x)S()[1+ 801 - S()N1-5())]
=+ B)8,,(x) +8,,(x) ]
1+ B:)8,2(3) + 522(3)
<{1+6]1-((1+ £)5, (1) + 8y, (x)) |. (3:8)
Its coresponding bivanate hazard

(fatlure) function of the BLBPG distribution
can be defined as

ree oy J VA B A fr.6)
) Gy B Br.B)

_ ';‘1,3;1_;"’:' (1_,_‘3_; + ,Bla"fj" Jx.z.g-g_x:
@+ Ya+RITA+YA)

B+ By + By )y e
(2+Y 4+ AT+ 4)
xil+ 6] 201+ B)8, (x) + 28, (x) ~1]
:"[2(1 + B83)6,1(3) + 28,5 (¥) — 1]}[
.v.{1+ ﬂ[l—q (1+ 55, (x)+61,() _J]

KEI —( 1+ B () + 51,:{3'}]:”' j_l
ef( 1+ )81 (x)+62,(x))

*((1+8,)8,,(30+0,.())- (3.9)

3.2.3 Generating BLBEPG random
varighles

This proposed  hivariate random
variables by generating random samples using
the conditional copula distribution function
from fix.y) =) (x| ¥)[4]. The literature
analysis conducted by [15] also documented
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the application of this approach for generating
a brvanate inverse Lindley random vaniable.
The generation of BLBPG random
samples can be camed out through the
utihization of the conditional techmique. The
random variables X and ¥ are represented by
the jomt distribution function in Eq (3.1}
From Eq. (2.2), the FGM cepula wields the

conditional function ¢ (v) = % Clu.v).

Therefore, the techmique can be
emploved to create the random numbers
(x,.y,) as follows:

(1) Generate « and ¢ from the uniform
distribution on the interval (0, 1)

(2) Set r=o1+&1—-v)(1-2u)] and
solve for v.

(3) Compute x =G (u_ 4, 2 )and
¥y=G"{v. 4. A ) where G7'() 1s the inverse
cdf of the LBPG distribution.

(4) Famally, set (X ¥) where X=x
and ¥ =y.

The wverse of the LBPG cdf in step (3)

can be generated using the LBPG package with
the 1L BPG function [21] m R [22].

3.2.4 The r-th moment about the origin of
BLBPG random variables

Let Xand ¥ be random vanables that
follow the LBPG distribution, with the pdf and
cdf represented by Eq. (2.6) and Eq. (2.7),
respectively. The »-th moments regarding the
origin of BLBPG random wvariables, as
represented by Eq. (3.2), can be found mn the
Appendix section.

Exryl=ef Bx1-2z,, [ EY]-2r, ]
+E[X"1E[Y].

where E[X"] and E[Y"] are the r-th moment

about the ongm of X and ¥ (see [2]),
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{1*,81}1"1+r+1| (zﬁjlh]
o5 — LA A
gl I'}+_1_‘51|1"|1_,_’_'_1.
El+3]1’| ”l'r r|u+r—*lj'
E[F’]= LA N

w—v-—..H oh—

gl (L+—+‘ﬁ r| 1+

VgV )GV . Ba)ely -

oy

g

t’g{x A B )G(x A, B ), and

For » =1_ we have the expectation
(mean) and covanance of X and ¥ are

respecmelv
f1+,&11'|1T— :||
A )
sa-|—
\ ﬁ”-’f-(z+f+,&];r[1+;= t
L Ly JU 4]
(1+,34r tv— 4T [1 5';!
. ..*l | L /J:_Jl!
2+ i g ';r[pi'
| (s )r|'1+;,|+r[u+—|
181 : -2
ya(4. 1 o1 I
; JB l_—T+'ﬂr!]._ll+T!
L i o T4
[ [ 27 1l
{1+ﬁ:j1"1+—|+1'\1+n—
W E LY 2 - ..- ."{1‘.. —21']__"
ﬁy':‘lj'—.i*“ﬁ:'l_[l““.i
Ay A,
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Cov(X,¥) = ELX¥]— E[X]E[Y]
o Ex]-2r,, [ EI¥]-25,, ]}
+ELXETY]~ S 1AL

L 'I 1 5
}r|1+— |Tr Fep X
= El W M) o
gl T T W
- I+_—+ﬁ.':l_[l+_:!
I_ L A J U 4
[ 2 2 i
(1+8.) r| = el 24 2|
FREN -
) o ) g
1 LTI 5 Y s T
ﬁl.'_-.: : Er— JE: :r]._i 1 - -; ]
= ] 1 A

E L} - # e =

3.3 Parameter estimation

X, be a random sample of
size n from the BLBPG distribution with the
jount pdf 1 Eq. (3.2). Then, 1ts log-likelihood
function 15

]'/‘.. ‘”Hfl B+ Bx }x“‘e*”"

£@)=log
(@)= ]:][L J+lA+ BT (1+14)

JaBE (U By + By e A
(2+1 4+ BT+ L"-‘*}
x(1+8[ 21+ )6, (%) + 28, (x) ~1]

X[lﬂ + B2)62(3:) +28,(v,) - l:l} }
(3.10)
where @ 1sa vectorof 4_f,.4,.5,. and &
The ML estimators {;ﬁ%ﬁlﬂ} can be

obtained by solving Eq. (3.10) simultaneously,
the estimates of each estimator are

cie)  _, e _ede)
&% Lz OB lga  BA s
@) _, e®) _,

o8 i 8P la:

Since these eguations are no closed-
form expressions for (4. 8.4, £.6) we used
the numerical technique to calculate the ML
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estimates through statistical software. This
study emploved the nlm function in B software
[22] version 4.3.1 to find the ML estimates of
the parameters of the BLBPG distribution.

3.4 Monte Carlo simulation study

The Monte Carlo simulation study was
cenducted to measure the performance of the
ML estimators for the BLBPG distnbution
with four cases of different parameter sets
(4.8 4. B,.6). The first three cases. case I:
(1:5.1:53.0.05 -0.5), case 2: (L5 1.5 3
005,05 _L andcase 3: (1.5.1:5,1.5. 1.5, 0:5)
followmng Fig. 1, are studied. Three setz of
parameters were selected to study different &
values while fixing other parameters (cases 1
and 2) and different 4. and 5. for other fixed
parameters. The situation mimicking the case
study 1 Section 2.5 (case 4: set of parameters
(0.4804, 1.7789, 0.3360, 2.5843, 0.3804) was
added to see the simulation results. The study
employed Monte Carlo simulation using R

22] verston 4.3.1 and was carried out in the
following steps:

1) Generate random samples (x.))
from BLBPG (4, 5,.4,.5,.6) with different
sizes () 10, 30, 50, 100, 200, and 500
reflecting small to large samples.

2) Estimate the value of 4. 8.4,. 5
and & wiathe ML method.

3) 1.000 repetitions (M =1.000) were
made to calculate the average of ML estimates
(Est) and the MSE (mean square error) of each
estimator.

Table 1 displavs the Est and MSE values
of each ML estimator, as obtamned from the
simulation results. The ML estumators are
btased. However, when the sample sizes are
large, these estimators give a value that closely
appmxunates the true values. As the sample
size mcreased. the MSE values of all
parameters decreased. Moreover, Figs. 2-5
illustrate the box plots of the estimators for
each parameter tn each case The findings
mndicated that the distribution of each
ML estimator had a svmmetrical distnibution

'-.-'
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when considering large sample sizes. As the
sample size mcreased, the value between the
lower and upper estimates decreased.

3.5 Application study
We examined several real data sets to
test the effectiveness of the BLBPG

distribution. The study focused on the drought
data set for Nebraska's Panhandle chmate
division The actual drought data set revealed
a total of 83 drought episodes within this
divizion The data included 1n this study were
obtained from [9], which provided the monthly
modified Palmer Drought Seventy Index
{PDSI) spanming from January 1895 to
December 2004. The bivanate data sets x and
v represent the duration of drought and non-
drought, respectively. The determunation of the
BLBPG distnbution_ along with 1ts sub-model
known as the BLBG distribution, mvolved
fitting the model using ML estimates to the
ohserved data. The proposed distribution was
compared with some bivanate distributions
that also had five parameters such as the
bivariate gamma (BG) distribution [8], the
bivaniate generalized exponential (BGE)
distribution [10]. and the brvanate Weibull
{BW) distibution [12]. The joint pdf values of
each bivaniate distribution are shown below.
1) The yoint pdf of the BG distribution:

£l ey N R —me
f-.llfl',}']'=!xjg : I.J-__-zz {1+|:T'
B |-._ mT(k) ' Tl&R) )
i _ 2r(k.x(11) lffli-'h}f?h;'-il

y.‘ 1

Tk, I{ky)

1- ;

-l

(3.14)

where x.3>0 and the parameters & 1. k..
7. >0 and —1<8<1

2) The joint pdf of the BGE distribution:

.-f; I:.x: :."Ij = ﬂ:E}_g_;'I I::E A=k g_‘::'ix }G —:{1 = 'E—_'::L }5: 4
xabye ™ {1+ 6[1-2(1-¢)% |

<[1 —:{1—9‘*--'"}“:]}= (3.15)
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where x.y >0 and the parameters 4 5. a,.
bo»0and —1<8<].
3) The jount pdf of BW distribution:

Fa 5T 4 , —il.
& | el crptan e 0 ||
fiey) =& | " gtdar 2| 2
&\ @ an | @, )

g =) -:I+ 8l 1—2{1—&”‘““-“ ]:|

{1-20-& )% ), (3.16)

where x, y >0 and the parameters o,.@,. 2.
@, >0and —1<f<1

To derive the ML estimates for each
distribution, the nlm function i R version
4.3.1 [22] was utilized. Vanous models were
evaluated for their fit using the AIC and BIC
metrics. The data shown in Table 2 indicates
that the BLBPG distribution had the lowest
values for both AIC and BIC compared to the
values of the other distibutions. The BLBPG
distribution exhibited a superior level of fit for
the ohserved dataset in comparizon to the
alternative distributions.

The probability function plots for the
datasets are shown mn Fig. 6. In the pdf plots,
the function has its maximum_ which 13 equal
to 0.0436984 (see Fig. 6(a)), at pomt {x, v) =
(0, 0). Its value is nearly zero for large values
of x (or v). From the plot of the survival
funcion S{x V) =P(X >x¥>y) m Fig
6(b), the function has fts maximum, which =
equal to 1. at pomnt (x, v)=(0,0). s value is
nearly zero for large values of the duration of
drought x (or the duration of non-drought 1 ).

For the duration of drought (x) and non-
drought ()). the hazard function A{x,V)is
expected to be hagh at first and then gradually
decreasing in the end (see Fig. 6(c)). reflecting
a lower hazard for drought severity.
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Table 1. Simulation results for the parameter estimates of the BLBPG distribution.

Case 1 Casa 2 Caze Caze d
tmets & Ex= LEE Est. MEE Es MEE Est MEE
3 10 15204 04298 1.8430 04662 18216 04355 03910 00554
1 30 1.6003 00832 15939 Qo574 1.53951 CLESG L3766 00390
50 1.5460 OO3ER 157 Q0557 1.5518 00453 03436 0227
100 1.3335 Q24 13360 00236 13425 00ze2 05130 001400
200 1.5138 aOn0e L5219 00143 15223 00166 (.45981 0063
00 D6 oo 00065 15048 00043 045% 00033
10 1.4354 02582 02864 14527 0267 1.6108 Da4ET
185 30 1.4890 (0863 ATT 0.0881 14763 00803 16118 (3234
30 14870 QiM3E 14752 00554 14574 0.0437 1.6749 04089
100 14870 Q.0263 14903 0.0286 14913 0.0334 17259 02841
200 1.433% 001352 14827 QoL 14915 00190 1174 01367
S0 13000 00082 1.499] 0.0032 14979 00055 1.7612 0.0543
i et 33 12686 3:214 L4y 13246 0. 7260 04118 {02a1
E: 30 3.1560 03020 32009 0.3447 15874 GGETS 3.3953 bo17s
50 3.0903 Ol+a4 31044 81733 1.53515 00443 3643 0 0080
100 30706 o082 3.0532 G.0E14 15402 0032 33406 44
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Fig. 1. Box plots dizplaying the parameter estimates of the simulation study n case 1.
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Table 2. The log-likehhood (LL), AIC, and
BIC values for drought data were estimated
using the ML method [9].

-LL

ML estemates AIC BIC
EG dismbution

E =0961L7 =01573,
K, =0.6373,, =0.063L
F=04533

BGE distnbution

& =0.99%46 5 =01628,
4, =06327 5, =00710,
F=04613

BV distribution

& =09034,& =3.7017,

g, =07134,8, =7 6768,

49646 10028 1.

L }
—
b
=

4570F 106341 1301s3

49187 10660

6=04208
BLBG distribution

A = 04055, B, =01M8.
6=04637

BLEPG distribution

A =04804 § =1.7789,
i =03360 8 =2.5843,
6=103804

60105 12081 I.2154

43101 9720 734l

]
=]
[

A

Fiz. 6 shows the probability function
plots for the datasets. In the pdf plots, the
function has 1ts maximum, which 15 equal to
{1.0436984 (see Fig_ 6(a)). at pomnt (x. v) = (0,
0} Its value 1s nearly zero for large values of x
{or v). From the plot of the suraival function
S y)=P(X >xY>y) m Fiz. 6(b). the
function has its maximum, which 1s equalto 1,
at point (x. 1) =(0,0)- Its value 15 nearly zero
for large vahies of the duration of drought x
{or the duration of non-drought v). For the

duration of drought (x) and non-drought (),
the hazard function A{x.y)is expected to be
high at first and then gradually decreasing i

the end (see Fig. 6{c}). reflectmg a lower
hazard for drought severty.

4. Conclusion

The FGM copula serves as the basis for
the present study’s novel brvanate length-
hiased power Ganima (BLBPG) distribution
The ML approach was used to estimate the

20
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parameters of the BLEPG distnbution for
drought data [9]. The charactenstics of the
brvariate distribution were mtroduced. The
simulation study was conducted to estimate
the parameters of the BLEPG distnbution
and evaluate the efficacy of the maximum
likelihood method. The ML estimator of
each parameter for the BLBPG distribution
are biased. However, the ML estimators of
each parameter give the values close to the
true parameters when the sample sizes were
large. As the sample sizes mncreased. the
MSE wvalues of all parameters decreased.
The BLBPG distribotion. which was
generated from the FGM copula,
demonstrated a good fit for the real data
application.  Furthermore. the proposed
bivaniate distribution exhibited greater
effictency compared to  alternative
distributions.
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Appendix.

. The joint distribution foaction of the

BLEPG distributicn

From the copula concept of Eq. (2.1) and

Eq: (22}, we have
Flx.y)=Clu.v6) =l +6(1 -ujl -],
where u=G{x 4. 8) and v=G({}14,. F) is
the cdf of the I BP( diztribution a: in Eq. (2.7},
Then the joint distribution fonction of the

BLEBPG distribution iz
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2. The joint density function of the BLEPG
diztribution

The copula density of Eq. (2.3) 43

(V) =1+81-2u}1-2v)
and the joint pdf of Eq. (2.5) i

F.3) = c(G).GO):E)g)Z0)
={1+8[1-26(x. 4. B)|[1-260: 4. A1)}
Kg{_t: j“l: ﬂ}g ‘f'!’l::ﬂ}
where g{x4.fA) and g(ind,.f,) are the

marginal pdf as shown in Eg. (2.6). The joint
density function of the BLBPG distribution iz
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3. If A =4, =1 the BLEPG distribution
redoces to the BLBG distribution, with joint
distribution and density functions, respectively
as
Fle ﬂ_f (L= A)1(2 5x) = 16.5x)
3+4 J
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4. The r-th moment about the orizia of where
BLEPG random variable
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