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ABSTRACT
Traditional linear programming (LP) methods, like the simplex algorithm, often strug-

gle with the efficiency of solving degenerate LP problems. This study introduces the slope-
circuit hybrid method, an innovative interior search technique designed to overcome these
challenges by strategically combining slope-based analysis and circuit direction search. This
method accelerates convergence, yielding optimal solutions. Focusing on degenerate con-
straints, the algorithm intelligently selects an initial circuit direction using slope information.
The circuit direction search adeptly navigates the next direction to improve a solution, re-
sulting in a significant reduction in iterations. Rigorous termination at an optimal solution
is guaranteed through the computation of associated dual variables. Empirical testing on de-
generate 2D linear programs supports substantial performance enhancements over simplex,
interior point, and slope algorithms, evident in reduced iterations and improved running time.
The slope-circuit hybrid method emerges as a promising solution for optimizing resource
allocation in industrial settings, especially those constrained by limited computational re-
sources. Its potential extends to streamlining decision-making processes and enhancing ef-
ficiency across various real-world applications.

Keywords: Circuit direction; Degenerate linear programming problem; Interior search tech-
nique; Simplex algorithm

1. Introduction
Linear programming (LP) has a rich

history dating back to World War II. Orig-

inally devised to minimize army expenses
and maximize losses for adversaries, it
has evolved into an optimization technique.
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This method seeks the optimal outcome by
maximizing or minimizing a linear objec-
tive function within defined equality or in-
equality constraints. In real-world applica-
tions, linear programming is widely utilized
to address diverse industrial challenges, in-
cluding the traveling salesman problem,
production planning problem, and assign-
ment problem, with the aim of achieving
optimal results.

In 1947, Dantzig [1] introduced the
simplex method, an efficient iterative ap-
proach for solving linear programming
problems by searching for an optimal point
within a feasible region. However, Klee
and Minty [2] demonstrated the worst-case
computational time of the simplex method
using the Klee-Minty cube. In this sce-
nario, the method traverses all vertices of
the cube, resulting in an exponential num-
ber of iterations. Despite its practical util-
ity, this worst-case complexity has led re-
searchers to propose algorithms aimed at
reducing the computational complexity of
the simplex method. Significant advance-
ments have been made, particularly in two-
dimensional linear programming (2DLP).

In 1976, Shamos and Hoey [3] pro-
posed an algorithm with a time complexity
of O(𝑛 log 𝑛), vastly superior to the sim-
plexmethod. Megiddo [4] further improved
upon this, achieving linear-time complexity
for 2DLP in 1983. Later, Dyer [5] also pre-
sented a novel algorithm with O(𝑛 log 𝑛)
complexity.

Focusing on the simplex method,
in 2014, Boonperm and Sinapiromsaran
[6] introduced an innovative enhancement
leveraging Megiddo’s mapping technique,
eliminating the need for artificial variables
and improving its efficiency.

In 2018, Vitor and Easton [7] in-
troduced the slope algorithm for solving a
2DLP, particularly applicable when the ob-

jective function’s coefficient values are pos-
itive, and right-hand side values are non-
negative. The algorithm, integrated with
the simplex method in the double pivot sim-
plex method, identifies two variables for
updating a solution, resulting in reduced it-
erations compared to the simplex method.
However, the slope algorithm may start
with an infeasible point and take longer to
identify two leaving variables in each itera-
tion. Additionally, it is not effective when
returning only one variable, akin to the sim-
plex method.

Addressing the limitations of the
slope algorithm, recent advancements have
been proposed by Jamrunroj and Boonperm
[8] in 2021. This novel approach relies
solely on constraint coefficients to indicate
the optimal solution for a special 2DLP. De-
spite this improvement, the slope algorithm
continues to be utilized in cases involving
double pivots. However, the slope algo-
rithm can exhibit a weakness when deal-
ing with problems featuring numerous re-
dundant constraints. These constraints can
cause the algorithm to get stuck in regions
far from the optimal solution, leading to in-
creased iterations for finding it. To over-
come this limitation, the interior search
technique can be employed. By ensuring
the algorithm remains within the feasible
region, the interior search technique can
potentially reduce the number of iterations
needed to reach the optimal solution.

The interior search technique, also
known as the interior point method (IPM)
or Karmarkar’s algorithm, was initially pro-
posed by Karmarkar [9] in 1984. It utilizes
a direction of steepest descent in the projec-
tive transformed space to update a solution
in each iteration. Despite its quick approach
to a neighborhood of the optimal solution,
Karmarkar’s algorithm tends to be slow in
reaching the optimal solution itself.
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The interior point method has at-
tracted considerable attention, with signifi-
cant contributions from researchers such as
Anstreicher [10] andYe [11,12]. The explo-
ration and consolidation of various search
direction types have been documented [13],
showcasing advancements in algorithmic
techniques. A notable recent development
is a novel interior search method introduced
by Visuthirattanamanee et al. [14] in 2020.
This innovative approach leverages objec-
tive and binding constraint gradients to en-
hance solution outcomes.

An emerging concept within IPM is
the circuit, introduced by Rockafellar [15]
in 1969 as a set of elementary vectors in a
subspace. In 1975, Graver [16] expanded
on circuit directions, providing an optimal-
ity certificate for any linear program. Algo-
rithms generating circuit walks, enhancing
paths iteratively along circuits, find appli-
cations in various mathematical program-
ming scenarios [17–20]. Ongoing research,
exemplified by the introduction of greedy
circuit directions by Hemmecke et al. [21]
in 2011 and the steepest-descent circuit pro-
posed by Loera et al. [22] in 2015, indicates
the potential for accelerated convergence in
solving linear programming problems.

Recognizing the computational
expense associated with obtaining the
steepest-descent circuit, alternative ap-
proaches have been investigated. In
2018, Borgwardt et al. [23] suggested
simpler strategies, such as utilizing edge
directions of constraints for specific cases,
offering practical solutions. This collec-
tive progress underscores a promising
trajectory in optimizing the Interior Point
Method for efficient linear programming
problem-solving.

Building upon these advancements,
the Circuit Direction Search Algorithm
(CDSA) was introduced by Jamrunroj and

Boonperm [24] in 2023 specifically for
solving two-dimensional linear program-
ming problems (2DLP). This algorithm ex-
hibits effectiveness when the problem sat-
isfies specific conditions, including posi-
tive coefficients for the objective function
and right-hand side values. While CDSA
demonstrates promising results, a limitation
exists in its handling of degenerate cases.
Its reliance on the steepest-ascent circuit as
the initial direction can lead to longer solu-
tion times in these scenarios, hindering its
broader applicability.

These limitations motivate our re-
search, which aims to address the issue of
slow convergence in degenerate cases for
CDSA by introducing a novel criterion for
initial circuit selection. This research aims
to address this limitation by introducing a
novel criterion that leverages the slope of
degenerate constraints to enhance CDSA’s
performance. We propose a modification
to CDSA that incorporates this criterion to
guide initial circuit selection, aiming to ac-
celerate convergence in degenerate scenar-
ios. The study assesses the efficiency of the
modified algorithm through comparisons
with the original CDSA on randomly gen-
erated linear programming problems. Our
research contributes to the development of
more robust and widely applicable linear
programming methods, particularly in do-
mains where degeneracy is prevalent.

This paper is organized as follows:
Section 2 introduces the fundamental con-
cept of a circuit, laying the groundwork
for the subsequent discussions. In Section
3, we present our proposed algorithm, em-
phasizing its novel features and addressing
degenerate cases in two-dimensional linear
programming. Section 4 showcases compu-
tational results, offering insights into the al-
gorithm’s performance through the average
number of iterations and running time. Fi-
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nally, the results and their implications are
discussed in the concluding section, provid-
ing a comprehensive summary and potential
avenues for future research.

2. Preliminaries
Given that the proposed algorithm

shares a theoretical basis with the circuit di-
rection search algorithm, the definitions and
identifications of circuit directions closely
align with those introduced in [23]. This
section begins by presenting the definition
of a circuit, followed by the identification
of circuit directions.

2.1 Definition of Circuit
Consider the polyhedron 𝑃 defined

by:

𝑃 = {x ∈ R𝑛 |Ax = b,Bx ⩽ d}, (2.1)

where A ∈ R𝑚𝐴×𝑛, B ∈ R𝑚𝐵×𝑛, b ∈ R𝑚𝐴,

d ∈ R𝑚𝐵 and 𝑟𝑎𝑛𝑘

(
A
B

)
= 𝑛. The set of

circuits C(A,B) of 𝑃 is defined as follows.

Definition 2.1 ([23]). The set of circuits
C(A,B) of 𝑃 defined in (2.1) consists of all
g ∈ 𝑘𝑒𝑟 (A) \ {0} normalized to coprime in-
teger components for which Bg is support-
minimal over {Bx|x ∈ 𝑘𝑒𝑟 (A) \ {0}}.

According to Graver [16], the set of
circuits is made up of all potential edge di-
rections for 𝑃, as long as the right-hand-
side vectors b and d vary. When working
with circuits, any normalization that yields
a distinct positive and negative representa-
tion for each of these one-dimensional di-
rections can be employed. For geometrical
considerations, every positive scalar multi-
ple of a circuit g ∈ C(A,B), where C(A,B)
comprises all possible edge directions of 𝑃,
is referred to as a circuit direction of 𝑃. The
two-dimensional circuits for each constraint
are shown in Fig. 1.

Fig. 1. Edge directions and circuits of each con-
straint in 2D.

Additionally, augmentation schemes
for linear programming problems are devel-
oped using circuits. In these schemes, suc-
cessively better, maximum steps are per-
formed along circuit directions until an op-
timal solution is obtained or the problem
is unbounded. Subsequently, De Loera et
al. [22] proposed an augmentation scheme
that updates the solution at each iteration by
utilizing a steepest-descent circuit to solve
the standard linear programming problem.
According to the authors, a strictly feasi-
ble circuit that enhances a search direc-
tion at a feasible solution is referred to
as the steepest-descent circuit. Therefore,
the definition of a strictly feasible circuit
is described first followed by the steepest-
descent circuit definition.

Definition 2.2 (Strictly feasible direction).
Consider the following standard linear pro-
gramming problem (SLP):

min c𝑇x
s.t. Ax = b,

x ⩾ 0,
(2.2)

where A ∈ R𝑚×𝑛, x, c ∈ R𝑛, and b ∈ R𝑚.
Let x0 be a feasible solution to SLP. A di-
rection d is said to be strictly feasible at x0
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if x0 + 𝛼d ∈ {x|Ax = b, x ⩾ 0} for some
𝛼 > 0.

Definition 2.3 (Steepest-descent circuit).
Let x0 be a feasible solution to SLP. A
steepest-descent circuit is a strictly feasible
circuit g ∈ C(A) at x0 that minimizes c𝑇g

∥g∥1
over all such circuits.

The updated solution x𝑘+1 can be the
optimal solution when it is an extreme point
that binds at least two linearly independent
constraints. To verify its optimality, the
Karush-Kuhn-Tucker conditions and com-
plementary slackness are applied. Assume
that x𝑘+1 binds at constraints 𝑙 and 𝑝.

Nevertheless, finding a steepest-
descent circuit for SLP proves challenging
and is obtained through the linear program-
ming problem detailed in [24]. Borgwardt
et al. [23] affirm that the set of circuits for a
given variation of b consists precisely of all
edge directions of the polyhedron {x|Ax =
b, x ⩾ 0} for vary b. Consequently, de-
riving the set of circuits for a general two-
dimensional linear programming problem is
straightforward. However, our focus in this
paper is on the maximization problem, ne-
cessitating the identification of the steepest-
ascent circuit.

2.2 A Steepest-Ascent Circuit
Consider the following general two-

dimensional linear programming problem:

max 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2
s.t. 𝑎11𝑥1 + 𝑎12𝑥2 ⩽ 𝑏1,

𝑎21𝑥1 + 𝑎22𝑥2 ⩽ 𝑏2,
...

𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 ⩽ 𝑏𝑚,
𝑥1, 𝑥2 ⩾ 0,

(2.3)

where 𝑐1, 𝑐2, 𝑏𝑖 ∈ R for 𝑖 = 1, 2, . . . , 𝑚,
and 𝑎𝑖1, 𝑎𝑖2 ∈ R are not both zero simul-
taneously for all 𝑖 = 1, 2, . . . , 𝑚. Then, the

acquisition of the set of the potential circuits
is described as follows.

Let 𝐺 be the non-zero vectors set
containing 𝛿𝑖 =

[
−𝑎𝑖2
𝑎𝑖1

]
and − 𝛿𝑖 for 𝑖 =

1, ..., 𝑚. Thus, 𝐺 is the set of all circuits for
the problem (2.3). Since, in this study, we
are focusing on the maximization problem,
the potential circuits g ∈ 𝐺 that improve the
objective value 𝑧 must satisfy c𝑇g > 0, For
𝑖 = 1, 2, . . . , 𝑚, if we define

g𝑖 =

{
𝛿𝑖 , c𝑇𝛿𝑖 > 0

−𝛿𝑖 , c𝑇𝛿𝑖 < 0,
(2.4)

then the potential circuits set is defined by

𝐺+ = {g𝑖 |𝑖 = 1, 2, . . . , 𝑚}. (2.5)

The steepest-ascent circuit g𝑟 for the prob-
lem (2.3) can be found, where 𝑟 is computed
as follows:

𝑟 = argmax
{

c𝑇g𝑖
∥c∥∥g𝑖 ∥

| g𝑖 ∈ 𝐺+
}
. (2.6)

In the interior search technique, an
initial direction is typically required. The
steepest-ascent circuit can be employed as
an initial circuit direction in certain cases.

3. The Proposed Method
In this section, we present a new cri-

terion for determining the initial circuit di-
rection in the degenerate case of a special
2DLP. We apply this criterion in conjunc-
tionwith the CDSA in [24] to address the in-
creased time required for finding an optimal
solution in solving a two-dimensional lin-
ear programming problem. Subsequently,
we describe a new criterion for establishing
the initial circuit direction in the degenerate
case of a special 2DLP with the slope infor-
mation, followed by the slope-circuit hybrid
method.
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3.1 The Circuit Direction Search Algo-
rithm

Recall CDSA in [24], consider
the following special non-degenerate
two-dimensional linear programming
problem:

max 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2
s.t. 𝑎11𝑥1 + 𝑎12𝑥2 ⩽ 𝑏1,

𝑎21𝑥1 + 𝑎22𝑥2 ⩽ 𝑏2,
...

𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 ⩽ 𝑏𝑚,
𝑥1, 𝑥2 ⩾ 0,

(3.1)

where 𝑐1, 𝑐2 > 0, 𝑏𝑖 > 0 for all 𝑖 ∈
{1, 2, . . . , 𝑚} and 𝑎𝑖1, 𝑎𝑖2 ∈ R are not both
zero simultaneously for all 𝑖 = 1, 2, . . . , 𝑚.
Since the potential circuits set is

𝐺+ = {g𝑖 |𝑖 = 1, 2, . . . , 𝑚}, (3.2)

any feasible solution x𝑘 is updated with the
steepest-ascent circuit g𝑟 where

𝑟 = argmax
{

c𝑇g𝑖
∥c∥∥g𝑖 ∥

| g𝑖 ∈ 𝐺+
}
, (3.3)

and a step size can be obtained by determin-
ing the following set:

𝐴𝑝 = {𝛼𝑖 > 0 | 𝑖 ∈ {1, 2, . . . , 𝑚 + 2} \ {𝑟}} ,
(3.4)

where 𝛼𝑖 = 𝑏𝑖−𝐴𝑖:x𝑘
𝐴𝑖:g𝑟

, 𝐴𝑖:g𝑟 ≠ 0, and 𝐴𝑖:

is the coefficient vector of the constraint 𝑖
for all 𝑖 ∈ {1, ..., 𝑚 + 2} and 𝑖 ≠ 𝑟 . If
𝐴𝑝 = ∅, meaning 𝛼𝑖 ⩽ 0 for all 𝑖, then the
algorithm is terminated and the current so-
lution x𝑘 is the optimal solution. Otherwise,
𝑝 = argmin{𝐴𝑝} and the current solution
x𝑘 is updated by

x𝑘+1 = x𝑘 + 𝛼𝑝g𝑟 . (3.5)

The updated solution x𝑘+1 can be the
optimal solution when it is an extreme point
that binds at least two linearly independent

constraints. To verify its optimality, the
Karush-Kuhn-Tucker conditions and com-
plementary slackness are applied. Assume
that x𝑘+1 binds at constraints 𝑙 and 𝑝. By
the complementary slackness, 𝑤𝑖 can be set
to zero for all 𝑖 ∈ {1, ..., 𝑚 + 2} \ {𝑙, 𝑝},
and 𝑤𝑙, 𝑤𝑝 can be obtained by computing[
𝐴𝑇
𝑙: 𝐴𝑇

𝑝:

]−1 c, where 𝐴𝑙: and 𝐴𝑝: are the
gradient vectors of constraints 𝑙 and 𝑝. If
𝑤𝑙, 𝑤𝑝 ⩾ 0, then w ⩾ 0 becomes the dual
feasible solution. Thus, x𝑘+1 is the optimal
solution to the problem (3.1).

Given that a potential circuit with the
closest angle to the objective function can
enhance a solution or achieve optimality,
the criterion for choosing an initial circuit is
presented first as Sub-Algorithm 1 (in Table
1), followed by the circuit direction search
algorithm as Algorithm 1 (in Table 2).

Table 1. The criterion for choosing an initial
circuit for a non-degenerate problem.

Sub-Algorithm 1:The criterion for choosing an
initial circuit of non-degenerate
1: begin
2: Find the set of all potential circuits

𝐺+ = {g𝑖 |𝑖 = 1, 2, . . . , 𝑚};
3: If g𝑖 ⩾̸ 0 for all g𝑖 ∈ 𝐺+ then
4: return g𝑟 = c;
5: Else
6: If g𝑖 ⩾ 0 for g𝑖 ∈ 𝐺+ then
7: 𝑟 = argmax

{
c𝑇g𝑖
∥c∥ ∥g𝑖 ∥

| g𝑖 ∈ 𝐺+
}
;

8: return g𝑟 ;
9: End

CDSA demonstrates effectiveness in
addressing non-degenerate linear program-
ming problems. However, its suitability
diminishes in cases of degeneracy, where
CDSA’s initial circuit selection criterion
may result in choosing an unsuitable direc-
tion, leading to solution updates that might
converge to an infeasible point (Fig. 2). To
overcome this challenge, we present a new
criterion specifically designed for selecting
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Table 2. The steps of the circuit direction search
algorithm.

Algorithm 1: CDSA.
1: begin
2: Set 𝑘, 𝑙, 𝑝 = 0, 𝛼𝑝 = 0 and x𝑘 = (0, 0);
3: Perform Sub-Algorithm 1;
4: While g𝑟 ≠ 0 do
5: 𝐴𝑝 = {𝛼𝑖 > 0 | 𝑖 ∈ {1, 2, . . . , 𝑚} \ {𝑟 }};

where 𝛼𝑖 =
𝑏𝑖−𝐴𝑖:x𝑘

𝐴𝑖:g𝑟
, 𝐴𝑖:g𝑟 ≠ 0 ;

6: If 𝐴𝑝 = ∅ then return x∗𝑘 = x𝑘 ,𝑙, 𝑝;
7: Else
8: 𝑝 = argmin{𝐴𝑝};
9: x𝑘+1 = x𝑘 + 𝛼𝑝g𝑟 ;
10: 𝑘 ← 𝑘 + 1;
11: For 𝑖 = 1, . . . , 𝑚;
12: If A𝑖:x𝑘+1 = 𝑏𝑖 and 𝑖 ≠ 𝑟 then
13: 𝑙 ← 𝑖;
14: 𝑖 ← 𝑖 + 1;
15: Else g𝑟 = g𝑝 ;

16: Construct a sub-matrix 𝐴′ =

[
𝐴𝑙:

𝐴𝑝:

]𝑇
;

17: Compute w = (𝐴′ )−1c;
18: If w ⩾ 0 then return x∗𝑘 = x𝑘 ,𝑙, 𝑝;
19: Else g𝑟 = g𝑙 ;
20: End

initial circuits in degenerate scenarios. The
details of this novel criterion are outlined in
the subsequent subsection 3.2.

Fig. 2. An initial circuit chosen by CDSA in the
degenerate case.

3.2 A Slope-Circuit Criterion for Select-
ing an Initial Circuit in Degenerate Case

Consider the following special de-
generate two-dimensional linear program-
ming problem:

max 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2
s.t. 𝑎11𝑥1 + 𝑎12𝑥2 ⩽ 𝑏1,

𝑎21𝑥1 + 𝑎22𝑥2 ⩽ 𝑏2,
...

𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 ⩽ 𝑏𝑚,
𝑥1, 𝑥2 ⩾ 0,

(3.6)

where 𝑐1, 𝑐2 > 0, 𝑏𝑖 ⩾ 0 for all 𝑖 =
1, 2, . . . , 𝑚 and 𝑎𝑖1, 𝑎𝑖2 ∈ R are not both
zero simultaneously for all 𝑖 = 1, 2, . . . , 𝑚,
and there exists at least one 𝑏𝑖 = 0 for some
𝑖.

Due to the potential inadequacy of
CDSA’s initial circuit selection criterion,
we have modified the process of choosing
the initial direction for the problem (3.6).
Please consult the following figure for fur-
ther clarification.

Fig. 3. Examples for degenerate cases of 2DLP.

Examining Fig. 3 reveals that one of
the degenerate constraints aligns with the
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edge of the feasible region, suggesting po-
tential improvement in the solution along
this direction. Consequently, we will fo-
cus on the set of constraints where the right-
hand side value is 0, and its slope will be
taken into consideration.

Consider the set of all degeneracy
constraints for the problem, defined as fol-
lows:

𝐵0 = {𝑖 ∈ {1, . . . , 𝑚}|𝑏𝑖 = 0}. (3.7)

If 𝑎𝑖1 ⩽ 0, and 𝑎𝑖2 ⩽ 0, then the constraint 𝑖
is a redundant constraint. Moreover, if there
exists 𝑎𝑖1 > 0 and 𝑎𝑖2 > 0 for some 𝑖 ∈
𝐵0, then we can conclude that the optimal
solution is the origin point without solving.

After the redundant constraints are
eliminated, we partition 𝐵0 into two sets,
𝑁0 and 𝑃0, by considering the coefficient
value 𝑎𝑖1 for 𝑖 ∈ 𝐵0. If 𝑎𝑖1 < 0 for 𝑖 ∈ 𝐵0

(indicating that constraint 𝑖 has a feasible
region beneath itself, as depicted in Fig. 3
(a)), and its slope is positive, we set 𝑖 ∈ 𝑁0

and observe that the constraint with themin-
imum slope always offers a feasible direc-
tion. Conversely, if 𝑎𝑖1 > 0 for 𝑖 ∈ 𝐵0 (indi-
cating that constraint 𝑖 has a feasible region
above itself, as shown in Fig. 3 (b)), and
its slope is positive, we set 𝑖 ∈ 𝑃0 and find
that the constraint with the maximum slope
always provides a feasible direction.

Therefore, 𝑁0 and 𝑃0 can be ex-
pressed as the following sets:

𝑁0 = {𝑖 | 𝑎𝑖1 < 0, 𝑎𝑖2 > 0, and 𝑖 ∈ 𝐵0} ,
(3.8)

𝑃0 = {𝑖 | 𝑎𝑖1 > 0, 𝑎𝑖2 < 0, and 𝑖 ∈ 𝐵0} .
(3.9)

Thus, for 𝑖 ∈ 𝑁0, we set 𝛽𝑖 = − 𝑎𝑖1
𝑎𝑖2

, which
is computed to identify an initial circuit for
this set, and for 𝑖 ∈ 𝑃0, we set 𝛾𝑖 = − 𝑎𝑖2

𝑎𝑖1
,

which is the slope with respect to the y-axis.

Then, the initial circuit, g𝑟 , is se-
lected by taking into account the sets 𝑁0 and
𝑃0, which may occur in three different sce-
narios. Let

𝑛𝑠 = argmin

{
𝛽𝑖 = −

𝑎𝑖1
𝑎𝑖2
| 𝑖 ∈ 𝑁0

}
,

(3.10)

𝑝𝑠 = argmin

{
𝛾𝑖 = −

𝑎𝑖2
𝑎𝑖1
| 𝑖 ∈ 𝑃0

}
.

(3.11)

1. If 𝑁0 = ∅ and 𝑃0 ≠ ∅ (Fig. 3 (b)), then
the constraint that has the maximum slope
always provides a feasible direction. So, the
initial circuit is selected as g𝑟 = g𝑝𝑠.
2. If 𝑁0 ≠ ∅ and 𝑃0 = ∅ (Fig. 3 (a)), then
the constraint that has the minimum slope
always provides a feasible direction. So, the
initial circuit is selected as g𝑟 = g𝑛𝑠.
3. If 𝑁0 ≠ ∅ and 𝑃0 ≠ ∅ (Fig. 3 (c)), then
let

𝐺+𝑃𝑁 =
{
g𝑖 ∈ 𝐺+ | 𝑏𝑖 > 0, (3.12)
𝑖 ∈ {1, . . . , 𝑚} ∪ {𝑛𝑠, 𝑝𝑠}}

An initial circuit can be found by
computing

𝑛𝑑 = argmax
{

c𝑇g𝑖
∥c∥∥g𝑖 ∥

| g𝑖 ∈ 𝐺+𝑃𝑁

}
,

(3.13)
and set g𝑟 = g𝑛𝑑 .

Next, a step size can be obtained by
determining the following set:

𝐴𝑝 = {𝛼𝑖 > 0 | 𝑖 ∈ {1, 2, . . . , 𝑚 + 2} \ {𝑟}} ,
(3.14)

where 𝛼𝑖 = 𝑏𝑖−𝐴𝑖:x𝑘
𝐴𝑖:g𝑟

, 𝐴𝑖:g𝑟 ≠ 0, and 𝐴𝑖:

is the coefficient vector of the constraint 𝑖
for all 𝑖 ∈ {1, ..., 𝑚 + 2} and 𝑖 ≠ 𝑟 . If
𝐴𝑝 = ∅, meaning 𝛼𝑖 ⩽ 0 for all 𝑖, then the
algorithm is terminated and the current so-
lution x𝑘 is the optimal solution. Otherwise,
𝑝 = argmin{𝐴𝑝} and the current solution
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Table 3. The criterion for selecting an initial
circuit in a degenerate problem.

Sub-Algorithm 2: The selection of an initial circuit of
degenerate case.
1: begin
2: Let 𝑁0 and 𝑃0 be the empty sets;
3: Find the set of all potential circuits

𝐺+ = {g𝑖 |𝑖 = 1, 2, . . . , 𝑚},
and the set of all degenerate constraints

𝐵0 = {𝑖 ∈ {1, . . . , 𝑚} |𝑏𝑖 = 0};
4: Set 𝑁0 = {𝑖 | 𝑎𝑖1 < 0, 𝑎𝑖2 > 0, 𝑖 ∈ 𝐵0},

and 𝑃0 = {𝑖 | 𝑎𝑖1 > 0, 𝑎𝑖12 < 0, 𝑖 ∈ 𝐵0};
5: If 𝑁0 = ∅ and 𝑃0 ≠ ∅ then
6: 𝑝𝑠 = argmin

{
𝛾𝑖 = − 𝑎𝑖2

𝑎𝑖1
| 𝑖 ∈ 𝑃0

}
;

7: return g𝑟 = g𝑝𝑠 ;
8: Else If 𝑁0 ≠ ∅ and 𝑃0 = ∅ then
9: 𝑛𝑠 = argmin

{
𝛽𝑖 = − 𝑎𝑖1

𝑎𝑖2
| 𝑖 ∈ 𝑁0

}
;

10: return g𝑟 = g𝑛𝑠 ;
11: Else If 𝑁0 ≠ ∅ and 𝑃0 ≠ ∅ then
12: Let𝐺+𝑁𝑃 = {g𝑖 |𝑖 ∈ {1, . . . , 𝑚} ∪ {𝑛𝑠, 𝑝𝑠}};

13: 𝑛𝑑 = argmax
{

c𝑇g𝑖
∥c∥∥g𝑖 ∥

| g𝑖 ∈ 𝐺+𝑃𝑁

}
;

14: return g𝑟 = g𝑛𝑑 ;
15: Else return g𝑟 = c;
16: End

x𝑘 is updated by x𝑘+1 = x𝑘+𝛼𝑝g𝑟 . To verify
the optimality of x𝑘+1, it can be determined
similar to the circuit direction search algo-
rithm.

Therefore, the steps for selecting an
initial circuit in a degenerate case are sum-
marized in Table 3.

Utilizing slope information in con-
junction with the circuit direction, the new
criterion for selecting an initial circuit in
degenerate cases seeks to enhance CDSA’s
performance. This amalgamation of ap-
proaches is termed the slope-circuit hybrid
method (SCHM). The ensuing subsection
provides a detailed explanation of SCHM.

3.3 The Slope-Circuit Hybrid Method
(SCHM)

Consider the following special two-
dimensional linear programming problem:

max 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2
s.t. 𝑎11𝑥1 + 𝑎12𝑥2 ⩽ 𝑏1,

𝑎21𝑥1 + 𝑎22𝑥2 ⩽ 𝑏2,
...

𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 ⩽ 𝑏𝑚,
𝑥1, 𝑥2 ⩾ 0,

(3.15)

where 𝑐1, 𝑐2 > 0, 𝑏𝑖 ⩾ 0 for all 𝑖 =
1, 2, . . . , 𝑚 and 𝑎𝑖 𝑗 ∈ R are not both zero
simultaneously for all 𝑖 = 1, 2, . . . , 𝑚 and
for all 𝑗 = 1, 2..

The circuit direction search algo-
rithm was initially introduced in [24]
to solve a specific non-degenerate two-
dimensional linear programming problem.
It can also be applied to solve a special de-
generate two-dimensional linear program-
ming problem, although it requires more
time to achieve the optimal solution. In
some cases, an initial solution may be up-
dated to an infeasible point, leading to an
incorrect optimal solution to the problem.

Therefore, the new criterion pre-
sented in Subsection 3.2 is applied to the
circuit direction search algorithm to en-
hance its efficiency in handling degenerate
cases. The steps of the slope-circuit hy-
brid method for performing a special two-
dimensional linear programming problem
(3.15) are summarized in Table 4.

Then, an example demonstrating
the application of the slope-circuit hybrid
method will be illustrated in Subsection 3.4.
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Table 4. The steps of the slope-circuit hybrid
method.

Algorithm 2: The slope-circuit hybrid method.
1: begin
2: Set 𝑘, 𝑙, 𝑝 = 0, 𝛼𝑝 = 0 and x𝑘 = (0, 0);
3: If 𝑏𝑖 > 0 for all 𝑖 = 1, . . . , 𝑚 then

Perform Sub-Algorithm 1;
4: Else Perform Sub-Algorithm 2;
5: While g𝑟 ≠ 0 do
6: 𝐴𝑝 = {𝛼𝑖 > 0 | 𝑖 ∈ {1, 2, . . . , 𝑚} \ {𝑟 }};

where 𝛼𝑖 =
𝑏𝑖−𝐴𝑖:x𝑘

𝐴𝑖:g𝑟
, 𝐴𝑖:g𝑟 ≠ 0;

7: If 𝐴𝑝 = ∅ then return x∗𝑘 = x𝑘 ,𝑙, 𝑝;
8: Else
9: 𝑝 = argmin{𝐴𝑝};
10: x𝑘+1 = x𝑘 + 𝛼𝑝g𝑟 ;
11: 𝑘 ← 𝑘 + 1;
12: For 𝑖 = 1, . . . , 𝑚;
13: If A𝑖:x𝑘+1 = 𝑏𝑖 and 𝑖 ≠ 𝑟 then
14: 𝑙 ← 𝑖;
15: 𝑖 ← 𝑖 + 1;
16: Else g𝑟 = g𝑝 ;

17: Construct a sub-matrix 𝐴′ =

[
𝐴𝑙:

𝐴𝑝:

]𝑇
;

18: Compute w = (𝐴′ )−1c;
19: If w ⩾ 0 then return x∗𝑘 = x𝑘 ,𝑙, 𝑝;
20: Else g𝑟 = g𝑙 ;
21: End

3.4 An Illustrative Example
The following example shows how

to use the slope-circuit hybrid method for
solving a special two-dimensional linear
programming problem.

Example 3.1. Consider the following spe-
cial two-dimensional linear programming
problem:

max 𝑥1 + 3𝑥2
s.t. −2𝑥1 + 𝑥2 ⩽ 0, · · · (1)

−3𝑥1 + 2𝑥2 ⩽ 0, · · · (2)
𝑥1 − 2𝑥2 ⩽ 0, · · · (3)
2𝑥1 + 𝑥2 ⩽ 6, · · · (4)
5𝑥1 + 8𝑥2 ⩽ 40, · · · (5)
3𝑥1 + 8𝑥2 ⩽ 36, · · · (6)
𝑥1 + 3𝑥2 ⩽ 12, · · · (7)

𝑥1 ⩾ 0, · · · (8)
𝑥2 ⩾ 0. · · · (9)

(3.16)

Let x0 =

[
0
0

]
be an initial solution. Since

there exists the right-hand side value 𝑏𝑖 = 0
for 𝑖 ∈ {1, 2, 3}, Sub-Algorithm 2 is per-
formed to select an initial circuit. The set
of all potential circuits contains the follow-
ing circuits:

Table 5. All potential circuits of problem 3.16.

𝑖 1 2 3 4 5 6 7 8 9

g𝑖
[
1
2

] [
2
3

] [
2
1

] [
−1
2

] [
−8
5

] [
−8
3

] [
3
−1

] [
0
1

] [
1
0

]
The non-negative constraints are identified
in the set of degenerate constraints. There-
fore, we get 𝐵0 = {1, 2, 3, 8, 9}, and sep-
arate it into two sets 𝑁0 = {1, 2, 8} and
𝑃0 = {3}. Since 𝑁0 and 𝑃0 are non-empty
sets, the indices 𝑛𝑠 and 𝑝𝑠 are computed by

𝑛𝑠 = argmin

{
𝛽𝑖 = −

𝑎𝑖1
𝑎𝑖2
| 𝑖 ∈ 𝑁0

}
= 2,

and

𝑝𝑠 = argmin

{
𝛾𝑖 = −

𝑎𝑖2
𝑎𝑖1
| 𝑖 ∈ 𝑃0

}
= 3.

Let𝐺+𝑁𝑃 = {g𝑖 |𝑖 ∈ {4, 5, 6, 7}∪{2, 3}} and
compute

𝑛𝑑 = argmax
{

c𝑇g𝑖
∥c∥∥g𝑖 ∥

| g𝑖 ∈ 𝐺+𝑃𝑁

}
= 2.

Thus, g2 is selected as an initial circuit.
Next, the step size 𝛼𝑝 is obtained by com-
puting

𝑝 = argmin{𝛼𝑖 |𝛼𝑖 > 0, 𝑖 ∈ {1, ..., 9} \ {2}} = 4,

where 𝛼𝑖 =
𝑏𝑖−𝐴𝑖:x0
𝐴𝑖:g2

and 𝐴𝑖:g𝑟 ≠ 0, There-
fore, the updated solution is

x1 = x0 + 𝛼4g2 =
[
1.71
2.57

]
.

Since x1 binds at the constraints 2 and 4, we
get, we get

𝐴′ =

[
−3 2
2 1

]𝑇
and w =

[
0
1

]
⩾ 0.
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Therefore, x1 =

[
1.71
2.57

]
is the optimal solu-

tion with 𝑧∗ = 6.
For Example 3.1, the circuit direc-

tion search algorithm selects g1 as an ini-
tial circuit, and updates x0 to an infeasible
point, which binds at the conditions 1 and
4. After testing the optimality, this infeasi-
ble point is the optimal solution to the prob-
lem, which is incorrect. Thus, the new crite-
rion will enable the circuit direction search
algorithm to select a suitable circuit direc-
tion for the degenerate case of a special
two-dimensional linear programming prob-
lem. Additionally, the slope algorithm [7]
requires three iterations to solve this exam-
ple, while the proposed algorithm only re-
quires one iteration. Figs. 4-6 illustrate the
movement of the feasible solution in each it-
eration for the proposed algorithm (Fig. 4),
the circuit direction search algorithm (Fig.
5), and the slope algorithm (Fig. 6).

Fig. 4. Illustration of Example 3.1 solved by the
proposed algorithm.

Fig. 5. Illustration of Example 3.1 solved by the
circuit direction search algorithm.

Fig. 6. Illustration of Example 3.1 solved by the
slope algorithm.

4. Experimental Results
In this section, we present the com-

parative results for the average number of
iterations and running time of the Slope-
Circuit Hybrid Method (SCHM), Slope Al-
gorithm (SA), Simplex Method (SM), and
Interior Point Method (IPM). These algo-
rithms, SCHM, SA, SM, and IPM, were
implemented using Python on Google Co-
lab. We then generated random instances
of general degeneracy two-dimensional lin-
ear programming problems and 25%, 50%,
75% degeneracy problems, each with 50,
100, 200, 300, 400, 500, 600, 700, 800, 900,
and 1,000 constraints, to assess the effi-
ciency of the proposed algorithm. The com-
prehensive results, including average itera-
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tions and running time, are detailed in Ta-
bles 6-7. Additionally, Figs. 7-10 pro-
vide graphical representations of the aver-
age number of iterations and running time
presented in Tables 6-7. Furthermore, Fig.
7 illustrates the percentage improvement in
the average number of iterations and run-
ning time of the proposed algorithm com-
pared to the simplex method. The percent-
age improvement can be computed by

%Improvement iteration

=
Avg. #iter. of SM − Avg. #iter. of SCHM

Avg. #iter. of SM
,

(4.1)
%Improvement running time

=
Avg. Time of SM − Avg. Time of SCHM

Avg. Time of SM
,

(4.2)

From the comprehensive testing of
the proposed algorithms’ efficiency, it is ev-
ident that SCHM consistently demonstrates
the minimum average number of iterations
and running time among all the algorithms
considered. Subsequently, we calculate
the percentage improvement of the average
number of iterations and running time of the
proposed algorithm compared to the sim-
plex method using Eqs. (4.1)-(4.2). The re-
sults of these percentage improvements are
depicted in Fig. 11.

Based on the data presented in Fig.
11, we computed the average percentage
improvement for each degeneracy scenario.
SCHM demonstrates significant improve-
ments of 24.35%, 65.39%, 61.73%, and
67.52% in the average percentage improve-
ment of the number of iterations for general
degeneracy, 25%, 50%, and 75% degener-
acy tested problems, respectively. More-
over, SCHM exhibits substantial improve-
ments of 93.97%, 95.97%, 94.26%, and
96.97% in the average percentage improve-

ment of running time for general degener-
acy, 25%, 50%, and 75% degeneracy tested
problems, respectively. These findings af-
firm that SCHM effectively enhances both
the average number of iterations and run-
ning time compared to the simplex method.

5. Conclusions
In this study, we introduce the slope-

circuit hybrid method (SCHM), a novel ap-
proach that significantly enhances the effi-
ciency and versatility of the circuit direc-
tion search algorithm for solving linear pro-
gramming problems. Specifically, SCHM
addresses the critical challenge of select-
ing appropriate initial circuits in degener-
ate cases, a common obstacle in LP opti-
mization. Through a carefully designed cri-
terion that considers potential circuits de-
rived from degenerate constraints, SCHM
ensures robust convergence towards opti-
mal solutions. Empirical results demon-
strate that SCHM consistently outperforms
existing methods, including the interior
point method, slope algorithm, and simplex
method, in terms of both the average num-
ber of iterations and overall running time.

Moreover, SCHM extends the capa-
bility of the circuit direction search algo-
rithm beyond its original scope. While pre-
viously limited to identifying two enter-
ing and leaving variables in non-degenerate
cases, SCHM successfully operates in both
degenerate and non-degenerate scenarios,
enabling its application as a double pivot
within the simplex method. This ad-
vancement unlocks the potential to solve
a broader range of general linear program-
ming problems with enhanced efficiency.

The promising results of this study
pave the way for future research explor-
ing further extensions of SCHM to higher-
dimensional LP problems and its inte-
gration into advanced optimization frame-
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Table 6. The average number of iterations and running time of randomly generated general degener-
acy and 25% degeneracy two-dimensional linear programming problems.

#Constraints
General Problem 25% Degeneracy Problem

Average #iterations Average running time Average #iterations Average running time
IPM SA SM SCHM IPM SA SM SCHM IPM SA SM SCHM IPM SA SM SCHM

50 7.6 3.5 2.1 1.5 0.010 0.004 0.011 0.003 7.0 2.2 3.1 1.3 0.022 0.004 0.010 0.002
100 8.5 6.3 2.1 1.7 0.032 0.007 0.035 0.006 7.9 2.7 3.1 1.6 0.056 0.006 0.042 0.004
200 9.0 5.7 2.1 1.8 0.056 0.022 0.153 0.010 7.8 4.1 4.1 1.5 0.098 0.012 0.152 0.008
300 9.2 8.5 2.2 1.5 0.102 0.018 0.284 0.010 8.3 3.5 3.8 1.1 0.202 0.016 0.368 0.008
400 10.1 9.5 2.0 1.5 0.231 0.039 0.589 0.014 8.6 4.4 3.6 1.5 0.334 0.026 0.652 0.012
500 9.2 8.6 2.5 2.0 0.335 0.032 0.917 0.021 8.3 3.5 4.7 1.3 0.504 0.030 1.110 0.014
600 9.3 8.2 2.7 1.8 0.533 0.068 1.540 0.027 9.0 4.0 5.0 1.4 0.848 0.068 1.594 0.016
700 9.5 9.8 2.9 2.0 0.747 0.060 1.777 0.030 8.5 2.9 4.4 1.3 0.832 0.048 2.292 0.022
800 8.3 9.2 2.4 1.7 0.902 0.054 2.430 0.029 9.0 3.3 5.2 1.5 1.286 0.050 3.250 0.026
900 8.8 8.3 2.3 2.1 1.126 0.048 2.973 0.039 9.9 2.4 4.3 1.4 1.946 0.066 3.822 0.028
1000 9.7 9.7 2.6 1.9 1.698 0.071 3.695 0.044 9.8 3.1 4.8 1.6 2.484 0.068 4.828 0.038

Average Total 9.02 7.94 2.35 1.77 0.525 0.038 1.309 0.021 8.55 3.28 4.19 1.41 0.783 0.0358 1.647 0.016

Table 7. The average number of iterations and running time of randomly generated 50% and 75%
degeneracy two-dimensional linear programming problems.

#Constraints
50% Degeneracy Problem 75% Degeneracy Problem

Average #iterations Average running time Average #iterations Average running time
IPM SA SM SCHM IPM SA SM SCHM IPM SA SM SCHM IPM SA SM SCHM

50 7.7 2.5 2.8 1.3 0.012 0.004 0.010 0.004 7.9 2.1 2.4 1.3 0.022 0.004 0.012 0.002
100 8.2 2.6 2.4 1.6 0.037 0.008 0.069 0.006 7.7 1.5 4.0 1.1 0.032 0.006 0.044 0.002
200 8.3 1.7 3.2 1.3 0.062 0.012 0.160 0.006 8.5 1.7 4.4 1.1 0.066 0.012 0.178 0.006
300 8.5 2.4 3.2 1.4 0.112 0.016 0.346 0.008 8.6 1.5 4.4 1.4 0.122 0.016 0.396 0.008
400 9.0 4.3 3.6 1.6 0.216 0.024 0.588 0.014 8.9 1.6 5.2 1.3 0.260 0.024 0.752 0.010
500 8.5 1.4 4.3 1.2 0.335 0.026 1.034 0.014 9.2 1.5 3.9 1.4 0.406 0.030 1.050 0.014
600 9.0 4.1 3.5 1.3 0.538 0.036 1.458 0.020 9.5 1.5 4.7 1.3 0.640 0.044 1.690 0.016
700 8.5 4.6 4.5 1.5 0.740 0.042 2.225 0.022 9.0 2.8 4.3 1.8 0.794 0.052 2.110 0.022
800 8.6 3.3 4.2 1.6 1.160 0.052 2.632 0.024 9.2 4.1 3.8 1.3 1.164 0.042 2.736 0.018
900 8.9 1.7 4.9 1.0 2.212 0.048 3.544 0.026 9.4 2.6 4.8 1.4 1.502 0.060 3.538 0.026
1000 9.5 1.3 5.4 1.2 2.372 0.062 5.068 0.028 9.1 1.6 5.2 1.3 1.944 0.070 4.608 0.028

Average Total 8.61 2.72 3.82 1.36 0.708 0.030 1.557 0.015 8.82 2.05 4.28 1.34 0.632 0.033 1.556 0.014

Fig. 7. Graphs of Table 4: (A) The average number of iterations (A.1) and running time (A.2) of
randomly generated general degeneracy problems.
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Fig. 8. Graphs of Table 4: (B) The average number of iterations (B.1) and running time (B.2) of
randomly generated 25% degeneracy problem.

Fig. 9. Graphs of Table 5: (A) The average number of iterations (A.1) and running time (A.2) of
randomly generated 50% degeneracy problems.

Fig. 10. Graphs of Table 5: (B) The average number of iterations (B.1) and running time (B.2) of
randomly generated 75% degeneracy problem.
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Fig. 11. Graphs of the percentage improvements of average number of iterations and running time of
(A) general degeneracy, (B) 25%, (C) 50% degeneracy and (D) 75% degeneracy.

works. By addressing fundamental chal-
lenges in LP optimization, SCHM has the
potential to significantly impact various
fields that rely on linear programming tech-
niques, such as operations research, eco-
nomics, and engineering.
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