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ABSTRACT: The basic scheme of microzeopic mechanical model is propozad to znalvze the varion: mechamical behaviors of unsaturated
coarze-gram zoil. Phyvsical guantities requred for the proposed mode] are gram size distnbution, soal particle density, voud ratic and water
content The prebabality thecry and 1nferentiz] statistics are applied fo relate the macroscope physical quantihiss used in the comventional sodl

machames to the microscopic physical quantitias m the proposad model,
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L INTRODUCTION

The o1l above the srousd water table 15 usnally considered to be
under wzaturated. Unsaturatad =oul consists of zod particles (schd
phass), pore water {liguid phasze} and pore arr (za=z phasa), 1.8 = thres-
phazas’ matenial whers the shape and size of soll particles are
oregolar and the shapes and size: of pores filled with water and air,
ars mevitably random (sze Figure 1), Therefore. the probabiliy
theory and inferantial stahistics are =ssential to analyze the meachanical
behaiors of o1l mictoscopicaliy.

Figure 1 Schematic mucroscoplic state of unsaturated zo on
particlz zcale

It 1= well known that unsaturated =01l haz an mportant phvsacal
guantsty which is not pressnt-in zaturated soil which 13 s01] suchion
that depends on the water content and the voud ratio. In additional
mnsziurated permezbibity #s a function of water content and void mtio
whareas szturated permeabiirty cosefficiant t= only the fimetion of the
voud r=hia.

The mechanical proparhas of wmsatursted zoil (three-phasze’
material} are more complicated. compare with thoza of zaturated ol
a two-phase mzterial conzisting of sof parbicles and pore water. The
thaoretical research work on soil mechanics doring the 202 century
focused on the development of saturated so1l besed on the contnuam
machanies. However, 1t 1= nacessary for the peotechnical engmesrine
field to recogmize that un=aturated 501l 1= not a contimuows bodvbut a
dizcontinnous body consistms of three-phaszes. 1. zoil particles
(aohd), pors watar (honid) and air {zasz).

In thiz paper the probabality and statishes approach = propozed to
determins the pore size distribubion of coarsa-grain zonl by uzing the
grain size dizstribtion-and ©oid rafio, where the coarse-gram zoil =
defined bazed on the Japenase soil classification tvstem 1.e., more

than 0% of the z0il particlss have diametar larger than 0075 mm In
thiz paper, ths volume-mzzs ralzfion of sorl 15 first dermved by uaine
the phase dizgram and then the mucrozcopic model called the
elementary particulate model (EPAL) 52 proposaed to dantify the state
with respect to water content m the sahwrated-unsaturated soil.

1 MACROSCOPIC PHYSICAL QUANTITIES OF SOIL
AND PHASE DIAGEAM

Fisure 1 shows the schematic microzcopic state of unsaturated zonl Tt
15 shownin Fimare [ that the soil comsizts of soil partweles {zohid phasze)
and porss (watsr and gas phaszes), 2 three-phase materizl In the
contenticnal soil mechanics the physical guantitias which deseribe
the state of zo1l are definad by uwaing the phaze diagram shown m
Fizure 2{3) where the l=ft sida 2nd nght zide dencte the maszc and
volume of the soil block, respechvely. Fizure 2{b) showes the
alternative phase dizzram where the mass and the volume of zol
particles are nrmify, rezpectively, znd Fizure 2{c) 1z the another phase
diazrarm where the volume of zoil particle 1= unity. Therefors the
phasze dizzram shown in Figore 2 can be considered to be one model
1o express the physical siate 1n = o1l block. The ar density 15 about
11300 of water density and hence. the mass of a1r 1= neglected m
Fisure 1

Feferrinz to Figures 2(a), (k) and (), the marcroscopic phvaieal
guantities of 30U wsed m the conventionzl so1l mechanics are dafined
2z follows:

M_
Soil particledenzity: o, = I—' 1)
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Void mto: &= i”: 2
: 4,
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{2} Phaze dizzram

(b} Phaze dizgram for unit mass and
unzt volume of solid phaze

{c) Phase diasram for mut volume of
zolid phaze

Figme 1 Phaze diagram of 501l

Theszs macroicopic phusical quanttties defined by Eguations {23-(7)
for =ol are rezarded as the anthmetical mean of the microscopic ones
i thiz paper

The drv-and wet densifies which ean be dirsctly obtamed from the
lzboratory soil tests zre related to the zoul particle density, voud ratio
and water content as follows:

By sty iy 1‘0“ (®)
-
i T I+w
Wet denatty: o, = e {93
T&

The following squafion czn be derrved by considermz the
equilibrmm of mass of the hqmd phase mm Frizure 2{c)

Wip = a8y {10}
Equation (10} 53 renTetten 3= follows.
e-3r=H'-£=H'-G__ (11)

g

Equation (11) 1= called the volume-miaszz eguitation for zoal and
tha most important equation which expresses the state of unsaturated
zoll by means of the marroacopic phiyzical quanttfies. 12 vord ratio,
water content and depree of saturafion Eguation (11} can be
axpressad by the distorted surface i 3D zpace. 12 & — v - 5 space
as shown n Figore 3. Fisure 3 cshows that the state of soil 13 lomitad
on the distorted surface.

Fizure 3 State surface of unsaturated soil

In ofher words. the state of wmsaturated =zoil i described by
Eguation (11) and can axist onlby on the state surface shown m Figure
3. Figure 4 shows the state surfzce projected on e - w plane, which
tlustrates that the state of unsaturated zoil 3= hmited i the ranze
shown In Fizure 4. It can be concluded from Eguation (11) that the
indapendent physical quantihias of unsatuwrated zod are two of thres
phvzical guaniifiss, re. wvoid ratic; water conmfent and degres of
saturation for unsaturated zoil In this paper the void ratic and watsr
content are adopted a2z mdependent and baswe phyzical quantiie: for
mnsaturated sotl. Furthermore it 1= found from Eqoations (4)-(2) that
the mzcroscopic phyzical quantibizs axcept 101 particle denaity, voud
ratio amd water content-can be expreszad by void ratio and water
content, refarrme to Fizure 2(c). In gectechmiczl enginserms practice,
the dry and wet densntiss’ of wndistrbed and distorbed zamples are
directly measured m the laboratory and the vord ratio and water
cantent are calenlated by usins Equations () and (9.

e
g
e=0Gw
Emaa:
Emin
> W

Fizurs 4 Siate swrface projectsd on g-w plane

For zaturated zoil Eguation (11) 1= rewmnitten as follows, as the
degres of satoration Sy 1
g=w-i5, (113
Therafore the mdependent physical guantities of o1l are one, 12,
void ratio or water content, In thiz paper the soid ratio 15 zdoptad 2=
the mndependent and baszic physical guantity for saturated soil.

Figure 5 shows an example of compraszzion curve of saturated zail
(positive pressora) and soil-water characteribie curve (negative
Cressura) m e-w-p space. The compression curve for saturated soil can
be drzwm on the verheal pline with 5 = wik when the posttive
pressura chapses. The soil-water characteristic curce can be dranm in
the negatrve pressurs space when the water confent chanzes.

(=0
Ly
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Figure 3 Schematic depiction of mechamezl behaviors of
zatorabed and onsatorated soil m 3D space

5 MICROSCOPIC MECHANICAL MODEL FOR
UNSATURATED S0IL

3.1 Elementary particulate box (EPB)

Figure 6{a) shows a triaxizl soil specoman. 3 cm m diameter and 10
croin height Ifthe specimen with the void ratto of 0.3 15 assumed to
comsist of miform spheres of 1 mm in diameter, more than 2=10°
particles zre prezent mn the specimen. Thiz sumber 1= enongh to trazt
the trzamazl specimen a2z a population 1 the infaremtial siahstica
Hence zn mmagnary ‘cobe tzken fom the specimen by meanz of 2
zpoon 25 shown 1n Figure 6{b) corresponds to 2 sample population.
Figure &{c) zhows 2 tyvpical cobe sampls with side: lenmgzth Do
arbrtranly taken from the zample population.

{c} Elementary parncular= box {zampls)

Fizure § Schewmatic sample taken from triaxial specimen
and i3 modeling

Hers the cubic zample 1= callzd the clementzry parbiculste box
{EPBY which can be reparded a: a sample for ths zoil particls
structure. The side length Dyg of EPB (=22 Eq.0A3 7)) 15 called the
charactanzhic lensth of the 201l block. Tt 15 fourd from the nomeneal
calculation that Dugpic zhout Dig {diameter fiver than 10% m

cumulatrve srain zize distnbohon curve). The disrmeter of particls and
contact zngle formed b adjacent particles at the comfact point, and
the s1ze and predomumant direction of pore of EPE can be considared
as the atinbutes of 2 zample for the soil particls structure and the pore
structurs, respectvely.

If Do 1= 2ezuméd to be B mm whick 1= commen for coarse-
grain zodl, the pmher of EPS mehsded m the triaxial specimen shons
m Fizura 7 15 2hout 2210%, e when the triaxial specimen and EPB
are regarded as'the populzhion and the zampls, respectively, it mean:
that the population has about 2=10% zamples. Hence, the follewing
eguzation can be darrved by usine Equations (A1 17 - (A1.3):

N N

: 1
M —.')7' Moy 1
M. j=3 N I_r. EL\{;_:' i
7, = == ==t — =l & = = [Ij}
- N 1 ) El_;':_'J
ZI':'_‘ _-ZFEJ
fml B |
where N number of samples (1.6 number of EPB),

My mass of so1l particle: included in the i-th EFE,
i volume of so1l particles included m the i-th EPE,

ETM: ] mhiean waive of M,

E[F:i}: mean valus of T5i.

Sumilarly the basic physical quantities describing the state of =il
are obtammed fom Equation {2) and (1) a3 follows.

¥ _ H)

g= ] 14;
V. Hr.. a9

where  [op volume of soil particles mcluded m the -th EFB.
: Fidd

W= ﬂ". s i (15
M. M

Whare Mi- mass of pore watar includad 1 the i-th EFB.

12 Elementary particulate model (EPAL)

A contact poant 1: formed by twe 2djacent 3ol particles as showm n
Fizure 7(z} in 3-D space and the anslas batwean the normal dirsction
to tancential plans and three axes, 12, = set of (51, f2. §3) are dafined
2z the contact angle at @ contact point The following equaton s
derrved for the direchion cosme:

cost ,&i'l—ccus: B2 Lpast 7 =1 (18]
The contact angle m 3-D) space 1= defined as a-sat of (1. f2). In the
following the consideration 15 limited to 2-D) space znd hencs the
contact angle 15 definad az shown i Fiewre (b)), e the vanzble of
contact anzle = defined a5 5

In the srain size anaiviis of soil by mean: of both meve analysis
and zadimentation analvsis, the shape of s0il partcles 1 a3zsurmed to
be spherical to estimate the diameter. It msans that the sram zzs
diziribution corve = obfzined by zssuming that zedl parbicle =
moplicitly fegardad as a sphere. In the modalime of EFB. a similar
way 1z adopted, 1.2, soil particles are azsumed to be spherical m shape
and m additionz], the 201l pariicles are zsaumed tobe rizid. As the zodl
parficles are assomed to be nzid, the gram sie dizimbution = not
chanzad dos to particle crushine andior abrasion at contaet points of
2ol particles in the deformzton process of the zoil mass.
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Figure 7 Defmifion of contact znsle

Figure &32) zhomz the probabiiste model for soil parbcle
structure. where the diamaster of soil parbicle. D and the contzct
anzie, f. =t the contact poimt of soal pariteles are adopfed ==
mdependent randony vanables

Fizure 3 (b) shows tha probabilishe model for pore struchre.
where the pore m EPE i summead up to be a pipe with the diameter,
D, with the inclination angle, £ which 1z assumed to be the
predominant flow direchon of pore water and pore ar. Thos, Db and
& are adopted 3z random variables for pore structure. The other paris
of the EPB ars regardad as the mopermeabls zolid, The mpdelling
procedure is that zama as that of phase diagram derrved from the raal
soul block.

The models for soil particle strueture and pore strochure shonm n
Figure £ are collectively called the slementary particulates modal
thiz paper.
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Fizure 8 Wlodellms of z0il particle structure and pore structurs
m EFB

3.2.1 Modelling of Soil Particle Structure

It 12 well known that the gram size distnbution curce of most coarss
pon-organic so0il can appromimately be expreszad by the losanthome
normal distribiation. Hance. the eummlative gram size distrbution can
be exprezzed bv usmg the probabihity density function as follows:

£(D. )= | UoBe-dgf an
i
where D% diameter of soil partecls zzzumed to-be sphenical,
Ay meanvalus of In D
5 standard deviation of In D
-2
dp.=In i ks (18}
- 3 w
ol =tl1+ 5 (19)
Mg )

where  us mean value'of Dk

i standard deviation of D

The values of distribwtion parameter m Eqnaton (17), A= and & are
obtzmned from the gram size anzlysiz m the laboratory test and then s
and gc can be calenlzted by usine Equation (18] and (19} WNote that 1c
comesponds foln Dsp and u; cormesponds 1o the mean diameter of zoal
particlas. ia. Dsp the diameter finer than 50%, is not the mean
dizmeter

The probability denstty function of contact ansle § 15 aszumed to
be pentazonz] shape 22 shown m Fizure 9 1= expreszed as follows

p T
For —7/22 850 fplfi=—— "L -F+=—, {202
gL T

g B
=

Far 0£8<7/2 _.*_'S{,Sj=—%-

Where I diztribution parameter which deseribes the pentagomazl
shape.

Eguation (20 means that the tanzental plane at the contact pomt
tends to horizontal under gravity field Here the ratio of heazht at
Bt to 0 = tertatinely assumed to be 13 refenins to the
mezsurine resubts of contact anels by the muercscope (Oda (19727).
The diztribution parameter = 15 calenlated to bea constant value of
0.159 bacausa - 1= not sensitive fo the final results:

Conzequently the probabilistic state of apil parnele structare can
be estimmated by Equations (17) and {20],

famorfiB)

g |
'#l -

for 8 X

Figure 9 Probahility demzity function of contact ansls £

(=]
i
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112 Alodelling of Pore Structure

Fizwre 10 zhows the elementary particulate modsl with arbrrary

random vanables D and § which are mdependent of 2zch othar.
Azzmme that pors size mn soil can alzo be expreszed by the

logarnthmic normal dastribation, the followme equation 1= obiamed.

1 [ (w527
_fl.":'DI'}= E Ecp,—.;u'_-'.. l‘:]__}
IXLy-Ih |_ j'.'-rz |
where Ik diametsr of pore aszumed to be circular,
Ay mean valus of In I,
£ standard deviaton of In I,
-1
Ay =!Eu\-—"; 22
3 [ 2 v
Gkl 21 23
I_ ,:gl_" _'
whare  up mean value of D,
o= standard dewviatien of B
s b
= n | a
» L = | =
£ R 5 o
i . :
e i o
| =5 ¢ # | i I
S S L i = G,
| :, Fis \\’" | i "
K e L d =
e e 7 &' i !

r
.

Fizure 10 Elementsre particolate modsl (EPAD)

Fuarthermore. assummg that the coafficient of vanation 1= same for
aoil pariicle structure and pore strocture which meanc: the parallsl
movement of gram size distribufion as shown m Fizore 11 the
follownns equation 1 oblzmad:

(24}

As dazenbad in the previoas subsechon p; and o a7a known from
the comulative grain size distribution curve and thus x 15 also known.
Thus, the only unknown parameter 1o Equaton (21) becomes aither
A or 5 throush Equatons (22 and (23}

uwmnlative Probsalsibliny

\L

Figwre 11 Two comniztive dismbrhon fumchons, CDFL and CDE2
with same cosffcient of varation and different mean valuss

In Figwre T{hb) it is considered that the flow of pore flmd in the
direction of tansential plane at 3 contact planaiz more than the normal
to tansentiz] plans It 3 found that & 1= equal to § Therefors the
inclmation angle of pipe, #, which 1z defmead a5 the prademinant flow
direction of pore flmd, 15 assumed to be same as the averaze of the
contzct ansle in EPE as shown im Figwre 10, 1e the probabiliy
denazty fimetion of predominent flow direction 1s same as Figura 10,
This comzideratton 1= smular to the real state of soil as shown m
Figwre 1 and 1= modalled b the phase diazram shown m Fizure 2.
Therafore the probabality demsty funchon of the predommant flow
direction 1: same 3z Figure ¥ and is expressad 3z follows:

For —7/2<6<0 b2 i ¢ (253)

.
For 0SFSx/2  filfi=— (258}

The volume of slamentary parbiculate model (EPAL, Feen and the
volume of pips m EPA, Fepp (corrszpondins to [ Triand Fim
Eguation {147} m Fizwre 11 can be expreszed by the fomchons of too
randotn variables Dy and &, as follows:

ITEPH=D---!E—.'Dl;‘+EEE}-BC'ﬁ=EJEP1&'|:D~-,I9:| [28)
© ol mn& ang ) = -

(D B s e

where  pzpnllh.F) and erap{DhF): finctions comesponding to

Eq. (A0} for volume of EPAY and pips

The volume of the solid part m EPM shown m Fizure 10 13 obtamed
usmz Equations (16} and (27 as follows:

Vern s = OzpulDh.6)- Ozpus p (0.6l = Czpag A D0, 6) 28)
where:  [FERML: volume of solid part m EPM

Uanz Equations {143, (21}, {23}, (26). {27}, (28) and {A1.12}); the
followins equation can be obtzined-

Q=E=EF'}:' _ ElFerns)
E

V. EW.; EVerats]

‘{: E ozpas oDy ) £l Dy )- 7118 )dadD

2%

t|"

[ % oeeacsiD.6)- £1D,). frle)eaD

Az the void ratio 5 on the loft sida of Equation {25) i= obtamed
from the Iaboratory test, the wnknonn parameater, sither . or 5 i the
probability density function shown by Equation (21) can be back-
calenlated numencally.

In the drring process of satorated soil the entry of am mto pores
filled with water begims i larzer porss and muersaly m the wettms
process of mmizturated soil the entry of water mto pores Sllad with amr
begms n zmallar porss Considerms these behaviours m the
elementary particulats model tcan be azzumed that the pips with the
ranga of diameater 0=l X J-1s fillad with water and the pipe with the
range of diameter de=lh=x 13 filled with awr. Then the followms
equation can be dermved by usine Equations (15} {113, {23), {26),
(27, (8% and CAT.12), similar fo the derivation of Eq. (26

38
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A = el E[HEP-EP ] e iy 'EJITEP_'L'!’___F]
T T - e

. J_; " |2, oxparp Dy 6) Al ). fol6dadD

Y gm0 8- £ADL ) £l \dadD

Az the gravimatric water contant w on the laft zide of Equation (307
15 obtamed from the laboratory test the unlmown de lmut of the
mtezral range which corresponds to the boundary between lLgmd
phase and zas phasa m the phaszs dizsram shown in Fizure I can be
mumarically back-caleulated.

Figure 12 shows the procedure to relzte the macroscopic physical
guamtities, gram size distribution, void ratio and water content which

Cirmin sire 1
distribution | Viaid ratlo |

[ |

™
Pore siee disiribution
back-calculated by Fog.(29)

Waler conlent

l

d buck-caleulated by Eq (30) |

Ficure: 12 Procadure to relats macroseopic phvstezl guanities to
IMICTOSCOPIC Ones

can be obtaimed from: the laboratory =oil test to the mueroscopic
phyzics]l quantities, pore size distribution, &y Fizore 13 shows the
gramn size disiribihon znd pore size distrrbution caleulated by
Equations {17) and (21},

The grain size distribution 2= shown in Figura 13 and vosd rahon
fe=1 48 weare used as mput parametsrs. The paramatsr dy can be
dermved from Eg.20) usms pore =zize distmbution curve. The
paramester o will ther be used to calculate suchion and permeabils
coefficient (Sako and Ktamura, 2006

Finally the lict of assumptions to darmee Equations (29 and (30
iz showmn m Tabla 1

. ¥ H
it} s famrm e g e

H 1 )
T bl o

L] Grain wize distmbuton (hleanrement)
— Gram aze distribution (Calonlation)
----- Pore size dustirobotion (Calenlahion)
100

SN AR (TR

E e

= & i

B F

__'E E.i ...................

g M i

10” 10 10°
Gram size. Pore size [mm]

Ficure 13 'Graim sz distribution and pere size diztribution

Tahle | List of the assurmptions

varEncE = Ep seme o= the of gam size detriution

Aszempiions | E
J|Crensime | The gz sizs distribion & essumed to be the erittmic normel. | The diffrent distrimion omves cem be sorepted when the pearenetes presorived the armves shoed be
1
dstnition |dsmibutian. identified.
Thepore sZedistriveon & assamed o be the logsthme: pormal
. |Fore size .EPG_E:I: - ' AR L 3 _n:. Thesg szamprions woeld be epected to bemproved with the development of coame sicence end
2 Z dstrirution &5 well &= the mein size distribaticn. The coeffriest of R i PR = =,
e tribotion {elacimicat-grmomic tackmoloer suth & CT (Compte Tomcsrapky' ), Imess processig &1

mﬂﬂd The shape of soil perticies s essmmed ta e spherizal

Thiz sszumztion & similsr by ome the soil pemicies e spairsl to obtem the Ssmeter of sod partick
= 1leve enefvei: and sedimenteiod sngly iz, Lo in the Tam size mshvsis the dame oy of sof pamzle:
& etmeted besed on the sssumption thet the skepe of sot perticle = sphancel

o inclingtios jpredominess fow i TP & ssonmed 10 became = that of contast
engle m EFB |anse

= s miTTnsnomic StEE ot 1ol o ke 2 to b estimarad g wis 1as devEnmant
s ]i_v_rum'h:m The zhape of dEtribution of comtart amse & assumed 1o be -f;_l .J_um:g!.c rr:mi i JW_MEW.S?&?’%JETW? T.}n:hédrlﬁqfﬁl
of nomiact il i T  recaits by O (1872) of computer science snd eledmival-slactroni tedmolner sechas OT [Computer Tomomeohy |, mes
EREE PrOCSSiMEE
[Dizstrifestiom | The distribtion of mciimetion gxsle m EFM woih s the &ectiomof | Thiz eszumption wonld be expected to be mpraved by the mimescop irotssration of pore wees

iz with the developmest of computer scence exd elecminal-sledronic techeology such = OT
{Computs Tomoenephy ), Iase processns et

4. CONCLUSIONS

Itis concluded as follows.

The microscopic state of sod particle strocturs mozotl can be
estimated by Equations (17} and (207, and the sucroscopic siate
of pore structure in sodl can be estimated by Equations (21) and
(253

All of the parameters inclnded m Equations (170, 200, (21} and
(23} emcept 7= can be determimed by the densities of sodl particle
and water, tha grain zize distribution curve, the void rabio and the
watar contant which are-obtaimed by the laboratory soil teats.

*  The devefopment of measuring technologies such as the lasar
diffraction and image processing in the computer science field
are expecied to measure the contact angle of particulste
material in the future.

The authors propozed the mrhal part of ther microscopic
mechanical modal m this paper The whele proposed model will ba
publizhed in a textbook under CRC Press in the near future.
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Appendix 1 MMean value and Variance of Probability Diztribution

Let’s conzider the sample populzhon which melodes N samiples.
When the vzlue for the i-th 2ampls with one attribute 1= expressad az
x;, the mean value of random vanable 5 can be obmmed by ths
follownrs equation for the discontinuons sample space:

(ALD)

_ZL

where o mezn value of random varishle X1

The maan valee  can be expressed 25 ELX] and thus Equation

(A1 1) = wriften 2z follows:

N
Y x=N-x=N E[x;] (A1D)
-1

Introdueme the hiztogram (frequency distmbubion), tha mean
value 15 chtamed by the followme sguation:

fm {

(A13)

.ﬂ{-—l

"
= Z e lxg
Tml

where Nt mumber of samples with sampled valus of 2

Fxi): relatnre Freguency {probakbiliy mass funetion).
Then Niis obizmed from Equation (A1 3] as follows:

=N plx;) [Aldy
The variance of random vanzble X 15 obtamed from the followms
eguation.

3

—Il-r] Ix:—;gl_plxl
it
¥ i
Exlpu— I=2x 3 xplx; =z Zplx / (ALY

Iml Lo

i Iml
o I ;] =2
= '1"']—.?.1' - x =E[1'r]—x

whare ' g%, FLE]: variance of randem varizbla Fi

Equation (Al 3} 15 rewreiten 2= follows:

rix = E{X,? ‘— u

(ALS

For the comtimuous sample space Equations (A1.1) and (A1 4) are
axprazsed as follows.

(ALT)

.;J—x—EL_f]—J x- flxidx

where  fx):probabalsy density function of random vanable 1

No=N-flx)-ak ATS)
The vanance cf random vanable ¥is expressed for the continuons
zample space corresponding fo Equation (A5) as follows:

SoF) (419)

2 =vix]=["

For the continuons sample space Eguation {ALS) can be smmlarly
radocad from Equation (A1 9],

In the caze that 2 sample has two attbutes designated by x and
v with the probability density function fx, 1) and addibionally the
random varidbles ¥ and ¥ are ndependent. the following ralation can
be obtamed.

=0 £ @) {A1.10)

where flx. v} jomt probabiiy density fimehon of random variablss
Xand T,
AlxY margmal probability function of random vanable X
FA{x): margmal probability fanctien of random vanable .

Intraducings the fimetion of random vartables Yand ¥ool X T), the
mean value of pld] T) 1= obtaimed as follows:

.E[th.?f }_]'— Iﬂ’lx,u -Fix, ¥dxdy [ALI1)

When the random vanables ¥ and T are indepsndent, Equation
(AL 11} &= rerviten as follows:

Elp . 1)l= [[ole ) #2(3)- felvidedy (ALID)

Appendix 2 Number of Soil Particlez per Unit Volome

Lat's comsider that Fizure AZ 1 13 obtaimed from the sramm size
analyzis using the undisturbed soil block of which the vod ratic, the
whole volume and dre mazs are denoted by &, Fand M respechivels.

Then the followmz equation 15 obtained from the phaze diagram
shown m Figare 2.

M. = . s {AZ.1)
I+s ~
Whan the volums s muty, 16, I=1, Equation (A2 1) is rewrrtien a=
follows:
1
M ynir 2z (A2.3)
! 142

Figure A2]l shows 2 cumnlatrve gram mize distnbubion. The
vertical axis (percent Fmer by mazs) m Figure 421 12 drnded mmto n
equal mtervals {for example =130}, The diameter coresponding 1o
the f-th mterval of verhieal axis iz demoted by Dk and the mterval 1=
denoted by Al 2z showm m Fig A2 1. The mazs of soil in the i-th
mterval 1z demoted by Miwemy and then the followins equaton =
ohtzined

&l
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Fizwre A2l Cumulatrve sram size distribution diaded
inte 1 mtervals

{A23)

Wken the number of soil particles mcloded m the 1-th nteral s
denoted by Noewi, the followng equation 1= obtamed.

. D
Momims =N g s _E' x-g. (AT )

Applying Eguation (A1 B} to Equation (A2.4) and uvsing Equaton
{21}, the following equation 1= obtzmed-
M i g =M e - {D; ; _5"—"D:_.' LA2.5)

Substtutins Equations (A2.2) and (42.4) o Equation (A2 3)
tha followins equabion 1= chiamed-

g R L | Y WY AZ
Nprei = FE T o de g I g [AZE)
Equation (A2 8) 15 rewriiten 2z follows:
Nppi=—— o f.(D.;) 4D (AZT)
Al G D.-.-E-’i" R ki d -

Ag'this void ratio and the gram sizedismbotion on the right hand
side of Eguation (A2.7) are known, Npma1= determuned for 2 given
ki Fmally the number of 501l particlé: par umt volome Notean be
obtaimed a: follaws.

- T (L | :

- = T § -—Trr— . T—— . - g

Npp = i"“-’”""x—s = _’f FelPo AR  [AZE)
[l Jom] g4

It iz found from Eq. (A42.8) that the number of soal particlss per
it volums Ne: can nomencally calenlated by the void ratio and the
grain size distribuhen
Appendix 3 Derivation of D
Figura A3:1 {3} shows the simpls cubic packing of 16 uniform spheres
4 {cohimn: =421=4 (row: /=2 with the density of particles p; and the
diameter Ik Here lot’s consider the force per unit arsa at the botiom

plane. For a coluomn meloding 4 spheves (1o, sumber of rowa /=41,
the apphed force of tha i-th column Fiis obtamed as follows:

4 3 E
—i _D.- i = T
Fi="% o 5 = 4?-_3‘_5_‘5; [43.1)
J—' z & &

Jzing Eguation (A3.1), the average force actms on the botiom plans
iz obtzamed as follows:

4 o 2. ¥ o
- 1 ] D75

el . S I, e S AT T
E ]4;‘1,3_5 = D, 2 : (A3

where E'Fi ‘: average force of the -th column (=1-4) acting on
the botfom plana

Thus, the resultant force per uatt zrez at-the bottom: plane Fu
ohtained 23 follows:

3

3 (433)
4.0,

&

- 4p:E-

An zlernatrre exprészion of Equation (A3:3) iz as follows.

{Resultant force per usk area)
= {Weight of spheres m single row) « Tdumber of rows) 1 Araz)
(A4

Fizure A3 1(3) shows the contact planes for uniform particles where
the confact planas are fat surfaces and Figure A3 1(E) shows random
particles m shape and size where the coptact plane is 1regular and
curvad. To obizin the resuliant force per undt arez of botiom plane for
wrrezular zoil particles m shape and iz &t = neceszary to detarnuns
the mumbar of rows n Eg. (43 .4) in a similar way 3= for sympls cubie
packing. Therefore, 2 new parameter called characteristic length D
for zod with wrezular particles s mtroducad. Here let's hypothesiza
that = cube with wnit lansth contains Ve dry uniform spheras vath the
diameter Dby, whare N 12 the number of particles defined by
Equation (A2.8). Then the averaze force per unit area of the bottom
plama (1.2 the pressure due to ot block) 1= obtained as follows:

3
Do 7 -
A sTET

Pronom = &8d 8= £ -E- CA3.5}

Protem: pressurs on the bottom plans of cabic,
pidry denstty-of soil

where

(b} Bandom packmmg of
wregular particles

(a) Smmple culue packing of
uniform sphsres

Fieme A3 ] Contact planes for wniform particles and random
particles 1in shaps and size
6l
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Substrating Equations (8) and (A28) imto Egquation (A3 5}, the where DG} probabiliy density funchion obtamed from syam

following equation 13 obtamed: z1ze distribution curve.
i ) Equation {A3.7) shows the charactenstic length D one of the
chs 2 .__1"__1_D_: ; :I._'._DJ_ ; material constants for 2 green soil 1= determuned. by the gram size
l+eg = T S S H diziribution curve 25 well a2z the umformity coefficient and the

(A3 ) coefficient of curvatore. It may be considerad that the characterishe
o lanzth Dy 1= the parameter of row thickness m Fizure A31 1o link

Thons: Dot bkt 2s Bfliws: the body force wath the smface force although these forces are

defimitely zeparated 3z mdependent phvsical guanfitie: and the
& thicknezz of surface 15 mfimitesimal n the comtmunm mechamics.
— Ficure A3 273} shows a curved path conmectng through the confact

! feles sl F 3.2 s
£lp)ap. . i (437 pomts of particles with iregular size and shape Fizure A3 2(b) show

the thickness of path Fizure A3 2c) shows the kapothehieal flai
zurfarce correspondine to planss m Figure A3 1{a)

. . e - .
V I i

{2) Curved path commectad (b3 Thicknesz of laver (¢} Flat plans corresponding
with comfact pomts through path to curved path

Figwra A3 2 Phyvsical meanmy of Db

]
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