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ABSTRACT: Piled rafts are usually provided to reduce total and differential settlements of foundation and structures built on deep deposits 

of soft or problematic soils. Granular piles may be used in place of conventional concrete or steel piles because of their several additional 

advantages. The load carrying capacity of these granular piles (GP) can be increased for improved performance by stiffening of granular piles 

their top portion of length by relatively strong material having better strength and stiffness, i.e. higher deformation modulus in comparison to 

the material of granular pile in the lower portion. Geogrid encased columns, SDCM (stiffened deep cement mixing), fibre reinforced granular 

columns, etc. are common forms of stiffening GP. The present study deals with the analysis of partially stiffened granular pile with rigid raft 

based on the continuum approach. The overall response of the top stiffened GP-raft foundation is evaluated in terms of settlement influence 

factor, settlement reduction factor in comparison to un-stiffened granular piled raft, normalized GP-soil interface shear stresses, percentage 

load shared by GP, normalized contact pressure distribution beneath the raft and percentage load transfer to the base of GP with relative 

stiffness factor and relative length of stiffening.  
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1. INTRODUCTION 

Piled raft technique has been developed since nineteen eighties and 

used to reduce total and differential settlements as also the tilt of tall 

structures. This foundation system has been most notably applied to 

high-rise buildings all over the world and increasingly being 

recognized as an effective and economical system, for bridges and 

heavy industrial plants as well. Piled-raft system works through the 

combined action of the three bearing elements, viz., raft, piles and 

subsoil. Piles are mainly of reinforced concrete/steel and are very 

expensive to install. Stone columns/granular piles (GP), composed of 

compacted gravel, sand or mixture of both, can be used in place of 

concrete/steel. Due to higher demand for increase in load carrying 

capacity of granular pile, their strength and stiffness need to be 

increased. Bulging failure of granular pile is often the controlling 

mode. Maximum bulge in the pile was observed to be about one to 

two pile diameters from the ground surface (Bergado and Lam 1987). 

The load carrying capacity of granular piles can be increased and 

bulging avoided by (i) using concrete plug (ii) placing horizontal 

reinforcement at upper portion of granular pile (iii) using 

circumferential reinforcement with geogrid casing or jacket or (iv) 

mixing the granular material strength with fibres (Madhav et al., 

1994). Stiffening means replacement of material in the top region of 

pile with higher value of deformation modulus. Geogrid encased 

columns, SDCM (stiffened deep cement mixing), fibre reinforced 

granular columns, etc. are common forms of stiffening of granular 

pile. 

To predict the behavior of soft ground treated with columnar 

inclusion, various theoretical analyses have been proposed based on 

the “Unit Cell” concept (Baalam& Booker 1981, Van Impe & 

Madhav 1994, Alamgir 1996, Elshazly et al. 2008, Zhang etal. 

2015).Piled rafts systems were analyzed numerically, based on the 

boundary element method, the continuum approach and simplified 

stiffness approach (Butterfield & Banerjee 1971b, Polous 1968, Davis 

& Polous 1972, Randolph 1983). 

Shahu et  al. (2000) present a simple approach to analyze soft 

ground reinforced by granular pile with granular mat on the top. The 

response of piled raft foundation on soft soil strengthened by short 

granular piles made of flexible materials was investigated by Liang et 

al.  (2003). Madhav et al. (2006) carried out settlement analysis of a 

granular pile considering non-homogeneities in the deformation 

modulus of the in situ soil as well as of granular pile material. 

Madhav et al. (2009) investigated the interactions between a 

granular pile and raft using the continuum approach. Yamashita and 

Yamada (2009) and Yamashita et al. (2011) carried out the analysis 

of piled raft with grid-form deep cement mixes pile walls for seven 

and twelve story buildings on soft cohesive and liquefiable soil. Wang 

et al. (2010) brought out conceptual performance of composite piled 

raft foundation under vertical loading with stone columns, lime 

columns and steel pipe piles. Maheshwari and Khatri (2010, 2011) 

concluded that the performance in terms of deformation of combined 

footing on very soft soil can be improved by providing stone columns 

with a granular fill layer just below the footing.  

Das and Deb (2014) developed a mechanical model to study the 

behaviour of uniformly loaded circular raft resting on stone column 

improved ground. Park et al. (2016) analyzed load sharing behavior 

of piled rafts installed with driven piles in sand. The effects of pile 

length and alignment on the attained ultimate load were investigated 

by Elwakil and Azzam (2016).   El-garhy and Elsawy (2017) 

presented a method to analyze strip footing resting on granular layer 

over weak soil improved by end bearing or floating granular piles. 

Grover and Sharma (2015) evaluated vertical displacements of 

stiffened granular pile,(its top portion replaced partially by relatively 

strong stiff material)based on continuum approach. Gupta and 

Sharma (2018) carried out settlement analysis of a non-homogeneous 

granular pile with non-linear variation of deformation modulus with 

depth. 

Garg and Sharma (2018) developed analytical solutions based on 

elastic continuum approach to predict the settlement of partially 

stiffened single and group of two floating granular piles. Effect of 

nonlinear non- homogeneity of floating granular pile and soil on the 

settlement of a granular pile was presented by Gupta and Sharma 

(2018). They concluded that the reduction in the magnitude of 

settlement influence factor further increases depending on non-

homogeneity parameters and with the increment in the relative length 

of pile (L/d). 

Present study deals with the analysis of partially stiffened 

granular pile with rigid raft based on the elastic continuum approach. 

The objectives of this study to include the effect of stiffening of upper 

portion of pile and relative length of stiffening on  

• The settlement influence factor 

• Settlement reduction factor in comparison to un-stiffened  

 granular piled raft 
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• Settlement factor in comparison to partially stiffened single pile 

• Normalized GP-soil interface shear stresses 

• Percentage load shared by GP, base of GP and raft 

• Normalized contact pressure distribution beneath the raft. 

 

2.       PROBLEM DEFINITION 

Partially stiffened granular piled raft foundation carrying an axial 

load, P, with GP of length L and diameter, d=2a, is depicted in                 

Figure 1. The soft soil is characterized by its modulus of deformation, 

Es, and Poisson’s ratio, s. The granular pile is compressible with 

modulus of deformation, Egp. The relative stiffness of GP is defined 

as Kgp=Egp/Es, the ratio of deformation moduli of granular pile to that 

of the soil. In the present analysis it is assumed that top portion of 

length, Ls=λL has been stiffened. The modulus of deformation of 

stiffened portion is Estgp. Relative stiffness, µ = Kstgp/Kgp, ratio of 

moduli of stiffened and un-stiffened portions of GP. The values of 

deformation modulus of GP are different in stiffened and un-stiffened 

portion but they are assumed same and uniform with the depth of GP 

in their respective regions. The values of νgp can be taken different for 

stiffened and un-stiffened portion in analysis but Poisson ratio, νgp is 

assumed same for both portions of the GP as it does not influence the 

result significantly.For numerical integration, the pile is discretized 

in to ‘n’ cylindrical elements and each element is further subdivided 

vertically into ‘nz’ and circumferentially in to ‘nt’ sub-element as 

shown in Figure 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1  Force and Stresses on a Partially Stiffened 

Piled Raft Foundation 

 

The raft is assumed to be rigid and of diameter, D. For numerical 

integration, raft is discretized in to ‘kr’ number of annular rings of 

equal areas. It is further subdivided in to ‘kt’ number of angular sub-

divisions as shown in Figure 3. ‘τ’ are the interface shear stresses 

between GP and soil, ‘pr’ the contact pressures at the raft-soil 

interface and ‘pb’ is base pressure at the pile tip as shown in          

Figure 4. Settlement nodes are at the interfaces of soil and raft and at 

the GP-soil interface. 

 

3.       METHODOLOGY 

Mindlin’s(1936) and Boussinesq’s solutions for a point load in the 

interior and on the surface of a semi-infinite elastic solid respectively 

are adopted. Following are the assumptions made in the analysis: (i) 

The soil is homogeneous, isotropic and linearly elastic, (ii) The sides 

of GP are perfectly rough with no slip, (iii) Granular pile base is 

assumed to be smooth and rigid and (iv) Stress strain relationships of 

soil and GP material are linear. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2  Pile discretization Scheme (after Sharma (1999)) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3  Raft discretization Scheme 

 

3.1  Soil Displacements 

Displacements along GP-soil interface are evaluated at the mid-point 

on the side of each element and at the centre of the base by integration 

of Mindlin & Boussinesq’s expressions based on the influence of the 

elemental stresses of GP and the raft stresses respectively in matrix 

form following Sharma and Madhav (1999). 

 

 

                          (1) 

  

 

 

where {Ssp} and {sp} are vertical and normalized vertical soil 

displacement vectors, [Ipp]= square matrix of size (n+1) of the 

displacement influence coefficients evaluated by integrating 

Mindlin’s equation (vertical displacements due to vertical point load 

within the semi-infinite elastic continuum) for the effect of GP 

elemental shear stresses and base pressure on settlements of nodes of 

pile  elements,  [ Ipr]= matrix  of  size  (n+1)kr,  of  the  displacement  
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influence coefficients evaluated by integrating Boussinesq’s equation 

(vertical displacements due to vertical point load at the surface) for 

the effect of raft stresses on settlements of nodes of pile elements and 

{}and {pr} - column vectors of sizes, {n+1}and {kr} respectively.  

 

 

(a)                              (b) 

 

                                  (c)  
 

Figure 4  (a) Stresses on the GP and Raft due to Soil, (b) Stresses in 

the Soil due to GP and Raft and (c) Stresses on any ith element of the 

GP 

 

Displacements for soil-raft nodes are evaluated based on the 

interaction of elemental stresses from raft and GP. Soil displacement 

equations for raft nodes in matrix form are 

 

 

 

                           (2) 

 

  

where{Ssr} and {sr} are vertical and normalized vertical soil 

displacement vector, [Irp]= matrix of size, kr(n+1), whose 

displacement influence coefficients are evaluated by integrating 

Mindlin’s equation considering the effect of GP elemental shear 

stresses on settlement of raft nodes [Irr]= square matrix of size ‘kr’ of 

the displacement influence coefficients evaluated by integrating 

Boussinesq’s equation for the effect of raft stresses on the settlements 

of raft nodes and {} and {pr}-column vectors of size {n+1} and {kr} 

respectively.  

 

 

 

 

3.2  Granular Pile Displacement  

Formulation for the granular pile displacement is explain in appendix 

and described as per Equation (20A) of appendix. The vertical 

displacements of GP nodes in terms interface shear stresses are 
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where [C] is a square matrix of size, (n+1) = [B] [A]. 

 

3.3  Raft displacements 

Raft is considered as rigid and hence displacements of raft nodes are 

all equal. Displacements of the top of the GP (t) are all equal to raft 

displacement and expressed as  

 

                                            (4) 

 

 

where  r is the raft displacement vector of size ‘kr’. 

 

3.4      Condition of Compatibility 

 

• For satisfying the compatibility of displacements of the  

 granular pile and the soil  

 

 

 

(5) 

 

 

  

where [AA]=[Ipp] – [C]of size (n+1) x (n+1) 

 

 For compatibility of displacements of the raft and the soil 

 

 

          (6) 

 

  

 

 

Solving the Equations (5) & (6), normalized raft stresses and 

normalised interfacial shear stresses are evaluated. The settlement at 

the top of partially stiffened GP-Raft foundation is evaluated as 

 

               (7) 

 

where Ipis settlement influence factor. Under the axial load, ‘P’, on 

partially stiffened granular piled raft the settlement influence factor 

for any depth, Ipd, is defined as 

 

 

              (8) 

 

where  Ipd is settlement influence factor of granular pile.  

Results are evaluated and discussed in terms of following 

parameters to quantify the effect of stiffening the GP. Settlement 

factor, α, is 

 

  α = 
𝑠𝑒𝑡𝑡𝑒𝑙𝑚𝑒𝑛𝑡𝑜𝑓𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑑𝑝𝑖𝑙𝑒𝑑𝑟𝑎𝑓𝑡

𝑠𝑒𝑡𝑡𝑒𝑙𝑚𝑒𝑛𝑡𝑜𝑓  𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑑 𝑝𝑖𝑙𝑒𝑎𝑙𝑜𝑛𝑒
               (9) 
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Settlement reduction factor, β, is 

 

  β=
𝑠𝑒𝑡𝑡𝑒𝑙𝑚𝑒𝑛𝑡𝑜𝑓𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑑𝑝𝑖𝑙𝑒𝑑𝑟𝑎𝑓𝑡

𝑠𝑒𝑡𝑡𝑒𝑙𝑚𝑒𝑛𝑡𝑜𝑓𝑢𝑛𝑠𝑖𝑡𝑓𝑓𝑛𝑒𝑑𝑝𝑖𝑙𝑒𝑑𝑟𝑎𝑓𝑡
         (10) 

 

The parameters defined above are for partially stiffened GP, i.e.,μ>1. 

μ =1 corresponds to raft on un-stiffened GP. 

 

4.  RESULTS AND DISCUSSION 

Results obtained in this analysis have been validated first with those 

of continuum approach Poulos (1968), Randolph (1983) and Sharma 

and Madhav (2009) for rigid raft on a single compressible un-

stiffened floating pile. The agreement has been very close (Table 1). 

 

Table1  Comparison of Settlements for Rigid- Piled Raft 

Parameters 

Load on 

Granular 

pile (%) 

(Pp/P)x100 

Ratio of 

Settlements 

ofPiled raft to 

Pile 

alone(Spr/Sp) 

Reference 

Floating Pile 

with 

raftL/d=10,Kgp

=∞,νs=0.5,D/d=

3 

 

 

72 

 

 

0.92 

Continuum 

approach 

Poulos1968 

Floating Pile 

with 

raftL/d=10,Kgp

=∞, 

νs=0.5,D/d=3 

 

        76                    

 

0.96    

Approximate 

analysis 

Randolph198

3 

Floating Pile 

with 

raftL/d=10,Kgp

=5000,νs=0.5,D

/d=3 

 

71.2 

 

0.94 

 

 

Sharma and 

Madhav2009 

Floating Pile 

with 

raftL/d=10,Kgp

=5000,νs=0.5,D

/d=3 

 

       71.91 

 

          0.9213 
Present 

Analysis 

 

Results are obtained for the following ranges of non-dimensional 

parameters, relative length of GP, L/d= 10-40, relative stiffness,                

Kgp of GP= 10-1000, relative size of raft, D/d 2-10, stiffness factor, 

µ=1-10, Poisson’s ratio of soil, νs=0.3-0.5, Poisson’s ratio of GP, 

νgp=0.3-0.5and relative length of stiffening from top of GP,λ=0.1-0.4. 

Effect of Poisson’s ratios of surrounding soil and granular pile do not 

affect the results significantly. Although the realistic range of Kgp, for 

GP are 10-100, results are obtained for Kgp= 1000. 

Figure 5 presents the variations of top settlement influence factor 

with the relative stiffness of GP for L/d=10, with relative length of 

stiffening from top of GP, λ= 0.4, stiffness factor, μ=1, 5 and 10 and 

relative size of raft, D/d=3 & 5. As expected, the settlement influence 

factor, Ip, decreases with the increase in the value of relative stiffness, 

Kgp. beyond Kgp=500 there is not much significant change in the value 

of Ip with Kgp for both the value of D/d =3 and 5.  

The settlement influence factor for single GP decreases from 

about  0.227  for  homogeneous   or un-stiffened GP (μ=1) at Kgp= 10, 

and D/d=3, to about 0.194 and 0.185 for μ equal to 5 and 10 

respectively. The percentage reduction in the settlement influence 

factor, Ip from μ=1 to 5 is 14.5 and from μ=1 to 10 is 18.5. It is also 

observed that with the increase of stiffness factor, µ, the value of 

settlement influence factor, Ip, decreases in the range of GP stiffness 

Kgp 10 to 100 showing the effect of stiffening. This occurs due to the 

stiffer portion of GP transferring the stresses towards the lower 

portion and the base of the GP. The decrease in settlement influence 

factor, Ip, reduces with the increase in relative size of raft from D/d = 

3 to 5.For larger size of raft, D/d=5 the values of settlement influence 

factor, Ip, is almost same for μ= 5 and 10. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 5  Variation of settlement influence factor, Ip with relative 

stiffness, Kgp of GP– effect of stiffness factor, µ, and relative size of 

raft, D/d, on a partially stiffened GP-raft foundation (L/d=10,λ=0.4) 

 

The influence of relative length, L/d, of GP, on the variation of 

settlement influence factor, Ip, with relative stiffness of GP, Kgp, is 

depicted in Figure 6 for μ = 1, 5 and 10. The settlement influence 

factor decreases with the increase of stiffness factor, µ. For L/d = 10 

Ip, decreases from 0.226 to 0.185 for µ increasing from 1 to 10.The 

values of, Ip, for Kgp = 10, µ=5 and L/d=10, 20 and 40 are 0.194, 0.175 

and 0.166 respectively. The percentage decreases in settlement 

influence factor, Ip, are 10 and 5.14 for increases in L/d from 10 to 20 

and from 20 to 40 respectively. The rate of decrease of settlement 

influence factor, Ip, decreases with Kgp, and with increase in relative 

length, L/d. Settlement influence factor, Ip, is almost the same for the 

relative length, L/d increasing from 20 and 40 and for Kgp = 1000. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6  Variation of settlement influence factor, Ip, with relative 

stiffness, Kgp, of GP, - effect of relative length, L/d, of GP, and 

stiffness factor, μ, on homogeneous GP-raft and partially stiffened 

GP-raft foundation (D/d =3,λ=0.4) 

 

The variation of settlement influence factor, Ip, with relative 

stiffness, Kgp, of GP with the effect of relative length, λ, of stiffening 

from top of GP, for L/d = 10, μ = 10 and D/d=3 and 5 is shows in 

Figure 7. The settlement influence factor, Ip, decreases with increase 

of relative stiffness, Kgp, of GP. The settlement influence factor, Ip, 

decreases with increase in the length of stiffening, λ, from top of GP. 

Values of Ip for D/d = 3, Kgp = 10 and λ = 0.2, 0.3 and 0.4 are 0.207,  
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0.195 and 0.185 respectively corresponding to percentage decreases 

of 5.8 and 10.6 due to the stiffening of the top portion. Influence 

factor Ip, is almost constant for Kgp≥ 100. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7  Variation of settlement influence factor, Ip, with relative 

stiffness, Kgp of GP– effect of relative length, λ of stiffening from 

top of GP, and relative size of raft, D/d, on partially stiffened GP-

raft foundation (L/d=10, μ=10) 

 

Figure 8 depicted the variation of settlement influence factor, Ip, 

with relative length of stiffening, λ from top of GP, with the effect of 

relative stiffness, Kgp, of GP, and relative size of raft, D/d. The 

settlement influence factor, Ip, decreases with increase of relative 

stiffness, Kgp, of GP, as well as with relative length, λ of stiffening 

from top of GP. For L/d = 10, Kgp = 10, D/d = 3for relative length of 

stiffening, λ, from top of GP, increasing from 0.1 to 0.4 settlement 

influence factor, Ip, decreases from 0.218 to 0.185, a decrease of about 

15 percent. It can also be seen that stiffer piles (Kgp>100) are not 

much influenced with the increase in relative length of stiffening, λ. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8  Variation of Variation of settlement influence factor, Ip, 

with relative stiffness of GP, Kgp – effect of relative length, λ of 

stiffening from top of GP, and relative size of raft, D/d, on partially 

stiffened GP-raft foundation (L/d=10, μ=10) 

 

Figure 9 presented the variation of settlement influence factor, Ipd, 

of a GP with normalized depth, z1=z/L for un-stiffened and stiffened 

granular piles with raft for L/d=10, Kgp=100, D/d=3and 

λ=0.4.Compatibility displacement at the interface of stiffened and un-

stiffened portions of the GP is well satisfied. As stiffness factor, µ, 

changes from un-stiffened condition of GP i.e. with, µ=1 to stiffened 

condition with, µ=2, 5 and 10, the settlement influence factor, Ipd, for 

top are respectively 0.154, 0.148, 0.143 and 0.142.The percentage 

decrease of settlement is 3.89, 7.14 and 7.79 respectively, showing 

the effect of stiffening. The rate of decrease of settlement influence 

factor decreases with increase in the stiffening of pile at the top. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 9  Variation of settlement influence factor for any depth, Ipd, 

with normalized depth, z1=z/L –effect of stiffness factor, µ, on 

homogeneous GP-raft and partially stiffened GP-raft (L/d=10, 

Kgp=100, D/d=3, λ=0.4) 

 

The variation of settlement influence factor, Ipd, of a GP with 

normalized depth, z1 = z/L, is shown in Figure 10 with the effect of 

relative length λ, of stiffening from top of GP, for L/d=10, Kgp=100 

and µ = 2. For relative length of stiffening from top of GP, λ = 0.1, 

0.2, 0.3 and 0.4 the values of settlement influence factor, Ipd, for top 

are respectively 0.154, 0.152, 0.150 and 0.148 for percentage 

decreases of 1.3, 2.6 and 3.9 respectively. Settlement influence factor, 

Ipd, decreases rapidly with depth in the lower region i.e. in un-stiffened 

portion of GP. For higher value of λ the value of Ipd, is maximum due 

to stresses transferred to the base with the length of stiffening.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10  Variation of settlement influence factor for any depth, Ipd, 

with normalized depth, z1=z/L – effect of relative length λ, of 

stiffening from top of GP, on partially stiffened GP-raft foundation 

(L/d=10, Kgp=100, D/d=3, µ=2) 

 

Figure 11 depicted the variation of settlement reduction factor, β, 

with relative stiffness Kgp, of GP with the effect of stiffness factor, µ 

for L/d=10, D/d=3, and λ= 0.2and 0.4. β is defined as ratio of 

settlement influence factor of stiffened part of the pile to that of un-

stiffened pile and so it decreases with increasing stiffening of the 

upper  portion  of  granular  pile.  The  settlement  reduction factor, β  
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increases  also  with  relative stiffness Kgp, of GP. The values of, β at,  

Kgp=10, λ = 0.4 and D/d =3 is about 0.932 for µ=2 and the 

corresponding values for µ=5 & 10 are 0.854 and 0.814 with 

percentage decreasesof8.36and 1.52 for increases in µ from 2 to 5 and 

from 5 to 10respectively.All the values of β, converge to a single 

value at Kgp=1000 since the granular pile is already very stiff and 

further increase in stiffening does not cause any change in values of 

β.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11  Variation of settlement reduction factor, β, with relative 

stiffness, Kgp, of GP –effect of stiffness factor, µ, and relative length 

λ, of stiffening from top of GP, on partially stiffened GP-raft 

foundation (L/d=10,D/d = 3) 

 

From Figure 12 the value of settlement reduction factor, β, can be 

seen to decrease with increase in stiffness factor, μ, revealing that the 

value of settlement for the partially stiffened piled raft decreases more 

than the value of settlement for un-stiffened piled raft. Settlement 

reduction factor, β, decreases with increase relative length of GP, L/d. 

The values of β, for Kgp = 100, D/d=3, λ= 0.4, µ=5 and L/d=10, 20 

and 40 are 0.91, 0.79 and 0.67 respectively. The percentage decrease 

in settlement reduction factor, β, are13 and 15for increase in L/d from 

10 to 20 and from 20 to 40 respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 12  Variation of settlement reduction factor, β, with stiffness 

factor, μ, –effect of relative length of GP, L/d, and relative stiffness 

of GP, Kgp, on partially stiffened GP-raft foundation (D/d=3, λ=0.4) 

 

The variation of settlement reduction factor, β, with relative 

stiffness factor, µ, with effect of relative size of raft, D/d, and relative 

stiffness Kgp, of GP is depicted in Figure 13. The settlement reduction 

factor, β, decreases with increase in the relative stiffness factor, μ. 

The value of β for L/d = 10, D/d=3 and λ = 0.2 and Kgp = 50, decreases 

from 1 (for un- stiffened GP with μ = 1) to 0.962, 0.948 and 0.940 for 

μ = 2, 3and 4 respectively. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13  Variation of settlement reduction factor, β with stiffness 

factor, µ, –effect of relative stiffness, Kgp of GP and relative size of 

raft, D/d, on partially stiffened GP-raft foundation (L/d=10, λ=0.2) 

 

Figure 14 depicted the variation of settlement factor, α, with the 

stiffness factor, μ, with the effect of relative stiffness Kgp ,of GP, and 

relative length, λ of stiffening from top of GP. The settlement factor, 

α, increase with relative stiffness, Kgp, of GP implying that the 

settlement of stiffened pile alone is more than the settlement of 

stiffened piled raft. Since settlement factor, α, also increases with 

increase in stiffness factor, μ, and this effect is more for μ in the range 

of 1-3. For the relative length of stiffening from top of GP, λ = 0.2 the 

settlement factor, α, converges to the same value at μ = 10 indicating 

that the effect of stiffening for shorter length of stiffening is less 

prominent than at higher values of stiffness factor from μ = 6. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 14  Variation of settlement factor, α, with the stiffness factor, 

μ – effect of relative stiffness Kgp, of GP, and relative length, λ, of 

stiffening from top of GP on partially stiffened GP-raft foundation 

(L/d=10, D/d=3) 

 

Figure 15 depicted the variation of settlement factor, α with 

stiffness factor, µ, with the effect of relative length of GP, L/d for 

Kgp= 50 and 100. With the increase in relative length, L/d of GP, the 

settlement factor, α, increases because with increasing L/d there 

would be decrease in settlement influence factor for single pile as 

compare to that of piled raft. Similar trend is observed for Kgp= 50 

except that the settlement factor, α, is less than that for Kgp= 100.   
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Figure 15  Variation of settlement factor, α, with the stiffness factor, 

μ, – effect of relative length of GP, L/d, and relative stiffness Kgp, of 

GP, on partially stiffened GP-raft foundation (D/d=3, λ=0.2) 

 

Figure 16 represents the variation of normalized shear stresses, τ 

= τ(πdL)/P, with the normalized depth, z1= z/L along with influence 

of relative length of stiffening from top of GP, for L/d=10,Kgp = 50 

and 100, µ=5 and λ=0.2, 0.3 and 0.4. Shear stresses decrease with 

increase of relative stiffness of GP, Kgp, but increase with the relative 

length of stiffening. The effect of increasing the length of stiffening 

from top of GP, λ, is to increase the shear stress towards the base of 

the GP. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 16  Variation of normalized shear stresses, τ = τ(πdL)/P, with 

the normalized depth, z1=z/L – effect of relative length of stiffening 

factor, λ, and relative stiffness of GP, Kgp, on a partially stiffened 

GP-raft foundation(L/d=10,D/d=3, µ=5) 

 

Figure 17 presents the variation of normalized shear stresses, τ = 

τ(πdL)/P, with normalized depth of pile z*=z/L for L/d=10, λ=0.4, 

D/d=3, Kgp=50, 100 and for stiffness factor μ = 1, 5 and10. Shear 

stresses increase throughout the length of granular pile with increase 

in stiffness factor, µ. Shear stresses decrease over the stiffened portion 

and increases in un-stiffened portion of the granular pile. 

The contact pressure distribution at the raft soil interface, Pr
*(Pr= 

(πD2/4)/P), with normalized distance from the center of raft, R* = r/d 

can be seen in Figure 18, for L/d=10, Kgp=50,D/d = 3 and 5 and λ=0.4. 

The percentage reduction in contact pressure for D/d = 3 and 5 for 

μ=5 and 10 in comparison to the values for a homogeneous granular 

pile (μ=1) are 28% and 36% near the pile and 23% and 26.5% at the 

edge of pile respectively. For smaller size (D/d=3) of raft, the stresses 

are about 54.6% lower than those for the larger size (D/d=5) at the 

edge of raft for μ= 10. The magnitude of normal stresses on raft 

decreases with increase in the stiffness of top portion of GP.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 17  Variation of normalized shear stresses, τ *= τ(πdL)/P, 

with the normalized depth, z1=z/L – effect of stiffness factor, µ and 

relative stiffness, Kgp, of GP, on a partially stiffened GP-raft 

foundation (L/d=10, D/d=3, λ=0.4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 18  Variation of contact pressure (pr* =pr/q), with normalized 

distance from the center of raft R*=r/d,–effect of stiffness factor, μ, 

and relative size of raft, D/d, on partially stiffened GP-raft 

foundation (L/d=10,Kgp=50, λ=0.4) 

 

Variations of contact pressures pr
* =(Pr/q), with normalized 

distance from the center of raft R*=r/d, with stiffness factor, μ, and 

relative stiffness, Kgp, of GP on a stiffened GP raft and raft alone are 

depicted in Figure 19. The contact pressure distribution pattern for 

partially stiffened piled raft is very similar to that of the raft alone 

with the normal stress beneath a rigid raft increasing with distance 

from the center and tending to very high values at the edge of the raft. 

The percentage reductions in the contact pressure for L/d=10,D/d=3, 

μ = 10 and Kgp = 50 and 100 in comparison to the value for a solid 

raft are respectively 58.5% and 62.3%near the edge of raft. Contact 

pressure reduces with increase in relative stiffness, Kgp and relative 

stiffness factor, μ. 

Figure 20 shows the variation of percentage load (Pp/P) 

transferred to the pile with relative stiffness, Kgp, of GP showing the 

influence of stiffness factor, μ, for L/d=10, λ=0.4.The percentage load 

shared by pile for Kgp = 10, D/d = 3 and μ = 1, 5 and 10 are 24.46, 

45.23 and 50.87 respectively implying that the percentage pile load 

increases with the increase in stiffness factor, μ. Pile load also 

increases with the increase of relative stiffness, Kgp, of GP. 
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Figure 19  Variation of contact pressure (pr
* =pr/q), with normalized 

distance from the center of raft R*=r/d, –Effect of stiffness factor, μ, 

and relative stiffness Kgp, of GP, on a partially stiffened GP-raft and 

solid raft (L/d=10, D/d=3, λ=0.4) 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 20  Variation of percentage pile load, (Pp/P)*100, with the 

relative stiffness, Kgp– effect of stiffness factor, µ, and relative size 

of raft, D/d, on partially stiffened GP-raft foundation (L/d=10, 

λ=0.4) 

 

The variation of percentage load transferred to the raft,(Pr/P) 

x100, with relative stiffness of GP, Kgp, is depicted in Figure 21 with 

effect of stiffness factor, µ, and relative size of raft, D/d, on a partially 

stiffened GP-raft for L/d = 10 and λ = 0.4. For μ = 5 the percentage 

load carried by the raft increases from 55 to 75 for increase in raft 

size, D/d, from 3 to 5. 

The variation of percentage base load (Pb/P)× 100 with relative 

stiffness, Kgp, can be seen in Figure 22 showing the influence of 

stiffness factor, μ  for L/d=10, λ=0.4. The percentage load transferred 

to the base of the piled raft increases with the increase in relative 

stiffness of GP, Kgp. Similarly, the percentage load transferred to the 

base, (Pb/P)*100, increases with increase of stiffness factor, μ, 

showing the positive effect of stiffening. The percentage load carried 

by the base of GP decreases with the increase in relative size of raft, 

D/d.  

Figure 23 depicts the variation of percentage load transferred to 

the base,(Pb/P) x100, with relative stiffness, Kgp, with the influence of 

relative length of stiffening from top of GP, λ, and relative size of raft, 

D/d, on a partially stiffened granular piled raft for, L/d=10 and λ=0.4. 

The percentage base load increases with the increase in relative 

stiffness factor, Kgp, and relative length of stiffening from top of GP, 

λ. For μ = 10, L/d = 10, Kgp = 10 and λ = 0.2, 0.3 and 0.4 the values 

of percentage base loads are 1.54, 1.65 and 1.79 respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 21  Variation of percentage load transferred to raft, (Pr/P) 

x100, with relative stiffness Kgp –effect of stiffness factor, μ, and 

relative size of raft, D/d on partially stiffened GP-raft foundation 

(L/d=10,λ=0.4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 22  Variation of percentage Base load, (Pb/P)*100, with the 

relative stiffness, Kgp of GP– effect of stiffness factor, µ, and 

relative size of raft, D/d, on partially stiffened GP-raft foundation 

(L/d=10,λ=0.4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 23  Variation of percentage base load, (Pb/P)*100, with the 

relative stiffness, Kgp, of GP – effect of relative length, λ, of 

stiffening from top of GP, and relative size of raft, D/d, on partially 

stiffened GP-raft foundation (L/d=10,μ=10) 
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Figure 24 depicts the variation of percentage load transferred to 

the base, (Pb/Pp) x100, with relative stiffness, Kgp, with the influence 

of stiffness factor,µ, and relative size of raft, D/d on a partially 

stiffened GP-raft for L/d=10 and λ=0.4. As canbe expected, the 

percentage load transferred to the base of GP increases with the 

increase of relative stiffness of GP, Kgp. The load transferred to the 

base decreaseswith the increase in stiffining factor, μ, and with the 

increases of relative size of raft, D/d.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 24  Variation of percentage load transferred to the 

base,(Pb/Pp) x100, with relative stiffness, Kgp, of GP –effect of 

stiffness factor, μ, and relative size of raft, D/d on partially stiffened 

GP-raft foundation (L/d=10,λ=0.4) 

 

5. CONCLUSION 

Analysis of partially stiffened granular piled raft is presented based 

on elastic continuum approach in the current study. The following 

conclusions are drawn: 

• The settlement influence factor Ip and β decrease with increase 

in stiffness factor. Decrease in the settlement influence, Ip is 

about 14%for μ increasing from 1 to 5 and only 4%from μ 

increasing from 5 to 10 for L/d=10, Kgp = 10, D/d = 3 and λ = 

0.4 implying that the effect of μ is more pronounced in the 

smaller range of stiffness factor μ =1-5.Further stiffening of 

granular pile in the top portion does not make significant change 

in the settlement reduction. 

• Settlement influence factor, Ip, for partially stiffened granular 

piled raft reduces with the increase in relative length of stiffening 

from top of GP, λ. Percentage reduction in settlement influence 

factor is approximately 10% for relative length of stiffening, λ, 

increasing from 0.2 to 0.4 for Kgp =10, μ = 10, D/d =3 and L/d= 

10. Thus effect of length of stiffening on settlement reduction is 

significant up to five times the diameter of GP. 

• The settlement reduction factor, β, reduces with increasing 

stiffening parameters, μ and λ. Reduction is about 15% with 

stiffness factor, μ, increasing from 1 to 10 for Kgp= 50, L/d=10, 

D/d=3 and λ=0.4. For the same parameters the value of 

settlement reduction factor, β, reduces by about 29% for L/d = 

20. 

• The settlement factor, α, increases by 24% for the stiffness 

factor, μ, increasing from 1 to 5 for Kgp= 30, L/d=10, D/d=3, 

λ=0.2 and about 28% for stiffness factor, μ, increasing from 1 to 

10. Stiffening is significant in the range of stiffness factor from 

1 to 5. 

• Normalized shear stresses for partially stiffened granular piled 

raft reduce about 48% at the top of the GP, due to stiffening for 

the stiffness factor, μ, increasing from 1 to 5 for λ=0.4, Kgp=50, 

L/d=10, and D/d=3.  

• The percentage reduction in the contact pressure at the raft soil 

interface in comparison to the value of a raft alone is 62.3% near 

the edge of raft for L/d = 10, D/d = 3, μ = 10 and Kgp = 100. 

• The percentage load transferred to the base of GP increases with 

the increase stiffness factor and relative length of stiffening from 

top of GP and decreases with the increase relative size of raft. 

• The percentage load transferred to the pile increases with the 

increase in stiffness parameters and relative stiffness of GP, Kgp. 
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7. APPENDIX 

Granular Pile Displacements 

Displacements of elements of GP are evaluated based on stress-strain 

relationship  

 

gpE

v
v


 =

           (1A) 

 

Where v and v are the axial strains and the axial stress respectively 

on the element and Egp is the deformation modulus of the granular 

pile.  

 

(i) Relationship between Axial & Shear Stresses of GP 

From the consideration of equilibrium, the total load, P, on GP is 

related to the shear stresses,, and base pressure, pb, as 

 

 

                     (2A) 

 

where ‘n’ is the total number of elements of GP. Considering the 

element ‘i’, (Figure 4 (c)) the axial forces on the top and bottom faces 

of the element are 
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Combining Eq.s (2A) & (3A) 
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The axial stresses on the top and bottom faces of the element ‘i’ are
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The average axial stress, σvi, on the element, ‘i’ is  
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The above equation relates shaft shear stresses to axial stresses of the 

elements and is expressed in matrix form as 

 

      A=
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where {} and {v} are respectively columns vectors of shear stresses 

on shaft including normalized stress on the base and axial stresses of 

the elements, both of size (n+1). Matrix [A] is an upper triangular 

square matrix of size (n+1) which relates the axial and shear stresses 

as 
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(ii)  GP Displacements 

Vertical displacements of granular pile are evaluated based on 

method given by Garg and Sharma (2018). The vertical displacements 

at each node of the elements of granular pile are evaluated starting 

from the top displacement of granular pile, t by progressing 
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downwards considering the strain of each element successively. The 

settlement of the first element of GP is 
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where v1 is the axial strain of the first element of GP and z =(L/n), 

is element length. p
S
1

 and p
1
  are the displacement and 

normalized displacements of the first node respectively. Thus, the 

displacement, ρi
p, of any element ‘i’ is obtained as 
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where vi and vj are the axial strains of ith and jth elements 

respectively.  

 

Due consideration is given to compatibility or continuity of 

displacement at the interface of stiffened and un-stiffened portions of 

GP. Considering the stiffening is carried out till the bottom of the mth 

element from the top of the GP (Figure 4(a)), the displacement at the 

bottom of the mth element or interface of stiffened and un-stiffened 

portion of GP is 
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In the above equation, for the calculation of εvj, Kgp is taken for 

the stiffened portion. The displacement of the bottom of the mth 

element of stiffened portion of GP is taken as the displacement of the 

top of the (m+1)th element of un-stiffened portion of GP in order to 

satisfy the compatibility of displacements at the interface between the 

two parts. The displacement of center node of (m+1)th element is 

evaluated as 
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In the above equation, for the calculation of εvj and εvi, the 

following ratios, Kstgp = Estgp/Es and Kgp = Egp/Es are considered for 

the stiffened and un-stiffened portions respectively. 

Displacement, ρi
p, of any general node i (>m) below the interface 

can be evaluated as 
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In the above equation, for the calculation of εvj, Kstgp = Estgp/Es is 

taken for stiffened portion while for the calculation of εvi, Kgp = Egp/Es 

is taken for the un-stiffened portion. 

To evaluate the settlement of the base of granular pile, the strain 

at the base is  
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As suggested by Garg et al. (2018) using finite difference scheme 

with unequal intervals of spacing, the above equation is 
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where p
n

S
1−

, p
n

S  and p
n

S
1+

  are the displacements of 

elements n-1, n and n+1 respectively. Rewriting equation (15A) in the 

normalized form, one gets 
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Substituting for the values of p
n 1−

  and p
n

  from Eq. (10A), and 

rearranging the terms, one gets 
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In the above equation, for the calculation of εvj, Kstgp = Estgp/Es is 

taken for stiffened portion while for calculation of   εvi, and other εvn, 

and εv(n-1), Kgp = Egp/Es is taken for the un-stiffened portion. 

Combining Eq.s (10A) & (17A), the vertical displacements of 

granular pile are 
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where [B] is lower triangular matrices of sizes (n+1)(n+1). 

Here in matrix [B] Kstgp is replace by μ, Kgp for top elements of 

GP for the effect of stiffening upto depth λL/d. 

Using the elemental shear and axial stresses (Equation (9A)), the 

vertical displacements of GP nodes in terms of interface shear stresses 

are 
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where [C] is a square matrix of size, (n+1) = [B] [A]. 
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