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ABSTRACT: In the modern era, the demand of construction is getting high, but land resources are getting exhausted and sometimes left
behind option is to use soft soil, which requires ground improvement. Granular Piles (GP) are the most efficient and reasonable key for this
problem. In this paper, a comparative study of a set of partly strengthened end-bearing GPs is presented, unfolding the comparison between
analytical and rigorous analysis for several normalized aspects like displacement effecting component (De) for top of GP, displacement
interaction factor, percentage load shared by the base (PLSB) and values of normalized shear stress (NSS) across the length of the GP are
assessed for end bearing set of two, three, four uniformly placed end bearing piles. The Dg, for top of GP is noticed to get decline with the
intensification in the values of the strengthening parameters. The interfacial shear stresses get reorganized along the length of the GP.

KEYWORDS: End bearing GP, Displacement effecting component (De) for top of GP, Displacement interaction factor, Strengthening length

fraction from top of GP, Strengthening factor for top of GP.

1. INTRODUCTION

In the present situation of the current reality where land accessibility
is diminishing step by step, construction on soft soil is an enforced
choice and for increasing its load-bearing capacity, the ground
improvement technique is used by means of GP. As compared to
conventional GP here in this analysis, partial strengthening is done at
the top portion of the GP so as to get rid of the problem of bulging
occurring in the top portion of conventional GP. The partial
strengthening may be done by geosynthetic encasement, SDCM
(stiffened deep cement mixing), etc. In the present study, the
comparative analysis of a set of two, three, and four partly
strengthened end-bearing GPs, individually loaded with an axial load,
'F', partly strengthened, is worked out using the elastic continuum
approach. It is established by the present study that increasing the
strengthening factor leads to increase in the load-bearing capacity of
different set of GPs.

The analysis is based on the following assumptions

1. Stress vs. strain relationship is supposed to be rectilinear.

2. Surrounding soft soil is supposed to have homogeneity and
isotropic property. Its behavior is also assumed as rectilinear
elastic.

3. Inorder to have uniform distribution of load across the base, the
base of GP is assumed to be smooth. (Madhav et al., 2006).

4. The existing work has been carried out by presuming no slip or
yield state.

2. LITERATURE SURVEY

From the ancient time of civilization, a number of researchers have
worked in the area of ground improvement techniques. But among
all those mathematical and experimental investigation techniques
adopted, one cannot forget the contribution of the pioneer idea of
Mattes and Poulos (1969). Based on the assumption that the
reinforcing inclusions are regularly distributed throughout the soil
mass and parameters like area ratio, soft soil characteristics, etc.,
various design charts were developed by Madhav and Nagpure
(1995). For upgrading the in situ ground conditions, the involvement
of columnar constructions not only replaced the other conventional
approaches but also leads to an economic and versatile strategy for
ground improvement techniques Alamgir et al. (1996). A study was
conducted by Poorooshash et al. (1998) on two types of column, i.e.,
plain and reinforced (encased) and an upper bound analysis was
proposed for the settlement of the systems of foundations having

stone columns included with them, considering the non-linear
behavior of the surrounding soft clay. By conducting laboratory
experiments, Sivakumar et al. (2004) studied the load-deformation
performance of specimens of soft clay reinforced with single sand
columns with various lengths. A well-organized analytical model
was developed by Pulko and Majes (2005) to forecast the settlements
in a widespread rigid foundation supported by end-bearing stone
columns. The study, based on FEM (finite element method),
conducted by Murugesan and Rajagopal (2006), was a milestone to
study the effect of encasing stone columns with geosynthetic material,
not only for enhancement in the load-carrying capacity of the stone
columns but simultaneously getting rid of the problem of bulging of
the granular piles. Small-scale model tests of floating stone columns
group were carried out by Shahu and Reddy (2011). This study
explored out the parameters like area ratio, over-consolidation ratio,
length of column, etc., which affects the behaviour of groups of
granular piles. Settlement computations were carried out by Zhang
et al. (2012) for composites foundation reinforced with stone
columns. For a precise particular condition of reinforcement, it was
exposed by Najjar and Skiene (2015) that as related to drained
conditions, un-drained conditions prime to upgradation of load-
carrying capacity. Garg and Sharma (2019) analytically carried out
the settlement analysis of a single and group of two partially floating
granular piles. Madhav et al. (2019) presented the analytical solution
for studying the settlement analysis of a group of two partially
stiffened end-bearing GPs and revealed the advantageous effect of
partial stiffening in increasing the load-sharing characteristic of the
base of the GP.

3. DESCRIPTION OF THE PROBLEM

The current hitch is revealed in Figure 1 (a) and (b) here, a set of two,
end bearing, partly strengthened and individual piles of length 'L and
diameter 'Dp’= (2a), such that individual GP is carrying a load 'F'
which is axial, is shown. The center-to-center spacing of two GPs is
assumed to be 'Sp’. In Figure 2 (a) and (b) a set of three, end bearing
and partly strengthened GPs individual pile of length 'Ly’ and
diameter 'Dp’= (2a), carrying an axial load 'F' is shown. In Figure 3,
interfacial shear stresses on soil on a set of three uniformly positioned
partly strengthened end-bearing GPs are shown. Likewise, in Figure
4 (a)and (b), a set of four, end bearing and partly strengthened GPs,
each of length 'Ly and diameter 'Dp’= (2a), each GP is carrying an
axial load, 'F," evenly placed, are shown. The top section of respective
GP is strengthened up to about certain length 'Lt¢, n= (Li/Lp),
strengthening the length fraction from top of GP. The Young's
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modulus of the GP in the un-strengthened section is taken as 'Epust'.
The immediate soft soil is characterized by Young's modulus, 'Es' and
the Poisson's ratio of soil, 'vss. The RSp of GP is described as =
Epust/Es, i.€., the ratio of Young's modulus of GP to that of the soil.
Correspondingly the relative stiffness of the bearing stratum RSBS is
defined as Esw/Es, where Esp is the modulus of deformation of the
bearing stratum. A factor, 'yt (Strengthening factor for top of GP) of
which values is taken as more than one is clear to take into account
the strengthening, i.e., 'yt is the factor by which the RSy of the un-
strengthened part of individual GP in the GP set is multiplied to get
the RSy of the strengthened part of the GP.

4. SOIL DISPLACEMENT

The integration scheme for equation (Mindlin 1936, 1937) is used.
Displacement nodes are taken at the inward side of GP in command
to have the extreme effect of the interaction of interfacial shear
stresses base pressures for set. Baser of the GP is supposed to be
smooth, across which the load is uniformly distributed. Thus, soil
displacement equations for a granular pile which is end-bearing, is
given by Mattes and Poulos (1969).

For a single-end bearing pile
v} = 5} = [urm1 - irrm]| < () &)

For two granular pile sets resting on a stiff bearing stratum, the soil
displacement equations are

{p°} = {5—} = [[LIF5P] + [IF*P] — k[, IFSP™] — k[,IFP™]] x

Dy
& @

Similarly, for a set of three granular piles resting on a stiff bearing
stratum, the soil displacement equations are

() = {[ST,,} = [LIFP] + 2 X [LIFP] — k[ IFP™] — 2 x

K[,1FPm]] x {Ei} ®)

For set of four granular piles resting on stiff bearing stratum, the soil
displacement equations are

[[IIFSP] + LIFP]+ [3IFP] + [4F7] | <)
_}c[llFspim] _ K.[ZIFSpim] _ K[31Fspim] _ K[41F5pim] i
4)

Due to uniformity of places of GPs, 2, and 3, [3IF*] = [2IF*] and
thus soil displacement equations are

—K[[FSPT™] — 2 X K[,]FSP™] — K[, FP™]

& ®

Where {S} and {p°} are soil displacement and normalized soil
displacement {p} is of size 'n' for end bearing GPs, {t/Es} is a
column vector of size (n+1), respectively. To account for the effect
of the bearing stratum, the mirror image approximation (Mattes and
Poulos, 1969) is taken into account, which is shown in Figure 5. The

effect of the mirror image elements is taken as «, times the effect of
shear stresses on the real elements in the negative direction, where «
is a non-dimensional parameter that accounts for the compressibility
of the base and its value is taken as 1 for GP resting on a rigid stratum
correspondingly. [IF?], [IF™] is a square matrix of soil De of size
'n' for end-bearing GP and soil displacement influencing coefficient
due to image elements of size 'n', respectively. Similarly, for a set of
two GPs [[1IFP] +[21F]-k[1IFP™M]- k[21FP™]], is a matrix of soil
displacement influencing coefficient of size 'nxn' for end-bearing
granular piles. [1IF*P] and [2IF*"] are matrices of influence due to shear
stresses on own and adjacent GPs, respectively, while [1IFP™] and
[2IF*™] are soil displacement influencing coefficient due to,
respectively, shear stresses on imaginary elements on own and
adjacent GP. Likewise, for a set of three GPs [[1IFP]+2Xx[2IFF]-
K[1IFPImM]-2xic[2IFPM]], is a square matrix of soil displacement
influencing coefficient of size 'n' for end-bearing granular piles.
[11F*P] and [21F*F] are matrices of influence due to shear stresses on
own and adjacent GPs correspondingly, while [1IFP™] and [2IFiM]
are soil displacement influencing coefficient due to, respectively,
shear stresses on imaginary elements on own and adjacent GP.
Equally for the case of set of four GPs [1IF*], [2IF*P], [sIF*P], and
[4IF*P] are square matrices of size (n+1) individually due to the effect
of elemental shear stresses of own (first), second (for spacing Sp),
third (for spacing Sp) and fourth GP (for spacing V2Sp). All the other
terms of the equation are already defined in the analysis.
GP displacements for end bearing GP resting on relatively stiff
bearing stratum are obtained as follows:

Displacement of the base of a GP resting on a bearing stratum of
finite compressibility is approached by Boussinesq's equation for the
displacement of a rigid circular disc on a semi-infinite mass as

p_ s P
= — = 6
Py D, Eep (6)
By the symmetry equation, the base pressure is stated in terms of
shear stresses as
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Figure 1(a) Plan of a set of two partly strengthened end-bearing

GPs, (b) Front view sectioned at X-X of a set of two partly
strengthened end-bearing GPs.
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Figure 3 Problematic description plan, interfacial shear stresses on
soil on a set of three uniformly positioned partly strengthened end
bearing GPs
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Figure 5 Mirror image procedure for a GP

So the displacement of the base can be stated in relation of the applied
load and mobilized shear stresses (using Eq.s (6 and 7) as
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F 4(1),,) j=nTj n(l—vlz,)
Pp = |:EsnD12, - 2] 1E 4(%) (8)
Displacement of nt element is assessed as the displacement of the
base addition to the displacement of the element due to the axial stress
acting on it as:

4

©)

Where on/Ep is axial strain of the n element and Az, is the element
length. Thus, the displacement of any element i of GP is:

Pl =ph + X s+ —s (20)
Eai(52)  Enilin2)

Due care is observed to keep the compatibility of displacements at the
interface or continuity of displacement at the interface of
strengthened and un-strengthened portions of GP.A supposition is
made that the strengthening is done until the termination of the m™
element from the top of the GP as shown in Figures1(b)-2(b)-4(b).
The displacement at the bottom of the m™ element or top of (m+1)"
element, i.e., the interface of a strengthened and un-strengthened
portion of GP as given below:

+ Yot (12)
Epust(g)

where, Epust, is the Young's modulus of un-strengthened portion. Now
the displacement of the bottom end of the m element of strengthened
section is taken as the displacement of the top of the (m+1)™" element
of un-strengthened section of GP in order to gratify the compatibility
at interface amid two. The displacement of center node of m®
element is assessed as:

14 —
Pinterface = Pp

Dp 2Dp

where, Epst, is the Young's modulus of strengthened section of the GP.
The above set of displacement equations are stated in matrix form as:

") = pp(1} + (21 {7} (13)

where [A1] described later by (Eq. (19) is upper triangular matrix as
per Eqg. (10), including the strengthening parameters of the GP.
Further, by means of Eq.(8) for substituting the base displacement,
Eqg. (13) can be stated as:

o) (1-v)
oy O oy "0)0) e s
(07} = iy 1)~ =y 1) {F+aa{g} (14)
whereas {1} and [1] are correspondingly column vectors and square
matrices of size 'n' in which the individual term is 1. The shaft shear
stresses and axial stresses of elements are linked (based on an
equilibrium relationship) as:

o = Z] i-1 4‘[}Lp ZTL-Lp
4
(nDp> p nDp

4

(15)

The above equation may be stated in a matrix system for elements i =
ltonas:

{Ei} = @ - 4(2_9 [4,] {EL} (16)

4

where [Az] is lower triangular matrix of size 'n" in which the crosswise
and off-crosswise terms are 0.5 and 1.0 correspondingly. By means
of the relationship amid axial stresses and shaft shear stresses (Eqg.

16), the final form of displacement equations for elementsi = 1ton
in terms of shaft shear stresses (Eq. 16) are:

)y = 3+ 147} (17)
where
F(1-}) F
{r} = D25 {13+ 4,){1}
(E_<)> (‘E)>
Lp Lp
4 oo )(1-v§)
D
[4] = ——=[44][4,] - [1] (18)
" I
Over [A1] is clear below, i.e., a matrix of size (nxn)
(A] L
—_ - =1 - - - -1
Xt Xe Xt r Here RS, will be
0 % l 1 - - - - 1 replaced by xRS,
Xt Xt for top elements
(;—p) 0 0 E 1 - — _ _ 1 of GP to take into
=P Xt consideration the
nRSp| o 0 o 05 - - - -1 effect of
. . strengthening upto
0o 0 0 o0 05 1 1 1 1 Nl
0 0 0 0 0 05 1 1 1 |ladepth-5= fromtopofGP
L b ]
o o o O O 0 0 0 05

(19)

5. COMPATIBILITY OF DISPLACEMENTS OF SOILAND
GP

Filling the compatibility of vertical displacements of the GP and the
soil, results are found in terms of interface shear stresses and base
pressure. For GP resting on stiff bearing stratum (Eq.s (1) and (17)),
the interface shear stresses are:

{EL} = [P = [1Ferim] - [4‘]]_1 {r} (20)

For an approximation of, k, an iterative system proposed by Mattes
and Poulos (1969) is used. With early chosen values of, k, Eq.s (20)
and (7) are unraveled to approximation the 'n' unidentified shear
stresses, T and base pressure, po. Having gotten the result for chosen
values of, k, a nearer approximation of the precise values of, x, is
gotten by taking the compatibility between displacements of soil and
the bearing stratum at the pile tip. The soil displacement at the pile
tip is:

IR -kIFSP ™)

= (21)

pi =2 = (IR —wiF ) (T =

'p

IFJ-S” and IFJ-S’”"" are the displacement influencing coefficients for the
tip due to shear stresses on real and imaginary elements j respectively.
Though due to uniformity IF7® = IFf*™ . Equating the soil
displacement at the pile tip to the displacement of the base due to base
stress, po (Eq.6), the new values of the parameter, k, is found as:

=1 "vi)py 22)

Esp\yJj=n_ ;psb
(3L wiE

Now Eqg. (20) is resolved iteratively by means of the new values of,
and the procedure is repeated till the essential convergence is attained
for the values of, k. Here essential convergence means that the
percentage difference amid the new values of, k and last calculated
values of, «, is 0.01%.
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The ongoing discussion was in context to a single partly strengthened
GP. In the upcoming section same analysis is repeated for a set of
two/three/four partly strengthened GPs with slight modifications as
described below. For a two-granular pile set resting on stiff bearing
stratum (Eq.s (17) and (2), the interface shear stresses are:

{EL} = [[[11F5p] + [LIFSP] = k[ ]FP™] — k[,IFP'™]| —

-1
[41] " (v} -
The soil displacement at the pile tip is:

ph =2 = [LIF"] + [IF7P] = K1 E™] = k[ EP ]

SIZN I F2Y+ (I FE) =k (oI FEP™) —ie(o F§PI™ )

{ELS}Z j= i i o i I (24)

UFE® and 1IF®™ and 2lF® and 2IF™ are the displacements
influencing coefficients for the tip due to shear stress on real and
imaginary elements 'j' of own and alongside GP, respectively. But
due to uniformity:lF® = 11F™ and2lF® = 21F™, The new values
of non-dimensional parameter, k, is obtained as:

k=1-

71'(1 vlz,)pb
4(Esb)21 n.[]((ll Fsb)+(21 Fsb)) (25)

For a set of three granular piles resting on stiff bearing stratum (Eq.s
(17) and (3), the interface shear stresses are

(&} = [[IFP) + 2 X [LIFP] = K[, IFPI™] = 2 X K[, FSPIm]] —
] (26)

The soil displacement at the pile tip is

pi = i = [[IF] + 2L1F58] — k[ IFPP™] = 2 X k[, IFFP™]] x

{l} - ]=;l((11 FSP)+2(o1 FfP) k(41 FfP™)=21c(o1 F{P™))1; @n

Eg Eg

UFE® and 1IF®™ and oIF® and 2AF®™ are the displacements
influencing coefficients for the tip due to shear stress on real and
imaginary elements 'j' of own and alongside GP, respectively.
However, due to symmetry 11F® = 11FM and 2IF = »IFP™. Again,
the new values of non-dimensional parameter, x, is attained as

=1- n(1-v})pp
k=1 4(5513)2} n,L,]((1 1FDY+2(,1 Fsb)) (28)

Now similarly for a set of four granular piles resting on stiff bearing
stratum (Eq.s (17) and (5)) the interface shear stresses are

() - [[11F“’] + 2 X [pIFP] + [,IFP] - o
EJ [ —k[[FSP™] — 2 X K[,IFSP™] — k[, IFSP™] — [4]
(29)
The soil displacement at the pile tip is:
s _Sh _
[[11Fij] + Z[ZIFij] + [4-IFij] - K[11Fjsmm] —2Xx K[ZIFijlm]] y
_K[41Fjsbim]

(&)=

EJ

SIHGEEY+2G B2+l FP) =kl FfP ™) =2k (o1 F}P™) =1 (ul FP™)1T
ES

(30)

1 and 1IFERI™, olF® and 2lF™, and 4IF® and alF™mare,
respectively, the displacement influencing coefficients for the tip due
to shear stresses on real and imaginary elements 'j' of own and
alongside GP and fourth GP at spacing V2Sp. However due to
uniformity1lF® = 1R and 21 F® = 21F™, The new values of non-
dimensional parameter, , is obtained as:

2
K=1- m(1-vi)ey 31
4(52) 2 oGl FPD+2G1 FD)+GIESD)) (1)
The normalized top displacement of two/three/four partly
strengthened granular piles is obtained as
Smp F
Pon =5, = T o Dg (32)

The top displacement of two/three/four partly strengthened granular
piles is obtained as
Sop = 55,57 s (33)
Defined below are mathematical parameters which are assessed to
relate the various results attained by analysis. The parameter o
(displacement interaction factor) as defined by Poulos and Mattes
(1971) is used (originally defined for un-strengthened set of two
granular piles) and now defined as (for partly strengthened
two/three/four GPs set). For set of two partly strengthened end-
bearing GPs

O2E=

Displacement of a GP in a set of two partly strengthened GP —displacement of a single partly strengthened GP

displacement of a single partly strengthened GP

For set of three partly strengthened end-bearing GPs

3=

Displacement of a GP in a set of three partly strengthened GP —displacement of a single partly strengthened GP

displacement of a single partly strengthened GP

For set of four partly strengthened end-bearing GPs

4=

Displacement of a GP in a set of four partly strengthened GP set—displacement of a single partly strengthened GP

displacement by a single partly strengthened GP

Outcomes attained by carrying out ongoing analysis were termed as
rigorous results.

Interaction factors for a set of three GPs are too attained from the
principle of superposition as

A3ps = 2 X Qg (34)

where, a2k, is the displacement interaction factor for a set of two end-
bearing GPs.

Based on the superposition principle for the interaction
coefficient obtained for set of two GPs, the interaction coefficient for
four GPs set is obtained as:

aups = 2 X ayg (for spacing, Sp) + a,g(for spacing, V2 Sp)  (35)
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Based on the superposition principle for the interaction coefficient
obtained for set of two GPs, the interaction coefficient for four GPs
set is obtained as:

aups = 2 X ayp(for spacing, Sp) + a,x(for spacing, v2 Sp)
(39)

where, oz, is displacement interaction factor for set of two ends
bearing GPs.

The displacement interaction factors and De for the top are
assessed by rigorous method and superposition principle and related
with the numerous parameters previously listed as discussed in the
upcoming section.

6. RESULTS AND DISCUSSION

The solutions obtained from the present analysis were found to be
matching very closely with those Poulos and Mattes (1971) for an un-
strengthened GP (Table 1). Simultaneously a second validation with
those Madhav et al. (2019) for partial strengthened conditions is also
done, as shown in Table 2. Also, the interaction factor for a set of
three and four un-strengthened GPs is obtained as per superposition
principle (as described above) as well as rigorous methodology and is
validated with the results of Poulos and Mattes (1971) again by
applying superposition principle, as depicted in Tables 3 and 4,
respectively.

Table 1 Validation of values of displacement interaction factor for a
set of two un-strengthened end-bearing GPs.

Set of two un-strengthened
end-bearing GPs.
PARAMETERS (Interaction coefficient o)
Poulos &

Mattes (1971) Present study
Lp/Dp = 10, Vss = 05, Vb = 05,
Sp/Dp =2, RSp = 10, Esn/Es = 0.228 0.224
100
Le/Dp =10, vss = 0.5, vo = 0.5,
Sp/Dp =3, RSp =100, Esv/Es 0.068 0.066
=100
Lp/Dp =10,vss =0.5,w = 0.5,
Sp/Dp =3, RSp =1000, Esv/Es 0.019 0.018
=100

Table 2 Validation of values of displacement interaction factor for
set of two partly strengthened end-bearing GPs.

Set of two partly strengthened end
bearing GPs (comparison of
displacement interaction factor, o)

PARAMETERS
Madhav et al. (2019) Present Study
Esb/Es = 100, Lp/Dp =
10, e = 0.3, Sp/Dp = 0.19 0.189

3, RSp = 100, y: = 4
Esv/Es = 100, Lp/Dp =
10,1t = 0.3, Sp/Dp = 0.21 0.21
3, RSp = 100, ¢ = 12
Esv/Es = 10, Lp/Dp =

10, ne= 0.3, Sp/Dp = 0.20 0.20
3,RSp=10, ;=4

ESb/ES = 10, Lp/Dp =
10, nt= 0.3, Sp/Dp = 0.25 0.25
3,RSp=10, =12

Table 3 Validation of values of displacement interaction factor for
set of three un-strengthened end-bearing GPs, as obtained by
superposition and rigorous principle

Set of three un-strengthened end-bearing
GPs. (Interaction coefficient o)
Poulos & Present study
PARAMETERS Mattes (1971) As per A per
as per superposition rigorous
superposition principle principle
principle
Lp/Dp =10, vss =
0.5, vo = 0.5, Sp/D 0.456 0.4559 0.4552
=2,RSp =10,
Esb/Es = 100
Lp/Dp =10, vss
=0.5,w=0.5,
S/Dy =3, RSP 0.136 0.1356 0.1351
=100, Esv/Es =
100

Table 4 Validation of values of displacement interaction factor for
set of four un-strengthened end-bearing GPs, as obtained by
superposition and rigorous principle

Set of four un-strengthened end-bearing
GPs. (Interaction coefficient a)
PARAMETERS | Poulos & Present study
Mattes As per As per
(1971) as per | superposition rigorous
superpositio principle principle
n principle
Lp/Dp =10, vss =
0.5,vw=0.5,
S/Dp = 2, RSP 0.778 0.777 0.772
=10, Esn/Es =
100
Lp/Dp =10, vss
=0.5,w=0.5,
Su/Dp = 3, RSp 0.232 0.2317 0.2311
=100, Esv/Es =
100
0.45 xt=1, Two GPs

Eq/E=100, L/D,;=10,1,=0.2, S,/D,=2

e o e yt=]1 Three GPs R
R-Rigorous
S- Superposition

@ @ e ® yt=], Three GPs S

=2, Two GPs
e o e yt=2 Three GPs R

@ @ e © yt=2 Three GPs S

xt=4, Two GPs
e o e yt=4 Three GPs R

yt=4, Three GPs S

xt=8, Two GPs

= o e yt=8, Three GPs R

10 RSp 1(')0 10'00 %t=8, Three GPs S
Figure 6 DEC for top of GP, De vs. RSp of GP plot with influence
of strengthening factor for top of GP, y: on a GP, in a set of
two/three partly strengthened end bearing GPs (Esw/Es = 100, Lp/Dp

=10, nt=0.2, Sp/Dp = 2) R-rigorous, S-superposition
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From Figure 6, it is observed that the DEC for top of GP, Dk,
decreases with of RSp, GP, because as the values of RS, of GP,
increase, the engineering properties of the material of GPs, become
better; hence they are able to bear the load in a better way, i.e., the
load bearing capacity of the of a GP in a set of two pile set as well as
three pile set increases. It can be seen from the above graph that as
strengthening factor for top of GP, y:, increases, the DEC for top of
GP, De, decreases and clearly shows the favorable effect of
strengthening i.e., the very purpose of strengthening is to increase the
load bearing capacity which is implied here in terms of reduction in
the values of top displacement. Also, the comparison between two
and three pile sets reveals that the top displacement for a pile in a set
of three partly strengthened set of is more than that of a pile in a set
of two for any values of strengthening factor for top of GP, y, It can
also be observed that the values of, DEC for top of GP, Dg, as obtained
by rigorous analysis are well in synchronization with that of values
obtained by superposition principle. E.g. in this case, for a set of two
partly strengthened GPs with, Eso/Es = 100, Lp/Dp = 10, nt= 0.2, Sp/Dp
=2,RSp =100, and yt =1, 2, 4, and 8, the values of, DEC for top of
GP, De are 0.08, 0.07, 0.07, and 0.06, respectively hence leading to
a percentage decrease of 12, 12, and 25 with respect to yx = 0.1, while
that for the case of set of three partly strengthened GPs with, Esb/Es =
100, Lp/Dp = 10, n= 0.2, Sp/Dp =2, RSp =100, and xn = 1,2, 4, and
8, the values of, DEC for top of GP, Dg, are 0.089, 0.080, 0.076, and
0.073, respectively thereby causing a percentage decrease of 10, 14,
and 18 with respect to ¢t = 0.1.

nt=0.1,
Single GP
nt=0.1,
Two GPs

0.16
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Figure 7 DEC for top of GP, Dg, vs. strengthening factor for top of
GP, y: plot with influence of fraction of strengthened length from top
of GP, nt, on a GP, in a set of two/three partly strengthened end
bearing GPs (Esw/Es = 100, Lp/Dp = 10, RSp = 50, Sp/Dp = 2)

Figure 7 depicts that as the strengthening factor for top of GP, y, is
increased, the DEC for top of GP, Dg, decreases, i.e., the basic effect
and advantage of strengthening. The effect of the fraction of
strengthened length from top of GP, n, reveals that as it increases, the
values of DEC for top of GP, D, decreases, which also reflects the
effectiveness of strengthening while it may be deduced from the
graph that as the number of piles increases the values of DEC for top
of GP, Dg, increases because by increasing the number of piles, the
stress effect of one pile over the other pile in the set increases. It can
be seen from the graph that, for instance, for single partly
strengthened GP with, Esb/Es = 100, Lp/Dp = 10, RSp = 50, Sp/Dp = 2,
xt =4,andn =0.1,0.2, 0.3, and 0.4, the values of, DEC for top of
GP, Dg, are 0.11, 0.10, 0.09, and 0.08, respectively; therefore, a
percentage decrease of 9, 18, and 27 occurs with respect to n: = 0.1
while for a set of two partly strengthened GPs, with, Est/Es = 100,
Lp/Dp = 10, RSp =50, Sp/Dp = 2, 1t =4, andnt = 0.1, 0.2, 0.3, and
0.4, the values of, DEC for top of GP, Dg, are 0.12, 0.11 0.10, and

0.09, respectively hence causing a percentage decrease of 8, 16, and
25 with respect to e =0.1.
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Figure 8 DEC for top of GP, Dg, vs. fraction of strengthened length
from top of GP,ntwith influence of strengthening factor for top of
GP, x: on a GP, in a set of two/three partly strengthened end bearing
GPs (Esb/Es = 100, Lp/Dp = 10, RSp = 50, Sp/Dp = 2) R-rigorous, S-
superposition

Figure 8 shows the effect of the fraction of strengthened length from
top of GP, nt and strengthening factor for top of GP, y, on DEC for
top of GP, D, and it can be seen that as a fraction of strengthened
length from top of GP, nt increases the values of DEC for top of GP,
De, decreases, the same trend is also observed with increase in the
values of strengthening factor for top of GP, y;, it may also be seen
that for the un-strengthened condition of the pile i.e., with yt = 1, as
expected by changing fraction of strengthened length from top of GP,
nt, there is no change in values of DEC for top of GP, De. While with
an increase in number of piles in the set, the values of DEC for top of
GP, Dk, are found to increase as already explained. E.g., for a set of
two partly strengthened GPs with, Eso/Es = 100, Lp/Dp = 10, RSp =50,
Sp/Dp=2,mt =0.1,and yt =1, 2, 4, and 8, the values of, DEC for top
of GP, Dg, are 0.14, 0.13, 0.12, and 0.12, respectively hence causing
a percentage decrease of 7, 14, and 14 with respect to nt = 0.1, while
for a set of three partly strengthened GPs with, Esy/Es = 100, Lp/Dp =
10, RSp =50, Sp/Dp =2, nt = 0.1, and ¢ = 1, 2, 4, and 8 the values
of, DEC for top of GP, Dg,are 0.15, 0.14, 0.13, and 0.13, respectively,
therefore a percentage decrease of 6, 13, and 13 are observed with
respect to it = 0.1. Here also, the two analyses carried out, viz.
rigorous and superpositions, are found to be well correlated with each
other.
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Figure 9 Displacement interaction factor, oz, vs. fraction of
strengthened length from top of GP, ntplot with influence of RSBS,
Esb/Es, and RSp of GP, on a GP, in a set of three partly strengthened

end bearing GPs (Lp/Dp = 20, Sp/Dp = 3, 3t = 3)
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Figure 9 screens the effect of RSBS, Esn/Es, and RSy of GP, on the
values of displacement interaction factor, ase. It can be seen that as
RSBS, Esv/Es, increases, the values of displacement interaction factor,
asg, decreases. Now since the displacement interaction factor, o3t iS
defined as ratio of the difference between the displacement of a GP
in a set of three partly strengthened GP and displacement of single
partly strengthened GP to the displacement of single partly
strengthened GP, so as observed from the graph the values of top
displacement for both cases i.e., single GP and set of three GPs
decreases with increasing RSBS, Esv/Es, but it can be simultaneously
realized that the decrease is relatively more in case of three set of
piles, hence the effect on displacement interaction factor, ase.
Similarly, due to increase in the RSp of the GP, the value of
displacement interaction factor, ase, decreases owing to better
material conditions of the GP. It has been observed, for example, that
for Lp /Dp = 20, Sp/Dp = 3, ¢ = 3, nt = 0.1 with RS, =300, and Esb/Es
=10, 50, 100, and 1000, the values of asg, are 0.31, 0.17, 0.16, and
0.15, respectively, therefore, a percentage decrease of 45, 48, and 51
occur with respect to Eso/Es = 10, while for the case of, Lp/Dp = 20,
Sp/Dp =3, yt=3,nt =0.1, RSy =100, and Esw/Es = 10, 50, 100, and
1000, the values of, asg, are 0.38, 0.31, 0.30, and 0.30, respectively
thereby causing a percentage decrease of 18, 21, and 21, with respect
to Esv/Es = 10.
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Figure 10 Displacement interaction factor, ose, vs. fraction of
strengthened length from top of GP, nt plot with influence of
normalized spacing, Sp/Dp and RSp of GP, on a GP, in a set of three
partly strengthened end bearing GPs (Esw/Es = 100, Lp/Dp = 10, 3t =
2)

Figure 10 depicts the effect of normalized spacing, Sp/Dp,and RSp of
GP, on displacement interaction factor, ose. It is seen that as the
values of normalized spacing, Sp/Dp, increase, the values of
displacement interaction factor, asg, decrease because the influence of
stresses of one pile over the other decreases as they are moving apart
with increasing normalized spacing, Sp/Dp. Although the influence of
RSp of GP, is as already explained in the previous figure. For
instance, it may be noted that for, Est/Es = 100, Lp /Dp = 10, 3t = 2, 0t
= 0.1 with RSp = 100, and Sp/Dp = 2, 3, 4, and 5, the values of s,
are 0.16, 0.12, 0.09, and 0.07, respectively hence a percentage
decrease of 25, 43, and 56 take place with respect to, Sp/Dp = 2, while
for, Esv/Es = 100, Lp /Dp =10, ¢ =2, nt = 0.1, RSp =50, and Sp/Dp =
2, 3, 4, and 5, the values of, ose, are 0.25, 0.18, 0.13, and 0.10,
respectively thereby causing a percentage decrease of 28, 48, and 60
with respect to, Sp/Dp = 2.
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Figure 11 PLSB, (Fv/F)3ex100, vs. fraction of strengthened length
from top of GP, nt plot with influence of normalized spacing, Sp/Dp
and RSp of GP, on a GP, in a set of three partly strengthened end
bearing GPs (Est/Es = 100, Lp/Dp = 10, 3t = 2)

Figure 11 depicts the variation of another new parameter, namely
PLSB, (Fu/F)3ex100 (PLSB of a GP in a set of three partly
strengthened end bearing GPs), with normalized spacing, Sp/Dp,
which, when increase leads to lowering the values of PLSB,
(Fb/F)3ex100, due to less stress interaction between adjacent piles in
the set. Similarly, for RSy of GP, it can be well observed from the
graph that as this value increases, it leads to considerable increase in
the value of PLSB, (Fu/F)3ex100, because of better conditions of GP.
For example, it may be observed from the graph that for, Esp/Es = 100,
Lp/Dp = 10, xn= 2, n = 0.1, RSp =100, and Sp/Dp =2, 3,4, and 5,
the values of, (Fo/F)3ex100 are 83.04, 80.91, 78.87, and 76.88,
respectively thereby causing a decrease of 2.1, 4.1, and 6.1, with
reference to Sp/Dp = 2, while for, Eso/Es = 100, Lp/Dp = 10, ¢t = 2, 1t
=0.1, RSp=50, and Sp/Dp =2, 3, 4, and 5, the values of, (Fv/F)3ex100
are 73.10, 70.27, 67.52, and 64.77, respectively hence decrease of 2.8,
5.5, and 8.3 occur with reference to Sp/Dp = 2.
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Figure 12 PLSB, (Fu/F)sex100, vs. strengthening factor for top of
GP, ytplot with influence of fraction of strengthened length from top
of GP, 0, and RSp of GP, on a GP, in a set of three partly
strengthened end bearing GPs (Esw/Es = 100, Lp/Dp = 10, Sp/Dp = 2)
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Figure 12 shows the effect of fraction of strengthened length from top
of GP, nt on PLSB, (Fn/F)3ex100. As seen, it can be concluded that
as fraction of strengthened length from top of GP, n, increases the
PLSB,(Fu/F)3ex100, goes on increasing owing to increment in the
strengthening. Other parameter out-turn is as already described. It
may well be observed from the graph that PLSB, (Fu/F)3ex100 mainly
increases in the range of strengthening factor for top of GP, yt = 1-3,
thereafter, the graphs are more or less parallel to the horizontal axis.
For example in this case, it may be noted that for, Eso/Es = 100, Lp/Dp
=10, Sp/Dp = 2, 3t = 3, with RSp =100, and ¢ = 0.1, 0.2, 0.3, and 0.4,
the values of, (Fo/F)3ex100, are, 83.08, 83.30, 83.56, and 83.97,
respectively, hence causing an increase of 0.22, 0.48, and 0.89 as
compared to nt = 0.1, and for, Esw/Es = 100, Lp/Dp = 10, Sp/Dp = 2, gt
=3, RSp = 50, and n¢ = 0.1, 0.2, 0.3, and 0.4, the values of,
(Fn/F)3ex100, are 73.16, 73.46, 73.83, and 74.34, respectively thereby
increase of, 0.3, 0.6, and 1.2 occurs as compared to nt = 0.1.
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Figure 13 NSS, t6* = t(nDpLp)/F, vs. the normalized depth, Z* =
ZplLp, plot with influence of strengthening factor for top of GP, y,
and comparison with single GP and set of two, three partly
strengthened end bearing GPs (Esw/Es = 100, Lp/Dp = 10, ne = 0.3,
RSp = 100, Sp/Dp = 2)

Figure 13 shows the comparative analysis of NSS, tc* = t(nDpLp)/F
on a GP in a set of two/three/four partly strengthened end bearing GPs
and shows that effect is more, with more number of piles, due to pile
interaction. For example, it can be seen from graph that for single
partly strengthened GP, with Est/Es = 100, Lp/Dp = 10, nt = 0.3, RSp
=100, Sp/Dp = 2, with, Zp/Lp =-0.15, and y =1, 2, and 4, the values
of, T = t(rndpLp)/F, (NSS of a single partly strengthened end
bearing GP)are 0.58, 0.52, and 0.49, respectively hence causing a
percentage decrease of 10, and 15 as compared to un-strengthened
conditions, and for the case of a GP in a set of two partly strengthened
GPs, fOl’, Esv/Es = 100, Lp/Dp = 10, n = 0.3, RSp =100, Sp/Dp =2,
ZplLp =-0.15, and xt =1, 2, and 4, the values of, 172¢ = t(ndpLp)/F,
(NSS of a GP in a set of two partly strengthened end bearing GPs) are
0.34, 0.30, and 0.28, respectively thereby causing a percentage
decrease of 11 and 17 as compared to un-strengthened conditions.
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Figure 14 DEC for top of GP, Dg, vs. RSBS, Es/Es plot with
influence of strengthening factor for top of GP, yt, on a single GP
andona GP, ina set of two/three/four partly strengthened end
bearing GPs (Lp/Dp = 10, nt = 0.2, RSp =50, Sp/Dp = 2)

Figure 14 basically compares all set arrangements considered in this
study. It reveals the effect of the strengthening factor for top of GP,
xt, on DEC for top of GP, D, as well as the influence of RSBS, Esb/Es.
It can well be seen that with increase in the values of RSBS, Esb/Es,
DEC for top of GP, Dg, decreases till a range of RSBS, Esw/Es, up to
150-200 and afterward, it is not producing any considerable effects.
The effect of strengthening factor for top of GP, y, is as already
discussed. It can be deduced from the graph that for single GP, with
Lp/Dp = 10, 0t = 0.2, RSp = 50, Sp/Dp = 2, Est/Es = 100andy, = 1, 2,
and 4, the values of, Dg, are 0.12, 0.10, and 0.09, respectively thereby
causing a percentage decrease of 16.6 and 25 with respect to un-
strengthened conditions of GP. In case of set of two partly
strengthened GPs, with Ly/Dp = 10, nt = 0.2, RSp = 50, Sp/Dp = 2,
Eso/Es = 100andy;, = 1, 2, and 4, the values of D, are 0.14, 0.12, and
0.11, respectively hence causing a percentage decrease of 14 and 21
with respect to un-strengthened conditions of GP. In contrast, for a
set of three partly strengthened GPs, with Lp/Dp = 10,1t = 0.2, RSp =
50, Sp/Dp = 2, Esb/Es =100, and x, = 1, 2, and 4, the values of, De,
are 0.15, 0.14, and 0.13, respectively hence causing a percentage
decrease of 6 and 13 with respect to un-strengthened conditions of
GP. Similarly, for a set of four partly strengthened GPs, with Lp/Dp
=10,nt =0.2, RSp =50, Sp/Dp = 2, Esu/Es = 100, and xr = 1, 2, and
4, the values of, Dg, are 0.16, 0.14, and 0.13, respectively hence
causing a percentage decrease of 12 and 18 with respect to un-
strengthened conditions of GP. As observed previously it is again
observed that as number of piles increases in the set, there is an
increment in the value of DEC for top of GP, Dg, due to increased
stress interaction between GPs.
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Figure 15 Displacement interaction factor, osg,vs. fraction of
strengthened length from top of GP, ntplot with influence of
normalized spacing, Sp/Dp and RS, of GP, on a GP, in a set of four
partly strengthened end bearing GPs (Esw/Es = 100, Lp/Dp = 10, 3t =
2)

Figure 15 depicts the effect of normalized spacing, Sp/Dp, and RSy of
GP, on displacement interaction factor, a4g, it may be noted that as
the values of normalized spacing, Sp/Dp, increase, the values of
displacement interaction factor, ase, decreases because the influence
of stresses of one pile over the other decreases. Although the effect
of RSp of GP, is as already explained. For example, it can be seen
from the graph that for, Eso/Es = 100, Lp/Dp = 10, yt, = 2, nt = 0.4,
with RSp = 100, and Sp/Dp = 2, 3, 4, and 5, the values of, a4, are
0.19, 0.14, 0.11, and 0.8, respectively hence causing a percentage
decrease of 26, 42, and 57 with respect to Sp/Dp = 2 while for, Est/Es
=100, Lp/Dp = 10, A= 2, n= 0.4, RSp =50, and Sp/Dp =2,3,4, and
5, the values of, o4, are 0.30, 0.23, 0.17, and 0.12, respectively
thereby causing a lower percentage decrease (as compared to RSp =
100) of 23, 43, and 60 with respect to Sp/Dp = 2.
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Figure 16 PLSB,(Fu/F)sex100, vs. fraction of strengthened length
from top of GP, n: plot with influence of relative length, Lp/Dp, and
RSpof GP, on a GP, in a set of four partly strengthened end bearing

GPs (Esb/Es = 100, Sp/Dp =3, 31 = 3)

Figure 16 shows the effect of relative length, Ly/Dp, RSy of GP, and
fraction of strengthened length from top of GP, nt on
PLSB,(Fu/F)4ex100(PLSB of a GP in a set of four partly strengthened
end bearing GPs) and the variations implies that the values of
PLSB,(Fv/F)4ex100, are increased by increasing fraction of
strengthened length from top of GP, nt, RSp of GP, while a reverse
trend is observable with relative length, Lp/Dp because by increasing
the relative length the load transfer characteristic of the GP decreases.

As an example, it can be seen from the graph that for, Est/Es = 100,
Sp/Dp =3, %, = 3, e = 0.2, with, RSp =100, and Lp/Dp = 10, 20, 30,
and 40, the values of, (Fu/F)4x100, are 84.47, 64.58, 47.59, and
35.09, respectively, therefore, decrease of 19.8, 36.8, and 49.38 occur
as compared to, Lp/Dp = 10, while for, Eso/Es = 100, Sp/Dp = 3, yt, =
3,nt =0.2, RSp =50, and Lp/Dp =10, 20, 30, and 40, the values of,
(Fu/F)4ex100, are 75.64, 49.88, 32.84, and 22.51, respectively thereby
causing a decrease of 25.76, 42.8, and 53.13 as compared to, Lp/Dp =
10.
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Figure 17 PLSB, (Fo/F)4ex100, vs. fraction of strengthened length
from top of GP, nt plot with influence of RSBS, Esw/Es and RSp of
GP, on a GP, in a set of four partly strengthened end bearing GPs

(Lp/Dp =20, Sp/Dp =3, 1= 3)

Figure 17 shows the trends and effect of RSBS, Es/Es, on PLSB,
(Fu/F)4ex100. As observable from the graph that by increasing RSBS,
Esv/Es, the PLSB, (Fu/F)4ex100, increases. Rest trends are the same.
It may well be noticed from the graph that in this case, for Lp/Dp =
20, Sp/Dp = 3, 3. = 3, mt = 0.1, with RSp = 100, and Ess/Es = 10, 50,
100, and 1000, the values of, (Fu/F)4ex100, are 67.26, 80.82, 82.64,
and 84.49, respectively, therefore, decrease of 13.5, 15.3, and 17.2
happens with respect to Est/Es = 10, on the contrary for, Lo/Dp = 20,
Sp/Dp =3, 3 = 3, = 0.1, RSp = 50, and Es/Es = 10, 50, 100, and
1000, the values of, (Fo/F)4ex100, are 54.39, 61.81, 64.23, and 65.70,
respectively thereby causing decrease of 7.4, 9.8, and 11.3 in
reference to Esp/Es = 10.
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Figure 18 NSS, 16* = 1(nDpLp)/F, vs. the normalized depth, Z* =
Zpl/Lp, plot with influence of strengthening factor for top of GP,
xr,and comparison with set of two, three and four partly strengthened
end bearing GPs (Esw/Es = 100, Lp/Dp = 10, nt = 0.3, RSp = 100,
Sp/Dp = 2)
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Figure 18 shows the comparative analysis of NSS, t6c* = t(nDpLp)/F,
on a GP in a set of two/three/four partly strengthened end bearing
GPs, and shows that effect on values of NSS, tc* = t(nDpLp)/F is
more with more number of piles. E.g., it can be observed that for set
of two partly strengthened GPs with, Ess/Es = 100, Lp/Dp = 10, it =
0.3, RSp =100, Sp/Dp =2, Wlth, Zp/Lp =-0.15, and A = 1, 2, and 4,
the values of, t26* = ©(nDpLp)/F, are 0.34, 0.30, and 0.28, respectively
and for set of three partly strengthened GPs with, Esp/Es = 100, Lp/Dp
=10,mt =0.3, RSp =100, Sp/Dp = 2, Zp/Lp =-0.15,and 3 =1, 2, and
4, the values of, t3c* = t(nDpLp)/F, (NSS of a GP in a set of three
partly strengthened end bearing GPs) are 0.18, 0.16, and 0.15,
respectively while for set of four partly strengthened GPs with, Esw/Es
= 100, Lp/Dp =10, n = 0.3, RSp = 100, Sp/Dp = 2, with, Zp/Lp =
-0.15,and xx =1, 2, and 4, the values of, tac* = ©(nDpLp)/F, (NSS of
a GP in a set of four partly strengthened end bearing GPs) are 0.12,
0.10, and 0.09, respectively.

7. CONCLUSIONS

A partly strengthened set of two, three and four end-bearing GPs,
resting on a bearing stratum, is analyzed using the basic mirror image
method and basic integration scheme of Mindlin's equation.

1. Inthe event of a set of two partly strengthened end-bearing GPs,
it was observed that as the strengthening factor for top of GP, y,
increases from 1 to 8, for the RS, = 100, relative length, Lp/Dp
= 10, RSBS, Es/Es = 100, normalized spacing, Sp/Dp = 2 and
fraction of strengthened length from top of GP, n+ = 0.2 there is
a reduction in displacement effecting component for top of GP,
De, by 25%, while for set of three partly strengthened end
bearing GPs for the same conditions the reduction in value of De
is of the order of 18%. Hence reduction in displacement
effecting component for top of GP is more for set of two partly
strengthened end-bearing GPs as compared to later.

2. With the increase in fraction of strengthened length from top of
GP, nt from 0.1 to 0.4, for relative length, Lo/Dp = 10, RSBS,
Esn/Es = 100, normalized spacing, Sp/Dp = 2, RS, = 50,
strengthening factor for top of GP, yt = 2 displacement effecting
component for top of GP, Dg, for a group of two partly
strengthened end bearing GPs decreases by14%, while for the
set of three partly strengthened end bearing GPs, for the same
conditions the reduction in value of Deis 13%. Therefore, as the
ntincreases, the value of De tends to decrease but the reduction
in displacement effecting component for top of GP is seen more
in a set of two partly strengthened end-bearing GPs than the
latter.

3. The displacement interaction factor, asg, is observed to decrease
with an increase in RSp and Eso/Es. For instance, at Lp/Dp = 20,
Sp/Dp =3, 3t =3, nt =0.1with RSy =300, and Es/Es = 10, and
1000, the value of asg, is 0.31and 0.15, respectively; hence a
percentage decrease of 51 happens with respect to Esp/Es = 10,
while for the case of, Lp /Dp = 20, Sp/Dp = 3, yt = 3, nt = 0.1 with,
RSy =100, and Est/Es = 10, and 1000 the values of, asg, is 0.38
and 0.30, respectively thereby producing a percentage decrease
of 21 with respect to Eso/Es = 10. Therefore, as the value of RSp
increases, the asetend to decrease.

4. Itisobserved that with an increase in normalized spacing, Sp/Dp,
the displacement interaction factor, ose, decreases because the
pile will be at a long distance, so the effect of stresses will also
decrease. Similarly, o4g, also tends to decrease with an increase
in Sp/Dp. But in case of a set of four partly strengthened end-
bearing GPs decrease is more than that set of three partly
strengthened end GPs. For instance, for Esw/Es = 100, Lp/Dp = 10,
xt =2, mt = 0.1 with, RSp = 100, and Sp/Dp = 5 the values of,
asg, is 0.07 while for aue, it is 0.8.

5. For the set of three partly strengthened end-bearing GPs, the
value of PLSB, (Fn/F)3ex100 decreases, with an increase in
normalized spacing, Sp/Dp, because of less stress impact between
adjacent piles in the set, but with the increase in the fraction of

strengthened length from top of GP, n: the value of PLSB,
(Fb/F)3ex100 tend to increase, ultimately leading to beneficial
effect of strengthening.

6. For the set of four partly strengthened end-bearing GPs, the
value of PLSB, (Fv/F)4ex100 decreases at the value of RS, =
100, with an increase in relative length, Lp/Dp, because the load
transfer mechanism of GP decrease, but with the increased in the
RSBS, Esb/Es, the value of PLSB, (Fn/F)4ex100 tend to increase.

7. In the event of a single and set of two, three, or four partly
strengthened end-bearing GPs, it was found that as the
strengthening factor for top of GP, y, increases from 1 to 4 for
the RSp = 100, relative length, Lp/Dp = 10, RSBS, Esb/Es =
100, normalized spacing, Sp/Dp = 2, a fraction of strengthened
length from top of GP, nt = 0.3 at a depth of 0.15 the value of
NSS, t6* = 1(aDpLp)/F on a GP in a set of two/three/four partly
strengthened end bearing GPs, decreases. The decrease in value
of NSS for the set of four partly strengthened end bearing GP is
more than the other three, viz. one, two, and three partly
strengthened end-bearing GPs.
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