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ABSTRACT
The concept of spherical fuzzy sets, was introduced by Ashraf et al. in 2019, and is a

generalization of the concepts of intuitionistic fuzzy sets, picture fuzzy sets and Pythagorean
fuzzy sets. In this paper, we introduce the concepts of spherical fuzzy quasi-ideals and spher-
ical fuzzy bi-ideals of ternary semigroups and investigate some of their properties. Then,
we characterize regular ternary semigroups in terms of spherical fuzzy left (resp., lateral,
right) ideals, spherical fuzzy quasi-ideals and spherical fuzzy bi-ideals of ternary semigroups.
Moreover, some characterizations of weakly regular ternary semigroups by the concepts of
many types of spherical fuzzy ideals in ternary semigroups are discussed.

Keywords: Regular ternary semigroup; Spherical fuzzy set; Spherical fuzzy ideal; Spherical
fuzzy bi-ideal; Weakly regular ternary semigroup

1. Introduction
In 1965, Zadeh [1] presented the con-

cept of fuzzy subsets or fuzzy sets as a func-
tion from a nonempty set 𝑋 to the unit in-
terval [0, 1]. The concept of fuzzy sub-
groups was first introduced by Rosenfeld
[2], which acted as the inspiration for the re-
search of fuzzy algebraic structures. Later,
Kuroki [3] also introduced the concept of
fuzzy subsemigroups. Additionally, he ex-

amined fuzzy generalized bi-ideals of semi-
groups and applied the properties of fuzzy
left and fuzzy right ideals of semigroups
to characterize some classes of semigroups,
see, [4, 5]. Lehmer [6] gave the notion of
ternary semigroups as a generalization of
semigroups. Next, Shabir and Rehman [7]
characterized regular ternary semigroups by
the properties of anti fuzzy left (resp., lat-
eral, right) ideals, anti fuzzy quasi-ideals
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and anti fuzzy (resp., generalized) bi-ideals
of ternary semigroups. Afterwards, the reg-
ular and intra-regular ternary semigroups
were characterized by using the concepts
of fuzzy left (resp., lateral, right) ideals of
ternary semigroups by Kar and Sarkar [8].
As an extension of the concept of fuzzy
sets, Atanassov [9] introduced the concept
of intuitionistic fuzzy sets. In addition,
the fuzzy sets actually determine the de-
gree of memberships of an element in a
given set, whereas the intuitionistic fuzzy
sets provide both membership and non-
membership degrees. In 2012, Akram [10]
and Lekkoksung [11] investigated the intu-
itionistic fuzzy sets in ternary semigroups.
Later, the notions of intuitionistic fuzzy ide-
als and intuitionistic fuzzy filters in ternary
semigroups were studied by Lalithamani et
al. [12].

The concept of Pythagorean fuzzy
sets, as the sum of the squares of member-
ship and non-membership degrees belongs
to the unit interval [0, 1], was suggested by
Yager and Abbasov [13] in 2013. This con-
cept generalizes the intuitionistic fuzzy sets.
In 2020, Chinram and Pantiyakul [14] con-
sidered the concept of rough Pythagorean
fuzzy ideals in ternary semigroups. Another
generalization of the intuitionistic fuzzy
sets is the notion of picture fuzzy sets,
was introduced by Cuong and Kreinovich
[15]. In fact, the sum of positive mem-
bership, neutral membership and negative
membership grades is greater than 1. Then,
the semigroups was characterized by the
properties of various types of picture fuzzy
ideals of semigroups see, e.g., [16–18].
Furthermore, Nakkhasen [19] considered
characterizations of (𝑚, 𝑛)-regular, (𝑚, 0)-
regular and (0, 𝑛)-regular semigroups in
terms of picture fuzzy (𝑚, 𝑛)-ideals, picture
fuzzy (𝑚, 0)-ideals and picture fuzzy (0, 𝑛)-
ideals of semigroups.

As a further generalization of the
Pythagorean fuzzy sets and the picture
fuzzy sets, Ashraf et al. [20] introduced
the notion of spherical fuzzy sets. The con-
cept of spherical fuzzy sets was surveyed
in many algebraic structures, for instance,
Veerappan and Venkatesan [21] discussed
about the connection between bi-ideals and
spherical interval-valued fuzzy bi-ideals in
gamma near-rings, Subha et al. [22] char-
acterized semi-rings by their rough spheri-
cal fuzzy ideals, and Chinnadurai et al. [23]
studied the notion of spherical fuzzy ideals
of semigroups and provided its characteris-
tics using sufficient examples in 2022. Re-
cently, Krailoet et al. [24] have applied the
concept of spherical fuzzy sets to ternary
semigroups and introduced the notions of
spherical fuzzy ternary subsemigroups and
spherical fuzzy (resp., left, lateral, right)
ideals of ternary semigroups. They charac-
terized the spherical fuzzy ternary subsemi-
groups and the spherical fuzzy left (resp.,
lateral, right) ideals of ternary semigroups,
and obtained relationship between rough set
theory and spherical fuzzy sets of ternary
semigroups.

The purpose of this article is to in-
troduce the concepts of spherical fuzzy
quasi-ideals and spherical fuzzy bi-ideals of
ternary semigroups. In Section 2, we re-
view the concepts of spherical fuzzy ternary
subsemigroups and spherical fuzzy (resp.,
left, lateral, right) ideals in ternary semi-
groups and introduce the notion of spher-
ical fuzzy quasi-ideals of ternary semi-
groups. Later, we study the relationships
between spherical fuzzy (resp., left, right,
lateral) ideals and spherical fuzzy quasi-
ideals of ternary semigroups. Next, we
define the concept of spherical fuzzy bi-
ideals of ternary semigroups and give some
of their properties in Section 3. Then,
in Section 4, we discuss the characteri-
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zations of regular ternary semigroups by
means of spherical fuzzy left (resp., lateral,
right) ideals, spherical fuzzy quasi-ideals
and spherical fuzzy bi-ideals of ternary
semigroups. Section 5 shows that charac-
terizations of weakly regular ternary semi-
groups using the concepts of many types
of spherical fuzzy ideals of ternary semi-
groups are investigated. Moreover, we sug-
gest some characterization of both regular
and weakly regular ternary semigroups by
spherical fuzzy ideals. Finally, Section 6
concludes the article.

2. Preliminaries
In this section, we will review some

of the fundamental definitions that will be
utilized throughout the paper.

A nonempty set 𝑇 is said to be
a ternary semigroup [6] if there exists a
ternary operation [ ] : 𝑇 × 𝑇 × 𝑇 → 𝑇 ,
written as (𝑎, 𝑏, 𝑐) → [𝑎𝑏𝑐], such that it
satisfies the following associative law hods:
[[𝑎𝑏𝑐]𝑑𝑒] = [𝑎[𝑏𝑐𝑑]𝑒] = [𝑎𝑏[𝑐𝑑𝑒]] for
all 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 ∈ 𝑇 . For the sake of sim-
plicity, we will write 𝑎𝑏𝑐 instead of [𝑎𝑏𝑐]
for each 𝑎, 𝑏, 𝑐 ∈ 𝑇 . Let 𝐴, 𝐵 and 𝐶 be any
nonempty subsets of a ternary semigroup𝑇 .
Then, we denote 𝐴𝐵𝐶 = {𝑎𝑏𝑐 | 𝑎 ∈ 𝐴, 𝑏 ∈
𝐵, 𝑐 ∈ 𝐶}.

Now, we recall the notions of many
types of ideals in ternary semigroups which
occurred in [25] as follows. Let 𝐴 be a
nonempty subset of a ternary semigroup 𝑇 .
Then: (i) 𝐴 is called a ternary subsemi-
group of𝑇 if 𝐴𝐴𝐴 ⊆ 𝐴; (ii) 𝐴 is called a left
(resp., lateral, right) ideal of 𝑇 if 𝑇𝑇𝐴 ⊆ 𝐴
(resp., 𝑇𝐴𝑇 ⊆ 𝐴, 𝐴𝑇𝑇 ⊆ 𝐴); (iii) if 𝐴 is
a left, lateral and right ideal of 𝑇 , then it is
called an ideal of 𝑇 ; (iv) if 𝐴 is a left and
right ideal of 𝑇 , then it is called a two-sided
ideal of 𝑇 .

A nonempty subset 𝑄 of a ternary
semigroup 𝑇 is said to be a quasi-ideal [26]

of 𝑇 if (𝑄𝑇𝑇 ∩ 𝑇𝑄𝑇 ∩ 𝑇𝑇𝑄) ⊆ 𝑄 and
(𝑄𝑇𝑇 ∩ 𝑇𝑇𝑄𝑇𝑇 ∩ 𝑇𝑇𝑄) ⊆ 𝑄. A ternary
subsemigroup 𝐵 of a ternary semigroup𝑇 is
called a bi-ideal [27] of 𝑇 if 𝐵𝑇𝐵𝑇𝐵 ⊆ 𝐵.

A fuzzy set [1] 𝜇 of a nonempty set 𝑋
is a mapping 𝜇 : 𝑋 → [0, 1]. Let 𝜇 and 𝜂
be any two fuzzy sets of a nonempty set 𝑋 .
For every 𝑥 ∈ 𝑋 , we denote

(𝜇 ∩ 𝜂) (𝑥) = min{𝜇(𝑥), 𝜂(𝑥)},
(𝜇 ∪ 𝜂) (𝑥) = max{𝜇(𝑥), 𝜂(𝑥)}.

Next, we review the concept of
spherical fuzzy sets, which was introduced
by Ashraf et al. [20] in 2019. A spherical
fuzzy set (briefly, SFS) A on a nonempty
set 𝑋 is defined by the form

A := {⟨𝑥, 𝜇A (𝑥), 𝜂A (𝑥), 𝜈A (𝑥)⟩ | 𝑥 ∈ 𝑋},

where 𝜇A : 𝑋 → [0, 1], 𝜂A : 𝑋 →
[0, 1] and 𝜈A : 𝑋 → [0, 1] denote the
degree of membership, the degree of hesi-
tancy and the degree of non-membership of
each 𝑥 ∈ 𝑋 , respectively, with the condition
0 ≤ (𝜇A (𝑥))2 + (𝜂A (𝑥))2 + (𝜈A (𝑥))2 ≤ 1.

Throughout this paper, we shall use
the symbol A instead of the SFS A :=
{⟨𝑥, 𝜇A (𝑥), 𝜂A (𝑥), 𝜈A (𝑥)⟩ | 𝑥 ∈ 𝑋}.

Let A and B be any two SFSs on a
universe set 𝑋 . Then, we denote:

(i) A ⊆ B iff 𝜇A (𝑥) ≤ 𝜇B (𝑥), 𝜂A (𝑥) ≤
𝜂B (𝑥) and 𝜈A (𝑥) ≥ 𝜈B (𝑥) for all 𝑥 ∈
𝑋;

(ii) A = B iff A ⊆ B and B ⊆ A;

(iii) A ∩B := {⟨𝑥, (𝜇A ∩ 𝜇B)(𝑥), (𝜂A ∩
𝜂B)(𝑥), (𝜈A ∪ 𝜈B) (𝑥)⟩ | 𝑥 ∈ 𝑋};

(iv) A ∪B := {⟨𝑥, (𝜇A ∪ 𝜇B)(𝑥), (𝜂A ∩
𝜂B)(𝑥), (𝜈A ∩ 𝜈B) (𝑥)⟩ | 𝑥 ∈ 𝑋}.

Next, we recall the concepts of spher-
ical fuzzy ternary subsemigroups, spherical
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fuzzy (resp., left, lateral, right) ideals and
the product of three spherical fuzzy sets of
ternary semigroups which defined in [24] as
follows.

Definition 2.1 ([24]). ASFSA on a ternary
semigroup 𝑇 is called a spherical fuzzy
ternary subsemigroup (briefly, SFSub) of
𝑇 , if for every 𝑎, 𝑏, 𝑐 ∈ 𝑇 :

(i) 𝜇A (𝑎𝑏𝑐)
≥ min{𝜇A (𝑎), 𝜇A (𝑏), 𝜇A (𝑐)};

(ii) 𝜂A (𝑎𝑏𝑐)
≥ min{𝜂A (𝑎), 𝜂A (𝑏), 𝜂A (𝑐)};

(iii) 𝜈A (𝑎𝑏𝑐)
≤ max{𝜈A (𝑎), 𝜈A (𝑏), 𝜈A (𝑐)}.

Definition 2.2 ([24]). ASFSA on a ternary
semigroup 𝑇 is called:

(i) a spherical fuzzy left ideal (briefly,
SFL) of 𝑇 , if for every 𝑎, 𝑏, 𝑐 ∈
𝑇 , 𝜇A (𝑎𝑏𝑐) ≥ 𝜇A (𝑐), 𝜂A (𝑎𝑏𝑐) ≥
𝜂A (𝑐) and 𝜈A (𝑎𝑏𝑐) ≤ 𝜈A (𝑐);

(ii) a spherical fuzzy lateral ideal
(briefly, SFM) of 𝑇 , if for ev-
ery 𝑎, 𝑏, 𝑐 ∈ 𝑇 , 𝜇A (𝑎𝑏𝑐) ≥
𝜇A (𝑏), 𝜂A (𝑎𝑏𝑐) ≥ 𝜂A (𝑏) and
𝜈A (𝑎𝑏𝑐) ≤ 𝜈A (𝑏);

(iii) a spherical fuzzy right ideal (briefly,
SFR) of 𝑇 , if for every 𝑎, 𝑏, 𝑐 ∈
𝑇 , 𝜇A (𝑎𝑏𝑐) ≥ 𝜇A (𝑎), 𝜂A (𝑎𝑏𝑐) ≥
𝜂A (𝑎) and 𝜈A (𝑎𝑏𝑐) ≤ 𝜈A (𝑎);

(iv) a spherical fuzzy ideal (briefly, SFI)
of 𝑇 , if for every 𝑎, 𝑏, 𝑐 ∈ 𝑇 ,

𝜇A (𝑎𝑏𝑐)
≥ max{𝜇A (𝑎), 𝜇A (𝑏), 𝜇A (𝑐)},

𝜂A (𝑎𝑏𝑐)
≥ max{𝜂A (𝑎), 𝜂A (𝑏), 𝜂A (𝑐)},

𝜈A (𝑎𝑏𝑐)
≤ min{𝜈A (𝑎), 𝜈A (𝑏), 𝜈A (𝑐)}.

By a spherical fuzzy two-sided ideal
(briefly, SFT) A of a ternary semigroup 𝑇 ,
we means that A is both a SFL and a SFR
of 𝑇 .

LetA,B and C be any three SFSs on
a ternary semigroup𝑇 . The productA◦B◦
C, in [24], of A,B and C is defined by

A ◦ B ◦ C
:= {⟨𝑥, (𝜇A ◦ 𝜇B ◦ 𝜇C) (𝑥),

(𝜂A ◦ 𝜂B ◦ 𝜂C)(𝑥),
(𝜈A ◦ 𝜈B ◦ 𝜈C) (𝑥)⟩ | 𝑥 ∈ 𝑇},

where

(𝜇A ◦ 𝜇B ◦ 𝜇C)(𝑥)

=


sup
𝑥=𝑎𝑏𝑐

min {𝜇A (𝑎), if 𝑥 ∈ 𝑇𝑇𝑇 ;

𝜇B (𝑏), 𝜇C (𝑐)}
0 otherwise,

(𝜂A ◦ 𝜂B ◦ 𝜂C)(𝑥)

=


sup
𝑥=𝑎𝑏𝑐

min {𝜂A (𝑎), if 𝑥 ∈ 𝑇𝑇𝑇 ;

𝜂B (𝑏), 𝜂C (𝑐)}
0 otherwise,

(𝜈A ◦ 𝜈B ◦ 𝜈C) (𝑥)

=


inf

𝑥=𝑎𝑏𝑐
max {𝜈A (𝑎), if 𝑥 ∈ 𝑇𝑇𝑇 ;

𝜈B (𝑏), 𝜈C (𝑐)}
1 otherwise.

Let T := {⟨𝑥, 𝜇T (𝑥), 𝜂T (𝑥), 𝜈T (𝑥)⟩
| 𝑥 ∈ 𝑇}, where 𝜇T (𝑥) = 1, 𝜂T (𝑥) = 1 and
𝜈T (𝑥) = 0 for all 𝑥 ∈ 𝑇 , be a SFS of 𝑇 . We
observe thatA ⊆ T for every SFSA of 𝑇 .

Let 𝐴 be any subset of a ternary
semigroup 𝑇 . The spherical character-
istic function of 𝐴 is defined by C𝐴 :=
{⟨𝑥, 𝜇C𝐴 (𝑥), 𝜂C𝐴 (𝑥), 𝜈C𝐴 (𝑥)⟩ | 𝑥 ∈ 𝑇},
where

𝜇C𝐴 (𝑥) =
{
1 if 𝑥 ∈ 𝐴

0 otherwise,
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𝜂C𝐴 (𝑥) =
{
1 if 𝑥 ∈ 𝐴

0 otherwise,

𝜈C𝐴 (𝑥) =
{
0 if 𝑥 ∈ 𝐴

1 otherwise.

We note that if 𝐴 = 𝑇 , then C𝐴 = T .
The following lemmas can be proved

straightforwardly.

Lemma 2.3. Let C𝐴, C𝐵 and C𝐶 be SFSs
on a ternary semigroup 𝑇 , where 𝐴, 𝐵 and
𝐶 are any nonempty subsets of 𝑇 . Then the
following conditions hold:

(i) C𝐴 ∩ C𝐵 = C𝐴∩𝐵;

(ii) C𝐴 ◦ C𝐵 ◦ C𝐶 = C𝐴𝐵𝐶;

(iii) 𝐴 ⊆ 𝐵 if and only if C𝐴 ⊆ C𝐵.

Lemma 2.4. Let 𝑇 be a ternary semigroup
and A be any SFS of 𝑇 . Then the following
statements hold:

(i) A ◦ T ◦ T is a SFR of 𝑇;

(ii) T ◦ A ◦ T is a SFM of 𝑇;

(iii) T ◦ T ◦ A is a SFL of 𝑇 .

Lemma 2.5 ([24]). Let A be a SFS on a
ternary semigroup 𝑇 . Then the following
properties hold:

(i) A is a SFSub of 𝑇 if and only if A ◦
A ◦ A ⊆ A;

(ii) A is a SFL of 𝑇 if and only if T ◦T ◦
A ⊆ A;

(iii) A is a SFM of𝑇 if and only if T ◦A◦
T ⊆ A;

(iv) A is a SFR of 𝑇 if and only ifA◦T ◦
T ⊆ A.

The following lemma is obtained by
Lemma 2.5.

Lemma 2.6. Let A be a SFS on a ternary
semigroup 𝑇 . Then, A is a SFI of 𝑇 if and
only if (A ◦ T ◦ T ) ∪ (T ◦ A ◦ T ) ∪ (T ◦
T ◦ A) ⊆ A.

Next, we introduce the concept of
spherical fuzzy quasi-ideals of ternary
semigroups and give some properties and an
example of this concept.

Definition 2.7. A SFS Q on a ternary semi-
group 𝑇 is called a spherical fuzzy quasi-
ideal (briefly, SFQ) of𝑇 if (Q◦T◦T∩((T ◦
Q◦T )∪(T◦T◦Q◦T◦T ))∩T◦T◦Q) ⊆ Q.

Proposition 2.8. Every SFQ of a ternary
semigroup 𝑇 is a SFSub of 𝑇 .

Proof. Let Q be a SFQ of a ternary semi-
group 𝑇 . Then, Q ◦ Q ◦ Q ⊆ Q ◦ T ◦ T ,
Q ◦ Q ◦ Q ⊆ T ◦ T ◦ Q and Q ◦ Q ◦ Q ⊆
T◦Q◦T ⊆ (T ◦Q◦T )∪(T ◦T ◦Q◦T ◦T ).
Hence, Q ◦Q ◦Q ⊆ Q ◦T ◦T ∩ ((T ◦Q ◦
T )∪ (T ◦T ◦Q◦T ◦T ))∩T ◦T ◦Q ⊆ Q.
By Lemma 2.5(i), we have that Q is a SF-
Sub of 𝑇 . □

Proposition 2.9. Every SFL (resp., SFM,
SFR, SFI) of a ternary semigroup𝑇 is a SFQ
of 𝑇 .

Proof. Let L be a SFL of a ternary semi-
group 𝑇 . By Lemma 2.5(ii), we get that
T ◦T ◦L ⊆ L. Thus, we have L◦T ◦T ∩
((T ◦L ◦T ) ∪ (T ◦T ◦L ◦T ◦T )) ∩T ◦
T ◦L ⊆ (T ◦T ◦T ) ∩ (T ◦T ◦T ) ∩L ⊆
T ∩ T ∩ L = L. It follows that L is a
SFQ of𝑇 . Similarly, we can prove the other
cases. □

The converse of Proposition 2.9 is
not true in general. This can be shown by
the following example.

Example 2.10. Let 𝑇 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} and
define the ternary operation · on 𝑇 as fol-
lows:
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· 𝑎 𝑏 𝑐 𝑑 𝑒

𝑎𝑎 𝑎 𝑎 𝑎 𝑎 𝑎
𝑎𝑏 𝑎 𝑎 𝑎 𝑎 𝑎
𝑎𝑐 𝑎 𝑎 𝑎 𝑎 𝑎
𝑎𝑑 𝑎 𝑎 𝑎 𝑎 𝑎
𝑎𝑒 𝑎 𝑎 𝑎 𝑎 𝑎

· 𝑎 𝑏 𝑐 𝑑 𝑒

𝑏𝑎 𝑎 𝑎 𝑎 𝑎 𝑎
𝑏𝑏 𝑎 𝑏 𝑐 𝑎 𝑎
𝑏𝑐 𝑎 𝑎 𝑎 𝑏 𝑐
𝑏𝑑 𝑎 𝑎 𝑎 𝑎 𝑎
𝑏𝑒 𝑎 𝑎 𝑎 𝑎 𝑎

· 𝑎 𝑏 𝑐 𝑑 𝑒

𝑐𝑎 𝑎 𝑎 𝑎 𝑎 𝑎
𝑐𝑏 𝑎 𝑎 𝑎 𝑎 𝑎
𝑐𝑐 𝑎 𝑎 𝑎 𝑎 𝑎
𝑐𝑑 𝑎 𝑏 𝑐 𝑎 𝑎
𝑐𝑒 𝑎 𝑎 𝑎 𝑏 𝑐

· 𝑎 𝑏 𝑐 𝑑 𝑒

𝑑𝑎 𝑎 𝑎 𝑎 𝑎 𝑎
𝑑𝑏 𝑎 𝑑 𝑒 𝑎 𝑎
𝑑𝑐 𝑎 𝑎 𝑎 𝑑 𝑒
𝑑𝑑 𝑎 𝑎 𝑎 𝑎 𝑎
𝑑𝑒 𝑎 𝑎 𝑎 𝑎 𝑎

· 𝑎 𝑏 𝑐 𝑑 𝑒

𝑒𝑎 𝑎 𝑎 𝑎 𝑎 𝑎
𝑒𝑏 𝑎 𝑎 𝑎 𝑎 𝑎
𝑒𝑐 𝑎 𝑎 𝑎 𝑎 𝑎
𝑒𝑑 𝑎 𝑑 𝑒 𝑎 𝑎
𝑒𝑒 𝑎 𝑎 𝑎 𝑑 𝑒

Then, (𝑇, ·) is a ternary semigroup. Now,
we define a SFS A on 𝑇 as follows:

A 𝜇A 𝜂A 𝜈A
𝑎 0.7 0.6 0.2
𝑏 0.5 0.3 0.4
𝑐 0.7 0.6 0.2
𝑑 0.5 0.3 0.4
𝑒 0.5 0.3 0.4

By routine calculations, we obtain thatA is
a SFQ of 𝑇 , but it is not a SFL of 𝑇 , because

𝜇A (𝑒𝑑𝑐) = 𝜇A (𝑒) = 0.5 < 0.7 = 𝜇A (𝑐),

𝜂A (𝑒𝑑𝑐) = 𝜂A (𝑒) = 0.3 < 0.6 = 𝜂A (𝑐),
𝜈A (𝑒𝑑𝑐) = 𝜈A (𝑒) = 0.4 > 0.2 = 𝜈A (𝑐).

Moreover,A is neither a SFM nor a SFR of
𝑇 .

3. Spherical Fuzzy Bi-ideals
In this section, we may also define

the notion of spherical fuzzy bi-ideals of
ternary semigroups and create some prop-
erties of it with the sufficient example.

Definition 3.1. A SFSub A of a ternary
semigroup 𝑇 is called a spherical fuzzy
bi-ideal (briefly, SFB) of 𝑇 , if for all
𝑚, 𝑛, 𝑥, 𝑦, 𝑧 ∈ 𝑇 :

(i) 𝜇A (𝑥𝑚𝑦𝑛𝑧)
≥ min{𝜇A (𝑥), 𝜇A (𝑦), 𝜇A (𝑧)};

(ii) 𝜂A (𝑥𝑚𝑦𝑛𝑧)
≥ min{𝜂A (𝑥), 𝜂A (𝑦), 𝜂A (𝑧)};

(iii) 𝜈A (𝑥𝑚𝑦𝑛𝑧)
≤ max{𝜈A (𝑥), 𝜈A (𝑦), 𝜈A (𝑧)}.

Proposition 3.2. Every SFQ of a ternary
semigroup 𝑇 is a SFB of 𝑇 .

Proof. Let Q be a SFQ of a ternary semi-
group 𝑇 . By Proposition 2.8, Q is a SFSub
of𝑇 . Then, Q◦Q◦Q ⊆ Q by Lemma 2.5(i).
Thus, we haveQ◦T ◦Q◦T ◦Q ⊆ Q◦T ◦T ,
Q ◦ T ◦ Q ◦ T ◦ Q ⊆ T ◦ T ◦ Q and
Q ◦ T ◦ Q ◦ T ◦ Q ⊆ T ◦ Q ◦ T ⊆
(T ◦ Q ◦ T ) ∪ (T ◦ T ◦ Q ◦ T ◦ T ).
Since Q is a SFQ of 𝑇 , this implies that
Q ◦T ◦Q ◦T ◦Q ⊆ Q ◦T ◦T ∩ ((T ◦Q ◦
T )∪ (T ◦T ◦Q◦T ◦T ))∩T ◦T ◦Q ⊆ Q.
Hence, Q is a SFB of 𝑇 . □

In contrast, a SFB of a ternary semi-
group 𝑇 may not be a SFQ as shown by the
following example.
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Example 3.3. Let

𝑇 =

©­«
𝑎 𝑏 𝑐
0 0 𝑑
0 0 𝑒

ª®¬ | 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 ∈ Z−0

 ,

where Z−0 is the set of all non-positive inte-
gers. Then, 𝑇 is a ternary semigroup under
the usual matrix multiplication (see [28]).
Now, we consider

𝐵 =

©­«
0 𝑚 0
0 0 𝑚
0 0 0

ª®¬ | 𝑚 ∈ Z−0

 .

Define the SFS B on 𝑇 as follows:

𝜇B (𝑥) =
{
0.8 if 𝑥 ∈ 𝐵,

0 otherwise,

𝜂B (𝑥) =
{
0.5 if 𝑥 ∈ 𝐵,

0 otherwise,

𝜈B (𝑥) =
{
0 if 𝑥 ∈ 𝐵,

0.9 otherwise.

We can see that B is a SFB of 𝑇 . Consider,©­«
0 −1 0
0 0 −1
0 0 0

ª®¬∈ 𝐵 and ©­«
0 0 −1
0 0 0
0 0 0

ª®¬∈ 𝑇 \ 𝐵. It

turns out that

©­«
−1 0 0
0 0 0
0 0 0

ª®¬ ©­«
0 −1 0
0 0 0
0 0 0

ª®¬ ©­«
0 −1 0
0 0 −1
0 0 0

ª®¬ = ©­«
0 0 −1
0 0 0
0 0 0

ª®¬ ,©­«
−1 0 0
0 0 0
0 0 0

ª®¬ ©­«
0 −1 0
0 0 −1
0 0 0

ª®¬ ©­«
0 0 0
0 0 −1
0 0 0

ª®¬ = ©­«
0 0 −1
0 0 0
0 0 0

ª®¬ ,©­«
0 −1 0
0 0 −1
0 0 0

ª®¬ ©­«
0 0 0
0 0 −1
0 0 0

ª®¬ ©­«
0 0 0
0 0 0
0 0 −1

ª®¬ = ©­«
0 0 −1
0 0 0
0 0 0

ª®¬ .

Letting 𝑎 =
©­«
0 −1 0
0 0 −1
0 0 0

ª®¬. This implies

that, 𝑎 ∉ 𝐵. We obtain that (𝜇T ◦ 𝜇T ◦
𝜇B)(𝑎) > 𝜇B (𝑎), (𝜇T ◦ 𝜇B ◦ 𝜇T)(𝑎) >
𝜇B (𝑎) and (𝜇B ◦ 𝜇T ◦ 𝜇T) (𝑎) > 𝜇B (𝑎).
Thus,

min{(𝜇T ◦ 𝜇T ◦ 𝜇B) (𝑎), (𝜇T ◦ 𝜇B ◦ 𝜇T)(𝑎),
(𝜇B ◦ 𝜇T ◦ 𝜇T) (𝑎)} > 𝜇B (𝑎).

Similarly, we have that min{(𝜂T ◦ 𝜂T ◦
𝜂B) (𝑎), (𝜂T ◦ 𝜂B ◦ 𝜂T) (𝑎), (𝜂B ◦ 𝜂T ◦
𝜂T)(𝑎)} > 𝜂B (𝑎) and max{(𝜈T ◦ 𝜈T ◦
𝜈B)(𝑎), (𝜈T ◦ 𝜈B ◦ 𝜈T) (𝑎), (𝜈B ◦ 𝜈T ◦
𝜈T)(𝑎)} < 𝜈B (𝑎). This means that

(B ◦ T ◦ T ) ∩ (T ◦ B ◦ T ∪ T ◦ T ◦ B ◦
T ◦ T ) ∩ (T ◦ T ◦ B) ⊈ B.

This shows that B is not a SFQ of 𝑇 .

Theorem 3.4. Let A be a SFSub of a
ternary semigroup 𝑇 . Then, A is a SFB of
𝑇 if and only if A ◦ T ◦ A ◦ T ◦ A ⊆ A.

Proof. Assume that A is a SFB of 𝑇 . Let
𝑎 ∈ 𝑇 . If 𝑎 is not to be expressible
𝑎 = 𝑏𝑝𝑐𝑞𝑑 for all 𝑏, 𝑐, 𝑑, 𝑝, 𝑞 ∈ 𝑇 , then
it is well done. Suppose that there exist
𝑚, 𝑛, 𝑥, 𝑦, 𝑧 ∈ 𝑇 such that 𝑎 = 𝑥𝑚𝑦𝑛𝑧. Take
𝑘 = 𝑥𝑚𝑦. Then, we have

(𝜇A ◦ 𝜇T ◦ 𝜇A ◦ 𝜇T ◦ 𝜇A)(𝑎)
= sup

𝑎=𝑘𝑛𝑧
min{(𝜇A ◦ 𝜇T ◦ 𝜇A) (𝑘),

𝜇T (𝑛), 𝜇A (𝑧)}
= sup

𝑎=𝑘𝑛𝑧
min{ sup

𝑘=𝑥𝑚𝑦
min{𝜇A (𝑥), 𝜇T (𝑚),

𝜇A (𝑦)}, 𝜇T (𝑛), 𝜇A (𝑧)}
= sup

𝑎=𝑘𝑛𝑧
sup

𝑘=𝑥𝑚𝑦
min{𝜇A (𝑥), 𝜇T (𝑚), 𝜇A (𝑦),

𝜇T (𝑛), 𝜇A (𝑧)}
= sup

𝑎=𝑘𝑛𝑧
sup

𝑘=𝑥𝑚𝑦
min{𝜇A (𝑥), 𝜇A (𝑦), 𝜇A (𝑧)}

≤ sup
𝑎=𝑘𝑛𝑧

sup
𝑘=𝑥𝑚𝑦

𝜇A (𝑥𝑚𝑦𝑛𝑧)

= sup
𝑎=𝑘𝑛𝑧

𝜇A (𝑘𝑛𝑧)

= 𝜇A (𝑎),

(𝜂A ◦ 𝜂T ◦ 𝜂A ◦ 𝜂T ◦ 𝜂A) (𝑎)
= sup

𝑎=𝑘𝑛𝑧
min{(𝜂A ◦ 𝜂T ◦ 𝜂A) (𝑘),

𝜂T (𝑛), 𝜂A (𝑧)}
= sup

𝑎=𝑘𝑛𝑧
min{ sup

𝑘=𝑥𝑚𝑦
min{𝜂A (𝑥), 𝜂T (𝑚),
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𝜂A (𝑦)}, 𝜂T (𝑛), 𝜂A (𝑧)}
= sup

𝑎=𝑘𝑛𝑧
sup

𝑘=𝑥𝑚𝑦
min{𝜂A (𝑥), 𝜂T (𝑚), 𝜂A (𝑦),

𝜂T (𝑛), 𝜂A (𝑧)}
= sup

𝑎=𝑘𝑛𝑧
sup

𝑘=𝑥𝑚𝑦
min{𝜂A (𝑥), 𝜂A (𝑦), 𝜂A (𝑧)}

≤ sup
𝑎=𝑘𝑛𝑧

sup
𝑘=𝑥𝑚𝑦

𝜂A (𝑥𝑚𝑦𝑛𝑧)

= sup
𝑎=𝑘𝑛𝑧

𝜂A (𝑘𝑛𝑧)

= 𝜂A (𝑎),

and

(𝜈A ◦ 𝜈T ◦ 𝜈A ◦ 𝜈T ◦ 𝜈A) (𝑎)
= inf

𝑎=𝑘𝑛𝑧
max{(𝜈A ◦ 𝜈T ◦ 𝜈A)(𝑘),

𝜈T (𝑛), 𝜈A (𝑧)}
= inf

𝑎=𝑘𝑛𝑧
max{ inf

𝑘=𝑥𝑚𝑦
max{𝜈A (𝑥), 𝜈T (𝑚),

𝜈A (𝑦)}, 𝜈T (𝑛), 𝜈A (𝑧)}
= inf

𝑎=𝑘𝑛𝑧
inf

𝑘=𝑥𝑚𝑦
max{𝜈A (𝑥), 𝜈T (𝑚), 𝜈A (𝑦),

𝜈T (𝑛), 𝜈A (𝑧)}
= inf

𝑎=𝑘𝑛𝑧
inf

𝑘=𝑥𝑚𝑦
max{𝜈A (𝑥), 𝜈A (𝑦), 𝜈A (𝑧)}

≥ inf
𝑎=𝑘𝑛𝑧

inf
𝑘=𝑥𝑚𝑦

𝜈A (𝑥𝑚𝑦𝑛𝑧)

= inf
𝑎=𝑘𝑛𝑧

𝜈A (𝑘𝑛𝑧)

= 𝜈A (𝑎).

Therefore, A ◦ T ◦ A ◦ T ◦ A ⊆ A.
Conversely, let 𝑚, 𝑛, 𝑥, 𝑦, 𝑧 ∈ 𝑇 . Put

𝑎 = 𝑥𝑚𝑦𝑛𝑧. By the given assumption, we
have

𝜇A (𝑥𝑚𝑦𝑛𝑧)
= 𝜇A (𝑎)
≥ (𝜇A ◦ 𝜇T ◦ 𝜇A ◦ 𝜇T ◦ 𝜇A) (𝑎)
= sup

𝑎=𝑘 𝑝𝑞
min{(𝜇A ◦ 𝜇T ◦ 𝜇A) (𝑘),

𝜇T (𝑝), 𝜇A (𝑞)}
≥ min{(𝜇A ◦ 𝜇T ◦ 𝜇A)(𝑥𝑚𝑦),

𝜇T (𝑛), 𝜇A (𝑧)}

= min{ sup
𝑥𝑚𝑦=𝑏𝑐𝑑

min{𝜇A (𝑏), 𝜇T (𝑐), 𝜇A (𝑑)},

𝜇T (𝑛), 𝜇A (𝑧)}
≥ min{min{𝜇A (𝑥), 𝜇T (𝑚), 𝜇A (𝑦)},

𝜇T (𝑛), 𝜇A (𝑧)}
= min{𝜇A (𝑥), 𝜇A (𝑦), 𝜇A (𝑧)},

𝜂A (𝑥𝑚𝑦𝑛𝑧)
= 𝜂A (𝑎)
≥ (𝜂A ◦ 𝜂T ◦ 𝜂A ◦ 𝜂T ◦ 𝜂A) (𝑎)
= sup

𝑎=𝑘 𝑝𝑞
min{(𝜂A ◦ 𝜂T ◦ 𝜂A) (𝑘),

𝜂T (𝑝), 𝜂A (𝑞)}
≥ min{(𝜂A ◦ 𝜂T ◦ 𝜂A)(𝑥𝑚𝑦),

𝜂T (𝑛), 𝜂A (𝑧)}
= min{ sup

𝑥𝑚𝑦=𝑏𝑐𝑑
min{𝜂A (𝑏), 𝜂T (𝑐), 𝜂A (𝑑)},

𝜂T (𝑛), 𝜂A (𝑧)}
≥ min{min{𝜂A (𝑥), 𝜂T (𝑚), 𝜂A (𝑦)},

𝜂T (𝑛), 𝜂A (𝑧)}
= min{𝜂A (𝑥), 𝜂A (𝑦), 𝜂A (𝑧)},

and

𝜈A (𝑥𝑚𝑦𝑛𝑧)
= 𝜈A (𝑎)
≤ (𝜈A ◦ 𝜈T ◦ 𝜈A ◦ 𝜈T ◦ 𝜈A) (𝑎)
= inf

𝑎=𝑘 𝑝𝑞
max{(𝜈A ◦ 𝜈T ◦ 𝜈A)(𝑘),

𝜈T (𝑝), 𝜈A (𝑞)}
≤ max{(𝜈A ◦ 𝜈T ◦ 𝜈A)(𝑥𝑚𝑦),

𝜈T (𝑛), 𝜈A (𝑧)}
= max{ inf

𝑥𝑚𝑦=𝑏𝑐𝑑
max{𝜈A (𝑏), 𝜈T (𝑐), 𝜈A (𝑑)},

𝜈T (𝑛), 𝜈A (𝑧)}
≤ max{max{𝜈A (𝑥), 𝜈T (𝑚), 𝜈A (𝑦)},

𝜈T (𝑛), 𝜈A (𝑧)}
= max{𝜈A (𝑥), 𝜈A (𝑦), 𝜈A (𝑧)}.

Consequently, A is a SFB of 𝑇 . □
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Theorem 3.5. Let 𝐴 be a nonempty subset
of a ternary semigroup 𝑇 . Then the follow-
ing statements hold:

(i) 𝐴 is a ternary subsemigroup of 𝑇 if
and only if C𝐴 is a SFSub of 𝑇;

(ii) 𝐴 is a left ideal of 𝑇 if and only if C𝐴

is a SFL of 𝑇;

(iii) 𝐴 is a lateral ideal of 𝑇 if and only if
C𝐴 is a SFM of 𝑇;

(iv) 𝐴 is a right ideal of 𝑇 if and only if
C𝐴 is a SFR of 𝑇;

(v) 𝐴 is an ideal of 𝑇 if and only if C𝐴 is
a SFI of 𝑇;

(vi) 𝐴 is a two-sided ideal of 𝑇 if and only
if C𝐴 is a SFT of 𝑇;

(vii) 𝐴 is a quasi-ideal of 𝑇 if and only if
C𝐴 is a SFQ of 𝑇;

(viii) 𝐴 is a bi-ideal of 𝑇 if and only if C𝐴

is a SFB of 𝑇 .

Proof. (i) Assume that 𝐴 is a ternary sub-
semigroup of 𝑇 . Suppose that 𝜇C𝐴 (𝑎𝑏𝑐) <
min{𝜇C𝐴 (𝑎), 𝜇C𝐴 (𝑏), 𝜇C𝐴 (𝑐)} for some
𝑎, 𝑏, 𝑐 ∈ 𝑇 . Then, 𝜇C𝐴 (𝑎𝑏𝑐) = 0 and
min{𝜇C𝐴 (𝑎), 𝜇C𝐴 (𝑏), 𝜇C𝐴 (𝑐)} = 1. This
implies that 𝑎𝑏𝑐 ∉ 𝐴 and 𝑎, 𝑏, 𝑐 ∈ 𝐴. By
the hypothesis, we have that 𝑎𝑏𝑐 ∈ 𝐴,
which is a contradiction. Thus,

𝜇C𝐴 (𝑥𝑦𝑧) ≥ min{𝜇C𝐴 (𝑥), 𝜇C𝐴 (𝑦), 𝜇C𝐴 (𝑧)}

for all 𝑥, 𝑦, 𝑧 ∈ 𝑇 . If there exist 𝑎, 𝑏, 𝑐 ∈ 𝑇
such that 𝜂C𝐴 (𝑎𝑏𝑐) < min{𝜂C𝐴 (𝑎),
𝜂C𝐴 (𝑏), 𝜂C𝐴 (𝑐)}, then 𝜂C𝐴 (𝑎𝑏𝑐) = 0 and
min{𝜂C𝐴 (𝑎), 𝜂C𝐴 (𝑏), 𝜂C𝐴 (𝑐)} = 1. It fol-
lows that 𝑎𝑏𝑐 ∉ 𝐴 and 𝑎, 𝑏, 𝑐 ∈ 𝐴. By
assumption, 𝑎𝑏𝑐 ∈ 𝐴, which is a contra-
diction. Hence,

𝜂C𝐴 (𝑥𝑦𝑧) ≥ min{𝜂C𝐴 (𝑥), 𝜂C𝐴 (𝑦), 𝜂C𝐴 (𝑧)}

for all 𝑥, 𝑦, 𝑧 ∈ 𝑇 . If 𝜈C𝐴 (𝑎𝑏𝑐) >
max{𝜈C𝐴 (𝑎), 𝜈C𝐴 (𝑏), 𝜈C𝐴 (𝑐)} for some
𝑎, 𝑏, 𝑐 ∈ 𝑇 , then 𝜈C𝐴 (𝑎𝑏𝑐) = 1 and
max{𝜈C𝐴 (𝑎), 𝜈C𝐴 (𝑏), 𝜈C𝐴 (𝑐)} = 0. Also,
𝑎𝑏𝑐 ∉ 𝐴, while 𝑎, 𝑏, 𝑐 ∈ 𝐴. By the given
assumption, we have that 𝑎𝑏𝑐 ∈ 𝐴. This is
a contradiction. So,

𝜈C𝐴 (𝑥𝑦𝑧) ≤ max{𝜈C𝐴 (𝑥), 𝜈C𝐴 (𝑦), 𝜈C𝐴 (𝑧)}

for all 𝑥, 𝑦, 𝑧 ∈ 𝑇 . Therefore, C𝐴 is a SFSub
of 𝑇 .

Conversely, assume that C𝐴 is a SF-
Sub of 𝑇 . Let 𝑥, 𝑦, 𝑧 ∈ 𝐴. Then,

𝜇C𝐴 (𝑥𝑦𝑧) ≥ min{𝜇C𝐴 (𝑥), 𝜇C𝐴 (𝑦), 𝜇C𝐴 (𝑧)}
= 1.

It turns out that 𝜇C𝐴 (𝑥𝑦𝑧) = 1. We obtain
that 𝑥𝑦𝑧 ∈ 𝐴. Thus, 𝐴𝐴𝐴 ⊆ 𝐴. Conse-
quently, 𝐴 is a ternary subsemigroup of 𝑇 .

The other statements can be proved
in a similar way. □

4. Regular Ternary Semigroups
In this section, we study the char-

acterizations of regular ternary semigroups
by the properties of spherical fuzzy left
(resp., lateral, right) ideals, spherical fuzzy
quasi-ideals and spherical fuzzy bi-ideals of
ternary semigroups. Moreover, we show
that every spherical fuzzy bi-ideal is also
a spherical fuzzy quasi-ideal in a regular
ternary semigroup.

Definition 4.1 (cf. [25]). Let 𝑇 be a ternary
semigroup. An element 𝑎 ∈ 𝑇 is called reg-
ular if there exists an element 𝑥 ∈ 𝑇 such
that 𝑎 = 𝑎𝑥𝑎, that is, 𝑎 ∈ 𝑎𝑇𝑎. A ternary
semigroup 𝑇 is called regular if all its ele-
ments are regular.

Lemma 4.2 ([25]). Let𝑇 be a ternary semi-
group. Then, 𝑇 is regular if and only if
𝑅𝑀𝐿 = 𝑅 ∩ 𝑀 ∩ 𝐿, for every left ideal 𝐿,
every lateral ideal 𝑀 and every right ideal
𝑅 of 𝑇 .
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Theorem 4.3. Let 𝑇 be a ternary semi-
group. Then, 𝑇 is regular if and only if
R ◦M ◦L = R ∩M∩L, for every SFL L,
every SFM M and every SFR R of 𝑇 .

Proof. Assume that 𝑇 is regular. Let L,M
and R be a SFL, a SFM and a SMR of 𝑇 ,
respectively. By Lemma 2.5, we have that
R◦M◦L ⊆ R∩M∩L. On the other hand,
let 𝑎 ∈ 𝑆. Then, there exists 𝑥 ∈ 𝑇 such that
𝑎 = 𝑎𝑥𝑎 = (𝑎𝑥𝑎)(𝑥𝑎𝑥)(𝑎𝑥𝑎). Thus, we
have

(𝜇R ◦ 𝜇M ◦ 𝜇L)(𝑎)
= sup

𝑎=𝑘 𝑝𝑞
min{𝜇R (𝑘), 𝜇M (𝑝), 𝜇L (𝑞)}

≥ min{𝜇R (𝑎𝑥𝑎), 𝜇M (𝑥𝑎𝑥), 𝜇L (𝑎𝑥𝑎)}
= min{𝜇R (𝑎), 𝜇M (𝑎), 𝜇L (𝑎)}
= (𝜇R ∩ 𝜇M ∩ 𝜇L)(𝑎),

(𝜂R ◦ 𝜂M ◦ 𝜂L)(𝑎)
= sup

𝑎=𝑘 𝑝𝑞
min{𝜂R (𝑘), 𝜂M (𝑝), 𝜂L (𝑞)}

≥ min{𝜂R (𝑎𝑥𝑎), 𝜂M (𝑥𝑎𝑥), 𝜂L (𝑎𝑥𝑎)}
= min{𝜂R (𝑎), 𝜂M (𝑎), 𝜂L (𝑎)}
= (𝜂R ∩ 𝜂M ∩ 𝜂L)(𝑎)

and

(𝜈R ◦ 𝜈M ◦ 𝜈L)(𝑎)
= inf

𝑎=𝑘 𝑝𝑞
max{𝜈R (𝑘), 𝜈M (𝑝), 𝜈L (𝑞)}

≤ max{𝜈R (𝑎𝑥𝑎), 𝜈M (𝑥𝑎𝑥), 𝜈L (𝑎𝑥𝑎)}
= max{𝜈R (𝑎), 𝜈M (𝑎), 𝜈L (𝑎)}
= (𝜈R ∪ 𝜈M ∪ 𝜈L)(𝑎).

This shows that R ∩M ∩L ⊆ R ◦M ◦ L.
Hence, R ◦M ◦ L = R ∩M ∩ L.

Conversely, let 𝐿, 𝑀 and 𝑅 be any
left ideal, lateral ideal and right ideal of a
ternary semigroup 𝑇 , respectively. By The-
orem 3.5, we have that C𝐿 , C𝑀 and C𝑅 are
a SFL, a SFM and a SFR of 𝑇 , respec-
tively. Then, using the given assumption

and Lemma 2.3, it implies that C𝑅𝑀𝐿 =
C𝑅 ◦ C𝑀 ◦ C𝐿 = C𝑅 ∩C𝑀 ∩C𝐿 = C𝑅∩𝑀∩𝐿 ,
and so 𝑅𝑀𝐿 = 𝑅 ∩𝑀 ∩ 𝐿. By Lemma 4.2,
𝑇 is regular. □

Theorem 4.4. Let 𝑇 be a ternary semi-
group. Then the following conditions are
equivalent:

(i) 𝑇 is regular;

(ii) B = B◦T ◦B◦T ◦B, for every SFB
B of 𝑇;

(iii) Q = Q◦T ◦Q◦T ◦Q, for every SQB
Q of 𝑇 .

Proof. (i) ⇒ (ii) Assume that 𝑇 is regular.
Let B be a SFB of 𝑇 . By Theorem 3.4, we
have that B◦T ◦B◦T ◦B ⊆ B. Let 𝑎 ∈ 𝑇 .
Then, there exists 𝑥 ∈ 𝑇 such that 𝑎 = 𝑎𝑥𝑎.
So, 𝑎 = (𝑎𝑥𝑎)𝑥𝑎. Thus, we have

(𝜇B ◦ 𝜇T ◦ 𝜇B ◦ 𝜇T ◦ 𝜇B)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{(𝜇B ◦ 𝜇T ◦ 𝜇B) (𝑏),

𝜇T (𝑐), 𝜇B (𝑑)}
≥ min{(𝜇B ◦ 𝜇T ◦ 𝜇B)(𝑎𝑥𝑎),

𝜇T (𝑥), 𝜇B (𝑎)}
= min{ sup

𝑎𝑥𝑎=𝑘 𝑝𝑞
min{𝜇B (𝑘), 𝜇T (𝑝), 𝜇B (𝑞)},

𝜇T (𝑥), 𝜇B (𝑎)}
≥ min{min{𝜇B (𝑎), 𝜇T (𝑥), 𝜇B (𝑎)},

𝜇T (𝑥), 𝜇B (𝑎)}
= 𝜇B (𝑎),

(𝜂B ◦ 𝜂T ◦ 𝜂B ◦ 𝜂T ◦ 𝜂B)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{(𝜂B ◦ 𝜂T ◦ 𝜂B) (𝑏),

𝜂T (𝑐), 𝜂B (𝑑)}
≥ min{(𝜂B ◦ 𝜂T ◦ 𝜂B)(𝑎𝑥𝑎),

𝜂T (𝑥), 𝜂B (𝑎)}
= min{ sup

𝑎𝑥𝑎=𝑘 𝑝𝑞
min{𝜂B (𝑘), 𝜂T (𝑝), 𝜂B (𝑞)},
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𝜂T (𝑥), 𝜂B (𝑎)}
≥ min{min{𝜂B (𝑎), 𝜂T (𝑥), 𝜂B (𝑎)},

𝜂T (𝑥), 𝜂B (𝑎)}
= 𝜂B (𝑎)
and

(𝜈B ◦ 𝜈T ◦ 𝜈B ◦ 𝜈T ◦ 𝜈B)(𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{(𝜈B ◦ 𝜈T ◦ 𝜈B) (𝑏),

𝜈T (𝑐), 𝜈B (𝑑)}
≤ max{(𝜈B ◦ 𝜈T ◦ 𝜈B) (𝑎𝑥𝑎),

𝜈T (𝑥), 𝜈B (𝑎)}
= max{ inf

𝑎𝑥𝑎=𝑘 𝑝𝑞
max{𝜈B (𝑘), 𝜈T (𝑝), 𝜈B (𝑞)},

𝜈T (𝑥), 𝜈B (𝑎)}
≤ max{max{𝜈B (𝑎), 𝜈T (𝑥), 𝜈B (𝑎)},

𝜈T (𝑥), 𝜈B (𝑎)}
= 𝜈B (𝑎).
This shows that B ⊆ B ◦ T ◦ B ◦ T ◦ B.
Hence, B = B ◦ T ◦ B ◦ T ◦ B.

(ii)⇒ (iii) By Proposition 3.2, it fol-
lows that (iii) holds.

(iii)⇒ (i) Let L,M and R be a SFL,
a SFM and a SFR of 𝑇 , respectively. Then,
R ∩M ∩ L is a SFQ of 𝑇 . Hence, by (iii),
we have

R ∩M ∩ L
= (R ∩M ∩ L) ◦ T ◦ (R ∩M ∩ L)◦
T ◦ (R ∩M ∩ L)

⊆ R ◦ (T ◦M ◦ T) ◦ L
⊆ R ◦M ◦ L.

On the other hand, we obtain that R ◦M ◦
L ⊆ R ◦T ◦T ⊆ R, R ◦M◦L ⊆ T ◦M◦
T ⊆ M and R ◦M ◦L ⊆ T ◦ T ◦L ⊆ L.
Also, R ◦ M ◦ L ⊆ R ∩ M ∩ L. Hence,
R ◦M ◦L = R∩M∩L. By Theorem 4.3,
we conclude that 𝑇 is regular. □

Theorem 4.5. Let 𝑇 be a ternary semi-
group. Then the following statements are
equivalent:

(i) 𝑇 is regular;

(ii) B = B ◦ T ◦ B, for every SFB B of
𝑇;

(iii) Q = Q ◦ T ◦ Q, for every SQB Q of
𝑇 .

Proof. (i) ⇒ (ii) Let B be a SFB of 𝑇 . By
Theorem 4.4, B = B ◦ T ◦ B ◦ T ◦ B.
We obtain that B = B ◦ T ◦ B ◦ T ◦ B ⊆
B ◦ (T ◦ T ◦ T ) ◦ B ⊆ B ◦ T ◦ B and
B ◦T ◦B = B ◦T ◦ (B ◦T ◦B ◦T ◦B) ⊆
B◦T ◦B◦(T ◦T ◦T )◦B ⊆ B◦T ◦B◦T ◦
B = B. This implies that B = B ◦ T ◦ B.

(ii)⇒ (iii) It is obvious.
(iii) ⇒ (i) Assume that (iii) holds.

Let Q be a SFQ of 𝑇 . By the hypothesis,
Q = Q ◦ T ◦ Q. Then, Q = Q ◦ T ◦ Q =
Q ◦ T ◦ Q ◦ T ◦ Q. Therefore, 𝑇 is regular
by Theorem 4.4. □

Proposition 4.6. In a regular ternary semi-
group 𝑇 , every SFB of 𝑇 is also a SFQ of 𝑇 .

Proof. Let B be a SFB of 𝑇 . By Theorem
4.5, B = B ◦ T ◦ B. Then, B ◦ T ◦ T ,
(T ◦ B ◦ T ∪ T ◦ T ◦ B ◦ T ◦ T ) and
T ◦ T ◦ B are a SFR, a SFM and a SFL of
𝑇 , respectively. Hence, using Theorem 4.3,
we have

(B ◦ T ◦ T ) ∩ ((T ◦ B ◦ T )∪
(T ◦ T ◦ B ◦ T ◦ T )) ∩ (T ◦ T ◦ B)
= (B ◦ T ◦ T ) ◦ ((T ◦ B ◦ T )∪
(T ◦ T ◦ B ◦ T ◦ T )) ◦ (T ◦ T ◦ B)

= (B ◦ (T ◦ T ◦ T ) ◦ B ◦ (T ◦ T ◦ T ) ◦ B)
∪ (B ◦ (T ◦ T ◦ T ) ◦ (T ◦ B ◦ T )
◦ (T ◦ T ◦ T ) ◦ B)

⊆ (B ◦ (T ◦ T ◦ T ) ◦ B)
∪ (B ◦ (T ◦ T ◦ T ) ◦ B)

⊆ (B ◦ T ◦ B) ∪ (B ◦ T ◦ B)
= B ◦ T ◦ B
= B.
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Consequently, B is a SFQ of 𝑇 . □

Theorem 4.7. Let 𝑇 be a ternary semi-
group. Then the following conditions are
equivalent:

(i) 𝑇 is regular;

(ii) B ∩ M = B ◦ M ◦ B ◦ M ◦ B, for
every SFB B and every SFMM of 𝑇;

(iii) Q ∩ M = Q ◦ M ◦ Q ◦ M ◦ Q, for
every SFQ Q and every SFMM of𝑇 .

Proof. (i) ⇒ (ii) Assume that 𝑇 is regular.
Let B and M be a SFB and a SFM of 𝑇 ,
respectively. By Lemma 2.5 and Theorem
3.4, we have that B ◦ M ◦ B ◦ M ◦ B ⊆
B∩M. Let 𝑎 ∈ 𝑇 . Then, there exists 𝑥 ∈ 𝑇
such that 𝑎 = 𝑎𝑥𝑎 = 𝑎(𝑥𝑎𝑥)𝑎(𝑥𝑎𝑥)𝑎. Thus,
we have

(𝜇B ◦ 𝜇M ◦ 𝜇B ◦ 𝜇M ◦ 𝜇B)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{(𝜇B ◦ 𝜇M ◦ 𝜇B)(𝑏),

𝜇M (𝑐), 𝜇B (𝑑)}
≥ min{(𝜇B ◦ 𝜇M ◦ 𝜇B) (𝑎(𝑥𝑎𝑥)𝑎),

𝜇M (𝑥𝑎𝑥), 𝜇B (𝑎)}
= min{ sup

𝑎 (𝑥𝑎𝑥)𝑎=𝑘 𝑝𝑞
min{𝜇B (𝑘), 𝜇M (𝑝),

𝜇B (𝑞)}, 𝜇M (𝑥𝑎𝑥), 𝜇B (𝑎)}
≥ min{min{𝜇B (𝑎), 𝜇M (𝑥𝑎𝑥), 𝜇B (𝑎)},

𝜇M (𝑥𝑎𝑥), 𝜇B (𝑎)}
≥ min{𝜇B (𝑎), 𝜇M (𝑎), 𝜇B (𝑎),

𝜇M (𝑎), 𝜇B (𝑎)}
= min{𝜇B (𝑎), 𝜇M (𝑎)}
= (𝜇B ∩ 𝜇M) (𝑎),

(𝜂B ◦ 𝜂M ◦ 𝜂B ◦ 𝜂M ◦ 𝜂B)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{(𝜂B ◦ 𝜂M ◦ 𝜂B)(𝑏),

𝜂M (𝑐), 𝜂B (𝑑)}
≥ min{(𝜂B ◦ 𝜂M ◦ 𝜂B) (𝑎(𝑥𝑎𝑥)𝑎),

𝜂M (𝑥𝑎𝑥), 𝜂B (𝑎)}
= min{ sup

𝑎 (𝑥𝑎𝑥)𝑎=𝑘 𝑝𝑞
min{𝜂B (𝑘), 𝜂M (𝑝),

𝜂B (𝑞)}, 𝜂M (𝑥𝑎𝑥), 𝜂B (𝑎)}
≥ min{min{𝜂B (𝑎), 𝜂M (𝑥𝑎𝑥), 𝜂B (𝑎)},

𝜂M (𝑥𝑎𝑥), 𝜂B (𝑎)}
≥ min{𝜂B (𝑎), 𝜂M (𝑎), 𝜂B (𝑎),

𝜂M (𝑎), 𝜂B (𝑎)}
= min{𝜂B (𝑎), 𝜂M (𝑎)}
= (𝜂B ∩ 𝜂M) (𝑎),

and

(𝜈B ◦ 𝜈M ◦ 𝜈B ◦ 𝜈M ◦ 𝜈B) (𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{(𝜈B ◦ 𝜈M ◦ 𝜈B) (𝑏),

𝜈M (𝑐), 𝜈B (𝑑)}
≤ max{(𝜈B ◦ 𝜈M ◦ 𝜈B)(𝑎(𝑥𝑎𝑥)𝑎),

𝜈M (𝑥𝑎𝑥), 𝜈B (𝑎)}
= max{ inf

𝑎 (𝑥𝑎𝑥)𝑎=𝑘 𝑝𝑞
max{𝜈B (𝑘), 𝜈M (𝑝),

𝜈B (𝑞)}, 𝜈M (𝑥𝑎𝑥), 𝜈B (𝑎)}
≤ min{max{𝜈B (𝑎), 𝜈M (𝑥𝑎𝑥), 𝜈B (𝑎)},

𝜈M (𝑥𝑎𝑥), 𝜈B (𝑎)}
≤ min{𝜈B (𝑎), 𝜈M (𝑎), 𝜈B (𝑎),

𝜈M (𝑎), 𝜈B (𝑎)}
= max{𝜈B (𝑎), 𝜈M (𝑎)}
= (𝜈B ∪ 𝜈M)(𝑎).

Hence, B ∩M ⊆ B ◦M ◦ B ◦M ◦ B. It
turns out that B∩M = B◦M◦B◦M◦B.

(ii) ⇒ (iii) Since every SFQ of 𝑇 is
also a SFB of 𝑇 , it follows that (iii) holds.

(iii)⇒ (i) Let L,M and R be a SFL,
a SFM and a SFR of 𝑇 , respectively. It is
not difficult to verify that R ∩ M ∩ L is a
SFQ of 𝑇 . By the hypothesis, we have that

R ∩M ∩ L
= M ∩ (R ∩M ∩ L)
= (R ∩M ∩ L) ◦M ◦ (R ∩M ∩ L)◦
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M ◦ (R ∩M ∩ L)
⊆ R ◦ (T ◦M ◦ T) ◦ L
⊆ R ◦M ◦ L.

On the other hand, R◦M◦L ⊆ R∩M∩L
always. Thus, R ◦ M ◦ L = R ∩ M ∩ L.
By Theorem 4.3, 𝑇 is regular. □

Lemma 4.8 ([29]). Let𝑇 be a ternary semi-
group. Then, 𝑇 is regular if and only if
𝑅 ∩ 𝐿 = 𝑅𝑇𝐿, for every right ideal 𝑅 and
every left ideal 𝐿 of 𝑇 .

Theorem 4.9. Let 𝑇 be a ternary semi-
group. Then, 𝑇 is regular if and only if
R ∩ L = R ◦ T ◦ L, for each SFL L and
each SFR R of 𝑇 .

Proof. Assume that 𝑇 is regular. Let L and
R be a SFL and a SFR of 𝑇 , respectively.
We note that T is a SFM of 𝑇 . Thus, by
Theorem 4.3, it follows that R ◦ T ◦ L =
R ∩ T ∩ L = R ∩ L. Conversely, let 𝐿
and 𝑅 be any left ideal and right ideal of 𝑇 ,
respectively. By Theorem 3.5, C𝐿 is a SFL
and C𝑅 is a SFR of 𝑇 . Thus, by assumption,
it follows that C𝑅∩C𝐿 = C𝑅◦C𝑇 ◦C𝐿 . Also,
𝑅 ∩ 𝐿 = 𝑅𝑇𝐿 by Lemma 2.3. By Lemma
4.8, 𝑇 is regular.

□

Theorem 4.10. Let 𝑇 be a ternary semi-
group. Then the following statements are
equivalent:

(i) 𝑇 is regular;

(ii) B ∩ L ⊆ B ◦ T ◦ L, for every SFB
B and every SFL L of 𝑇;

(iii) Q ∩ L ⊆ Q ◦ T ◦ L, for every SFQ
Q and every SFL L of 𝑇;

(iv) B ∩R ⊆ R ◦T ◦B, for every SFB B
and every SFR R of 𝑇;

(v) Q ∩ R ⊆ R ◦ T ◦ Q, for every SFQ
Q and every SFR R of 𝑇 .

Proof. (i)⇒ (ii) Let L and B be a SFL and
a SFB of 𝑇 , respectively. For any 𝑎 ∈ 𝑇 ,
there exists 𝑥 ∈ 𝑇 such that 𝑎 = 𝑎𝑥𝑎. Thus,
we have

(𝜇B ◦ 𝜇T ◦ 𝜇L) (𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜇B (𝑏), 𝜇T (𝑐), 𝜇L (𝑑)}

≥ min{𝜇B (𝑎), 𝜇T (𝑥), 𝜇L (𝑎)}
= min{𝜇B (𝑎), 𝜇L (𝑎)}
= (𝜇B ∩ 𝜇L)(𝑎),

(𝜂B ◦ 𝜂T ◦ 𝜂L) (𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜂B (𝑏), 𝜂T (𝑐), 𝜂L (𝑑)}

≥ min{𝜂B (𝑎), 𝜂T (𝑥), 𝜂L (𝑎)}
= min{𝜂B (𝑎), 𝜂L (𝑎)}
= (𝜂B ∩ 𝜂L)(𝑎),

and

(𝜈B ◦ 𝜈T ◦ 𝜈L)(𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{𝜈B (𝑏), 𝜈T (𝑐), 𝜈L (𝑑)}

≤ max{𝜈B (𝑎), 𝜈T (𝑥), 𝜈L (𝑎)}
= max{𝜈B (𝑎), 𝜈L (𝑎)}
= (𝜈B ∪ 𝜈L) (𝑎).

It follows that B ∩ L ⊆ B ◦ T ◦ L.
(ii) ⇒ (iii) Since every SFQ of 𝑇 is

also a SFB of 𝑇 , we obtain that (iii) holds.
(iii)⇒ (i) Let L and R be a SFL and

a SFR of 𝑇 , respectively. Since every SFR
of𝑇 is a SFB of𝑇 , we obtain thatR is a SFQ
of𝑇 . By the given assumption, R∩L ⊆ R◦
T ◦L. On the other hand,R◦T ◦L ⊆ R∩L
always. Hence, R ∩ L = R ◦ T ◦ L. By
Theorem 4.9, we conclude that 𝑇 is regular.

Similarly, we can show that (i)⇒ (iv)
⇒ (v)⇒ (i) holds. □
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Theorem 4.11. Let 𝑇 be a ternary semi-
group. Then the following conditions are
equivalent:

(i) 𝑇 is regular;

(ii) B1∩B2 ⊆ (B1 ◦T ◦B2) ∩ (B2 ◦T ◦
B1), for any two SFBs B1 and B2 of
𝑇;

(iii) Q1∩Q2 ⊆ (Q1 ◦T ◦Q2) ∩ (Q2 ◦T ◦
Q1), for any two SFQs Q1 and Q2 of
𝑇;

(iv) B ∩L ⊆ (B ◦T ◦L) ∩ (L ◦T ◦B),
for every SFB B and every SFL L of
𝑇;

(v) Q ∩L ⊆ (Q ◦T ◦L) ∩ (L ◦T ◦Q),
for every SFQ Q and every SFL L of
𝑇;

(vi) B ∩R ⊆ (R ◦ T ◦B) ∩ (B ◦ T ◦R),
for every SFB B and every SFR R of
𝑇;

(vii) Q ∩R ⊆ (R ◦ T ◦ Q) ∩ (Q ◦ T ◦ R),
for every SFQ Q and every SFR R of
𝑇;

(viii) R ∩L ⊆ (R ◦ T ◦L) ∩ (L ◦ T ◦R),
for every SFL L and every SFR R of
𝑇 .

Proof. (i)⇒ (ii) Let B1 and B2 be SFBs of
𝑇 , let 𝑎 ∈ 𝑇 . Then, there exists 𝑥 ∈ 𝑇 such
that 𝑎 = 𝑎𝑥𝑎. It turns out that

((𝜇B1 ◦ 𝜇T ◦ 𝜇B2) ∩ (𝜇B2 ◦ 𝜇T ◦ 𝜇B1)) (𝑎)
= min{(𝜇B1 ◦ 𝜇T ◦ 𝜇B2) (𝑎),

(𝜇B2 ◦ 𝜇T ◦ 𝜇B1)(𝑎)}
= min{ sup

𝑎=𝑏𝑐𝑑
min{𝜇B1 (𝑏), 𝜇T (𝑐), 𝜇B2 (𝑑)},

sup
𝑎=𝑘 𝑝𝑞

min{𝜇B2 (𝑘), 𝜇T (𝑝), 𝜇B1 (𝑞)}}

≥ min{min{𝜇B1 (𝑎), 𝜇T (𝑥), 𝜇B2 (𝑎)},
min{𝜇B2 (𝑎), 𝜇T (𝑥), 𝜇B1 (𝑎)}}

= min{𝜇B1 (𝑎), 𝜇B2 (𝑎)}
= (𝜇B1 ∩ 𝜇B2) (𝑎),

((𝜂B1 ◦ 𝜂T ◦ 𝜂B2) ∩ (𝜂B2 ◦ 𝜂T ◦ 𝜂B1)) (𝑎)
= min{(𝜂B1 ◦ 𝜂T ◦ 𝜂B2) (𝑎),

(𝜂B2 ◦ 𝜂T ◦ 𝜂B1)(𝑎)}
= min{ sup

𝑎=𝑏𝑐𝑑
min{𝜂B1 (𝑏), 𝜂T (𝑐), 𝜂B2 (𝑑)},

sup
𝑎=𝑘 𝑝𝑞

min{𝜂B2 (𝑘), 𝜂T (𝑝), 𝜂B1 (𝑞)}}

≥ min{min{𝜂B1 (𝑎), 𝜂T (𝑥), 𝜂B2 (𝑎)},
min{𝜂B2 (𝑎), 𝜂T (𝑥), 𝜂B1 (𝑎)}}

= min{𝜂B1 (𝑎), 𝜂B2 (𝑎)}
= (𝜂B1 ∩ 𝜂B2) (𝑎),

and

((𝜈B1 ◦ 𝜈T ◦ 𝜈B2) ∩ (𝜈B2 ◦ 𝜈T ◦ 𝜈B1)) (𝑎)
= max{(𝜈B1 ◦ 𝜈T ◦ 𝜈B2) (𝑎),

(𝜈B2 ◦ 𝜈T ◦ 𝜈B1)(𝑎)}
= max{ inf

𝑎=𝑏𝑐𝑑
max{𝜈B1 (𝑏), 𝜈T (𝑐), 𝜈B2 (𝑑)},

inf
𝑎=𝑘 𝑝𝑞

max{𝜈B2 (𝑘), 𝜈T (𝑝), 𝜈B1 (𝑞)}}

≤ max{max{𝜈B1 (𝑎), 𝜈T (𝑥), 𝜈B2 (𝑎)},
max{𝜈B2 (𝑎), 𝜈T (𝑥), 𝜈B1 (𝑎)}}

= max{𝜈B1 (𝑎), 𝜈B2 (𝑎)}
= (𝜈B1 ∪ 𝜈B2) (𝑎).

This implies thatB1∩B2 ⊆ (B1◦T ◦B2)∩
(B2 ◦ T ◦ B1).

(ii)⇒ (iii) Since every SFQ of 𝑇 is a
SFB of 𝑇 , it follows that (iii) holds.

(iii)⇒ (i) Let L and R be a SFL and
a SFR of 𝑇 , respectively. It is not difficult
to verify that R ∩ L is a SFQ of 𝑇 . Then,
by assumption, we have that

R ∩ L
= (R ∩ L) ∩ (R ∩ L)
⊆ ((R ∩ L) ◦ T ◦ (R ∩ L))
∩ ((R ∩ L) ◦ T ◦ (R ∩ L))
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= (R ∩ L) ◦ T ◦ (R ∩ L)
⊆ R ◦ T ◦ L.

Otherwise, R ◦T ◦L ⊆ R∩L. This shows
that R ∩ L = R ◦ T ◦ L. By Theorem 4.9,
𝑇 is regular.

Similarly, we can prove that (i) ⇒
(iv) ⇒ (v) ⇒ (i), (i) ⇒ (vi) ⇒ (vii) ⇒ (i)
and (i)⇔ (viii) hold. □

Theorem 4.12. Let 𝑇 be a ternary semi-
group. Then the following statements are
equivalent:

(i) 𝑇 is regular;

(ii) B∩I∩L ⊆ B◦I◦L, for every SFB
B, every SFI I and every SFL L of
𝑇;

(iii) Q ∩ I ∩ L ⊆ Q ◦ I ◦ L, for every
SFQ Q, every SFI I and every SFL
L of 𝑇;

(iv) R ∩ I ∩ B ⊆ R ◦ I ◦ B, for every
SFB B, every SFI I and every SFR
R of 𝑇;

(v) R ∩ I ∩ Q ⊆ R ◦ I ◦ Q, for every
SFQ Q, every SFI I and every SFR
R of 𝑇;

(vi) B ∩M ∩ L ⊆ B ◦M ◦ L, for every
SFB B, every SFMM and every SFL
L of 𝑇;

(vii) Q ∩M ∩ L ⊆ Q ◦M ◦ L, for every
SFQQ, every SFMM and every SFL
L of 𝑇;

(viii) R ∩M ∩ B ⊆ R ◦M ◦ B, for every
SFBB, every SFMM and every SFR
R of 𝑇 .

(ix) R ∩M ∩ Q ⊆ R ◦M ◦ Q, for every
SFQQ, every SFMM and every SFR
R of 𝑇 .

Proof. (i)⇒ (ii) Let L, I and B be a SFL,
a SFI and a SFB of 𝑇 , respectively, and let
𝑎 ∈ 𝑇 . So, 𝑎 = 𝑎𝑥𝑎 = 𝑎(𝑥𝑎𝑥)𝑎 for some
𝑥 ∈ 𝑇 . Thus, we have

(𝜇B ◦ 𝜇I ◦ 𝜇L) (𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜇B (𝑏), 𝜇I (𝑐), 𝜇L (𝑑)}

≥ min{𝜇B (𝑎), 𝜇I (𝑥𝑎𝑥), 𝜇L (𝑎)}
≥ min{𝜇B (𝑎), 𝜇I (𝑎), 𝜇L (𝑎)}
= (𝜇B ∩ 𝜇I ∩ 𝜇L) (𝑎),

(𝜂B ◦ 𝜂I ◦ 𝜂L) (𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜂B (𝑏), 𝜂I (𝑐), 𝜂L (𝑑)}

≥ min{𝜂B (𝑎), 𝜂I (𝑥𝑎𝑥), 𝜂L (𝑎)}
≥ min{𝜂B (𝑎), 𝜂I (𝑎), 𝜂L (𝑎)}
= (𝜂B ∩ 𝜂I ∩ 𝜂L)(𝑎)

and

(𝜈B ◦ 𝜈I ◦ 𝜈L) (𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{𝜈B (𝑏), 𝜈I (𝑐), 𝜈L (𝑑)}

≤ max{𝜈B (𝑎), 𝜈I (𝑥𝑎𝑥), 𝜈L (𝑎)}
≤ max{𝜈B (𝑎), 𝜈I (𝑎), 𝜈L (𝑎)}
= (𝜈B ∪ 𝜈I ∪ 𝜈L)(𝑎).

This implies that B ∩ I ∩ L ⊆ B ◦ I ◦ L.
(ii)⇒ (iii) Since for any SFQ of 𝑇 is

also a SFB of 𝑇 , this implies that (iii) holds.
(iii) ⇒ (i) Let L and R be a SFl and

a SFR of 𝑇 , respectively. Also, R is a SFQ
of 𝑇 . Moreover, the SFS T on 𝑇 is a SFI of
𝑇 . By the given assumption, we have that
R ∩ L = R ∩ T ∩ L ⊆ R ◦ T ◦ L. On the
other hand, R ◦ T ◦ L ⊆ R ∩ L. Hence,
R ∩ L = R ◦ T ◦ L. By Theorem 4.9, 𝑇 is
regular.

Similarly, we can prove that (i) ⇒
(iv) ⇒ (v) ⇒ (i), (i) ⇒ (vi) ⇒ (vii) ⇒ (i)
and (i)⇒ (viii)⇒ (ix)⇒ (i) hold. □
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5. Weakly Regular Ternary Semi-
groups

In this section, we characterize (resp.,
right, left) weakly regular ternary semi-
groups using the concepts of various kinds
of spherical fuzzy ideals in ternary semi-
groups. Finally, we give some characteri-
zation of both regular and weakly regular
ternary semigroups in terms of their spheri-
cal fuzzy ideals.

Definition 5.1 (cf. [29]). A ternary semi-
group 𝑇 is called right (resp., left) weakly
regular, if for each 𝑎 ∈ 𝑇 , 𝑎 ∈ (𝑎𝑇𝑇)3
(resp., 𝑎 ∈ (𝑇𝑇𝑎)3). If 𝑇 is both right and
left weakly regular, then it is called weakly
regular.

It is known that every regular ternary
semigroup is right (resp., left) weakly, but
the converse is not always true in general.

Lemma 5.2 ([29]). Let𝑇 be a ternary semi-
group. Then, 𝑇 is right weakly regular if
and only if 𝑅 ∩𝑊 = 𝑅𝑊𝑊 , for every right
ideal 𝑅 and every two-sided ideal𝑊 of 𝑇 .

Theorem 5.3. Let 𝑇 be a ternary semi-
group. Then, 𝑇 is right weakly regular if
and only if R∩W = R ◦W◦W, for every
SFR R and every SFT W of 𝑇 .

Proof. Assume that 𝑇 is right weakly reg-
ular. Let R and W be a SFR and a SFT
of 𝑇 , respectively. Let 𝑎 ∈ 𝑇 . Then, there
exist 𝑠1, 𝑠2, 𝑠3, 𝑡1, 𝑡2, 𝑡3 ∈ 𝑆 such that 𝑎 =
(𝑎𝑠1𝑡1)(𝑎𝑠2𝑡2) (𝑎𝑠3𝑡3). Thus ,we have

(𝜇R ◦ 𝜇W ◦ 𝜇W)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜇R (𝑏), 𝜇W (𝑐), 𝜇W (𝑑)}

≥ min{𝜇R (𝑎𝑠1𝑡1), 𝜇W (𝑎𝑠2𝑡2), 𝜇W (𝑎𝑠3𝑡3)}
≥ min{𝜇R (𝑎), 𝜇W (𝑎), 𝜇W (𝑎)}
= min{𝜇R (𝑎), 𝜇W (𝑎)}
= (𝜇R ∩ 𝜇W)(𝑎),

(𝜂R ◦ 𝜂W ◦ 𝜂W)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜂R (𝑏), 𝜂W (𝑐), 𝜂W (𝑑)}

≥ min{𝜂R (𝑎𝑠1𝑡1), 𝜂W (𝑎𝑠2𝑡2), 𝜂W (𝑎𝑠3𝑡3)}
≥ min{𝜂R (𝑎), 𝜂W (𝑎), 𝜂W (𝑎)}
= min{𝜂R (𝑎), 𝜂W (𝑎)}
= (𝜂R ∩ 𝜂W) (𝑎)

and

(𝜈R ◦ 𝜈W ◦ 𝜈W) (𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{𝜈R (𝑏), 𝜈W (𝑐), 𝜈W (𝑑)}

≤ max{𝜈R (𝑎𝑠1𝑡1), 𝜈W (𝑎𝑠2𝑡2), 𝜈W (𝑎𝑠3𝑡3)}
≤ max{𝜈R (𝑎), 𝜈W (𝑎), 𝜈W (𝑎)}
= max{𝜈R (𝑎), 𝜈W (𝑎)}
= (𝜈R ∪ 𝜈W)(𝑎).

It follows that R ∩W ⊆ R ◦W ◦W. On
the other hand, R ◦ W ◦ W ⊆ R ∩ W.
Therefore, R ∩W = R ◦W ◦W.

Conversely, let 𝑅 be a right ideal and
𝑊 be a two-sided ideal of 𝑇 . Then, by The-
orem 3.5, we get that C𝑅 is a SFR and C𝑊 is
a SFT of 𝑇 . By the hypothesis, C𝑅 ∩ C𝑊 =
C𝑅 ◦ C𝑊 ◦ C𝑊 . Thus, using Lemma 2.3, it
follows that 𝑅∩𝑊 = 𝑅𝑊𝑊 . Consequently,
𝑇 is right weakly regular by Lemma 5.2. □

Theorem 5.4. Let 𝑇 be a ternary semi-
group. Then the following conditions are
equivalent:

(i) 𝑇 is right weakly regular;

(ii) B ∩W ∩R ⊆ B ◦W ◦ R, for every
SFB B, every SFTW and every SFR
R of 𝑇;

(iii) Q ∩W ∩R ⊆ Q ◦W ◦ R, for every
SFQ Q, every SFTW and every SFR
R of 𝑇 .

Proof. (i)⇒ (ii) LetB,W andR be a SFB,
a SFT and a SFR of 𝑇 , respectively. Let 𝑎 ∈
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𝑇 . Then, there exist 𝑠1, 𝑠2, 𝑠3, 𝑡1, 𝑡2, 𝑡3 ∈
𝑇 such that 𝑎 = (𝑎𝑠1𝑡1)(𝑎𝑠2𝑡2) (𝑎𝑠3𝑡3) =
𝑎(𝑠1𝑡1𝑎𝑠2𝑡2) (𝑎𝑠3𝑡3). So, consider

(𝜇B ◦ 𝜇W ◦ 𝜇R)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜇B (𝑏), 𝜇W (𝑐), 𝜇R (𝑑)}

≥ min{𝜇B (𝑎), 𝜇W (𝑠1𝑡1𝑎𝑠2𝑡2), 𝜇R (𝑎𝑠3𝑡3)}
≥ min{𝜇B (𝑎), 𝜇W (𝑠1𝑡1𝑎), 𝜇R (𝑎)}
≥ min{𝜇B (𝑎), 𝜇W (𝑎), 𝜇R (𝑎)}
= (𝜇B ∩ 𝜇W ∩ 𝜇R)(𝑎),

(𝜂B ◦ 𝜂W ◦ 𝜂R)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜂B (𝑏), 𝜂W (𝑐), 𝜂R (𝑑)}

≥ min{𝜂B (𝑎), 𝜂W (𝑠1𝑡1𝑎𝑠2𝑡2), 𝜂R (𝑎𝑠3𝑡3)}
≥ min{𝜂B (𝑎), 𝜂W (𝑠1𝑡1𝑎), 𝜂R (𝑎)}
≥ min{𝜂B (𝑎), 𝜂W (𝑎), 𝜂R (𝑎)}
= (𝜂B ∩ 𝜂W ∩ 𝜂R)(𝑎)

and

(𝜈B ◦ 𝜈W ◦ 𝜈R) (𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{𝜈B (𝑏), 𝜈W (𝑐), 𝜈R (𝑑)}

≤ max{𝜈B (𝑎), 𝜈W (𝑠1𝑡1𝑎𝑠2𝑡2), 𝜈R (𝑎𝑠3𝑡3)}
≤ max{𝜈B (𝑎), 𝜈W (𝑠1𝑡1𝑎), 𝜈R (𝑎)}
≤ max{𝜈B (𝑎), 𝜈W (𝑎), 𝜈R (𝑎)}
= (𝜈B ∪ 𝜈W ∪ 𝜈R) (𝑎).

This shows that B ∩W∩R ⊆ B ◦W ◦R.
(ii)⇒ (iii) Since every SFQ of 𝑇 is a

SFB of 𝑇 , this implies that (iii) holds.
(iii) ⇒ (i) Let R and W be a SFR

and a SFT of 𝑇 , respectively. Then, R is
also a SFQ of 𝑇 by Proposition 2.9. Thus,
using the given assumption, we have that
R ∩ W = R ∩ W ∩ W ⊆ R ◦ W ◦ W.
Otherwise, R ◦W ◦W ⊆ R ∩W always.
Hence, R◦W◦W = R∩W. By Theorem
5.3, 𝑇 is right weakly regular. □

The following theorem can be proved
similar to Theorem 5.4.

Theorem 5.5. Let 𝑇 be a ternary semi-
group. Then the following statements are
equivalent:

(i) 𝑇 is right weakly regular;

(ii) B∩W ⊆ B◦W◦W, for every SFB
B and every SFT W of 𝑇;

(iii) Q∩W ⊆ Q◦W◦W, for every SFQ
Q and every SFT W of 𝑇 .

Lemma 5.6 ([30]). Let𝑇 be a ternary semi-
group. Then, 𝑇 is right (resp., left) weakly
regular if and only if 𝐴1 ∩ 𝐴2 ∩ 𝐴3 ⊆
𝐴1𝐴2𝐴3, for every right (resp., left) ideals
𝐴1, 𝐴2, 𝐴3 of 𝑇 .

Theorem 5.7. Let 𝑇 be a ternary semi-
group. Then the following conditions are
equivalent:

(i) 𝑇 is right weakly regular;

(ii) R1 ∩ R2 ∩ R3 ⊆ R1 ◦ R2 ◦ R3, for
every SFRs R1,R2,R3 of 𝑇 .

Proof. (i) ⇒ (ii) Assume that 𝑇 is right
weakly regular. Let R1,R2 and R3 be
SFRs of 𝑇 . Let 𝑎 ∈ 𝑇 . Then, there ex-
ist 𝑠1, 𝑠2, 𝑠3, 𝑡1, 𝑡2, 𝑡3 ∈ 𝑇 such that 𝑎 =
(𝑎𝑠1𝑡1) (𝑎𝑠2𝑡2) (𝑎𝑠3𝑡3). So, we have

(𝜇R1 ◦ 𝜇R2 ◦ 𝜇R3)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜇R1 (𝑏), 𝜇R2 (𝑐), 𝜇R3 (𝑑)}

≥ min{𝜇R1 (𝑎𝑠1𝑡1), 𝜇R2 (𝑎𝑠2𝑡2), 𝜇R3 (𝑎𝑠3𝑡3)}
≥ min{𝜇R1 (𝑎), 𝜇R2 (𝑎), 𝜇R3 (𝑎)}
= (𝜇R1 ∩ 𝜇R2 ∩ 𝜇R3)(𝑎),

(𝜂R1 ◦ 𝜂R2 ◦ 𝜂R3)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜂R1 (𝑏), 𝜂R2 (𝑐), 𝜂R3 (𝑑)}

≥ min{𝜂R1 (𝑎𝑠1𝑡1), 𝜂R2 (𝑎𝑠2𝑡2), 𝜂R3 (𝑎𝑠3𝑡3)}
≥ min{𝜂R1 (𝑎), 𝜂R2 (𝑎), 𝜂R3 (𝑎)}
= (𝜂R1 ∩ 𝜂R2 ∩ 𝜂R3) (𝑎)
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and

(𝜈R1 ◦ 𝜈R2 ◦ 𝜈R3)(𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{𝜈R1 (𝑏), 𝜈R2 (𝑐), 𝜈R3 (𝑑)}

≤ max{𝜈R1 (𝑎𝑠1𝑡1), 𝜈R2 (𝑎𝑠2𝑡2), 𝜈R3 (𝑎𝑠3𝑡3)}
≤ max{𝜈R1 (𝑎), 𝜈R2 (𝑎), 𝜈R3 (𝑎)}
= (𝜈R1 ∪ 𝜈R2 ∪ 𝜈R3) (𝑎).

Hence, R1 ∩ R2 ∩ R3 ⊆ R1 ◦ R2 ◦ R3.
(ii) ⇒ (i) Let 𝑅1, 𝑅2 and 𝑅3 be right

ideals of 𝑇 . By Theorem 3.5, we have that
C𝑅1 , C𝑅2 and C𝑅3 are SFRs of 𝑇 . Then, us-
ing the assumption, it follows that C𝑅1 ∩
C𝑅2 ∩ C𝑅3 ⊆ C𝑅1 ◦ C𝑅2 ◦ C𝑅3 . By Lemma
2.3, this implies that 𝑅1 ∩ 𝑅2 ∩ 𝑅3 ⊆
𝑅1𝑅2𝑅3. Therefore, 𝑇 is right weakly reg-
ular, by Lemma 5.6. □

The following theorem holds if 𝑇 is a
left weakly regular ternary semigroup.

Theorem 5.8. Let 𝑇 be a ternary semi-
group. Then the following conditions are
equivalent:

(i) 𝑇 is left weakly regular;

(ii) L1 ∩ L2 ∩ L3 ⊆ L1 ◦ L2 ◦ L3, for
every SFLs L1,L2,L3 of 𝑇 .

Now, we present that a SFS A on a
ternary semigroup 𝑇 is called idempotent, if
A = A ◦ A ◦ A.

Theorem 5.9. Let 𝑇 be a ternary semi-
group. Then, 𝑇 is right (resp., left) weakly
regular if and only if every SFR (resp., SFL)
of 𝑇 is idempotent.

Proof. Assume that 𝑇 is right weakly regu-
lar. Let R be a SFR of 𝑇 . By Lemma 2.5,
R ◦R ◦R ⊆ R ◦T ◦T ⊆ R. Otherwise, by
Theorem 5.7, implies that R = R∩R∩R ⊆
R ◦ R ◦ R. Hence, R = R ◦ R ◦ R. Con-
versely, let 𝑎 ∈ 𝑇 . Consider 𝐴 = 𝑎 ∪ 𝑎𝑆𝑆.

It is easy to show that 𝐴 is a right ideal of 𝑇
containing 𝑎. By Theorem 3.5, C𝐴 is a SFR
of 𝑇 . Then, by the hypothesis and Lemma
2.3, we have that C𝐴 = C𝐴 ◦ C𝐴 ◦ C𝐴 =
C𝐴𝐴𝐴. Also, 𝐴 = 𝐴𝐴𝐴. We obtain that
𝑎 ∈ 𝐴𝐴𝐴. Hence, we have

𝑎 ∈ (𝑎 ∪ 𝑎𝑆𝑆) (𝑎 ∪ 𝑎𝑆𝑆) (𝑎 ∪ 𝑎𝑆𝑆)
⊆ 𝑎𝑎𝑎 ∪ 𝑎𝑎𝑎𝑆𝑆 ∪ 𝑎𝑎𝑆𝑆𝑎 ∪ 𝑎𝑎𝑆𝑆𝑎𝑆𝑆

∪ 𝑎𝑆𝑆𝑎𝑎 ∪ 𝑎𝑆𝑆𝑎𝑎𝑆𝑆 ∪ 𝑎𝑆𝑆𝑎𝑆𝑆𝑎

∪ 𝑎𝑆𝑆𝑎𝑆𝑆𝑎𝑆𝑆.

For each case, it follows that 𝑎 ∈ (𝑎𝑆𝑆)3.
Therefore, 𝑇 is right weakly regular.

For other cases, we can prove simi-
larly. □

Theorem 5.10. Let 𝑇 be a weakly regu-
lar ternary semigroup and Q be a SFS of
𝑇 . Then, Q is a SFQ of 𝑇 if and only if
Q = (T ◦ T ◦ Q) ∩ (Q ◦ T ◦ T ).

Proof. The sufficiency of the proof is obvi-
ous. Now, let Q be a SFQ of 𝑇 . By Lemma
2.4, we obtain that Q ◦ T ◦ T is a SFR of
𝑇 . Then, using Theorem 5.9, we get that
Q ◦ T ◦ T = (Q ◦ T ◦ T ) ◦ Q ◦ (T ◦ T ◦
Q ◦ T ◦ T ) ⊆ T ◦ Q ◦ T . It turns out that

(T ◦ T ◦ Q) ∩ (Q ◦ T ◦ T )
⊆ (T ◦ T ◦ Q) ∩ (T ◦ Q ◦ T ) ∩ (Q ◦ T ◦ T )
⊆ (T ◦ T ◦ Q) ∩ (T ◦ Q ◦ T
∪ T ◦ T ◦ Q ◦ T ◦ T ) ∩ (Q ◦ T ◦ T )

⊆ Q.

On the other hand, let 𝑎 ∈ 𝑇 . Then, there
exist 𝑠1, 𝑠2, 𝑠3, 𝑡1, 𝑡2, 𝑡3 ∈ 𝑇 such that 𝑎 =
(𝑠1𝑡1𝑎) (𝑠2𝑡2𝑎𝑠3𝑡3)𝑎. So, we have

(𝜇T ◦ 𝜇T ◦ 𝜇Q)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜇T (𝑏), 𝜇T (𝑐), 𝜇Q (𝑑)}

≥ min{𝜇T (𝑠1𝑡1𝑎), 𝜇T (𝑠2𝑡2𝑎𝑠3𝑡3), 𝜇Q (𝑎)}
= 𝜇Q (𝑎),
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(𝜂T ◦ 𝜂T ◦ 𝜂Q) (𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜂T (𝑏), 𝜂T (𝑐), 𝜂Q (𝑑)}

≥ min{𝜂T (𝑠1𝑡1𝑎), 𝜂T (𝑠2𝑡2𝑎𝑠3𝑡3), 𝜂Q (𝑎)}
= 𝜂Q (𝑎)

and

(𝜈T ◦ 𝜈T ◦ 𝜈Q) (𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{𝜈T (𝑏), 𝜈T (𝑐), 𝜈Q (𝑑)}

≤ max{𝜈T (𝑠1𝑡1𝑎), 𝜈T (𝑠2𝑡2𝑎𝑠3𝑡3), 𝜈Q (𝑎)}
= 𝜈Q (𝑎).

This means that Q ⊆ T ◦ T ◦ Q. Similarly,
we can show that Q ⊆ Q ◦ T ◦ T . Hence,
Q ⊆ (T ◦ T ◦ Q) ∩ (Q ◦ T ◦ T ). Conse-
quently, Q = (T ◦T ◦Q)∩ (Q◦T ◦T ). □

Theorem 5.11. Let 𝑇 be a ternary semi-
group. Then,𝑇 is weakly regular if and only
if Q = (T ◦ T ◦ Q)3 ∩ (Q ◦ T ◦ T )3, for
any SFQ Q of 𝑇 .

Proof. Assume that 𝑇 is weakly regular.
Let 𝑄 be a SFQ of 𝑇 . By Lemma 2.4 and
Theorem 5.9, we have that the SFLT◦T◦Q
and the SFR Q ◦ T ◦ T of 𝑇 are idem-
potent. By Theorem 5.10, it follows that
Q = (T ◦T ◦Q) ∩ (Q ◦T ◦T ) = (T ◦T ◦
Q)3 ∩ (Q ◦T ◦T )3. Conversely, let R be a
SFR of𝑇 . Also, R is a SFQ of𝑇 by Proposi-
tion 2.9. Then, using the given assumption,
we have R = (T ◦T ◦R)3∩(R◦T ◦T )3 ⊆
(R ◦T ◦T )3 ⊆ R ◦R ◦R ⊆ R. This shows
that R = R ◦R ◦R, that is, R is idempotent.
Hence, 𝑇 is right weakly regular. Similarly,
we obtain that 𝑇 is left weakly regular by
Theorem 5.9. Therefore, 𝑇 is weakly regu-
lar. □

Lemma 5.12 ([31]). Let 𝑇 be a ternary
semigroup. Then the following statements
are equivalent:

(i) 𝑇 is both regular and weakly regular;

(ii) 𝑎 ∈ 𝑎𝑆𝑆𝑎𝑆𝑆𝑎, for any 𝑎 ∈ 𝑇;

(iii) 𝑅 ∩𝑊 ∩ 𝐿 ⊆ 𝑅𝑊𝐿, for every right
ideal 𝑅, every two-sided ideal𝑊 and
every left ideal 𝐿 of 𝑇;

(iv) 𝑅∩𝐿 ⊆ 𝑅𝐿𝑇𝑅𝐿, for every right ideal
𝑅 and every left ideal 𝐿 of 𝑇 .

Theorem 5.13. Let 𝑇 be a ternary semi-
group. Then the following conditions are
equivalent:

(i) 𝑇 is both regular and weakly regular;

(ii) R ∩W ∩L ⊆ R ◦W ◦L, for every
SFR R, every SFTW and every SFL
L of 𝑇;

(iii) R∩L ⊆ R ◦L ◦T ◦R ◦L, for every
SFR R and every SFL L of 𝑇 .

Proof. (i)⇒ (ii) LetR,W andL be a SFR,
a SFT and a SFL of 𝑇 , respectively. Let 𝑎 ∈
𝑇 . By Lemma 5.12, 𝑎 = 𝑎𝑠𝑡𝑎𝑥𝑦𝑎 for some
𝑠, 𝑡, 𝑥, 𝑦 ∈ 𝑇 . Then, we have

(𝜇R ◦ 𝜇W ◦ 𝜇L)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜇R (𝑏), 𝜇W (𝑐), 𝜇L (𝑑)}

≥ min{𝜇R (𝑎𝑠𝑡), 𝜇W (𝑎𝑥𝑦), 𝜇L (𝑎)}
≥ min{𝜇R (𝑎), 𝜇W (𝑎), 𝜇L (𝑎)}
= (𝜇R ∩ 𝜇W ∩ 𝜇L)(𝑎),

(𝜂R ◦ 𝜂W ◦ 𝜂L)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{𝜂R (𝑏), 𝜂W (𝑐), 𝜂L (𝑑)}

≥ min{𝜂R (𝑎𝑠𝑡), 𝜂W (𝑎𝑥𝑦), 𝜂L (𝑎)}
≥ min{𝜂R (𝑎), 𝜂W (𝑎), 𝜂L (𝑎)}
= (𝜂R ∩ 𝜂W ∩ 𝜂L)(𝑎)

and

(𝜈R ◦ 𝜈W ◦ 𝜈L)(𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{𝜈R (𝑏), 𝜈W (𝑐), 𝜈L (𝑑)}
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≤ max{𝜈R (𝑎𝑠𝑡), 𝜈W (𝑎𝑥𝑦), 𝜈L (𝑎)}
≤ max{𝜈R (𝑎), 𝜈W (𝑎), 𝜈L (𝑎)}
= (𝜈R ∪ 𝜈W ∪ 𝜈L)(𝑎).

This shows that R ∩W∩L ⊆ R ◦W ◦L.
(ii)⇒ (iii) Let R be a SFR and L be

a SFL of 𝑇 . For any 𝑎 ∈ 𝑇 , 𝑎 = 𝑎𝑠𝑡𝑎𝑥𝑦𝑎
for some 𝑠, 𝑡, 𝑥, 𝑦 ∈ 𝑇 by Lemma 5.12. So,
𝑎 = 𝑎(𝑠𝑡𝑎)(𝑥𝑦𝑎𝑠𝑡)(𝑎𝑥𝑦)𝑎. Thus, we have

(𝜇R ◦ 𝜇L ◦ 𝜇T ◦ 𝜇R ◦ 𝜇L) (𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{(𝜇R ◦ 𝜇L ◦ 𝜇T) (𝑏),

𝜇R (𝑐), 𝜇L (𝑑)}
≥ min{(𝜇R ◦ 𝜇L ◦ 𝜇T)(𝑎𝑠𝑡𝑎𝑥𝑦𝑎𝑠𝑡),

𝜇R (𝑎𝑥𝑦), 𝜇L (𝑎)}
= min{ sup

𝑎𝑠𝑡𝑎𝑥𝑦𝑎𝑠𝑡=𝑚𝑛𝑘
min{𝜇R (𝑚), 𝜇L (𝑛),

𝜇T (𝑘)}, 𝜇R (𝑎𝑥𝑦), 𝜇L (𝑎)}
≥ min{min{𝜇R (𝑎), 𝜇L (𝑠𝑡𝑎), 𝜇T (𝑥𝑦𝑎𝑠𝑡)},

𝜇R (𝑎𝑥𝑦), 𝜇L (𝑎)}
≥ min{𝜇R (𝑎), 𝜇L (𝑎), 𝜇T (𝑎),

𝜇R (𝑎), 𝜇L (𝑎)}
= min{𝜇R (𝑎), 𝜇L (𝑎)}
= (𝜇R ∩ 𝜇L) (𝑎),

(𝜂R ◦ 𝜂L ◦ 𝜂T ◦ 𝜂R ◦ 𝜂L)(𝑎)
= sup

𝑎=𝑏𝑐𝑑
min{(𝜂R ◦ 𝜂L ◦ 𝜂T)(𝑏),

𝜂R (𝑐), 𝜂L (𝑑)}
≥ min{(𝜂R ◦ 𝜂L ◦ 𝜂T) (𝑎𝑠𝑡𝑎𝑥𝑦𝑎𝑠𝑡),

𝜂R (𝑎𝑥𝑦), 𝜂L (𝑎)}
= min{ sup

𝑎𝑠𝑡𝑎𝑥𝑦𝑎𝑠𝑡=𝑚𝑛𝑘
min{𝜂R (𝑚), 𝜂L (𝑛),

𝜂T (𝑘)}, 𝜂R (𝑎𝑥𝑦), 𝜂L (𝑎)}
≥ min{min{𝜂R (𝑎), 𝜂L (𝑠𝑡𝑎), 𝜂T (𝑥𝑦𝑎𝑠𝑡)},

𝜂R (𝑎𝑥𝑦), 𝜂L (𝑎)}
≥ min{𝜂R (𝑎), 𝜂L (𝑎), 𝜂T (𝑎),

𝜂R (𝑎), 𝜂L (𝑎)}
= min{𝜂R (𝑎), 𝜂L (𝑎)}

= (𝜂R ∩ 𝜂L)(𝑎),

and

(𝜈R ◦ 𝜈L ◦ 𝜈T ◦ 𝜈R ◦ 𝜈L) (𝑎)
= inf

𝑎=𝑏𝑐𝑑
max{(𝜈R ◦ 𝜈L ◦ 𝜈T) (𝑏),

𝜈R (𝑐), 𝜈L (𝑑)}
≤ max{(𝜈R ◦ 𝜈L ◦ 𝜈T)(𝑎𝑠𝑡𝑎𝑥𝑦𝑎𝑠𝑡),

𝜈R (𝑎𝑥𝑦), 𝜈L (𝑎)}
= max{ inf

𝑎𝑠𝑡𝑎𝑥𝑦𝑎𝑠𝑡=𝑚𝑛𝑘
max{𝜈R (𝑚), 𝜈L (𝑛),

𝜈T (𝑘)}, 𝜈R (𝑎𝑥𝑦), 𝜈L (𝑎)}
≤ max{max{𝜈R (𝑎), 𝜈L (𝑠𝑡𝑎), 𝜈T (𝑥𝑦𝑎𝑠𝑡)},

𝜈R (𝑎𝑥𝑦), 𝜈L (𝑎)}
≤ max{𝜈R (𝑎), 𝜈L (𝑎), 𝜈T (𝑎),

𝜈R (𝑎), 𝜈L (𝑎)}
= max{𝜈R (𝑎), 𝜈L (𝑎)}
= (𝜈R ∪ 𝜈L)(𝑎).

Hence, R ∩ L ⊆ R ◦ L ◦ T ◦ R ◦ L.
The proofs of (ii) ⇒ (i) and (iii) ⇒

(i) are obtained by considering the spherical
characteristic functions. □

6. Conclusion
In 2022, Krailoet at el. [24] intro-

duced the notions of spherical fuzzy ternary
subsemigroups and spherical fuzzy (resp.,
left, lateral, right) ideals of ternary semi-
groups. In this article, we have introduced
two additional concepts: spherical fuzzy
quasi-ideals and spherical fuzzy bi-ideals of
ternary semigroups. Then, we considered
the relationships between various kinds of
ideals and their spherical fuzzy ideals in
ternary semigroups.

In Section 4, we characterized reg-
ular ternary semigroups in terms of spher-
ical fuzzy left (resp., lateral, right) ide-
als, spherical fuzzy quasi-ideals and spher-
ical fuzzy bi-ideals of ternary semigroups
which accrued in Theorem 4.3, Theorem
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4.4 and Theorem 4.9. Subsequently, it
was shown in Proposition 4.6 that spheri-
cal fuzzy quasi-ideals and spherical fuzzy
bi-ideals coincide in a regular ternary semi-
group.

In Section 5, the characterizations of
weakly regular ternary semigroups by the
concepts of many types of spherical fuzzy
ideals of ternary semigroups are verified as
shown in Theorem 5.3, Theorem 5.7 and
Theorem 5.9. Finally, in Theorem 5.13, we
gave some characterization of both regular
and weakly regular ternary semigroups us-
ing their spherical fuzzy ideals of ternary
semigroups.

In our future work, it will be possi-
ble to characterize many classes of regular-
ities of ternary semigroups or other alge-
braic structures by the properties of spheri-
cal fuzzy sets.
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