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ABSTRACT

The concept of spherical fuzzy sets, was introduced by Ashraf et al. in 2019, and is a
generalization of the concepts of intuitionistic fuzzy sets, picture fuzzy sets and Pythagorean
fuzzy sets. In this paper, we introduce the concepts of spherical fuzzy quasi-ideals and spher-
ical fuzzy bi-ideals of ternary semigroups and investigate some of their properties. Then,
we characterize regular ternary semigroups in terms of spherical fuzzy left (resp., lateral,
right) ideals, spherical fuzzy quasi-ideals and spherical fuzzy bi-ideals of ternary semigroups.
Moreover, some characterizations of weakly regular ternary semigroups by the concepts of
many types of spherical fuzzy ideals in ternary semigroups are discussed.

Keywords: Regular ternary semigroup; Spherical fuzzy set; Spherical fuzzy ideal; Spherical

fuzzy bi-ideal; Weakly regular ternary semigroup

1. Introduction

In 1965, Zadeh [[1] presented the con-
cept of fuzzy subsets or fuzzy sets as a func-
tion from a nonempty set X to the unit in-
terval [0,1]. The concept of fuzzy sub-
groups was first introduced by Rosenfeld
[2], which acted as the inspiration for the re-
search of fuzzy algebraic structures. Later,
Kuroki [3] also introduced the concept of
fuzzy subsemigroups. Additionally, he ex-

amined fuzzy generalized bi-ideals of semi-
groups and applied the properties of fuzzy
left and fuzzy right ideals of semigroups
to characterize some classes of semigroups,
see, [4,5]. Lehmer [6] gave the notion of
ternary semigroups as a generalization of
semigroups. Next, Shabir and Rehman [f7]
characterized regular ternary semigroups by
the properties of anti fuzzy left (resp., lat-
eral, right) ideals, anti fuzzy quasi-ideals
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and anti fuzzy (resp., generalized) bi-ideals
of ternary semigroups. Afterwards, the reg-
ular and intra-regular ternary semigroups
were characterized by using the concepts
of fuzzy left (resp., lateral, right) ideals of
ternary semigroups by Kar and Sarkar [§].
As an extension of the concept of fuzzy
sets, Atanassov [9] introduced the concept
of intuitionistic fuzzy sets. In addition,
the fuzzy sets actually determine the de-
gree of memberships of an element in a
given set, whereas the intuitionistic fuzzy
sets provide both membership and non-
membership degrees. In 2012, Akram [|10]
and Lekkoksung [[11]] investigated the intu-
itionistic fuzzy sets in ternary semigroups.
Later, the notions of intuitionistic fuzzy ide-
als and intuitionistic fuzzy filters in ternary
semigroups were studied by Lalithamani et
al. [[12].

The concept of Pythagorean fuzzy
sets, as the sum of the squares of member-
ship and non-membership degrees belongs
to the unit interval [0, 1], was suggested by
Yager and Abbasov [[13] in 2013. This con-
cept generalizes the intuitionistic fuzzy sets.
In 2020, Chinram and Pantiyakul [|14] con-
sidered the concept of rough Pythagorean
fuzzy ideals in ternary semigroups. Another
generalization of the intuitionistic fuzzy
sets is the notion of picture fuzzy sets,
was introduced by Cuong and Kreinovich
[15]. In fact, the sum of positive mem-
bership, neutral membership and negative
membership grades is greater than 1. Then,
the semigroups was characterized by the
properties of various types of picture fuzzy
ideals of semigroups see, e.g., [16-18].
Furthermore, Nakkhasen [[19] considered
characterizations of (m, n)-regular, (m,0)-
regular and (0, n)-regular semigroups in
terms of picture fuzzy (m, n)-ideals, picture
fuzzy (m, 0)-ideals and picture fuzzy (0, n)-
ideals of semigroups.
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As a further generalization of the
Pythagorean fuzzy sets and the picture
fuzzy sets, Ashraf et al. [20] introduced
the notion of spherical fuzzy sets. The con-
cept of spherical fuzzy sets was surveyed
in many algebraic structures, for instance,
Veerappan and Venkatesan [21] discussed
about the connection between bi-ideals and
spherical interval-valued fuzzy bi-ideals in
gamma near-rings, Subha et al. [22] char-
acterized semi-rings by their rough spheri-
cal fuzzy ideals, and Chinnadurai et al. [23]
studied the notion of spherical fuzzy ideals
of semigroups and provided its characteris-
tics using sufficient examples in 2022. Re-
cently, Krailoet et al. [24] have applied the
concept of spherical fuzzy sets to ternary
semigroups and introduced the notions of
spherical fuzzy ternary subsemigroups and
spherical fuzzy (resp., left, lateral, right)
ideals of ternary semigroups. They charac-
terized the spherical fuzzy ternary subsemi-
groups and the spherical fuzzy left (resp.,
lateral, right) ideals of ternary semigroups,
and obtained relationship between rough set
theory and spherical fuzzy sets of ternary
semigroups.

The purpose of this article is to in-
troduce the concepts of spherical fuzzy
quasi-ideals and spherical fuzzy bi-ideals of
ternary semigroups. In Section 2, we re-
view the concepts of spherical fuzzy ternary
subsemigroups and spherical fuzzy (resp.,
left, lateral, right) ideals in ternary semi-
groups and introduce the notion of spher-
ical fuzzy quasi-ideals of ternary semi-
groups. Later, we study the relationships
between spherical fuzzy (resp., left, right,
lateral) ideals and spherical fuzzy quasi-
ideals of ternary semigroups. Next, we
define the concept of spherical fuzzy bi-
ideals of ternary semigroups and give some
of their properties in Section 3. Then,
in Section 4, we discuss the characteri-
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zations of regular ternary semigroups by
means of spherical fuzzy left (resp., lateral,
right) ideals, spherical fuzzy quasi-ideals
and spherical fuzzy bi-ideals of ternary
semigroups. Section 5 shows that charac-
terizations of weakly regular ternary semi-
groups using the concepts of many types
of spherical fuzzy ideals of ternary semi-
groups are investigated. Moreover, we sug-
gest some characterization of both regular
and weakly regular ternary semigroups by
spherical fuzzy ideals. Finally, Section 6
concludes the article.

2. Preliminaries

In this section, we will review some
of the fundamental definitions that will be
utilized throughout the paper.

A nonempty set 7 is said to be
a ternary semigroup [0] if there exists a
ternary operation [ | : TXT xXT — T,
written as (a,b,c) — [abc], such that it
satisfies the following associative law hods:
[[abclde] = [a[bcd]e] = [ab[cde]] for
all a,b,c,d,e € T. For the sake of sim-
plicity, we will write abc instead of [abc]
foreach a,b,c € T. Let A, B and C be any
nonempty subsets of a ternary semigroup 7.
Then, we denote ABC = {abc |a € A,b €
B,c e C}.

Now, we recall the notions of many
types of ideals in ternary semigroups which
occurred in [25] as follows. Let A be a
nonempty subset of a ternary semigroup 7.
Then: (i) A is called a ternary subsemi-
group of Tif AAA C A; (ii) A is called a left
(resp., lateral, right) ideal of TiIfTTA C A
(resp., TAT C A, ATT C A); (i) if A is
a left, lateral and right ideal of 7', then it is
called an ideal of T; (iv) if A is a left and
right ideal of 7', then it is called a two-sided
ideal of T.

A nonempty subset Q of a ternary
semigroup 7 is said to be a quasi-ideal [26]
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of T if (QTT N TQT N TTQ) C Q and
(QTT NTTQTT NTTQ) C Q. A ternary
subsemigroup B of a ternary semigroup 7 is
called a bi-ideal [27] of T if BTBTB C B.

A fuzzy set [|l]] 4 of a nonempty set X
is a mapping u : X — [0,1]. Let g and
be any two fuzzy sets of a nonempty set X.
For every x € X, we denote

(1N ) (x) = min{u(x),n(x)},
(1 Un)(x) =max{u(x),n(x)}.

Next, we review the concept of
spherical fuzzy sets, which was introduced
by Ashraf et al. [20] in 2019. A spherical
fuzzy set (briefly, SFS) A on a nonempty
set X is defined by the form

A = {x pax),nalx),valx)) | x € X},

where ug : X — [0,1], na : X —
[0,1] and v : X — [0,1] denote the
degree of membership, the degree of hesi-
tancy and the degree of non-membership of
each x € X, respectively, with the condition
0 < (ua(x)?*+ (nax)*+ (va(x)® < 1.

Throughout this paper, we shall use
the symbol A instead of the SFS A
{(x, ua(x),na(x), va(x)) | x € X}.

Let A and B be any two SFSs on a
universe set X. Then, we denote:

(i) ACBiff pa(x) < pg(x),nalx) <
ng(x)and va(x) > vg(x) forallx €
X;

(i) A=Biff ACBand B C A;

(iif) AN B = {{x, (ua N us)(x), (na N
ng)(x), (vaUvs)(x)) | x € X};

(iv) AU B = {(x, (ua U us)(x), (na N
ns)(x), (vaNvs)(x)) | x € X}.

Next, we recall the concepts of spher-
ical fuzzy ternary subsemigroups, spherical
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fuzzy (resp., left, lateral, right) ideals and
the product of three spherical fuzzy sets of
ternary semigroups which defined in [24] as
follows.

Definition 2.1 ([24]). A SFS A on aternary
semigroup 7T is called a spherical fuzzy
ternary subsemigroup (briefly, SFSub) of
T,ifforeverya,b,c € T:

(D) ual(abe)
> min{ua(a), ua(b), ua(c)};

(i) na(abc)
> min{na(a),na(b),na(c)};

(iii) vg(abc)
< max{va(a),va(b),va(c)}.

Definition 2.2 ([24]). A SFS A onaternary
semigroup T is called:

(1) a spherical fuzzy left ideal (briefly,
SFL) of T, if for every a,b,c €
T, palabe) 2 palc),nalabe) 2
na(c) and va(abc) < va(c);

(1) a spherical fuzzy lateral ideal

(briefly, SFM) of T, if for ev-

ery a,b,c € T, ug(abc) >

ua(b),nalabc) = na(b) and
val(abc) < va(b);

(ii1) a spherical fuzzy right ideal (briefly,
SFR) of T, if for every a,b,c €
T, palabe) 2 pala),nalabe) =

na(a) and va(abe) < vala);

(iv) a spherical fuzzy ideal (briefly, SFI)

of T, if for every a, b,c € T,

palabe)

> max{ua(a), pa(b), ualc)},
na(abc)

> max{na(a),na(b),na(c)},
val(abc)

< min{va(a),va(b),va(c)}.
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By a spherical fuzzy two-sided ideal
(briefly, SFT) A of a ternary semigroup 7,
we means that A is both a SFL and a SFR
of T.

Let A, B and C be any three SFSs on
a ternary semigroup 7. The product Ao Bo
C, in [24], of A, B and C is defined by

AoBoC
= {{x, (ua o pg o pe)(x),
(naomnsonc)(x),
(vaovgove)(x)) |x T},

where

(ua ougopuc)(x)

sup min {u#(a), ifxeTTT;
x=abc
- us(b), pc(c)}
0 otherwise,
(naongonc)(x)
sup min {n4(a), ifx e TTT;
x=abc
= ns(b),nc(c)}
0 otherwise,
(vaovgove)(x)
inf max{vg(a), ifxeTTT,
x=abc
= vg(b),ve(c)}
1 otherwise.

Let7 := {(X, ﬂT(x)’ UT(X), VT(X)>
| x € T}, where us(x) = 1,n4(x) = 1 and
ve(x) =0 forallx € T, be a SFS of T. We
observe that A C 7 for every SFS A of T.

Let A be any subset of a ternary
semigroup T. The spherical character-
istic function of A is defined by C4 :=

{<X’MCA(X)’77CA(X)’VCA(X)> | X € T},
where

1 ifxeA
0 otherwise,

HMCa ()C) = {
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1 ifxeA
neax) = {0 otherwise,

0 ifxeA
vea ) = {1 otherwise.

We note that if A =T,thenCs = 7.
The following lemmas can be proved
straightforwardly.

Lemma 2.3. Let Ca, Cg and Cc be SFSs
on a ternary semigroup T, where A, B and
C are any nonempty subsets of T. Then the
following conditions hold:

(i) CaNCp =Cang;
(if) CaooCpoCc =Capcs
(iii) A C B ifand only if Ca C Cs.

Lemma 2.4. Let T be a ternary semigroup
and A be any SFS of T. Then the following
statements hold:

(i) AoT oT isaSFRofT;
(ii)) T o AT isaSFMof T,
(iii) T o T o AisaSFL of T.

Lemma 2.5 ([24]). Let A be a SFS on a
ternary semigroup T. Then the following
properties hold:

(i) Ais a SFSub of T if and only if A o
AoAC A

(ii) Aisa SFL of T if and only if T o T o
ACA

(iii) Aisa SFM of T if and only if T o Ao
T C A

(iv) AisaSFRof T ifand only if Ao T o
T cA

The following lemma is obtained by
Lemma @
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Lemma 2.6. Let A be a SFS on a ternary
semigroup T. Then, A is a SFI of T if and
only if (Ao T oT)U(T oA T)U(T o
T oA) CA.

Next, we introduce the concept of
spherical fuzzy quasi-ideals of ternary
semigroups and give some properties and an
example of this concept.

Definition 2.7. A SFS Q on a ternary semi-
group T is called a spherical fuzzy quasi-
ideal (briefly, SFQ) of T if (QoT oT N((T o
QoT)U(T 0T 0QoT o7 ))NT oT oQ) C Q.

Proposition 2.8. Every SFQ of a ternary
semigroup T is a SFSub of T.

Proof. Let Q be a SFQ of a ternary semi-
group 7. Then, Qo Qo Q C Qo T o T,
QoeQeoQCToTocQandQoQoQ C
T oQoT C (T oQoT)U(T o oQoT oT).
Hence, QoQoQ CQoT o7 N((T oQo
TIU(T oT 0oQoT oT))NT oT 0@ C Q.
By Lemma P.5(i), we have that Q is a SF-
Sub of T O

Proposition 2.9. Every SFL (resp., SFM,
SFR, SFI) of a ternary semigroup T is a SFQ
of T.

Proof. Let L be a SFL of a ternary semi-
group 7. By Lemma P.3(ii), we get that
T oT oL C L. Thus,wehave LoT o7 N
(T oLoT)U(T oT oLoT oT))NT o
ToLC(ToToT)N(T oT oT)NLC
TNT nL = L. It follows that £ is a
SFQ of T'. Similarly, we can prove the other
cases. O

The converse of Proposition 2.9 is
not true in general. This can be shown by
the following example.

Example 2.10. Let T = {a,b,c,d, e} and
define the ternary operation - on T as fol-
lows:
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aa
ab
ac

ad

ae

ba
bb
bc
bd
be

ca
cb
cc

cd

ce

da
db
dc
dd
de

ea
eb
ec

ed

ee

Q Q Q Q Q|2 Q Q Q© Q 2|2 Q Q Q2 2 Q2D QLYY QD QS
Q AU Q] Q QT Q2 Q Q@ QU TR T QT QYT QLY
Q" Q Q Q0 28 8 Q9 0 Q6o 8 60 Q9 2 Q0 9 Q9 Q9 0 Q6 Q8 Q8 Q9 Q s
QU QD Q © QUL QD Q QU QLT Q QLYY TN QRS S
R Q Q Q QI 2 QN Q Q" O Q2 Q2 QNN QN QDD QN

Then, (7,-) is a ternary semigroup. Now,
we define a SFS A on T as follows:

Al pua na va
a | 0.7 06 0.2
b |05 03 04
c | 0.7 0.6 0.2
d |05 03 04
e | 0.5 03 04

By routine calculations, we obtain that A is
a SFQ of T, but it is not a SFL of 7', because

palede) = pale) =0.5<0.7=uxz(c),
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na(edc) =na(e) =0.3 <0.6 =na(c),
val(ledc) =vg(e) =0.4>0.2=v4(c).

Moreover, A is neither a SFM nor a SFR of
T.

3. Spherical Fuzzy Bi-ideals

In this section, we may also define
the notion of spherical fuzzy bi-ideals of
ternary semigroups and create some prop-
erties of it with the sufficient example.

Definition 3.1. A SFSub A of a ternary
semigroup T is called a spherical fuzzy
bi-ideal (briefly, SFB) of T, if for all
m,n,x,y,z €T:

(i) pa(xmynz)
> min{ua(x), pa(y), pa(z)};

(i1) na(xmynz)
> min{na(x),na(y),na(z)};

(iii) va(xmynz)
< max{va(x),va(y),va(z)}.

Proposition 3.2. Every SFQ of a ternary
semigroup T is a SFB of T.

Proof. Let Q be a SFQ of a ternary semi-
group T. By Proposition 2.§, Q is a SFSub
of T. Then, QoQoQ C Q by LemmaR.5(i).
Thus, we have Qo7 oQoT oQ C Qo7 oT,
QoT ocoQoT o@Q C T oF oQ@ and
QoT ocQoT o@Q C T o0oQoT C
(T oQoT)U(T oT oQoT o7).
Since Q is a SFQ of T, this implies that
QoT oQoT oQCQoT oT N((T oQo
TIU(T 0T 0oQoT oT))NT oT 0@ C Q.
Hence, Q is a SFB of T. |

In contrast, a SFB of a ternary semi-
group T may not be a SFQ as shown by the
following example.
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Example 3.3. Let

a b ¢
T=4/0 0 d|mhad&eza,
0 0 e

where Z, is the set of all non-positive inte-
gers. Then, T is a ternary semigroup under
the usual matrix multiplication (see [2§]).
Now, we consider

0 m O
B=4(0 0 m||meZ,
0 0 O

Define the SFS 8 on T as follows:

_ 0.8 ifx € B,
Hs () = {0 otherwise,

0.5 ifx € B,
n5(x) = {0 otherwise,

)0 ifx € B,
velx) = {0.9 otherwise.

We can see that 8 is a SFB of 7. Consider,
0 -1 0 0 0 -1

(0 0 —1)6 B and (o 0 0 )e T\B. It
0 O 0 0 0 O

turns out that

-1 0 0\/0 -1 0\/0 -1 0\ (0 0 -1
o o oflo o offo o -1|]=l0 0 o
o o oflo o oflo o of \o o o
-1 0 0\/0 -1 0)\/0 0 0\ (0 0 -1
o o offo o -1flo 0o -1|]=|0 0 ©
0o o oflo o o/lo o of \o o o
0 -1 0\/0 0 0\ 0 0\ (0 0 -1
0 0o -1ffo o -1jlo0 o o|=[0 0 o0
o o oflo o o/lo o -1/ \o 0 o0
0 -1 0
Lettinga = [0 0 —1|. This implies
0 0 O

that, « ¢ B. We obtain that (uq o ugs o
ug)(a) > pg(a), (ug o ug o ur)(a) >
ug(a) and (ug o pg o pg)(a) > pg(a).
Thus,

min{(pg o pg o ug)(a), (U7 o pgs o pg)(a),

(g opugopug)(a)} > ug(a).

Similarly, we have that min{(ns o s o
ng)(a),(my o ns o ny)(a),(ng o ny o
nr)(a@)} > ng(a) and max{(vy o vy o
vg)(a), (vy o vg o vy)(a),(vg o vy o
vr)(a)} < vg(a). This means that

(BoT oT)N(T 0BoT UT oT 0oBo
ToT)N(T oT 0B) ¢ B.

This shows that 8 is not a SFQ of 7.

Theorem 3.4. Let A be a SFSub of a
ternary semigroup T. Then, A is a SFB of
Tifandonlyif AoT o AoT oA C A.

Proof. Assume that A is a SFB of 7. Let
a € T. If a is not to be expressible
a = bpcqgd for all b,c,d,p,q € T, then
it is well done. Suppose that there exist
m,n,x,y,z € T such that a = xmynz. Take
k = xmy. Then, we have

(Ha o pgopuzopugouz)(a)
= sup min{(uxz o uy o pa)(k),

a=knz
ug(n), ua(z)}
= sup min{ sup min{ua(x), ur(m),

a=knz k=xmy
Ha(y)} pr(n), pa(z)}
= sup sup min{uxa(x), ur(m), pa(y),

a=knz k=xmy
ur(n), ua(z)}
= sup sup min{ua(x), ua(y), ua(z)}

a=knz k=xmy

< sup sup pa(xmynz)
a=knz k=xmy

= sup pxn(knz)

a=knz

= uala),

(maonronaonyrona)la)
= sup min{(n4 o ny ona)(k),

a=knz
nr(n),na(z)}

= sup min{ sup min{na(x),ns(m),
a=knz k=xmy
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na(tnr(n),na(z)} =min{ sup min{ua(b),ur(c),pa(d)},
= sup sup min{na(x),nr(m),na(y), xmbed
a=knz k=xmy ug(n), ua(z)}
nr(n),na(z)} > min{min{pz (x), u7(m), pa(y)},
= sup sup min{na(x),na(y),na(2)} pr(n), ua(z)}

a=knz k=xmy

sup sup na(xmynz)
a=knz k=xmy

= min{ua(x), ua(y), pa(z)},

IA

= sup na(knz) na(xmynz)
= nala). =na(a)
i > (naonronacnyona)la)
and = sup min{(nz onsona)k),
a=kpq
(vaovyovaovrova)(a) n7r(p),na(q)}
= b max{(va o vrova)(k), > min{(n © N7 ° ) (xmy),
vo(n), va(z)} ny(n),na(z)}
= inf max{ inf max{v4(x),vs(m), =min{ sup min{na(b),ns(c),nald)},
a=knz k=xmy xmy=bcd
va()}t,ve(n),va(z)} nr(n),na(z)}
= ai:rlliz ) :igi , max{vg(x), ve-(m), va(y), > min{min{na(x), n7(m),na(y)},

nr(n),na(z)}

vy (n),va(z)} = min{na(x),na(y),na(z)},

inf  inf max{va(x),va(y),va(z)}
a=knz k=xmy

> inf inf vg(xmynz) and
a=knz k=xmy
= inf vag(knz) va(xmynz)
aknz =val(a)
=val(a). < (vgqovgovgovsovag)(a)

Therefore, Ao T c Ao T oA C A.
Conversely, let m,n,x,y,z € T. Put

a = xmynz. By the given assumption, we vr(p).va(q)}

have < max{(va o vy o va)(xmy),

vr(n),va(z)}

inf max{(va ovsyovag)(k),
a=kpgq

Haa(xmynz) =max{ inf max{va(b),vs(c),vald)},
= ua(a) xmy=bcd
> (Ha o pg o pa o pr o pa)(a) vr(n).va(2)}
= sup min{(ug o ug o ua)(k), < max{max{va(x), vy-(m),va(y)},
a=kpa ve(n),va(z)}
Hr(p).pa(a)} = max{va(x)., va(y). va(2)}.

> min{(pa o ur o pa)(xmy),

w(n), pa(z)} Consequently, A is a SFB of 7. O
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Theorem 3.5. Let A be a nonempty subset
of a ternary semigroup T. Then the follow-
ing statements hold:

(i) A is a ternary subsemigroup of T if
and only if Ca is a SFSub of T,

(ii) A is a left ideal of T if and only if Ca
isa SFL of T;

(iii) A is a lateral ideal of T if and only if
CaisaSFM of T,

(iv) A is a right ideal of T if and only if
Caisa SFR of T,

(v) Ais anideal of T if and only if C4 is
a SFIof T,

(vi) A is atwo-sided ideal of T if and only
if Cais a SFT of T;

(vii) A is a quasi-ideal of T if and only if
CaisaSFQof T;

(viii) A is a bi-ideal of T if and only if Ca
is a SFB of T.

Proof. (i) Assume that A is a ternary sub-
semigroup of 7. Suppose that uc, (abc) <
min{uc, (). e, (b). picy ()} for some
a,b,c € T. Then, uc,(abc) 0 and
min{yic, (a), ey (b) s ()} = L. This
implies that abc ¢ A and a,b,c € A. By
the hypothesis, we have that abc € A,
which is a contradiction. Thus,

M, (xyz) = min{uc, (x), pc, (¥), ey (2)}

for all x,y,z € T. If there exista,b,c € T
such that n¢,(abc) < min{nc,(a),
nca(b),nc,(c)}, then ne, (abe) = 0 and

min{ne, (a),nc, (b),nc,(c)} = 1. It fol-
lows that abc ¢ A and a,b,c € A. By

assumption, abc € A, which is a contra-
diction. Hence,

nca (xyz) = min{Tch ()C), nca ()’), nca (Z)}
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for all x,y,z € T. If vg,(abc) >
max{vg,(a),ve,(b),vc,(c)} for some
a,b,c € T, then v¢,(abc) 1 and
max{vc,(a),ve,(b),ve,(c)} = 0. Also,
abc ¢ A, while a,b,c € A. By the given
assumption, we have that abc € A. This is
a contradiction. So,

VYCa (xyz) < maX{VCA (X), VYCu (y)’ VCa (Z)}

forall x, y,z € T. Therefore, C4 is a SFSub
of T.

Conversely, assume that C4 is a SF-
Sub of T'. Let x,y,z € A. Then,

He, (xyz) 2 min{uc, (x), pc, (¥), pea(2)}
=1.

It turns out that uc, (xyz) = 1. We obtain
that xyz € A. Thus, AAA C A. Conse-
quently, A is a ternary subsemigroup of 7.
The other statements can be proved
in a similar way. m|

4. Regular Ternary Semigroups

In this section, we study the char-
acterizations of regular ternary semigroups
by the properties of spherical fuzzy left
(resp., lateral, right) ideals, spherical fuzzy
quasi-ideals and spherical fuzzy bi-ideals of
ternary semigroups. Moreover, we show
that every spherical fuzzy bi-ideal is also
a spherical fuzzy quasi-ideal in a regular
ternary semigroup.

Definition 4.1 (cf. [25]). Let T be a ternary
semigroup. An element a € T is called reg-
ular if there exists an element x € T such
that a = axa, that is, a € aTa. A ternary
semigroup 7 is called regular if all its ele-
ments are regular.

Lemma 4.2 ([25]). Let T be a ternary semi-
group. Then, T is regular if and only if
RML = RN M N L, for every left ideal L,
every lateral ideal M and every right ideal
R of T.
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Theorem 4.3. Let T be a ternary semi-
group. Then, T is regular if and only if
RoMoL=RNMnNL, forevery SFL L,
every SFM M and every SFR R of T.

Proof. Assume that T is regular. Let £, M
and R be a SFL, a SFM and a SMR of T,
respectively. By Lemma P.3, we have that
RoMo L € RNMnN L. Onthe other hand,
leta € S. Then, there exists x € T such that
a = axa = (axa)(xax)(axa). Thus, we
have

(R o upmopr)(a)

= sup min{ur(k), upm(p), ur(q)}
a=kpq

> min{ug (axa), um(xax), ps(axa)}
= min{ug(a), upm(a), ps(a)}
= (R N ppm N pg)(a),

(MR onmong)(a)

sup min{ng(k),nm(p).ns(q)}
a=kpq

> min{ng (axa), nm(xax),nr(axa)}
= min{ng(a), nm(a),ng(a)}
=mrNnpmNng)(a)

and

(vgovmovye)(a)
= lrlgf max{vg(k),vm(p),ve(q)}
a=kpq

< max{vg(axa),vp(xax),vy(axa)}
= max{vg(a), vm(a),v(a)}
= (vgUvpy Uvy)(a).

This shows that RNMN L CRoMo L.
Hence, Ro Mo L=RNMnL.
Conversely, let L, M and R be any
left ideal, lateral ideal and right ideal of a
ternary semigroup 7', respectively. By The-
orem @, we have that Cr, Cys and Cg are
a SFL, a SFM and a SFR of 7, respec-
tively. Then, using the given assumption

and Lemma P.3, it implies that Crasz =
CroCy oCL=CrNCy NCL =CrAMAL,
andso RML = RNM N L. By Lemma .2,
T is regular. o

Theorem 4.4. Let T be a ternary semi-
group. Then the following conditions are
equivalent:

(i) T is regular;

(ii) B=BoT oBoT o8B, forevery SFB
Bof T,

(iii) Q=QoT oQoT oQ, for every SOB
QofT.

Proof. (1) = (ii) Assume that T is regular.
Let B be a SFB of T. By Theorem B.4, we
havethat BoT o BoT oB C B. Leta e T.
Then, there exists x € T such that a = axa.
So, a = (axa)xa. Thus, we have

(ug o g ougousopug)(a)

= sup min{(ug o ugs o ug)(b),
a=bcd

ug(c), ug(d)}
> min{(pg o u7 o ug)(axa),
ug(x), ug(a)}

=min{ sup min{ug(k), ur(p), us(q)},

axa=kpgq
pr(x), us(a)}
> min{min{ug(a), ur(x), ug(a)},
pr(x), us(a)}
= pg(a),

(ngonrongonyong)(a)

= sup min{(ng onsong)(bh),
a=bcd

nr(c).ns(d)}
> min{(ng o ny o ng)(axa),
nr(x),ns(a)}

= min{ SHE min{ng(k),nr(p).ns(q)},
axa=kpgq
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nr(x),ns(a)}

> min{min{ng(a),nsr(x),ng(a)},
nr(x),ns(a)}

=ng(a)

and

(vgovyovgovyrovg)(a)
= inf max{(vgovsyovg)(h),
a=bcd

vr(c),vs(d)}
< max{(vg o vy ovg)(axa),
vy(x),va(a)}

=max{ inf
axa=kpgq

vr(x),va(a)}
< max{max{vg(a), vr(x),vs(a)},
vy(x),va(a)}
=vg(a).
This shows that B € BoT 0cB o T o B.
Hence, B=BoT ocBoT oB.
(ii) = (iii) By Proposition B.2, it fol-
lows that (iii) holds.
(iii) = (i) Let £, M and R be a SFL,
a SFM and a SFR of T, respectively. Then,
RN Mn LisaSFQ of T. Hence, by (iii),
we have

RNMNL
=(RNMnNL)oT o(RNMn L)o
To(RNMnNL)
CRo(ToMoT)oL
CRoMolL.
On the other hand, we obtain that R o M o
LCRoToT CR,RoMo LT oMo
T cMandRoMo LS T oT oL CL.
Also, Ro Mo L C RN Mn L. Hence,

RoMo L =RNMnN L. By Theorem 4.3,
we conclude that T is regular. O

Theorem 4.5. Let T be a ternary semi-
group. Then the following statements are
equivalent:

HlaX{VB(k)’ V'T(p)’ Vﬂ(q)L

(i) T is regular;

(ii) B =B o7 o8B, forevery SFB B of
T,'

(iii) Q =Q o T o Q, for every SOB Q of
T.

Proof. (i) = (ii) Let 8 be a SFB of T. By
Theorem 44, B = Bo T 0o Bo T o B.
We obtainthat B=Bo0T ocBoT oB C
Bo(T oT of)oB C BoT oHBand
BoT oB=BoT o(BoT oBoT 0B) C
BoT oBo(T oT oT)oB C BoT oBoT o
B = B. This implies that B =B o T o B.

(i1) = (iii) It is obvious.

(iii)) = (i) Assume that (iii) holds.
Let Q be a SFQ of 7. By the hypothesis,
Q=QoT 0oQ. Then,Q =QoT o@Q =
Qo7 oQoT oQ. Therefore, T is regular
by Theorem §.4. O

Proposition 4.6. In a regular ternary semi-
group T, every SFB of T is also a SFQ of T.

Proof. Let 8 be a SFB of T. By Theorem
B B =B0oT oB. Then, BoT o T,
(T oBoT UT o oBoT o7) and
9 o7 o B areaSFR, a SFM and a SFL of
T, respectively. Hence, using Theorem §.3),
we have

(BoT oT)N((T 0oBoT)HU
(T oT oBoT oT))N(T oF oB)
=(BoT oT)o((T oBoT)U
(T oT oBoT oT))o (T oT oB)
=(Bo(ToT oT)oBo(T o oT)oB)
UBo(T oT oT)o(T oBoT)
o (T oT oT)oB)
C(Bo(T oT oT)oB)
U(Bo(T oT oT)oB)
C(BoT oB)U(BoT oB)
=8BoT oB
=B.
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Consequently, 8 is a SFQ of 7. O

Theorem 4.7. Let T be a ternary semi-
group. Then the following conditions are
equivalent:

(i) T is regular;

(ii) BANM=BoMoBoMoSHB, for
every SFB B and every SEFM M of T,

(iii) ANM=QoMoQo MoQ, for
every SFQ Q and every SFM M of T.

Proof. (1) = (ii) Assume that T is regular.
Let B and M be a SFB and a SFM of T,
respectively. By Lemma .9 and Theorem
B.4, we have that Bo Mo B o Mo B C
BN M. Leta € T. Then, there existsx € T
suchthata = axa = a(xax)a(xax)a. Thus,
we have

(U oppmougoupo ug)(a)
sup min{(ug o um o ugs)(b),

a=bed
um(c), ps(d)}

> min{(ug o upm o ug)(a(xax)a),
um(xax), pgs(a)}

sup  min{ug(k), um(p),
a(xax)a=kpq

us(q)}, um(xax), pg(a)}

> min{min{ug(a), pm(xax), pg(a)},
um(xax), pgs(a)}

> min{ug(a), um(a), us(a),
pum(a), pg(a)}

= min{ug(a), upm(a)}

= (us Num)(a),

= min{

msonmongonmpmong)(a)

sup min{(ng onm o ns)(b),
a=bcd

nm(c),ns(d)}
> min{(ng o nm o ng)(a(xax)a),
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nm(xax),ng(a)}

sup  min{ng(k),nm(p),
a(xax)a=kpq

ns(q)}, nm(xax),ns(a)}

> min{min{ng(a), nm(xax),ns(a)},
nm(xax),ng(a)}

> min{ng(a),nm(a),ns(a),
nm(a),ns(a)}

= min{ng(a),nm(a)}

= (ns Nnm)(a),

= min{

and

(Vg OVMOVBOVAMO Vg)(a)
infd max{(vg ovpovg)(bh),

a=bc
vm(c),ve(d)}
< max{(vg o v o vg)(a(xax)a),
vm(xax),vg(a)}

inf max{vg(k),vpm(p),
a(xax)a=kpq

vg(q)}, vm(xax),vg(a)}

< min{max{vg(a), v p(xax),vg(a)},
vm(xax),ve(a)}

< min{vg(a),vm(a),vg(a),
vm(a),vs(a)}

= max{vg(a), vm(a)}

= (vg Uvp)(a).

= max{

Hence, BAMCBoMoBoMoB. It
turns out that BAM = Bo MoBoMoB.
(i1) = (iii) Since every SFQ of T is
also a SFB of T, it follows that (iii) holds.
(iii) = (i) Let L, M and R be a SFL,
a SFM and a SFR of T, respectively. It is
not difficult to verify that RN M N Lisa
SFQ of T. By the hypothesis, we have that

RAMNL
=MN(RNMnNL)
=(RNMnNL)yoMo(RNMnN L)o
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Mo (RNMnNIL)
CRo(T oMoT)oL
CRoMolL.

On the other hand, Ro Mo L C RNMNL
always. Thus, Ro Mo L=RNnMn L.
By Theorem .3, T is regular. O

Lemma 4.8 ([29]). Let T be a ternary semi-
group. Then, T is regular if and only if
RN L = RTL, for every right ideal R and
every left ideal L of T.

Theorem 4.9. Let T be a ternary semi-
group. Then, T is regular if and only if
RNL=RoT oL, for each SFL L and
each SFR R of T.

Proof. Assume that T is regular. Let £ and
R be a SFL and a SFR of 7', respectively.
We note that 7~ is a SFM of 7. Thus, by
Theorem [.3, it follows that R o 7 o £ =
RNT NL =RnNL Conversely, let L
and R be any left ideal and right ideal of T,
respectively. By Theorem B.5, C;. is a SFL
and Cr is a SFR of T'. Thus, by assumption,
it follows that CkNCr, = CroCroCyr. Also,
RN L = RTL by Lemma R.3. By Lemma

4.8, T is regular.
]

Theorem 4.10. Let T be a ternary semi-
group. Then the following statements are
equivalent:

(i) T is regular;

(ii) BNL CBoT oL, forevery SFB
B and every SFL L of T,

(iii) QN L C Qo T oL, forevery SFQ
Q and every SFL L of T;

(iv) BNR CRoT o8B, forevery SFB B
and every SFR R of T;
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V) QNR C RoT oQ, for every SFQ
Q and every SFR R of T.

Proof. (i) = (ii) Let £ and B be a SFL and
a SFB of T, respectively. For any a € T,
there exists x € T such that a = axa. Thus,
we have

(g opgour)(a)

sup. min{ug(b), ug(c), ur(d)}

> min{ug(a), ugs(x), us(a)}
= min{ug(a), ur(a)}
= (ug Nug)(a),

(ng onrong)(a)

S;l;pd min{ng(b),ns(c),nc(d)}

min{ng(a), n7(x),n,(a)}
min{ng(a),n(a)}
(ns Nng)(a),

v

and

(vgovgovy)(a)
aizfégd max{vg(b),vs(c),vs(d)}

IA

max{vg(a),vy(x),ve(a)}
max{vg(a),ve(a)}
= (vgUvyp)(a).

It followsthat BN L C BoT o L.

(i) = (iii) Since every SFQ of T is
also a SFB of T, we obtain that (iii) holds.

(iii) = (i) Let £ and R be a SFL and
a SFR of T, respectively. Since every SFR
of T is a SFB of T, we obtain that R is a SFQ
of T. By the given assumption, RNL C Ro
7 o L. Onthe other hand, RoT oL C RNL
always. Hence, RN L =R o7 o L. By
Theorem B.9, we conclude that T is regular.

Similarly, we can show that (i) = (iv)
= (v) = (i) holds. O
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Theorem 4.11. Let T be a ternary semi-
group. Then the following conditions are
equivalent:

(i) T is regular;

(ii) B1NBy C (B1oT oBy)N(BaoT o
B4), for any two SFBs By and B of
T,'

(iii) Q1 NQ2 C (Q10T 0Q2)N(Q20T o
Q1), for any two SFQs Q, and Qs of
T:

(iv) BNLC (BoT o L)YN(LoT oB),
for every SFB B and every SFL L of
T,'

(v) QNLC(RoT o L)YN(LoT o@Q),
for every SFQ Q and every SFL L of
T,'

(vi) BNRC (RoT oB)N(BoT oR),
for every SFB B and every SFR R of
T,'

ii) QRNRC (RoT oQ)N(QoT oR),
for every SFQ Q and every SFR R of
T,'

(viii) RNLC (RoT o LYN(LoT oR),
for every SFL L and every SFR R of
T.

Proof. (i) = (ii) Let B; and B5 be SFBs of
T,leta € T. Then, there exists x € T such
that a = axa. It turns out that

((ug, o pgopug,) N (Ug, o pg o pug,))(a)
= min{(usg, o uy o us,)(a),
(1B, o 7o g )(a)}

= min{ sup. min{ug, (b), ur(c), us,(d)},

sup min{usg, (k), ur(p), us,(q)}}
a=kpq

> min{min{ug, (a), ur(x), us,(a)},
min{ug,(a), p7(x), ug, (a)}}
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min{ug, (a), ug,(a)}
(,u.Bl N /,[82)(61),

((ns, ongonsg,) N (ns, ongonsg,))(a)
= min{(ng, o N7 ons,)(a),
(ns, onrong)(a)}

= min{ gl;pd min{ng, (b),n7(c),ns,(d)},

sup min{ng, (k),n7(p).ns,(q)}}
a=kpq

> min{min{ng, (a),n7(x),n8,(a)},
min{ng, (a), n7(x),ns, (a)}}

min{ng, (a),ns,(a)}

(ng, Nng,)(a),

and

((vg, ovrovg,) N (vg, ovyovg))(a)
= max{(vg, o vy ovg,)(a),
(vs, ovyovg )(a)}

max{ inf max{vs, (b), vr(c), vz,(d)},

illrclf max{vg,(k),vr(p),vs, (q)}}
a=kpq

< max{max{vg, (a),vy(x),vg,(a)},
max{vg,(a), vy (x),vs, (a)}}

max{vg, (a),vg,(a)}

(va, Uvsg,)(a).

This implies that B1 N By C (B1oT 0By)N
(B207 o By).

(i1) = (iii) Since every SFQ of T is a
SFB of T, it follows that (iii) holds.

(iii)) = (i) Let £ and R be a SFL and
a SFR of T, respectively. It is not difficult
to verify that R N L is a SFQ of 7. Then,
by assumption, we have that

RNL

=(RNLNRNL)

C((RNL)YoT o(RNL))
N((RNL)YoT o(RNL))
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=(RNL)oT o (RNL)
CRoT olL.

Otherwise, Ro T o L C RN L. This shows
that RN L =R o7 o L. By Theorem .9,
T is regular.

Similarly, we can prove that (i) =
(iv) = (v) = (1), (1) = (vi) = (vii) = (i)
and (i) & (viii) hold. O

Theorem 4.12. Let T be a ternary semi-
group. Then the following statements are
equivalent:

(i) T is regular;

(ii) BNINL C BololL, forevery SFB
B, every SFI I and every SFL L of
T}.

(iii) QNI NLCQolol, forevery

SFQ Q, every SFI I and every SFL

L of T,

(iv RNINB C RoloB, forevery
SFB B, every SFI I and every SFR

Rof T,

v) RNINAKAC RoloQ, forevery
SFQ Q, every SFI I and every SFR
Rof T,
i) BONMNLCBo Mol forevery
SFB 8B, every SFM M and every SFL
LofT;
ii) QNMN L C QoMo L forevery
SFQO Q, every SFM M and every SFL
LofT;
(viii)) RNMNB CRo Mo B, for every
SFB 8B, every SFM M and every SFR
R of T.
(ix) RNMNQCRoMoQ, for every
SFQO Q, every SFM M and every SFR
R of T.
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Proof. (i) = (ii) Let £, I and 8 be a SFL,
a SFI and a SFB of 7, respectively, and let
a €T. So,a = axa = a(xax)a for some
x € T. Thus, we have

(ugouropur)a)
sup min{ug(b), ur(c), us(d)}

a=bcd
> min{ug(a), ur(xax), us(a)}
> min{ug(a), ur(a), us(a)}
= (us Nur Npug)a),

(ngonrong)(a)

sup. min{ng(b),nzr(c),ns(d)}

> min{ng(a),nr(xax),ns(a)}
> min{ng(a),nr(a),ns(a)}
=g NnrNng)(a)

and

(vgovrovr)(a)
Jinf max(va(b),vr(0),v(d))

< max{vg(a),vy(xax),vse(a)}
< max{vg(a),vr(a),ve(a)}
=(vgUvrUvg)(a).

This impliesthat BNIT N L C BololL.

(i1) = (iii) Since for any SFQ of T is
also a SFB of T, this implies that (iii) holds.

(iii) = (i) Let L and R be a SFl and
a SFR of T, respectively. Also, R is a SFQ
of T. Moreover, the SFS 7 on T is a SFI of
T. By the given assumption, we have that
RNL=RNT NLCRoT o L. Onthe
other hand, R o 7 o L C R N L. Hence,
RNL=Ro7T oL. By Theorem .9, T is
regular.

Similarly, we can prove that (i) =
1iv) = (v) = (1), (1) = (vi) = (vii) = (1)
and (i) = (viii) = (ix) = (i) hold. O
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5. Weakly Regular Ternary Semi-
groups

In this section, we characterize (resp.,
right, left) weakly regular ternary semi-
groups using the concepts of various kinds
of spherical fuzzy ideals in ternary semi-
groups. Finally, we give some characteri-
zation of both regular and weakly regular
ternary semigroups in terms of their spheri-
cal fuzzy ideals.

Definition 5.1 (cf. [29]). A ternary semi-
group T is called right (resp., left) weakly
regular, if for each a € T, a € (aTT)3
(resp., a € (TTa)3). If T is both right and
left weakly regular, then it is called weakly
regular.

It is known that every regular ternary
semigroup is right (resp., left) weakly, but
the converse is not always true in general.

Lemma 5.2 ([29]). Let T be a ternary semi-
group. Then, T is right weakly regular if
and only if RN'W = RWW, for every right
ideal R and every two-sided ideal W of T.

Theorem 5.3. Let T be a ternary semi-
group. Then, T is right weakly regular if
and only if RNW = RoW oW, for every
SFR R and every SFT W of T.

Proof. Assume that T is right weakly reg-
ular. Let R and ‘W be a SFR and a SFT
of T, respectively. Let a € T. Then, there
exist s1, 52, 53, t1,12,¢t3 € S such that a =
(asit1)(asato)(assts3). Thus ,we have

(UR 0 pay o py)(a)

sup. min{ug (), uw(c), uw(d)}

> min{ug(asit1), pw(asatz), uw(assts)}
> min{ug(a), pw(a), pw(a)}
min{ug(a), uw(a)}

= (ug N pw)(a),
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(MR © Ny o nay)(a)

sup. min{ng (b), nw(c), nw(d)}

> min{ng (asit1), nw(asat2), nw(assts)}
min{ng(a), nw(a),nw(a)}
min{ng(a), pw(a)}

(ng Nnw)(a)

v

and

(VR © vay o vay)(a)

= inf max{vg(b).vay(c). vay(d)}

< max{vg(asit1), vay(asat2), vay(assts)}
< max{vg(a), vw(a), vay(a)}
max{vg(a), vy (a)}

(vg Uvay)(a).

It follows that RNW € Ro W o W. On
the other hand, R o W oW C RN W.
Therefore, RNW =RoWoW.
Conversely, let R be a right ideal and
W be a two-sided ideal of 7. Then, by The-
orem , we get that Cg is a SFR and Cyy is
a SFT of T. By the hypothesis, Ck N Cw =
Cr © Cw © Cw. Thus, using Lemma P.3, it
follows that RNW = RWW. Consequently,
T is right weakly regular by Lemmaf.J. o

Theorem 5.4. Let T be a ternary semi-
group. Then the following conditions are
equivalent:

(i) T is right weakly regular;

(ii)) BNWNRCBoWoR, forevery
SFB B, every SFT ‘W and every SFR
Rof T;

(iii) AN WNRCQoWoR, for every
SFQ Q, every SFT W and every SFR
RofT.

Proof. (1) = (ii) Let B, W and R be a SFB,
a SFT and a SFR of T', respectively. Leta €
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T. Then, there exist sy, 59, 53, t1,12,13 €
T such that a = (asit1)(asots)(assts) =
a(s1tiasstz)(assts). So, consider

(ug o pay o ug)(a)

sup. min{ug(b), p(c), ur(d)}

min{ug(a), uw (sit1asat2), ur(assts)}
min{ug(a), pw(sita), ur(a)}
min{ug(a), pw(a), ur(a)}

(kg N pay N pg)(a),

vV IV IV

(ng ° N o nr)(a)
sup min{ng(b),nw(c),nr(d)}

a=bed

min{ng(a), nw (s1t1asat2), nr(assts)}
min{ng(a), nw(s1t1a),nr(a)}
min{ng(a), nw(a),nr(a)}

= (ms Nnw Nng)(a)

2N\

v

and

(vg ovay ovg)(a)
= ai%gd max{vg(b),vay(c), vg(d)}

IA

max{vg(a), vay (s1t1asata), vr(assts)}
max{vg(a), vy (sit1a), vr(a)}
max{vg(a), vay(a), vg(a)}

(vg Uvagy Uvg)(a).

IN A

This shows that BN WNR C BoWoR.

(i1) = (iii) Since every SFQ of T is a
SFB of T, this implies that (iii) holds.

(iii)) = (i) Let R and ‘W be a SFR
and a SFT of T, respectively. Then, R is
also a SFQ of T by Proposition 2.9. Thus,
using the given assumption, we have that
RAW=RNWnWCRoWoW.
Otherwise, R o W o W C RN W always.
Hence, RoW oW = RNW. By Theorem
B.3, T is right weakly regular. O

The following theorem can be proved
similar to Theorem .4
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Theorem 5.5. Let T be a ternary semi-
group. Then the following statements are
equivalent:

(i) T is right weakly regular;

(ii) BNW € BoW oW, forevery SFB
B and every SFT W of T;

(iii) QNW C QoW oW, for every SFQ
Q and every SFT W of T.

Lemma 5.6 ([30]). Let T be a ternary semi-
group. Then, T is right (resp., left) weakly
regular if and only if A1 N Ay N Ag C
A1A2As, for every right (vesp., left) ideals
A1,A2, A3 of T.

Theorem 5.7. Let T be a ternary semi-
group. Then the following conditions are
equivalent:

(i) T is right weakly regular;

(i)) R1NRaNR3 C Ry oRyoRs, for
every SFRs R1,Ro, Rs of T.
Proof. (i) = (il) Assume that T is right
weakly regular. Let R;,R2 and Rz be
SFRs of T. Let a € T. Then, there ex-
ist s1, 89, 83,t1,f2,t3 € T such that a =
(asltl)(aSQtz)(as;J,tg). So, we have

(,uR1 O UR, © /.17{3)(61)

= gl;pdmin{ml(b),ﬂRQ(C),Meg(d)}

> min{ug, (asit1), ur,(asata), ug,(assts)}
> min{ug, (a), ur,(a), pr,(a)}
= (uR, N R, N UR,)(a),

(MR, © MR, ©NRy)(a)
= sup min{ng, (b),nr,(c),nrs(d)}

a=bed
> min{ng, (asit1), nr,(asat2), s (assts)}
> min{ng, (a),nr,(a),nr,(a)}

= (MR, N MR, N1NIry) (@)
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and

(VR, © VR, © Vg,)(a)
ai%gd max{va1 (b), VRoy (c), VR3 (d)}

<

< InaX{qu1 (a), VRy (a), VRs (a)}

(v, Uvg, Uvgy)(a).

Hence, R1 N Ry NR3 C R1 o Ry 0 Rs.

(i1)) = (i) Let Ry, Ry and R3 be right
ideals of 7. By Theorem B.3, we have that
Cr,,Cr, and Cg, are SFRs of T'. Then, us-
ing the assumption, it follows that Cg, N
Cr, N Cr; € CR, © CR, © Cr,. By Lemma
B, this implies that Ry N Re N R3 C
R1RsR3. Therefore, T is right weakly reg-
ular, by Lemma [5.6. O

The following theorem holds if 7" is a
left weakly regular ternary semigroup.

Theorem 5.8. Let T be a ternary semi-
group. Then the following conditions are
equivalent:

(i) T is left weakly regular,

(i) LiNLon L3 C Lo Lyo L3, for
every SFLs L1, Lo, L3 of T.

Now, we present that a SFS A on a
ternary semigroup T is called idempotent, if
A=HAoAoA.

Theorem 5.9. Let T be a ternary semi-
group. Then, T is right (vesp., left) weakly
regular if and only if every SFR (resp., SFL)
of T is idempotent.

Proof. Assume that T is right weakly regu-
lar. Let R be a SFR of 7. By Lemma P.5,
RoRoR CRoT oF C R. Otherwise, by
Theorem B.7, implies that R = RNRNR C
RoRoR. Hence, R = RoRoR. Con-
versely, let a € T. Consider A = a U aSS§.

max{vg, (asit1), vr,(asata), vg, (asst3)}
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It is easy to show that A is a right ideal of T
containing a. By Theorem .9, C4 is a SFR
of T. Then, by the hypothesis and Lemma
@, we have that C4 = C4 0 Ca 0 Cyq =
Caaa- Also, A = AAA. We obtain that
a € AAA. Hence, we have

a€(aUaSS)(aVUaSS)(aUaSs)
C aaa U aaaSS U aaSSa U aaSSaS$s
UaSSaa U aSSaaSS U aSSaSSa
UaSSaSSaSs.

For each case, it follows that a € (aSS)3.
Therefore, T is right weakly regular.
For other cases, we can prove simi-

larly. |

Theorem 5.10. Let T be a weakly regu-
lar ternary semigroup and Q be a SFS of
T. Then, Q is a SFQ of T if and only if
Q=(ToT o@QN(QoT oT).

Proof. The sufficiency of the proof is obvi-
ous. Now, let Q be a SFQ of T. By Lemma
R.4, we obtain that Q o 7 o 7 is a SFR of
T. Then, using Theorem B.9, we get that
QoT o =(QoT 0oT)oQo (T oT o
QoT oT)C T oQo 7. It turns out that

(T oTo@QN(QoT o7)

C(T oTo@QN(ToQoT)N(QoT o)

C(T oTo@QN(ToQoT
UT oT 0QoT oT)N(QRoT o7)
c Q.

On the other hand, let a € T. Then, there
exist 1, §2, 83, 11,12,t3 € T such that a =
(sltla)(thQas;z,tg)a. So, we have

(U7 o o pugq)(a)

sup. min{ug(b), ur(c), uq(d)}

> min{ug(s1t1a), pg(sat2assts), pg(a)}
= pq(a),
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(n7ongong)(a)

= il;pdmin{nfr(b),nfr(C),na(d)}

> min{ns(s1t1a), n7(s2t2as3t3),nq(a)}
=nq(a)

and

(vyovgovg)(a)
= airéfd max{vq(b),vs(c),vq(d)}

< max{vy(sit1a), vy (sataasstz), ve(a)}

=vql(a).

This means that Q € 7 o 7 o Q. Similarly,
we can show that @ € Q o 7 o 7. Hence,
QC (T oTo@QN(QoT o7). Conse-
quently, @ = (T o7 oQ)N(QoT oT). O

Theorem 5.11. Let T be a ternary semi-
group. Then, T is weakly regular if and only
Q= (T oT oQ)>N(QoT oT)3 for
any SFQ Q of T.

Proof. Assume that T is weakly regular.
Let Q be a SFQ of 7. By Lemma P.4 and
Theorem B.9, we have that the SFL 707 oQ
and the SFR Q o 7 o 7 of T are idem-
potent. By Theorem p.10, it follows that
Q=(ToTo@QN(QoT oT)=(ToT o
Q)N (QoT oT)3. Conversely, let R be a
SFR of T. Also, R is a SFQ of T’ by Proposi-
tion 2.9. Then, using the given assumption,
wehave R = (T oT oR)3N(RoT oT)3 C
(RoT oT)3 C RoRoR C R. This shows
that R = RoRoR, that is, R is idempotent.
Hence, T is right weakly regular. Similarly,
we obtain that 7 is left weakly regular by
Theorem B.9. Therefore, T is weakly regu-
lar. m|

Lemma 5.12 ([B1]). Let T be a ternary
semigroup. Then the following statements
are equivalent:

(i) T is both regular and weakly regular,

(ii) a € aSSaSSa, foranya € T,

(iii) RNWnNL C RWL, for every right
ideal R, every two-sided ideal W and
every left ideal L of T,

(iv) RNL C RLTRL, for every right ideal
R and every left ideal L of T.

Theorem 5.13. Let T be a ternary semi-
group. Then the following conditions are
equivalent:

(i) T is both regular and weakly regular,

(i) RONWNLCRoWoL, forevery
SFR R, every SEFT ‘W and every SFL
LofT;

(iii) RNL S RoLoT oRo L, forevery
SFR R and every SFL L of T.

Proof. (1) = (ii) Let R, W and £ be a SFR,
a SFT and a SFL of T, respectively. Leta €
T. By Lemma 5.12, a = astaxya for some
s,t,x,y € T. Then, we have

(uR © pay o pr)(a)

= S:l;pdmin{me(b),uw(c),,UL(d)}

> min{ug(ast), pw(axy), p(a)}
> min{ug(a), uw(a), ur(a)}
= (ur N puw Nug)(a),

(Mg o naw ong)(a)

= szlgpdmin{nve(b),nw(d,nz:(d)}

> min{ng (ast), nay(axy),ng(a)}
> min{ng(a),nw(a),nc(a)}
= mr Nnw Nng)(a)

and

(vg o vay o vr)(a)

= uigfd max{vg(b), vy (c),ve(d)}
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< max{vg (ast), vay(axy), v £ (a)}
< max{vg(a), v (a),vr(a)}
= (vg Uvyw Uvy)(a).
This showsthat RN WNLCRoWo L.
(i1) = (iii) Let R be a SFR and £ be
aSFL of T. Forany a € T, a = astaxya

for some s,7,x,y € T by Lemma5.12. So,
a = a(sta)(xyast)(axy)a. Thus, we have

(Mg o pgopugougous)(a)

sup min{(ug o s o us)(b),
a=bcd

ur(c), ur(d)}

> min{(ug o uz o ur)(astaxyast),
ug(axy), urs(a)}

min{ug(m), ur(n),

= min{ sup

astaxyast=mnk
ur(k)}, ug(axy), us(a)}
> min{min{ug(a), pr(sta), ur(xyast)},
ur(axy), prc(a)}
> min{ug(a), pc(a), pr(a),
ur(a), pela)}
= min{ug(a), ur(a)}
= (ug N pr)(a),

(mrongonrongrong)(a)

sup min{(ng o1z o ny)(b),
a=bcd

nr(c),ne(d)}
> min{(ng o 72 o n7)(astaxyast),
ng(axy),nz(a)}
sup min{ng(m),n(n),

astaxyasthnk
nr(k)},nr(axy),ne(a)}
> min{min{ng(a),nc(sta), ny(xyast)},
nr(axy),ne(a)}
> min{ng(a),nc(a),nr(a),
nr(a),ne(a)}
= min{ng(a),n,(a)}

= min{
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= (nr Nng)(a),

and

(vgovgovyovgovy)(a)
inf max{(vg o vy ovy)(b),
a=bcd

vg(c),ve(d)}
max{(vg o vy o vq)(astaxyast),
vg(axy),vr(a)}

inf max{vg(m), v (n),
astaxyast=mnk

vr(k)}, vr(axy),ve(a)}
max{max{vg(a), v (sta), ve(xyast)},
vr(axy),v(a)}
max{vg(a),vc(a),vy(a),
vg(a),ve(a)}
= max{vg(a),vc(a)}
= (vg Uvz)(a).

IA

max{

IA

IA

Hence, RNLCRoLoT oRo L.
The proofs of (ii) = (i) and (iii) =
(i) are obtained by considering the spherical

characteristic functions. m]
6. Conclusion
In 2022, Krailoet at el. [24] intro-

duced the notions of spherical fuzzy ternary
subsemigroups and spherical fuzzy (resp.,
left, lateral, right) ideals of ternary semi-
groups. In this article, we have introduced
two additional concepts: spherical fuzzy
quasi-ideals and spherical fuzzy bi-ideals of
ternary semigroups. Then, we considered
the relationships between various kinds of
ideals and their spherical fuzzy ideals in
ternary semigroups.

In Section 4, we characterized reg-
ular ternary semigroups in terms of spher-
ical fuzzy left (resp., lateral, right) ide-
als, spherical fuzzy quasi-ideals and spher-
ical fuzzy bi-ideals of ternary semigroups
which accrued in Theorem .3, Theorem
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B4 and Theorem B.9. Subsequently, it
was shown in Proposition . that spheri-
cal fuzzy quasi-ideals and spherical fuzzy
bi-ideals coincide in a regular ternary semi-
group.

In Section 5, the characterizations of
weakly regular ternary semigroups by the
concepts of many types of spherical fuzzy
ideals of ternary semigroups are verified as
shown in Theorem [.3, Theorem .7 and
Theorem [5.9. Finally, in Theorem .13, we
gave some characterization of both regular
and weakly regular ternary semigroups us-
ing their spherical fuzzy ideals of ternary
semigroups.

In our future work, it will be possi-
ble to characterize many classes of regular-
ities of ternary semigroups or other alge-
braic structures by the properties of spheri-
cal fuzzy sets.
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