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ABSTRACT
In this paper, we are inspired by the collective ideas of the authors mentioned, mak-

ing us interested in studying about the strong and weak convergence results by using the
AA-iterative algorithm (1.14) for the generalized AK-𝛼-nonexpansive mappings (1.5) in uni-
formly convex Banach spaces . In particular, we provide only sufficient convergence criteria
for a suitable procedural method. Our work is more general and unifies the comparable re-
sults in the existing literature, for instance, the results given in [1].

Keywords: AK-𝛼-generalized nonexpansive mapping; Banach space; Convergence theo-
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1. Introduction
Let 𝐸 be a closed convex subset of

a Banach space 𝐵, and the set of all fixed
points of map 𝜉 defined by symbol 𝐹𝑖𝑥(𝜉).
A mapping 𝜉 : 𝐸 → 𝐸 is said to be

(𝑛𝑖) A contraction if, for all 𝑎, 𝑏 ∈ 𝐸,

there exists a ∈ [0, 1) such that

∥𝜉𝑎 − 𝜉𝑏∥ ≤ 𝛼∥𝑎 − 𝑏∥. (1.1)

(𝑛𝑖𝑖) Anonexpansivemapping if , for
all 𝑎, 𝑏 ∈ 𝐸 such that

∥𝜉𝑎 − 𝜉𝑏∥ ≤ ∥𝑎 − 𝑏∥. (1.2)
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(𝑛𝑖𝑖𝑖) Quasi-non-expansive if, for all
𝑎, 𝑏 ∈ 𝐸 and 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉), we have

∥𝜉𝑎 − 𝑎∗∥ ≤ ∥𝑎 − 𝑎∗∥. (1.3)

In 2008, Suzuki [2] introduced a new
type of mapping satisfying Condition (C).
A self mapping 𝜉 on 𝐸 satisfies Condition
(C) if for 𝑎, 𝑏 ∈ 𝐸 with

1

2
∥𝑎 − 𝜉𝑎∥ ≤ ∥𝑎 − 𝑏∥ =⇒

∥𝜉𝑎 − 𝜉𝑏∥ ≤ ∥𝑎 − 𝑏∥. (1.4)

The mappings satisfying Condition (C) do
not need to be continuous; hence, Condition
(C) is weaker than the one depicting non-
expansive mappings. However, mappings
satisfying Condition (C) are stronger than
the one defining quasi-non-expansive map-
pings. Suzuki [2] studied the existence and
convergence results for such mappings.

In 2011, Aoyama andKohsaka [3] in-
troduced the class of 𝛼-nonexpansive map-
pings in Banach spaces as follows: Let 𝐸
be a Banach space and let 𝐸 be a nonempty
subset of 𝐸 . A mapping 𝜉 : 𝐸 → 𝐸 is said
to be 𝛼-nonexpansive for some real number
0 ≤ 𝛼 < 1 if

∥𝜉𝑎 − 𝜉𝑏∥ ≤ 𝛼 | |𝜉𝑎 − 𝑏 | | + 𝛼 | |𝜉𝑏 − 𝑎 | |
+(1 − 2𝛼) | |𝑎 − 𝑏 | |,

for all 𝑎, 𝑏 ∈ 𝐸. Clearly, 0-nonexpansive
maps are exactly nonexpansive maps. This
mapping was generalized and extended by
many authors in several directions; see for
instance [2, 4] and references therein.

In 2021, Suanoom and Khuangsat-
ung [5] , we introduced a new class of non-
expansive type of mapping namely, AK-
generalized nonexpansive mapping, which
is more general than an 𝛼-nonexpansive
mapping in Hilbert spaces as follow.

Definition 1.1 ( [5] ). Let 𝐸 be a nonempty
closed convex subset of a Hilbert space 𝐵.
A mapping 𝜉 : 𝐸 → 𝐸 is said to sat-
isfy condition (AK) (or generalized AK-
𝛼-nonexpansive) for some real numbers
𝛼1, 𝛼2, 𝛼3, 𝛼4 with max{𝛼1, 𝛼2, 𝛼3, 𝛼4} <
1 if

∥𝜉𝑎 − 𝜉𝑏∥ ≤ 𝛼1∥𝜉𝑎 − 𝑎∥ + 𝛼2∥𝜉𝑏 − 𝑏∥
+ 𝛼3∥𝜉𝑎 − 𝑏∥ + 𝛼4∥𝜉𝑏 − 𝑎∥
+ (1 − 4max𝛼)∥𝑎 − 𝑏∥,

(1.5)

wheremax{𝛼1, 𝛼2, 𝛼3, 𝛼4} = max𝛼 for all
𝑎, 𝑏 ∈ 𝐸 .

Notice that the class of AK-
generalized nonexpansive mappings covers
several well-known mappings. For exam-
ple, every 𝛼-nonexpansive mappings is an
AK-generalized nonexpansive mapping
and also 0-nonexpansive maps are exactly
nonexpansive maps. Hence we have the
following diagram and related research
used as a study guide in this work [6, 7].

On the other hand, we will review the
knowledge of reproduction processes for
use in research. Throughout this research,
we will use the symbolN0 to represent non-
negative integers.

Banach [8] proved that fixed points
of contraction mappings can be approxi-
mated with the Picard iterative algorithm
[9]. The Picard sequence fang is defined as
follows:{

𝑎1 ∈ 𝐸,

𝑎𝑛+1 = 𝜉 (𝑎𝑛) 𝑛 ∈ N0.
(1.6)

In 1953, Mann [10] introduced a new
iterative algorithm to approximate a fixed
point for nonexpansive mappings.The se-
quence obtained by this algorithm is defined
as follows:{

𝑎1 ∈ 𝐸,

𝑎𝑛+1 = (1 − 𝛽𝑛)𝑎𝑛 + 𝛽𝑛𝜉 (𝑏𝑛) 𝑛 ∈ N0,
(1.7)
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where {𝛽𝑛} is in (0, 1).
To overcome this problem, Ishikawa

[11] introduced a two-step iterative algo-
rithm to approximate the fixed point of
pseudocontractive mapping as follows:

𝑎1 ∈ 𝐸,

𝑎𝑛+1 = (1 − 𝛽𝑛)𝑎𝑛 + 𝛽𝑛𝜉 (𝑏𝑛),
𝑏𝑛 = (1 − 𝛾𝑛)𝑎𝑛 + 𝛾𝑛𝜉 (𝑎𝑛), 𝑛 ∈ N0,

(1.8)

where {𝛽𝑛}, and {𝛾𝑛} are in (0, 1);
The proposed different iterative algo-

rithms. Let start be an initial guess to dif-
ferent iterative algorithms. An iterative se-
quence is called

(i) Noor iteration [12] in 2000 if
𝑎1 ∈ 𝐸,

𝑎𝑛+1 = (1 − 𝛽𝑛)𝑎𝑛 + 𝛽𝑛𝜉 (𝑏𝑛),
𝑏𝑛 = (1 − 𝛾𝑛)𝑎𝑛 + 𝛾𝑛𝜉 (𝑐𝑛),
𝑐𝑛 = (1 − 𝛿𝑛)𝑎𝑛 + 𝛿𝑛𝜉 (𝑎𝑛) 𝑛 ∈ N0,

(1.9)

where {𝛽𝑛}, {𝛾𝑛} and {𝛿𝑛} are in (0, 1);
(ii) Agarwal et al. iteration [13] in

2007 if
𝑎1 ∈ 𝐸,

𝑎𝑛+1 = (1 − 𝛽𝑛)𝜉 (𝑎𝑛) + 𝛽𝑛𝜉 (𝑏𝑛),
𝑏𝑛 = (1 − 𝛾𝑛)𝑎𝑛 + 𝛾𝑛𝜉 (𝑐𝑛), 𝑛 ∈ N0,

(1.10)

where {𝛽𝑛} and {𝛾𝑛} are in (0, 1);
(iii) Abbas et al. iteration [14] in

2014 if

𝑎1 ∈ 𝐸,

𝑎𝑛+1 = (1 − 𝛽𝑛)𝜉 (𝑏𝑛) + 𝛽𝑛𝜉 (𝑐𝑛),
𝑏𝑛 = (1 − 𝛾𝑛)𝑎𝑛 + 𝛾𝑛𝜉 (𝑐𝑛),
𝑐𝑛 = (1 − 𝛿𝑛)𝑎𝑛 + 𝛿𝑛𝜉 (𝑎𝑛),
𝑛 ∈ N0,

(1.11)

where {𝛽𝑛}, {𝛾𝑛} and {𝛿𝑛} are in (0, 1);

(iv) Thakur et al. iteration [15] in
2017 if

𝑎1 ∈ 𝐸,

𝑎𝑛+1 = (1 − 𝛽𝑛)𝜉 (𝑐𝑛) + 𝛽𝑛𝜉 (𝑏𝑛),
𝑏𝑛 = (1 − 𝛾𝑛)𝑐𝑛 + 𝛾𝑛𝜉 (𝑐𝑛),
𝑐𝑛 = (1 − 𝛿𝑛)𝑎𝑛 + 𝛿𝑛𝜉 (𝑎𝑛),
𝑛 ∈ N0,

(1.12)

where {𝛽𝑛}, {𝛾𝑛} and {𝛿𝑛} are in (0, 1);
(v) Ullah et al. iteration [16] in 2018

if 

𝑎1 ∈ 𝐸,

𝑎𝑛+1 = 𝜉 (𝑏𝑛),
𝑏𝑛 = 𝜉 (𝑐𝑛),
𝑐𝑛 = (1 − 𝛿𝑛)𝑎𝑛 + 𝛿𝑛𝜉 (𝑎𝑛),
𝑛 ∈ N0,

(1.13)

where {𝛿𝑛} is in (0, 1).
Now, Abbas et al. [17] introduced

a new iterative algorithm known as the
AA-iterative algorithm, which converges
faster than the iterative algorithms men-
tioned above for the class of enriched con-
traction and contraction mapping as fol-
lows:

𝑎1 ∈ 𝐸,

𝑎𝑛+1 = 𝜉 (𝑏𝑛)
𝑏𝑛 = (1 − 𝛽𝑛)𝜉 (𝑑𝑛) + 𝛽𝑛𝜉 (𝑐𝑛),
𝑐𝑛 = (1 − 𝛾𝑛)𝑑𝑛 + 𝛾𝑛𝜉 (𝑑𝑛),
𝑑𝑛 = (1 − 𝛿𝑛)𝑎𝑛 + 𝛿𝑛𝜉 (𝑎𝑛),
𝑛 ∈ N0,

(1.14)

where {𝛽𝑛}, {𝛾𝑛} and {𝛿𝑛} are in (0, 1).
In this paper, we are inspired by the

collective ideas of the authors mentioned,
making us interested in studying about the
strong and weak convergence results by us-
ing theAA-iterative algorithm (1.14) for the
generalized AK-𝛼-nonexpansive mappings
(1.5) in uniformly convex Banach spaces
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. In particular, we provide only sufficient
convergence criteria for a suitable procedu-
ral method. Our work is more general and
unifies the comparable results in the exist-
ing literature, for instance, the results given
in [1].

2. Preliminaries
Definition 2.1 ([18]). Let 𝐸 be a nonempty
closed convex subset of a Banach space 𝐵.
A mapping 𝜉 : 𝐸 → 𝐸 is called demi-
closed with respect to 𝑏 ∈ 𝐵 if, for each
sequence {𝑎𝑛} in 𝐸 and 𝑎 ∈ 𝐸, {𝑎𝑛} con-
verges weakly to 𝑎, and {𝜉𝑎𝑛} converges
strongly to 𝑏, implying that 𝜉𝑎 = 𝑏.

Definition 2.2 ([19]). A Banach space 𝐵
satisfies Opial’s condition if, for each se-
quence {𝑎𝑛} converging weakly to 𝑎 ∈ 𝐵,
the following holds:

lim inf
𝑛→∞

∥𝑎𝑛 − 𝑎∥ ≤ lim inf
𝑛→∞

∥𝑎𝑛 − 𝑏∥,
(2.1)

for all 𝑏 ∈ 𝐵, with 𝑎 ≠ 𝑏.

Definition 2.3 ( [20] ). Amapping 𝜉 : 𝐸 →
𝐸 satisfies Condition (I) if there exists an
increasing function 𝑟 : [0,∞) → [0,∞)
with 𝑟 (0) = 0 and 𝑟 (𝑡) > 0, for all 𝑡 > 0,
such that 𝑑 (𝑎, 𝜉 (𝑎)) ≥ lim

𝑛→∞
𝑟 (𝑑 (𝑎, 𝐹𝑖𝑥(𝜉))

for all 𝑎 ∈ 𝐸 where 𝑑 (𝑎𝑛, 𝐴) := inf{∥𝑎𝑛 −
𝑎∗∥ : 𝑎∗ ∈ 𝐴}.

Lemma 2.4 ((Lemma 3.1, [5])). Let 𝐸 be
a nonempty closed convex subset of a Ba-
nach space 𝐵 and 𝜉 : 𝐸 → 𝐸 be an gen-
eralized AK-𝛼-nonexpansive nonexpansive
mapping with 𝐹𝑖𝑥(𝜉) ≠ ∅. Then 𝐹𝑖𝑥(𝜉) is
closed convex and ∥𝜉𝑎 − 𝑝∥ ≤ ∥𝑎 − 𝑝∥ for
all 𝑎 ∈ 𝐸 and 𝑝 ∈ 𝐹 (𝜉).

3. Main results
In this section, we prove some strong

and weak convergence results using AA-
iterative scheme (1.14) for generalized AK

𝛼-nonexpansive mappings (1.5) in a uni-
formly convex Banach space 𝐵.

Lemma 3.1. Let 𝐸 be a nonempty subset of
a Banach space 𝐵 and 𝜉 : 𝐸 → 𝐸 be a gen-
eralized AK-𝛼-nonexpansive nonexpansive
mapping. Then, for all 𝑎, 𝑏 ∈ 𝐸 :

∥𝑎 − 𝜉𝑏∥ ≤ ∥𝑎 − 𝑏∥

+ (1 + 𝛼1 + 𝛼3)
(1 − 𝛼2 − 𝛼4)

∥𝑎 − 𝜉𝑎∥.

(3.1)

Proof. Since 𝜉 : 𝐸 → 𝐸 is a generalized
AK-𝛼-nonexpansive mapping,

∥𝜉𝑎−𝜉𝑏∥ ≤ 𝛼1∥𝜉𝑎 − 𝑎∥ + 𝛼2∥𝜉𝑏 − 𝑏∥
+ 𝛼3∥𝜉𝑎 − 𝑏∥ + 𝛼4∥𝜉𝑏 − 𝑎∥
+ (1 − 4max{𝛼1, 𝛼2, 𝛼3, 𝛼4})∥𝑎 − 𝑏∥,

for some 𝛼1, 𝛼2, 𝛼3, 𝛼4 withmax{𝛼1, 𝛼2

, 𝛼3, 𝛼4} < 1. We consider

∥𝑎 − 𝜉𝑏∥ ≤ ∥𝑎 − 𝜉𝑎∥ + ∥𝜉𝑎 − 𝜉𝑏∥
≤ ∥𝑎 − 𝜉𝑎∥ + 𝛼1∥𝜉𝑎 − 𝑎∥ + 𝛼2∥𝜉𝑏 − 𝑏∥
+ 𝛼3∥𝜉𝑎 − 𝑏∥ + 𝛼4∥𝜉𝑏 − 𝑎∥
+ (1 − 4max{𝛼1, 𝛼2, 𝛼3, 𝛼4})
≤ ∥𝑎 − 𝜉𝑎∥ + 𝛼1 | |𝜉𝑎 − 𝑎∥ + 𝛼2∥𝜉𝑏 − 𝑎∥
+ 𝛼2∥𝑎 − 𝑏∥ + 𝛼3∥𝜉𝑎 − 𝑎∥
+ 𝛼3∥𝑎 − 𝑏∥ + 𝛼4∥𝜉𝑏 − 𝑎∥
+ (1 − 4max{𝛼1, 𝛼2, 𝛼3, 𝛼4})∥𝑎 − 𝑏∥.

This implies that

(1 − 𝛼2 − 𝛼4)∥𝑎 − 𝜉𝑦∥ ≤ (1 + 𝛼1 + 𝛼3)∥𝑎 − 𝜉𝑎∥
+ (1 + 𝛼2 + 𝛼3 − 4max{𝛼1, 𝛼2, 𝛼3, 𝛼4})∥𝑎 − 𝑏∥.

From
2𝛼2 + 𝛼3 + 𝛼4 < 4max{𝛼1, 𝛼2, 𝛼3, 𝛼4}, we
get

∥𝑎 − 𝜉𝑏∥ ≤ (1 + 𝛼1 + 𝛼3)
(1 − 𝛼2 − 𝛼4)

∥𝑎 − 𝜉𝑎∥

+ (1 + 𝛼2 + 𝛼3 − 4max{𝛼1, 𝛼2, 𝛼3, 𝛼4})
(1 − 𝛼2 − 𝛼4)

∥𝑎 − 𝑏∥

≤ (1 + 𝛼1 + 𝛼3)
(1 − 𝛼2 − 𝛼4)

| |𝑎 − 𝜉𝑎 | | + | |𝑎 − 𝑏 | |.

The complete proof.

85



C. Suanoom et al. | Science & Technology Asia | Vol.23 No.3 July - September 2023

Lemma 3.2. Let 𝐸 be a nonempty closed
convex subset of a uniformly convex Ba-
nach space 𝐵 and 𝜉 : 𝐸 → 𝐸 a gen-
eralized AK-𝛼-nonexpansive mapping with
𝐹𝑖𝑥(𝜉) ≠ ∅. If {𝑎𝑛} is a sequence de-
fined byAA-iterative algorithm (1.14), then
lim
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥ exists for all 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉).

Proof. Let 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉). Since 𝜉 satisfies
Condition (AK-𝛼), with Lemma 2.4, 𝜉 is
quasi-nonexpansive mapping, that is, ∥𝜉𝑎−
𝑝∥ ≤ ∥𝑎 − 𝑝∥, for 𝑝 ∈ 𝐹𝑖𝑥(𝜉). By Iterative
algorithm (1.14), we have

∥𝑑𝑛 − 𝑎∗∥
= ∥(1 − 𝜎𝑛)𝑎𝑛 + 𝜎𝑛𝜉 (𝑎𝑛) − 𝑎∗∥
≤ (1 − 𝜎𝑛)∥𝑎𝑛 − 𝑎∗∥ + 𝜎𝑛∥𝜉 (𝑎𝑛) − 𝑎∗∥
≤ (1 − 𝜎𝑛)∥𝑎𝑛 − 𝑎∗∥ + 𝜎𝑛∥𝑎𝑛 − 𝑎∗∥
= ∥𝑎𝑛 − 𝑎∗∥. (3.2)

If 𝑡𝑛 = (1 − 𝜌𝑛)𝑑𝑛 + 𝜌𝑛𝜉 (𝑑𝑛), then

∥𝑐𝑛 − 𝑎∗∥ = ∥𝜉 (𝑡𝑛) − 𝑎∗∥. (3.3)

Now,

∥𝜉 (𝑡𝑛) − 𝑎∗∥
≤ ∥𝑡𝑛 − 𝑎∗∥
≤ ∥(1 − 𝜌𝑛)𝑑𝑛 + 𝜌𝑛𝜉 (𝑑𝑛) − 𝑎∗∥
≤ (1 − 𝜌𝑛)∥𝑑𝑛 − 𝑎∗∥ + 𝜌𝑛∥𝜉 (𝑑𝑛) − 𝑎∗∥
≤ (1 − 𝜌𝑛)∥𝑑𝑛 − 𝑎∗∥ + 𝜌𝑛∥𝑑𝑛 − 𝑎∗∥
≤ ∥𝑑𝑛 − 𝑎∗∥
≤ ∥𝑎𝑛 − 𝑎∗∥. (3.4)

So,

∥𝑐𝑛 − 𝑎∗∥ ≤ ∥𝑎𝑛 − 𝑎∗∥. (3.5)

Now, take 𝑢𝑛 = (1 − 𝜂𝑛)𝜉 (𝑑𝑛) + 𝜂𝑛𝜉 (𝑐𝑛),

∥𝑏𝑛 − 𝑎∗∥
≤ ∥𝜉 (𝑢𝑛) − 𝑎∗∥
≤ ∥𝑢𝑛 − 𝑎∗∥

≤ ∥(1 − 𝜂𝑛)𝜉 (𝑑𝑛) + 𝜂𝑛𝜉 (𝑐𝑛) − 𝑎∗∥
≤ (1 − 𝜂𝑛)∥𝜉 (𝑑𝑛) − 𝑎∗∥ + 𝜂𝑛∥𝜉 (𝑐𝑛) − 𝑎∗∥
≤ (1 − 𝜂𝑛)∥𝑑𝑛 − 𝑎∗∥ + 𝜂𝑛∥𝑐𝑛 − 𝑎∗∥
≤ (1 − 𝜂𝑛)∥𝑎𝑛 − 𝑎∗∥ + 𝜂𝑛∥𝑎𝑛 − 𝑎∗∥
≤ ∥𝑎𝑛 − 𝑎∗∥. (3.6)

Now,

∥𝑎𝑛+1 − 𝑎∗∥ ≤ ∥𝜉 (𝑏𝑛) − 𝑎∗∥
≤ ∥𝑏𝑛 − 𝑎∗∥. (3.7)

Thus,

∥𝑎𝑛+1 − 𝑎∗∥ ≤ ∥𝑎𝑛 − 𝑎∗∥. (3.8)

This shows that {∥𝑎𝑛 − 𝑎∗∥} is decreasing
and bounded from the below sequence for
each 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉). Hence, lim

𝑛→∞
∥𝑎𝑛 − 𝑎∗∥

exists.

Lemma 3.3. Let 𝐸 be a nonempty closed
convex subset of a uniformly convex Ba-
nach space 𝐵 and 𝜉 : 𝐸 → 𝐸 a generalized
AK-𝛼-nonexpansive mapping. If {𝑎𝑛} is a
sequence defined byAA-iterative algorithm
(1.14), then 𝐹𝑖𝑥(𝜉) ≠ ∅ if and only if {𝑎𝑛}
is bounded and lim

𝑛→∞
∥𝑎𝑛 − 𝜉 (𝑎𝑛)∥ = 0.

Proof. With Lemma 3.2 above, lim
𝑛→∞

∥𝑎𝑛 −
𝑎∗∥ exists, and {𝑎𝑛} is bounded. Put

lim
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥ = 𝑘. (3.9)

From Eqs. (3.2), (3.5), (3.6) and (3.9), we
have

lim sup
𝑛→∞

∥𝑏𝑛 − 𝑎∗∥ ≤ lim sup
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥ = 𝑘,

(3.10)
lim sup
𝑛→∞

∥𝑐𝑛 − 𝑎∗∥ ≤ lim sup
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥ = 𝑘,

(3.11)
lim sup
𝑛→∞

∥𝑑𝑛 − 𝑎∗∥ ≤ lim sup
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥ = 𝑘.

(3.12)
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It follows from Lemma 2.4 that

lim sup
𝑛→∞

∥𝜉 (𝑎𝑛) − 𝑎∗∥ ≤ lim sup
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥ = 𝑘,

(3.13)

∥𝑎𝑛+1 − 𝑎∗∥ = ∥𝜉 (𝑏𝑛) − 𝜉 (𝑎∗)∥ ≤ ∥𝑏𝑛 − 𝑎∗∥.
(3.14)

By taking lim inf as 𝑛 → ∞, we obtain

𝑘 ≤ lim inf
𝑛→∞

∥𝑏𝑛 − 𝑎∗∥

≤ lim sup
𝑛→∞

∥𝑏𝑛 − 𝑎∗∥

≤ 𝑘, (3.15)

we have

lim
𝑛→∞

∥𝑏𝑛 − 𝑎∗∥ = 𝑘. (3.16)

Now, from

∥𝑎𝑛+1 − 𝑎∗∥ ≤ ∥𝑏𝑛 − 𝑎∗∥
≤ ∥𝜉 (𝑐𝑛) − 𝜉 (𝑎∗)∥
≤ ∥𝑐𝑛 − 𝑎∗∥, (3.17)

we obtain that

𝑘 ≤ lim inf
𝑛→∞

∥𝑐𝑛 − 𝑎∗∥

≤ lim sup
𝑛→∞

∥𝑐𝑛 − 𝑎∗∥

≤ 𝑘, (3.18)

we have

lim
𝑛→∞

∥𝑐𝑛 − 𝑎∗∥ = 𝑘. (3.19)

From

∥𝑎𝑛+1 − 𝑎∗∥ ≤ ∥𝑐𝑛 − 𝑎∗∥ ≤ ∥𝑑𝑛 − 𝑎∗∥,
(3.20)

we obtain that

𝑘 ≤ lim inf
𝑛→∞

∥𝑑𝑛 − 𝑎∗∥

≤ lim sup
𝑛→∞

∥𝑑𝑛 − 𝑎∗∥

≤ 𝑘, (3.21)

we have

lim
𝑛→∞

∥𝑑𝑛 − 𝑎∗∥ = 𝑘. (3.22)

And,

𝑘 ≤ lim
𝑛→∞

∥𝑑𝑛 − 𝑎∗∥

= lim
𝑛→∞

∥(1 − 𝜎𝑛)𝑎𝑛 + 𝜎𝑛𝜉 (𝑎𝑛) − 𝑎∗∥

≤ lim
𝑛→∞

((1 − 𝜎𝑛)∥𝑎𝑛 − 𝑎∗∥ + 𝜎𝑛∥𝜉 (𝑎𝑛) − 𝑎∗∥)

≤ lim
𝑛→∞

((1 − 𝜎𝑛)∥𝑎𝑛 − 𝑎∗∥ + 𝜎𝑛∥𝑎𝑛 − 𝑎∗∥)

≤ lim
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥

≤ 𝑘. (3.23)

Hence,

lim
𝑛→∞

∥(1 − 𝜎𝑛)(𝑎𝑛 − 𝑎∗)

+𝜎𝑛 (𝜉 (𝑎𝑛) − 𝑎∗)∥ = 𝑘. (3.24)

By Lemma 3.3 , we obtain

lim
𝑛→∞

∥𝑎𝑛 − 𝜉 (𝑎𝑛)∥ = 0. (3.25)

Conversely, suppose {𝑎𝑛} is bounded and

lim
𝑛→∞

∥𝑎𝑛 − 𝜉 (𝑎𝑛)∥ = 0. (3.26)

Let 𝑎∗ ∈ 𝐴(𝐸, {𝑎𝑛}). Through Lemma 3.1,
we have

𝑟 (𝜉, {𝑎𝑛}) = lim sup
𝑛→∞

∥𝑎𝑛 − 𝜉 (𝑎∗)∥

≤ lim sup
𝑛→∞

(∥𝑎𝑛 − 𝑎∗∥

+ (1 + 𝛼1 + 𝛼3)
(1 − 𝛼2 − 𝛼4)

∥𝑎𝑛 − 𝜉 (𝑎𝑛)∥)

≤ lim sup
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥

≤ 𝑟 (𝑎∗, {𝑎𝑛})
≤ 𝑟 (𝐸, {𝑎𝑛}), (3.27)

which implies that 𝜉 (𝑎∗) ∈ 𝐴(𝐸, {𝑎𝑛}).
Since 𝐵 is uniformly convex, 𝐴(𝐸, {𝑎𝑛}) is
a singleton. Hence, we have 𝜉 (𝑎∗) = 𝑎∗.

87



C. Suanoom et al. | Science & Technology Asia | Vol.23 No.3 July - September 2023

Theorem 3.4. Let 𝐸 be a nonempty closed
convex subset of a uniformly convex Ba-
nach space 𝐵 and 𝜉 : 𝐸 → 𝐸 a gen-
eralized AK-𝛼-nonexpansive mapping and
𝐼 − 𝜉 is demiclosed at zero. If {𝑎𝑛} is a
sequence defined by the AA-iterative algo-
rithm (1.14), then {𝑎𝑛} converges weakly to
a point of 𝐹𝑖𝑥(𝜉), provided that 𝐵 satisfies
Opial’s condition.

Proof. Let 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉). Through Lemma
3.2, lim

𝑛→∞
∥𝑎𝑛 − 𝑎∗∥ exists. Now, we show

that {𝑎𝑛} has a unique weak subsequen-
tial limit in 𝐹𝑖𝑥(𝜉). Suppose 𝑎, 𝑏 are weak
limits of subsequences {𝑎𝑛𝑖 } and {𝑎𝑛 𝑗 } of
{𝑎𝑛}, respectively. From Lemma 3.3, we
have lim

𝑛→∞
∥𝑎𝑛 − 𝜉 (𝑎𝑛)∥ = 0. Moreover,

from 𝐼 − 𝜉 is demiclosed at zero. This im-
plies that (𝐼 − 𝜉)𝑎 = 0, that is 𝜉 (𝑎) = 𝑎.
Now, we show the uniqueness. Suppose
that 𝜉 (𝑏) = 𝑏. If 𝑎 ≠ 𝑏 then by using
Opial’s condition, we have

lim
𝑛→∞

∥𝑎𝑛 − 𝑎∥ = lim
𝑛→∞

∥𝑎𝑛𝑖 − 𝑎∥

< lim
𝑛→∞

∥𝑎𝑛𝑖 − 𝑏∥

= lim
𝑛→∞

∥𝑎𝑛 − 𝑏∥

= lim
𝑛→∞

∥𝑎𝑛 𝑗 − 𝑏∥

< lim
𝑛→∞

∥𝑎𝑛 𝑗 − 𝑎∥

= lim
𝑛→∞

∥𝑎𝑛 − 𝑎∥,

a contradiction; so, 𝑎 = 𝑏. Conse-
quently, {𝑎𝑛} converges weakly to a point
of 𝐹𝑖𝑥(𝜉).

Theorem 3.5. Let 𝐸 be a nonempty closed
convex subset of a uniformly convex Ba-
nach space 𝐵 and 𝜉 : 𝐸 → 𝐸
a generalized AK-𝛼-nonexpansive map-
ping. If {𝑎𝑛} is a sequence defined by
the AA-iterative algorithm (1.14), then
{𝑎𝑛} converges to a point of 𝐹𝑖𝑥(𝜉),
if and only if lim inf

𝑛→∞
𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) =

0 or lim sup
𝑛→∞

𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) = 0 where

𝑑 (𝑎𝑛, 𝐴) := inf{∥𝑎𝑛 − 𝑎∗∥ : 𝑎∗ ∈ 𝐴}.

Proof. (⇒) If {𝑎𝑛} converges to a point
𝑎∗ ∈ 𝐹𝑖𝑥(𝜉), then lim inf

𝑛→∞
𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) =

0 and lim sup
𝑛→∞

𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) = 0.

(⇐) Suppose that lim inf
𝑛→∞

𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) =

0. From Lemma 3.2, lim
𝑛→∞

∥𝑎𝑛 − 𝑎∗∥ exists
for all 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉), thus, by assumption,
lim
𝑛→∞

𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) = 0. We now show that
{𝑎𝑛} is a Cauchy sequence in 𝐸. For given
𝜀 > 0, there exists 𝑚0 ∈ N, such that,
for all 𝑛 ≥ 𝑚0, 𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) < 𝜀

2 that is
inf{∥𝑎𝑛 − 𝑎∗∥ : 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉)} < 𝜀

2 . In par-
ticular, inf{∥𝑎𝑛 − 𝑎∗∥ : 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉)} < 𝜀

2 .
Therefore, there exists 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉) such
that ∥𝑎𝑛 − 𝑎∗∥ < 𝜀

2 . Now, for 𝑚, 𝑛 ≥ 𝑚0,

∥𝑎𝑛+𝑚 − 𝑎𝑛∥ ≤ ∥𝑎𝑛+𝑚 − 𝑎∗∥ + ∥𝑎∗ − 𝑎𝑛∥
≤ ∥𝑎𝑚0 − 𝑎∗∥ + ∥𝑎∗ − 𝑎𝑚0 ∥

<
𝜀

2
+ 𝜀

2
= 𝜀. (3.28)

This is to show that {𝑎𝑛} is a Cauchy
sequence in 𝐸. As 𝐸. is a closed sub-
set of a Banach space 𝐵, there is a point
𝑎 ∈ 𝐸, such that lim

𝑛→∞
𝑎𝑛 = 𝑎. Now,

lim
𝑛→∞

𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) = 0. Hence, 𝑎 ∈
𝐹𝑖𝑥(𝜉).

Theorem 3.6. Let 𝐸 be a nonempty closed
convex subset of a uniformly convex Ba-
nach space 𝐵 and 𝜉 : 𝐸 → 𝐸 be a general-
ized AK-𝛼-nonexpansive mapping. If {𝑎𝑛}
is a sequence defined with the AA-iterative
algorithm (1.14) and 𝐹𝑖𝑥(𝜉) ≠ ∅, then {𝑎𝑛}
converges strongly to a fixed point of 𝜉.

Proof. From 𝐹𝑖𝑥(𝜉) ≠ ∅. Thus, by using
Lemma 3.3, we have lim

𝑛→∞
∥𝑎𝑛−𝜉 (𝑎𝑛)∥ = 0.

Since 𝐸 is compact, there is a subsequence
{𝑎𝑛𝑘 } of {𝑎𝑛} such that 𝑎𝑛𝑘 → 𝑎∗ for some
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𝑎∗ ∈ 𝐸 . Through Lemma 3.1, we have for
𝑘 ≥ 1,

∥𝑎𝑛𝑘−𝜉 (𝑎∗)∥ ≤ ∥𝑎𝑛𝑘 − 𝜉 (𝑎𝑛𝑘 )∥

+ (1 + 𝛼1 + 𝛼3)
(1 − 𝛼2 − 𝛼4)

∥𝑎𝑛𝑘 − 𝑎∗∥.

(3.29)

On taking the limit to be 𝑘 → ∞, we ob-
tain that 𝑎𝑛𝑘 → 𝜉 (𝑎∗). This implies that
𝜉 (𝑎∗) = 𝑎∗, that is, a 𝑎∗ ∈ 𝐹𝑖𝑥(𝜉). In ad-
dition, lim

𝑛→∞
∥𝑎𝑛−𝑎∗∥ exists by Lemma 3.2.

Thus, {𝑎∗} is the limit of a sequence {𝑎𝑛}.

Now, we prove a strong convergence
result using condition (I) in Definitions 2.3.

Theorem 3.7. Let 𝐸 be a nonempty closed
convex subset of a uniformly convex Ba-
nach space 𝐵 and 𝜉 : 𝐸 → 𝐸 be a general-
ized AK-𝛼-nonexpansive mapping satisfy-
ing Condition (I). If {𝑎𝑛} is a sequence de-
finedwith theAA-iterative algorithm (1.14)
, then {𝑎𝑛} converges strongly to a fixed
point of 𝜉.

Proof. By using Lemma 3.3, we have
lim
𝑛→∞

∥𝑎𝑛 − 𝜉 (𝑎𝑛)∥ = 0. From Condition (I)
and (3.15), we obtain that

0 ≤ lim
𝑛→∞

𝑟 (𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)) ≤ lim
𝑛→∞

∥𝑎𝑛−𝜉 (𝑎𝑛)∥,

which implies that
0 = lim

𝑛→∞
𝑟 (𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉)). Since 𝑟 is an

increasing function satisfying 𝑟 (0) = 0,
𝑟 (𝑡) > 0 for all 𝑡 > 0. Hence, we have that
0 = lim

𝑛→∞
𝑑 (𝑎𝑛, 𝐹𝑖𝑥(𝜉), Now, all the con-

ditions of Theorem 3.5 are satisfied; there-
fore, {𝑎𝑛} converges strongly to a fixed
point of 𝜉.

Example 3.1. Let 𝐸 = [0, 2] be a
nonempty closed convex subset of a Hilbert
space (𝐸 = R, ∥· ∥ = |· |). Suppose that
𝜉 : [0, 2] → [0, 2] be given by 𝜉𝑎 =

tan 𝑎 + cot 𝑎, for all 𝑎 ∈ [0, 2] . We can
easily prove that 𝜉 is an generalized AK-𝛼-
generalized nonexpansive.
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