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ABSTRACT

Let y(G) denote the domination number of a graph G. Let G1, G2 be disjoint graphs
with two subgraphs Hi, Ha, respectively such that there is a graph isomorphism f from
Hi to Hy. The amalgamation of G1 and Gy at Hy and Ho with respect to f is the graph

G = G <> G2 obtained by forming the disjoint union of G; and G4 and then identifying
H1 Ef Hg

H; and Hy with respect to f. A graph H is called a clone of G if H = H, = Hs. In this

case, G is called an amalgamation of G1 and Gy at H. Denote P, and C; the path and

cycle of order r and ¢ > 3, respectively. In this research paper, our primary focus lies in

investigating the domination number of the amalgamation P, <> C;, with the condition that
Hl Ef H2

H; = Hy = P;. We approach this problem by employing congruence properties modulo 3.
For cases where s € {1, 2, min{r,¢}}, we utilize these congruence properties to identify a
minimum dominating set and determine the domination number of P, <> C,. However, for

H1 Ef H2
s € {3,4,...,min{r,r} — 1}, we take a different approach. We construct a graph denoted as
PC(a, B, p, A) using four paths, namely P, Pg, P,, P,. We then establish that P, <> C; =

Hy=¢ H>
PC(a,B,p, ) for some @ € {0,1,...,r}, B =s5—-2,p=t—s,and A1 = r — (a + ).
Having established this correspondence, we proceed to determine the domination number

(P, <> C;) using the corresponding value of y(PC(a, B, p,A)). This approach allows us
Hl Ef H2

to gain valuable insights into the domination number of the amalgamation and explore the
intricate relationships between these graph structures.

Keywords: Amalgamation; Cycle; Domination Number; Path

*Corresponding author: prakassawatboo@mcru.ac.th doi: xx.xxxxx/scitechasia.XxxxX.xx



S. Panma and P. Boonmee | Science & Technology Asia | Vol.23 No.3 July - September 2023

1. Introduction

The domination number is one of the
most important parameters in Graph The-
ory. The concept of the domination number
was first introduced in 1958 by Berge [|1],
as the “coefficient of external stability”. In
1962, Ore [2] studied the same concept and
used the name “dominating set” and “dom-
ination number” for a graph. In 1977, a
survey of the results about dominating sets
was introduced by Cockayane and Hedet-
neimi [3]. They used the notation y(G) for
the domination number of a graph G. In
1998, Haynes, Hedetniemi, and Slater [4]
introduced a text devoted to fundamentals
of dominations in graphs.

By P, we denote the path of order
n such that V(P,) = {vi,vo,...,v,} and
E(P,) = {{vi,visa}li = 1,2,...,n — 1}.
In this study, we allow the existence of the
graph with an empty set of vertices and an
empty set of edges, named as the empty
graph with notation Py. By C, we denote
the cycle of order n (n > 3) such that
V(Cn) = {ui,us,...,u,} and E(C,) =
{Hui,uiz1tli = 1,2,...,n} where + is the
addition modulo n. It is clear that y(C,) =
y(Pn) = [%] where [x] is the least in-
teger greater than or equal to x. Numer-
ous mathematical researchers have exten-
sively examined the domination numbers
of graph products, including the cartesian
products of two cycles [5] and the cross
products of two paths [(]. In some cases,
the domination number of a graph product
can be bounded by the domination numbers
of its constituent graphs, providing both up-
per and lower bounds. Among the graph
products, the amalgamation of two graphs
holds particular significance. It has been
observed that an upper bound for the domi-
nation number of the amalgamation is equal
to the sum of the domination numbers of the
original graphs. This property adds to the
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allure and relevance of studying amalgama-
tions in the realm of graph theory.

Let G1, G2 be disjoint graphs with
two subgraphs Hi, Ho, respectively such
that H; = H». Let f be a graph isomor-
phism from H; to Hy. The amalgamation
of G1 and Go at Hy and Hy with respect

to f is the graph G = G <> G5 obtained
ngf’HQ

by forming the disjoint union of G and G
and then identifying H; and Hs with respect

to f. Equivalently, G = G <> G2 is the
lefHQ

graph such that

V(G) =(V(G1) \V(H1)) U (V(G2) \ V(H2))
U{(v, f()Iv € V(H1)}, and

E(G) =E(G1\V(H1)) UE(G2\ V(H2))
U {{u, (v, (W)} H{u, v} € E(G1)}
U {{u, (v, fOV)}H{u, f(v)} € E(G2)}
U {(u, f()), (v, f(V))}{u, v} € E(G1)
or {f(u), f(v)} € E(G2)}.

We see at once that if {u,v} € E(G1)
and {f(u), f(v)} € E(G2), then {u,v} €
E(Hy) and {f(u), f(v)} € E(Hz). A

graph H is called a clone of G <> G2 if
Hl’éfHQ

H = Hy = Hs. As an example, Fig.

illustrates the amalgamation G; <> Go
H 1 Ef H2

with respect to the graph isomorphism f :
Hy — Hs defined by f(v;) = u; for all
1,2,3,4. The amalgamation or the
glued graph of two graphs was introduced
by Uiyyasathian [[7] for finding a solution
of the maximal-clique partition problem. In
2006, C. Promsakon and C. Uiyyasathian
[8] gave an upper bound for the chromatic
number of amalgamations of graphs. Re-
cently, Boonmee, Ma-In and Panma [9] in-
troduced the exact value of the domination
number of an amalgamation of two cycles
at connected subgraphs. Their approach in-
volved constructing an isomorphic graph of
the amalgamation of two cycles and em-
ploying congruence properties modulo 3 to
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find the domination number. Inspired by
their method, our current focus is on find-
ing the domination number of an amalga-
mation of a path and a cycle at connected
subgraphs. By applying similar techniques,
we aim to unveil the domination properties
of this specific type of graph amalgama-
tions.

V3

HlEfHQ

@ U2

@V
Hq

Ul
H»

Fig. 1. An amalgamation of G; and G4 at H;
and Ho with respect to f.

2. Basic Definitions and Results

Let G and H be two graphs. If
V(H) C V(G) and E(H) C E(G) then we
say that H is a subgraph of G or G contains
H and denoted as H € G. When H € G
but V(H) # V(G) or E(H) + E(G), we
say that H is a proper subgraph of G and
denoted as H C G.

Let G be a graph. A vertex u is a
neighbor of a vertex v in G if there is an
edge {u,v} € E(G). Letus denote by N [u]
the set of all neighbors of u and u itself. A
vertex u in G is said to dominate each of its

61

neighbors and itself; that is, # dominates the
vertices in N[u]. For a set S of vertices in
G, let N[S] = UyesN[u] and S is said to
dominate the vertices in N[S]. A set S of
vertices in G is a dominating set of G if ev-
ery vertex in V(G) \ S is adjacent to some
vertex in S, i.e., N[S] = V(G). A mini-
mum dominating set in G is a dominating
set of minimum cardinality. The cardinal-
ity of a minimum dominating set is called
the domination number of G, and is denoted
by y(G). A dominating set of G with min-
imum cardinality is called a y—set of G.

A mapping f : V(G) — V(H) is
called a graph isomorphism if f is a one-
to-one correspondence such that {u,v} €
E(G) if and only if {f(u), f(v)} € E(H).
If such a function exists then we say that G
and H are isomorphic, denoted by G = H.
It is a well-known fact that if G = H then
v(G) = y(H). A graph automorphism is
simply a graph isomorphism from a graph
to itself. The set of all graph isomorphisms
from G to H will be denoted by Iso(G, H)
and the set of all graph automorphisms on
G will be denoted by Aut(G).

Note that if H is a connected sub-
graph of P,, then H = P, for some
a € {1,2,...,n} and if H is a connected
subgraph of C,,, then H = C, or H = P,
for some a € {1,2,...,n}. It follows that
if Hy is a connected subgraph of P, and
H> is a connected subgraph of C; such
that H; = Hos, then H; and Hy are paths
of order s for some s < min{r,t}. More-
oVer, V(Hl) = {Vj+1, Vij+2seees Vj+s} and
V(H2) = {ug+1,Uk+2, - - ., Uk+s} fOr some
j € {0,1,...,r} and k € {0,1,...,1}.
This implies that if H is a connected
clone of G = P, <> C;, then H = Pg

Hi=¢ H>
for some s < min{r,t}. Moreover,
Iso(H1,Hs) = {f1,f2} such that

fi(Vjirg) = ugig and
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Sfa(Vjiq) = Uk(s—q)+1 for all
qg = 1,2,...,s. It follows eas-
ily that Iso(Hs,Hi) = {f7%f;")
and P, <> G >~ C;, <> P, for
Hi=; H> Hz=, 1 H,
all i = 1,2. Figs. -B] illustrate
G = P,<>C, and G' = P, <>,
lelez lefQHz
respectively. Define the mapping

¢ : V(G) —» V(G’) by ¢(v;) = v; for all
[=1,2,...,q,a+s+1,a+s+2,...,r,
A((Vjsgstkig)) = (Vjug Urs(s—q)+1) forall
g=12,...,5 and ¢(uUrss+1) = ur-141 for
alll =1,...,t—s. Itis easy to check that f
is a graph isomorphism. This implies that if
Hq{ C P, and Hy C C; are connected such
that Hy = Hs, then P, <> C; = P, <> C;

Hi=¢H> Hy=g,H>
for all f,g € Iso(Hy, Hs). Simi-
larly, C; <> P, = C; <> P, for

Ho=¢ Hy Ha=g Hy
all f,g € Iso(H2,Hy), and so
P, <> C, = C; <> P, for all
Hling Ho=, Hy

f € Iso(H{,Hs) and g € Iso(Hs, Hy).
Moreover, for any connected subgraph

H) C C; such that H), = H,, we
have P, <> C;, = P, <> C, for all
H15_fH2 HlégHé

f € Iso(Hi,Hs) and g € Iso(Hy, H)).
This implies the following lemma.

Lemma2.1. Let Hy C P, and Hy, H} C C;
be connected such that Hy = Hy = H.,
Then

1. vy

P, <> Cil=y|Pr <> C,
HléfHQ H1§8H2’

forall f € Iso(Hy, Hs)
and g € Iso(Hy, H}),

2.'yPr<|>Ct =Y Ct<[>PV
Hi=¢ Hs Ho=g Hy

forall f € Iso(Hy, H>)
and g € Iso(Hs, Hy).
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For simplicity of notation, we write

G instead of P, <> C;. Based on the
HlE HQ

result of Lemma , we will assume
that V(Hy) = {Vj+1,Vj+2,...,Vj+s} for
some j € {0,1,...,r} and V(H3)
{u1,us,...,us} and the isomorphism f :
Hy — Hs is defined by f(vj+g) = ug
for all ¢ 1,2,..,5. So (vjs1,u1),
é\/j_,_g,ug),..., (Vjss.s) € V(G) (see Fig.
).

Our next goal is determine the dom-
ination number of six special cases of a
graph G. Before determining, we define
Vitsk = (Vjsroug) for k = 1,2 and V,, =
{v; € V(G) | i = a (mod3),1 <i < r},
Uy, ={u; € V(G) | i =a (mod3),2 <i <
t}, U, ={u; € V(G) | i = a (mod3),3 <
i <t-1}foralla € {0,1,2}. Further-
more, j = f (mod3),m = g (mod3) and
t = h (mod3) where f, g, h € {0, 1, 2}.

First of all, we consider the amalga-
mation G where s = 1(see Fig. ).

Lemma 2.2. If's =1, then
[%] + [%] if (j =2 (mod3)

and m = 0 (mod3))
or (j =0 (mod3)

v(G) = and m = 2 (mod3))
or j =m =2 (mod3),
[g] + f%] otherwise.
Proof. Let

W1 = {(0,2,0),(2,0,0), (2,2,0),
(0,2,1),(2,0,1),(2,2,1)},

W2 ={(0,2,2),(2,0,2),(2,2,2)},

W5 = {(0,0,0), (0,1,0), (0,0,2), (0,1,2)},
W4 =1{(0,0,1),(0,1,1)},

W5 = {(1,0,0), (1,1,0), (1,0,2), (1,1,2)},
We = {(1,0,1), (1,1, 1)},

W7 =1{(1,2,0), (1,2,2)},

We = 1{(1,2, 1)},
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(V_Hla Uks1) (Vj+sa Uks)
V1 1+s+1 Vr
:ll/\ :U/ k+s+1
G
Fig. 2. The amalgamation of P, and C; at connected subgraphs H; and H- with respect to fj.
(Vjals Ukes) (Vs Uks1)
Vl V/+\+1 Vr
:“/\+s+l {”/\
Gl

Fig. 3. The amalgamation of P, and C; at connected subgraphs H; and H, with respect to f5.

(Vjs1, 1) (Vs tts)
Vl V/+\+1 V,-
: ‘ Us+1
G

Fig. 4. The amalgamation of P, and C; at connected subgraphs H; and Hs with respect to f.

Wy ={(2,1,0),(2,1,2)}, We can check at once that S; is a minimum
Wi ={(2,1,1)}, dominating set of G when (f,g,h) € W;
S1=VoUUp,So=VoUUy, S3=V; U U{, for alli = 1,2,...,10, respectively. Fur-
S4=V1UU}, S5 =V, UU],S6=VoUU, thermore, |S;| = [5] + [52] fori = 1,2
S =VoU{v,}UU,Ss=VoU{v,} UU/, and | S; |= |—§-|+|—%-| otherwise. O

S =VyU uU;,S10=VpoU U U/ . .
? oU v} 110 oUin} 0 After that, we will consider the dom-
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(Vj+1 ,U1)
V1 Vi V Vij+2 Vy
(] (]
Fig. 5. The amalgamation of P, and C; at a connected clone P; .

ination number of G where s =2 and ¢t = 3
(see Fig. B).

Lemma 2.3. If's =2 andt = 3, then

o3

Proof. 1t is obvious that if §; = Vs,
So=V1,83 =Vo U {v1},S4 = Vo U {us},
W1 ={(0,1),(0,0), (1,0), (1,2)},
W2 ={(0,2),(2,0), (2, 1)}, W3 = {(1,1)}
and W4 = {(2,2)}, then S; is a minimum
dominating set of G whenever (f,g) € W;
fori = 1,2,3,4, respectively. Moreover,
1S1] = 121 = 1551 = [5] and | 84 |= [7£L].
m]

if j =m =2 (mod3),

otherwise.

Next, we consider the domination
number of G where s = 2 and ¢ > 4 (see

Fig. 7).
Lemma 24. Ifs=2andt > 4, then

5141521,

if j =m =2 (mod3),

[51+15

if j=m=1(mod3)
orj=m+1=0 (mod3)
or j+1=m=0 (mod3),

514151,

otherwise.

y(G) =

64

Proof. SetS; = VoUUy, So = VoUU1\{u1},
S3=VoU {vi} UU2 \ {uz},

Se=Vo\{vjso, ., v, JUVO\ {v1, ..., vja}
U U2\ {uz},

S5 =V UU; \ {u1},

Se = Vo \{vjs1, ., v, JUVO\ {v1, ..., vjs2}
U UL\ {ur},

S7=VoU{vi} U UL\ {u1},

Sg =Vo\{vjs1, .. vi YUV \ {V1, ..., vju2}

U Uy,
Sg =VoUUs \ {uz},S10 = Vo U UL \ {u1},
S11=V2 U Uy \ {u1}, S12 = Vo U U,
S13 =V1UUz \{uz},S14 =V1 VU1 \ {1},
W1 ={(2,2,00}, Wa = {(2,2,1),(2,2,2)},
W3 ={(1,1,0),(1,1,2)}, Wy = {(1, 1, 1)},
Ws ={(0,2,0),(0,2,2)}, We = {(0,2,1)},
Wz ={(2,0,0),(2,0,2)}, Ws = {(2,0,1)},
Wy ={(0,0,0), (0,1,0)},
Wi = {(0,0,1), (0,0,2),(0,1,1),(0,1,2)},
Wi ={(1,0,0),(1,0,2),(1,2,0)},
Wiz ={(1,0,1),(1,2,1),(1,2,2)},
Wis = {(2,1,0)}, Wiy
{(2,1,1),(2,1,2)}.

It is easy to see that S; is a minimum
dominating set of G whenever (f,g,h) €
W; fori = 1,2,...,14, respectively. Be-

sides,

| Sy 1=I 82 = [5]+[ 52 1, Si 1= [5]+[ 5]
fori=3,4,...8and | S; |=[5]+ |5 3]for
i=9,..,14. O

In addition, we determine the graph
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(i1, u1)  (vjs2,u2)

Vi LY / Y V3 vy
@ o—@ @ @ o—0@ &)
us

Fig. 6. The amalgamation of P, and C; at a connected clone P, where ¢ = 3.
(ijl»lll) (ijQ,LlQ)
151 ‘ Vi+3 Vr
@ &)

Viov
. O—O0—O
L<

A\
° o—eo
>5

Fig. 7. The amalgamation of P, and C; at a connected clone P, where ¢ > 4.

G = P, <> C3 such that H; = Pj (see Fig.
H]_EfHQ

B). It is easily seen that G is isomorphic to

the amalgamation G’ = P,_; <> Cj
HlEfHQ

such that H; = Ps. From the assumptions
of Lemma P.3 with r replaced by r — 1, to
obtain the following lemma.

Lemma 2.5. If's =t =3, then
y(G) = {[é}

Let ¢ > 4, we will consider the amal-

gamation G = P, <> C;, where s = ¢
HléfHQ

min{r,t} (see Fig. H). We see that G
is isomorphic to the amalgamation G’ =

<> C; such that H; = P; and
HlifHQ

t > 4. Under the assumptions of Lemma
R.4 with r replaced by r — ¢ + 2, we obtain
the following lemma.

if j =m =2 (mod3),

otherwise.

>~

Pr—t+2

65

Lemma 2.6. Ift > 4and s =t = min{r, t},
then

2] 2],

if j =m =2 (mod3),

[w

ifj=m=1(mod3)

G) =
7 (@) orj=m+1=0 (mod3)

or j+1=m=0 (mod3),

=] 5],

otherwise.

Note that if H;
min{r,t}, then G =
following lemma.

P;ands = r
We thus get the

C;.

Lemma 2.7. If s
y(G) =T5].

By Lemma R.2-2.7, we know the
domination number of G for all H; such
that H; P1, Py, Pyingr,ry.  We now

r min{r,t}, then

ol
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(Vi u1)  (vjis, u3)

Vi Vj 4

R e S

V Va+d

Fig. 8. The amalgamation of P, and C; at a connected clone P; where s = min{r, ¢} and t = 3.

(Vj+1,ul)

Vi Vj v

(V;’+p ur)

Y Vil

Fig. 9. The amalgamation of P, and C; at a connected clone P, where t > 4.

~

consider the case H; P, for all s €
{3,4,...,min{r, ¢t} — 1}.

Let a,1 € NU {0}, B,p € N and
A = {a,B,p,4}. Fora,B,p,1 € N, we
will denote by
P, a path of order @ with V(P,)
{11,21, Ce ,(1'1} and E(P(,) = {{il, (i +
1} | i =1,2,...,a — 1}, Pg a path of
order 8 with V(Pg) = {12,29,..., 82} and
E(Pﬁ) = {{ig,(i+1)2} | i = 1,2,...,ﬁ—
1}, P, a path of order p with V(P,) =
{13,23, ce ,p3} and E(Pp) = {{ig, (i +
D3} | i = 1,2,...,0 — 1}, P, a path of
order A with V(P,) = {14,24,...,44} and
E(P,l) = {{i4, (i+1)4} | i=1,2,... ,/1—1}.
Moreover, let us denote by PC(a, 3, p,A)
the graph with V(PC(«, B, p, 1)) = {x, y}U

UkEAV(Pk) andE(PC(a,,B, p7/l)) =

{{X, ]-2}’ {X, P3}, {y’ﬁQ}’ {y’ 13}}
UUkea E(Py)
ifa=0and A =0,

{{X, ]-2}’ {X, P3}, {y’ﬁQ}’ {y’ 13}’
{y, 1a}} UUreaE (Pr)
ifa=0and A # 0,

{{X, 11}’ {X, 12}’ {X, p3}’ {y’ﬁQ},
{y,13}} UUkeaE(Px)
ifa#0and 1 =0,

{{.X, 11}’ {X, 12}’ {X, ,03}, {y’ﬁQ},
{y’ 13}7 {y’ 14}} U UkEAE(Pk)
ifa#0and A # 0.

66
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Fig. 10. PC(a,B,p,4) witha =0and 1 =0.

Fig. 11. PC(a,B,p,A) witha =0and A # 0.

Fig. 12. PC(a,,p,1) witha # 0and A = 0.

Figs. [[0-13 illustrate PC(a, B, p, 1)
with (@ 0 and 4 0), (a 0 and
A #0),(@#0and A =0)and (@ # 0
and A # 0), respectively. Note that if @ =0
and A = 0 then PC(a,B,p,1) = G = C,
such that s = r = min{r,t}, and thus
y(PC(a, B, p, ) = [5].

Lemma 2.8. Let G

= P, <>C; be
HléfHQ

such that V(H1) = {vjs1,Vjs2, ..., Vjss)

67

for some j € {0,1,...,r} and s €
{3,4, ....min{r,t} — 1}. Then the following
conditions hold.:

~

1. ifj =0, then G PC(a,B,p,)
wherea =0, 8=5—-2, p=1t—-5and

A=r-—s;

2.ifj#0ands =r —j, then G =
PC(a,B,p,d) wherea« = j, B=s —
2, p=t—sand A =0;
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Fig. 13. PC(a,B,p,4) witha # 0and A # 0.

387+ 0ands +#r—j, then G =
PC(a,B,p,A) wherea = j, B=5—
2, p=t—sandAd=r—(j+5s).

Proof. 1. Suppose that j = 0. Then

V(G) = {(vi,u1),...., (vs,us)} U
{1, sty } U {Vgy1,..., v} . Since
s € {3,4,...,min{r,t} — 1}, we get
s —2,t —s,r—s € N. Define f :
V(G) > V(PC(0,s=2,t—s,r—5))
by f((vi,u1)) = x, f((vasua)) =
(a =1)s forall a € {2,...,s — 1},
F((vs,us)) =y, f(ussp) = b3 for all
be{l,...t —s},and f(vsie) = C4
forall ¢ € {1,...,r —s}. Clearly, f is
an isomorphism.

. Suppose that j # Oand s = r — J.
Then V(G) = {vi,..,vj} U
{(Vj+laul)’--~’(Vj+SaMs)} )
{uss1, ..., us }. Define f : V(G) —
V(PC(j,s - 2,t — s,0) by
fva) = (j — (a = 1)) for all
a € {l,...j}, f((vjs,u1)) =
X, f((vj+a,ua)) = (a - 1)2 for all
a€{2,..,s =1}, f((Vjss,us)) =y,
and  f(ugsp) = by for all
b e {l1,..,t — s} It is clear
that f is an isomorphism.

. Suppose that j # Oand s # r — j.
Thenr — (j +s) € Nand
V(G) = {vi, vy U
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{js,u1),s s (Vjs, us) } U
{Usi1s oes tty } U{Vsi1, ..., v, }. Define
f:V(G) > V(PC(j,s—2,t—s,r—
(J+9)) by f(va) = (j —(a=D)h
foralla € {1, ...,j}, f((vj+1,u1)) =
X, f((Vjrasua)) = (a — 1)z for all
ac {2’ s § 1}1 f((vj+s’us)) =),
f(ussp) = bsforallb € {1,...,1—s},
and  f(Vgie) = cqg for all
c € {l,..,r = ( +s} Itis
also clear that f is an isomorphism.
O

3. Domination Numbers of Amalga-
mations of Paths and Cycles at Con-
nected Subgraphs

In this section, we calculate the dom-
ination number of PC(a, B, p,1) for all
B,p € Nand for all @,4 € N U {0}, not
both zero. Then, by Lemma 2.8, we thus get
the domination number vy (G) for the case
Hy = Pgforalls € {3,4, ...,min{r, ¢} —1}.

For a,4 € N U {0}, B,p € N and
a € {0, 1, 2}, let us denote by
Saa ={Jj1lj =a(mod3)and 1 < j < a},
Sap ={Jj2lj = a(mod3) and 1 < j < B},
Sap ={Jj3lj = a(mod3) and 1 < j < p} and
Saa = {Jjalj =a(mod3)and1 < j < A}.
Note that S,9 = 0 for all a € {0,1,2}.
From now on, [x] stands for the least
integer greater than or equal to x. From
basic properties of congruence modulo 3,
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we get the following remark.

Remark 3.1. Leta,A e NU {0}, B,p € N
and x € {a, B, p, 1}.

(1) Ifx = 0(mod3), then |Sox| = |S1x|
=I5 =[5]= 1511 =521,

(2) Ifx = 1(mod3), then |Sox| = [Sax|
(=)=l =[=]
and |51 = [5] =[] =[55*].

(3) If x = 2(mod3), then
IS1cl = 1S20] = [%54] = [5] = [5F*]
and 150.] = [57] 2[5 =

For simplicity of notation, we write
PC instead of PC(a, B, p, A1) where B,p €
N and @,4 € N U {0}, not both zero. Con-
sider «, A under congruence modulo 3, we
get nine cases for o and A:
a = 0(mod3), A1 = 0(mod3);
a = 0(mod3), 2 = 1(mod3);

a = 2(mod3), A = 2(mod3).
In each of these cases, we give upper
bounds for y (PC) as follows.

Lemma 3.2. Let @« = 0(mod3) and 1 =
0(mod3).

(1) If B = 2(mod3), then )
v (PC) < "(z+ﬁ;/l+2-‘+|'p%2 .

(2) If p = 2(mod3), then )
Y (P) < [z [52].

(3) If B = 0(mod3) and p # 2(mod3),

a+B+A+2 ] p-1
theny (PC) < | —=— |+ T-|

(4) If B = 1(mod3) and p = 0(mod3),

A+2 ] -1
then y (PC) < % + ﬁT-|

(5) If B = 1(mod3) and p = 1(mod3),

theny (PC) < %M +[5].
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Proof. Set

S1 = S0a U Sog U Sop U Soa U {x,y},
S2 = Soa U Sop U Sop U Soa U {x,y},
S3 =800 USog U S2p U S2a U {x},
S4=80q U 52,3 U Sop U So U {x}
and S5 = S, U 51’3 U Slp U Soa.

We check at once that:

Lemma 3.3. Let « = 0(mod3) and A =
1(mod3).

(1) if 8 = 2(mod3), then
S1 is a dominating set of PC and

_ | a+p+aA+2 p—=21.
1S1] = [—3 -|+[T-|’

(2) if p = 2(mod3), then So is a domi-
nating set of PC and
[5-2].

_ [ a+p+a+2]
|S2| = | —=5— = |5

+

(3) if B = 0(mod3) and p # 2(mod3),
then S5 is a dominating set of PC and
1S5] = [ a+B+1+2] + [p-117.

3 3 P

(4) if 8 = 1(mod3) and p = 0(mod3),
then Sy is a dominating set of PC and

|S4| — [a+p;/l+2] + [[%1],

(5) if B8 = 1(mod3) and p = 1(mod3),
then S5 is a dominating set of PC and

551 = [ <252+ 5],

(1) If B = 1(mod3), then )
y (PC) < [“ee2 ]y e8]

(2) If p = 1(mod3), then )
y Py < [z, [859].

(3) If B = 2(mod3) and p % 1(mod3),
theny (PC) < [w-‘ + p;ﬂ )

(4) If B = 0(mod3) and p = 2(mod3),
theny (PC) < [%-‘ + '[ﬁ-| .
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(5) If B = 0(mod3) and p = 0(mod3), (5) If B = 0(mod3) and p = 0(mod3),
theny (PC) < [%1 + [ﬁ%ﬂ ) then we see at once that Sg is a dom-
inating set of PC and
Proof. Set |Se¢| = [#-‘ + [‘%1-‘ .
S1 =824 U Sap U S, USoaU{y},
S2 = S0 U Sap U Sop U Soa U {x,y}, o

S3 =824 US18U Sop USoaU{y},
S4=S0a U Sog U Sop USoaU{x,y},
S5 = S0 U SO,B U SOp USoa U{x,y}
and Sg = So, U Slﬁ U Szp U Soa U {y}

Lemma 3.4. Let @ = 0(mod3) and A
2(mod3).

(1) If B = 0(mod3), then

a+B+A+2 -2
(1) If 8 = 1( mod 3), then we get the fol- v (PC) < [ 3 -"" VT :

lowi .
owing two cases 2) I p = 0(mod3), then

a) If p = 0(mod3), then S is a y (PC) < [%] + [ﬂ% .
dominating set of PC and
15| = [a+ﬁ+ﬂ+2-‘ 4 [pi-‘ (3) If B = 1(mod3) and p # 2(mod3),
! 3 5T then y (PC) < % + ’%1]
b) If p # 0(mod3), then Ss is a
dominating set of PC and (4) If B = 2(mod3) and p = 1(mod3),
15l = | B2 ] 4 [ 22| then y (PC) < @222 | 4 [£22].
(2) If p = 1(mod3), then we also get (5) If B = 2(mod3) and p = 2(mod3),
the following two cases. then y (PC) < %M + [%] .

a) If 8 = 0(mod3), then S5 is a Proof. Set
dominating set of PC and S1 =824 U Sap U S, U S,
1Sa = [tz 4 [£3]. Sy = 51U {x),
S3 =824 U Sop U S2p US4 U
b) If = 2(mod3), then S, is a 3= 520U Sop U Spp U S12 U A,
o S4 =820 U S18U S5 U S14,
dominating set of PC and
aiprs2] . [ 3 S5 = Soa U Sog U S2p U S12 U {x},
|S4|:[ 3 -|+[T-| SG=SOQUSQIBUSQPUS1,1
and S7 = S, U 51’3 U Szp U Sia.
(3) If B = 2(mod3) and p # 1(mod3),

then it follows easily that S5 is a dom- (1) If 8 = 0(mod 3), then we get the fol-
inating set of PC and lowing two cases.

1S5 = [—“*ﬁgf“ﬂ + [/%2] : .
a) If p = 2(mod3), then Sy is a

(4) If B = 0(mod3) and p = 2(mod3), dominating set of PC and
then it follows immediately that S5 1S1] = [#-‘ + [/%2-‘
also is a dominating set of PC and )
15| = [a+p+,1+2] N [/ﬁ] b) pr.sé 2(mod3), then S5 is a
3 300 dominating set of PC and

1521 = [ 2] [eg2].

70



S. Panma and P. Boonmee | Science & Technology Asia | Vol.23 No.3 July - September 2023

(2) If p = 0( mod 3), then we get the fol-
lowing two cases.

a) If 8 = 1(mod3), then S3 is a
dominating set of PC and
851 = =52+ [ 652

b) If 8 = 2(mod3), then Sy is a
dominating set of PC and

_ | a+p+A+2 p-2
8l =[] [ 52,

(3) If 8 = 1(mod3) and p # 2(mod3),
then S5 is a dominating set of PC and

1551 = [2£22] 4 [t ],

(4) If B = 2(mod3) and p = 1(mod3),
then Sg is a dominating set of PC and

1801 = [ =252 ] + [ £5].

(5) If B = 2(mod3) and p = 2(mod3),
then S7 is a dominating set of PC and

571 = [ “E2] +[5]).

O

From Lemma @, we can now state
the lemma below by substituting o and 4
with A and «, respectively.

Lemma 3.5. Let o =
0(mod3).

1(mod3) and 1 =

(1) If B = 1(mod3), then )
v (PC) < ’V(Z+ﬁ;/l+2-‘ + [;%3 '

(2) If p = 1(mod3), then )
y (P) < [z, [89].

(3) If B = 2(mod3) and p # 1(mod3),
then y (PC) < [%1 +

(4) If B = 0(mod3) and p = 2(mod3),

then y (PC) < [(HPTM-| +
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(5) If B = 0(mod3) and p = 0(mod3),
theny (PC) < [w-‘ + [‘%1-‘ .

From now on, C stands for the cycle
PC\Uicq1,2,3)(SiaUSia) = PC(0,,p,0)
(see Fig. [10).

Lemma 3.6. I[fa=1( mod 3)and A =1
( mod 3), then y (PC) < [%1 +

]

Proof. Since C\N[{x,y}] = Pg_oUP,_o,
we can conclude that there is a dominat-
ing set D of C \ N[{x, y}] such that |D| =

[’%ﬂ + [[%2-‘ It follows immediately that

S =S0a USoaUD U {x, y} is a dominating

setof G and |S| = [%w + [’%ﬂ )

O

Lemma 3.7. Let « = 1(mod3) and A
2(mod3).

(1) If B = 2(mod3), then )
¥ (PC) < [%”*2] + [/%2 .

(2) If p = 2(mod3), then )
)/(PC) < [a+p;—/l+2]+ [[%2 .

(3) If B # 2(mod3) and p # 2(mod3),
theny (PC) < [@1 + pT_1-| .

Proof. Let @ = 1(mod3) and A = 2(mod
3) Set S = Sp U SOﬁ U Sop U S U {x,y}.

(1) If B = 2(mod3), then it follows eas-
ily that S is a dominating set of PC

and |$] = [ <222 | 4 [222].

(2) If p = 2(mod3), then it follows im-
mediately that S is a dominating set

of PC and |S]| = [%M] + [/%] .

(3) If B £ 2(mod3) and p # 2(mod3),
then, for the graph H \ N[{x,14}] =
Pg_1 U P,_1, there is a dominating
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set D of H \ N[{x,14}] such that
|D| = [%-‘ + [’%1] It follows eas-
ily that S = Sgq US10UD U {x}isa
dominating set of PC and

_ | a+p+A+2 p—1
81 = |
O

By substituting @ for A and A for «
in Lemma B.4 and Lemma B.7, respectively,
we have the following two lemmas.

Lemma 3.8. Let « = 2(mod3) and A =
0(mod3).

(1) If B = 0(mod3), then

+B+A+2 -2

(2) If p = 0(mod3), then )
y (PO) < [mz2 ], [22]

(3) If B = 1(mod3) and p # 0(mod3),

a+p+a+2] | [p-1
theny(PC) < —3 |t T-|

(4) If B = 2(mod3) and p = 1(mod3),

A+2 ] -1
theny (PC) < % + ’371

(5) If B = 2(mod3) and p = 2(mod3),

theny (PC) < w + |—§-| .

Lemma 3.9. Let « = 2(mod3) and A =
1(mod3).

(1) If B = 2(mod3), then

+B+A+2 -2

(2) If p = 2(mod3), then )
y(PO) < [2Et2) L [£22],

(3) If B # 2(mod3) and p # 2(mod3),
theny (PC) < [%1 + p;l] i

72

Lemma 3.10. Let @ = 2(mod3) and A =
2(mod3).

(1) If B = 1(mod3), then
y (PC) < [#822 ]y [e2d].
(2) If p = 1(mod3), then
y(PC) <[22 L [£21].

(3) If B # 1(mod3) and 1 £ 1(mod3),

theny (PC) < [%1 + [%] i
Proof. (1) If B = 1(mod3), then

we consider the cycle
K = PC\ Uje(1,2,3)(Sia U Sia).
We see that
K\N[{x,14}] = Pg_1 U P, 1.
Thus, there is a dominating set D of
this graph such that

|D| = [[%1 + [pg;ﬂ It is clear that
S =894 US12UD U {x} is a domi-

nating set of PC and
_ +L+A+2 -1
51 = [+ [e5t].

(2) The proof is based on the concept of
(1) when replacing 8 and p by p and
B, respectively.

(3) Set M = PC \ Uje(1,2,3}(Sia U Sia).
We see that M \ N[{11,14}] = Pgu
P,. Thus, there is a dominating set

D of this graph such that |D| = [%ﬂ +

[%] It is easy to check that § = S1,U
S12UD is a dominating set of PC and

51 =[ =552 +[5].

We are now ready to give the domi-
nation numbers of PC. We will prove that
the upper bounds which are given in Lemma
B.2-B.10 are the domination number of PC.
Let us first give an observation of a y-set
H of PC. Consider two vertices x, y in PC
(see Fig. [13). In order to dominate x and
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y, [HON[{x}]| = 1 and [H N N[{y}]| =
1. Since N[{x}] = {x,11,19,p3} and
N[{y}] = {y, B2, 13, 14}, there are sixteen
cases: x,y € H;x,B2 € H;...;p3,14 €
H. 1If x,y € H, then all vertices in
N[{x,y}] = {x,y, 11, 12, p3, B2, 13, 14} are
dominated by H. Considering that PC \
N[{x,y}] = Pa-1UPg2UP, 52U P
(see Fig. [14), we can deduce that H \ {x, y}
contains at least [ 21 |+ [532]+[‘%2-‘+[%-|
vetices. Consequently, we obtain the in-
equality |H| > [%2] + [’%] + [%] +
[431] + 2. We can similarly derive obser-
vations for the remaining sixteen cases as
follows:

Observation 3.11. Let H be a y-set of PC.
In order to dominate x and y, there are six-
teen cases.

Casel. x,y € H.
Since PC \ N[{x,y}] & Pqo-1 VU
PﬁQUPpQUP,{ 1, we get
PN
-1
+|—|+2 1
- M

x,B2 € H. Since PC \ N[{x,B2}] =
Py 1UPg 3UP, 1UP, weget

a-1 B-3 p—1
= [ ][£52 ]+ |5
+/§l+2. 2)

x,13 € H. Since PC \ N[{x, 13}] =
P,1U Pﬁ_l U Pp_g U Py, we get

Sk ey

(€))

-1
3

\H| > V

+ 2.

Case 4.

Case 5.

Case 6.

Case 7.

Case 8.
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x,14 € H. Since PC \ N[{x,14}] =
P, 11U Pﬁ_l U Pp—l U Py_o, we get

Sk ey

A=2

3

-1
3

H| > {“

+ 2. @)

11,y € H. Since PC \ N[{11,y}] =
P, oU Pﬁ_l U Pp—l U Py, we get

Sk ey

®)

|

3

11,82 € H. Since PC \ N[{11, B2}]
= Po2UPg oUP,UP, weget

|H| > a_2}+yﬂw+['q
3 3 3
+ /§l + 2. (6)

11,13 € H. Since PC\N[{11, 13}] =
Poao2UPgUP, oUP, weget

=[5+ 5+
3 3 3
+ /§l + 2. @)

11,14 € H. Since PC\N[{11,14}] =
P, oU Pﬁ U Pp U P,_o, we get

2[5+ 18]

|H| >

+ + 2.

®)
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Py P/ﬁ*Q P
a 2 2 -1 2
1 21 P (B=1)2 4 A4
([) - l)f’) 2;))
Pys /
Te— g O

Fig. 14. PC\ N[{x,y}] = P41 U P/g_z U Pp_g UPyq.
Case 9. 1o,y € H. Since PC \ N[{l2,y}] =
PoUPg 3UP, 1 UP, 1, weget

Case 13. p3,y € H. Since PC \ N[p3,y}] =
PyoUPg 1UP, 3UP, 1, we get

_ -1 -1 _
|H|2[g]+’8 3+'0— |H|2[g]+’8 +'O—3
3 3 3 3 3 3
-1 _
+ A +2. ©) + A + 2. (13)
Case 10. 15,82 € H. Since PC \ N[{12,82}] Case 14. p3,B2 € H. Since PC \ N[{ps,B2}]
= Po,UPg 4 UP,UP, weget = Po,UPg o UP, oUP, weget
-4 -2 -2
|H|2[g]+ B +[£1 |H|2[g]+ B )
3 3 3 3 3 3
A A
—[+2. 1 —[+2. 14
+ 3 + (10) + 3 + (14)
Case 11.

1o,13 € H. Since PC \ N[{]_Q, 13}]

Case 15. p3,13 € H. Since PC \ N[{p3,13}]
= P, U PB_Q U Pp_g U P,, we get

=P,UPgUP, 4UP, weget

o [5)-[£53) 25 o [5)-][ 25
32 (11) R (15)

Case 12.

~

19,14 € H. Since PC\N[{19, 14}]
P, U Pﬁ_g U Pp U P,_o, we get

Case 16. p3,14 € H. Since PC \ N[{p3,14}]
=P, UPgUP, 9UP, 9 weget

=[5 [£52] 15 CRHNHEES
+ A;Q +2. (12) + A;Q +2. (16)
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In Theorem B.12-B.20, we will show
that the order of a y-set H of PC is greater
than or equal to the upper bound given in
Lemma B.2-B.10, respectively. By Obser-
vation , in each theorem, we need to
show that the lower bounds of |H| in the
the inequality (1)-(16) can be reduced to
the upper bound given in the corresponding
lemma.

Theorem 3.12. Let « = 0( mod 3) and
A=0( mod 3). Then y(G) =

_a+,8§-/1+2_ N —F%2_ if B =2(mod3),
arprts2] 1621 b = 9(mod3),
_a/+,B§-/l+2_ N 'p%l- if B = 0(mod3)
and p % 2(mod3),
_a+,0;'/l+2- + l% if B =1(mod3)
and p = 0(mod3),
[a+ﬂ?:r/l+21 +[2]  if B=1(mod3)
and p = 1(m0d3)

Proof. Let H be a y-set of PC.

(1) Itis clear that, fori € {1,2,...,16} \
{3, 13, 15}, the inequality (i) can be
written in the form

a+f+A+2 N p—2

3 3|

\H| >

By Remark B.1, we also get the in-
equalities (3), (13) and (15) can be
written in the form

1=[5]+[5]+| 25

-1

+ +2

75

2

3)

“4)

)

Z{a+ﬁ+ﬂ+2}+{p—2l.
3 3

Therefore, |H| > 3

By (1) in Lemma , yY(G) =
] 2.

2 -2
%wﬂ_].

On substituting between S and p in
(1), we obtain |H| > "(H-pTM“ N

g] According to (2) in Lemma
we get

v(G) = "a+p+/l+2-| "%1 .

By Remark B.1|, fori € {1,2,...16} \
{3,13, 15}, we get the inequality (i)
can be written in the form |H| >

[%5 [’%1] . In other cases, by

Remark B.1|, we also get
-4
3 3 3
A-1
+ +2
2
S a+L+1+2 N p—1 '
3 3
Hence, H > w + ’%].From

(3) in Lemma B.2, we can conclude
_ +6+1+2 -1
that y(G) = [ <522 | ¢ [£1].

By replacing between 8 and p in (3),
> a+p+/1+2-| p-1 -|
= 3

_ | atp+a+2 p-1
%f] + [T]

It is evident that the inequalities (6),
(8), (10) and (12) can be written in the

+L+A+2
form |H| > QT + [%] . By Re-
mark B.1|, we get the inequality (15)
can be written in the form

x5 E2 )5

we get |H|

Therefore, v(G)
by (4) in Lemma
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+F§ﬂ+2
5 a+ﬁ;ﬂ+2}+[;§)w'

Also by Remark B.I, for i €
{1,2,...16}\{6, 8,10, 12, 15}, we get
the inequality (i) can be written in the

form
3

[z 15
Z{a+,8+/l+2}+[pw

3
3 31
Hence, |H| > [M%‘[%]'BY(S)
in Lemma B.2, y(G) = [%M-‘ +
[5]
AR
m]

Theorem 3.13. Let @« = 0( mod 3) and
A=1( mod 3). Then y(G) =

'a+ﬁ§./l+2- + -PT—?’- lfﬁ = 1(m0d3),
[ a+p+a+2 ] + -[%3 if p = 1(mod3),
axpre2] (2221 4ep = 9(mod3)

and p £ 1(mod3),

if B = 0(mod3)
and p = 2(mod3),

a+p+A+2 B2
]+ |7

[%ﬂﬂ + [p%ﬂ if B = 0(mod3)

and p = 0(mod3).

Proof. (1) Obviously, we can rewrite the

inequalities ([l})-(16) except (13) as

2

3)

“4)

)

H > %M [%3-‘ By Remark

B.1l, the inequality ([L3) is satisfied
_a ﬂ

H| > —]+ Ply

12 [5]+|4]

[a+B+A+2
3

p—4
3

557

_ +L+A+2 -3
Now ’}/(G) = [QT-| + PT-|
which is due to (1) in Lemma 3.3

The proof of |H| > [‘”PT*’”Q +| B3

+2

+

v

3
is similar in spirit to (1) when we
substitute between 8 and p. By (2)
in Lemma B.3, we can assert that

- ] ]

It is clear that, fori € {1,2,...16} \
{3,13, 15}, the inequality (i) can be

written as
{ : } ‘
3

a+fB+A+2
3
By Remark B.1|, we can write the in-
equalities (B)), (13) and (13) in the

\H| >

form
Hl 2 [S]+ prii,|p=4
— 13 3 3
-1
+|—|+2
3
a+f+4+2 N p—2
2 3 3|

By (3) in Lemma B.3, we obtain that
¥(G) = "Q+ﬁg-/l+2-| + {;%21

By replacing between 8 and p in (3)
and by (4) in Lemma B.3, we obtain

_ +0+A+2 B2
7(0) = [t 4| £32],
By Remark B.1|, fori € {1,2,...16} \
{3,13,15}, the inequality (i) be-
comes |H| > [@1 + [’%1] By



S. Panma and P. Boonmee | Science & Technology Asia | Vol.23 No.3 July - September 2023

Remark again, we can conclude

that (), (13) and (13) satisfy
mafE)ofe] 25
- 1} +2
. V . ﬂ .

3
Hence y(G) = [w-‘ + P%l-‘

5 {a/ +B+A1+2
3
which is clear from (5) in Lemma3.3.
O

+

Theorem 3.14. Let « = 0( mod 3) and
A=2( mod 3). Then y(G) =

-(l+ﬁ§'/l+2- + ﬁ%?’- if B = 0(m0d3),
a2 | T3] e p = 0(mod3),
a2 [2-2] g = 1 (mod3)

and p # 0(mod3),

if B = 2(mod3)
and p = 1(mod3),

a+p+A+2 B2
]+ 5]

[%”ﬂ + [‘%ﬂ if B = 2(mod3)

and p = 2(mod3).

(1) By Remark , we can write
@). ([3) and ({L3) as
-1 _ 4
=[]+ 1], [p=4
3 3 3
3

> a+f+4+2 N p—2 .
3 3

Proof.

It is easy to check that, for i €
{1,2,...16} \ {3,13,15}, we can
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2

3)

“4)

write the inequality (i) as |H| =
w ‘%2] . We conclude from
(1) in Lemma B.4 that y(G) =
[a+,8+/1+2-| + [/);2-|

3 3 |

By substituting between 8 and p in
(1), we get |H| > [‘”’OTMW + [%}
By (2) in Lemma B.4, we can con-
clude that y(G) = {%1 + [’%]

We see at once that (@), (#), @), @),
®), @), (10) and (12) can be written

as
|H| > w + ’%ﬂ.ByRemark

B.1, we can write (), @), (@, (L,
(13)), (14) and ([13) in the form

PRERCNE

A
+|=-(+2
3
S a+B+1+2 N p—1 ‘
3 3
By Remark agian, we can write
the inequality ([L3) as
1 -2
3 3 3
-2
+ +2
3
a+B+1+2 N p—1
> 3 T |

Therefore, |H| > [%1 + [‘%1 .
We conclude from (3) in Lemma

_ +5+1+2 -1
that y(G) = [ <522 | ¢ [£1].

By replacing between 8 and p in (3)
and by Lemma P.3 (4), we obtain

=] 5]
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(5) We check at once that (2), (), &),
®. @, @, (10) and ([L2) can be writ-
tenas |H| > %M]+[§] By Re-
mark B.1,, we can write (B), (@), (13)
and ([16) as

|H| > [%1+V;1 +VT_:1
- 2} +2
3
a+f+1+2
3

+

+[5]

By Remark again, we also can
write (), (1), (4) and ([L5) as

=[] 557+ 5
+ /l?)i}+2
S a+ﬁ;/l+2 +[;§)]

Therefore, |H| > [#-‘ + [%’]

S0 y(G) = [%”*2] +[2] which is
clear from (5) in Lemma B.4.
O

On substituting between @ and A in
Theorem B.13, we obtain the below theo-
rem.
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Theorem 3.15. Let @ = 1(mod3) and A =
0(mod3). Then y(G) =

F o]

'a+ﬁ;/1+2' +|252| if B = 1(mod3),

a+p§/1+2 + % if p = 1(mod3),

-a+ﬁ;-/1+2_ N /JT—l- if B = 2(mod3)

[ a+p+a+2] + -/%1 lfﬁ = 0(mod3)
and p = 2(mod3),

[a+ﬁ3+/l+2-‘ +[58]  ifB =0(mod3)
and p = 0(mod3).

Theorem 3.16. If «
1(mod3), then v(G)

1(mod3) and A =
_ "a+ﬁ+/l+2—‘ + "[);2—‘
= 3 3 |
Proof. By Lemma B.6, we get y(G) <

a+f+A+2 p—2
[2g2). o

there is a y-set H of G such that

{a+ﬁ+ﬂ+2}+{p—2
3

-|. It remains to prove that

\H| >

; } (17)

We check at once that (Il)-(1d) except (),
(13) and ([13) satisfy (17). By Remark B.1],
(@), (13) and ([13) also can be written as in

_ +L+A+2 -2
(7). Therefore, y(G) = [GT%P)T}
m]
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Theorem 3.17. Let @ = 1(mod3) and A =
2(mod3). Then y(G) =

ez o211 g = 9(mod3),
[atpras2] | 53;2 if p = 2(mod3),
axprz ] foL] g 2 9(mod3)
and p # 2(mod3).
Proof. (1) It follows immediately that,

2

3)

fori € {1,2,...,16} \ {3,13, 15}, we
can write the inequality (i) as |H| >
[% + {’%21 By Remark B.1],
the inequalities (B), (13)) and (13) can

be written as

H| > a-1 N B+1 N p—4
3 3 3
-1
+/l }+2
3
a+pB+A1+2 N p—2
> 3 5 |
Thus, [H] 2 [ <272 +[232].

We conclude from this inequality and
(1) in Lemma B.7 that

¥(G) = [ 2e2] oy [e2].

It is clear form substituting between
1 +p+A+2

B and p in (1) that |H| > [%%

[%] By (2) in Lemma @, we have

y(G) =[] 4 [£32]

= = [’%1-‘, the inequal-

ity (i) can be written as |H|
a+f+A+2 1
3

Since P)_Z
>
+ |&=| for all i €
{1,2,...16} \ {3, 13, 15}. By Remark
B.1|, we can write (), (13) and (13) in

the form |H| > [%M] + [p%]
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From (3) in Lemma B.7, we have
v(G) = [ 4[],

The two theorems we stated below
come from substituting between @ and A in

Theorem and Theorem B.17, respec-

tively.

Theorem 3.18. Let a

= 2(mod3) and A =

0(mod3). Then y(G) =

[ a+f+A+2 i -p—2 |
—3 || 3

~
S

[ a+p+A+2 T

c):}|

|bl
wf |
—

I

[ a+pras? |
3

a+p+A+2 p-1
][5

a+f+A+2
Bl

wID

]

Theorem 3.19. Let a
1(mod3). Then y(G)

p=2]

- 2]
a+ﬁ;+ +

‘Q 1
w

?n
[\

[ a+pra+2]

C‘:)|

[ a+p+a+2]

i

if B = 0(mod3),

if p = 0(mod3),

if B = 1(mod3)
and p £ 0(mod3),

if B = 2(mod3)
and p = 1(mod3),

if B = 2(mod3)
and p = 2(mod3).

2(mod3) and A =

if B = 2(mod3),

if p = 2(mod3),

if B £ 2(mod3)
and p # 2(mod3).
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Theorem 3.20. Let @ = 2(mod3) and A =
2(mod3). Then y(G) =

asbats2] y [o2] i = 1(mod3),
_a/+,0;'/1+2- + "/%] if p = 1(mod3),
w + |-§-| if B # 1(mod3)
and p # 1(mod3).
Proof. (1) It follows easily that (@), (E]),
®). @. @®. @), ([0) and (12) can be
written as
\H]| > {w

(18)

+ [f’ . 1} |
3
By Remark B.1], the inequalities ([l)),

@, @ (1), ([3), (14), ([13) and (L6)
are satisfied ([L8).

Thus, |H| > [% +H 5 -|.From
(1) in Lemma B.10, we have y(G) =
"a+ﬂ+/l+2-‘ +"p;1-‘
3 3"
It is clear from substituting between
. +o+A+2
Band p in (1) that |H| > [%1 +
[/%] By (2) in Lemma B.10, we
_ | atp+a+2 B-1
have ’)/(G) = "%] + "T]

p—1

2

We conclude from Remark that
the inequalities ([I})-([Ld) can be writ-
+L+A+2
ten as |H| > QT-‘ + [%] By
(3) in Lemma B.10, we obtain that
_ +L+A+2
¥(G) = =22 4 [5].

3)

O

From Theorem B.12-B.20, we obtain
the exact value of y(PC(a, B, p, 1)) for all
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B, p € Nand forall @, 4 € NU{0}, not both
zero. Consequently, we are able to derive
the exact value of y(P, <> C;) by substi-

H1§fH2

tuting @, 3, p and A with j,s — 2,1 — s and
r—(j +s), respectively.

Conclusion
In this research, our focus has been
on investigating the domination number of

the amalgamation P, <> C, with the con-
Hl Ef H2

dition that H; = Hy = P,. To tackle this
problem, we employed congruence prop-
erties modulo 3. For cases where s €
{1, 2, min{r,1}}, we utilized these congru-
ence properties to identify a minimum dom-
inating set and calculate the domination

number of P, <> C,. However, for the
Hy Ef Ho

cases where s € {3,4,..., min{r, ¢} — 1},
we adopted a different approach. We con-
structed a graph denoted as PC(a, B, p, )
using four paths: P, Pg,P,,P,. Fur-
thermore, we established that if V(H) =

{vjs1,vjs2, ..., Vjss), then Pp <> G =
HlﬁfHQ

PC(a,B,p,1), where @« = j, B = 5 — 2,
p=t—s,and A =r — (@ +s). Having es-
tablished this correspondence, we then pro-
ceeded to determine the domination num-
ber y(P, <> C;) by using the correspond-
Hy =f H>

ing value of y(PC(«, 8, p, 1)). By employ-
ing this approach, we gained valuable in-
sights into the domination number of the
amalgamation and its relationship with the
constructed graph PC(«, 8, p, A).
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