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Abstract 

In this study, we will demonstrate a common fixed point theory for two weakly compatible 

self-maps 𝐺 and 𝐻 on a dislocated metric space (𝑀, 𝑑∗) that satisfy the E.A. property and (CLR) 

property as well as the following 𝜙-weakly expansive mappings.  
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1. Introduction 

 In 1922, Banach (1) established a 

common fixed point theorem, which guarantees 

the existence and uniqueness of a fixed point 

under certain conditions. Banach's result is 

known as the Banach contraction principle or 

Banach's fixed point theorem. In various ways, 

many authors have extended, generalized, and 

improved on Banach's fixed point theorem. 

 In order to generalize the Banach fixed 

point theorem, Jungck (2) established a common 

fixed point theorem for commuting maps. This 

theorem has a wide range of applications. 

     The idea of expansive mapping was 

first put forth by Wang et al. (3) as follows 

𝑑∗(𝐻𝑥, 𝐻𝑦) ≥ 𝑎𝑑∗(𝑥, 𝑦), (1.1) 

where 𝐻 is a self-mapping of a metric space 

(𝑀, 𝑑∗) for all 𝑥, 𝑦 ∈ 𝑀 and 𝑎 > 1. 

 Next, The 𝜙-weakly expansive 

mapping were introduced by Kang et al. (4) as 

follows  

𝑑∗(𝐻𝑥, 𝐻𝑦) ≥ 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝑑∗(𝐺𝑥, 𝐺𝑦)),
 (1.2) 

where 𝐺 and 𝐻 are two self-mappings of a metric 

space (𝑀, 𝑑∗) for all 𝑥, 𝑦 ∈ 𝑀.  

Let 𝜙: [0, ∞) → [0, ∞) be a continuous mapping 

with 𝜙(0) = 0 and 𝜙(𝑡) > 𝑡 for all 𝑡 > 0. 

Kim et al. (5) extended (1.2) for find a 

common fixed point of two self maps satisfying 

ξ-weakly expansive mappings in dislocated 

metric space and researchers in (6) and (7) are 

study in dislocated quasi-metric spaces.  

Motivated and inspired by above, we 

will show that two weakly compatible self-maps 

𝐺 and 𝐻 on a dislocated metric space (𝑀, 𝑑∗)  
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that satisfy the 𝜙-weakly expansive condition 

have a common fixed point theorem.  

2. Preliminaries 

Definition 2.1 (5) Let  𝑑∗: 𝑀 × 𝑀 → [0, ∞) be a 

function with 𝑀 ≠ ∅ and for all 𝑥, 𝑦, 𝑧 ∈ 𝑀, the 

following conditions are satisfied 

(a) 𝑑∗(𝑥, 𝑦) = 𝑑∗(𝑦, 𝑥) 

(b) 𝑑∗(𝑥, 𝑦) = 0, then 𝑥 = 𝑦 

(c) 𝑑∗(𝑥, 𝑦) ≤ 𝑑∗(𝑥, 𝑢) + 𝑑∗(𝑢, 𝑦). 

Then 𝑑∗ is called dislocated metric (or simply 

𝑑∗-metric) on 𝑀 and the pair (𝑀, 𝑑∗) is called 

dislocated metric space. 

Definition 2.2 (6) Two self-mappings 𝐺 and 𝐻 

defined on a metric space 𝑀 are said to be 

weakly compatible if they commute at their 

coincidence points. 

Definition 2.3 (7) Two self-mappings 𝐺 and 𝐻 

of a metric space (𝑀, 𝑑∗) are said to satisfy E.A. 

property if there exists a sequence {𝑥𝑗} ∈ 𝑀 such 

that 

lim
𝑗→∞

𝐻 𝑥𝑗 = lim
𝑗→∞

𝐺 𝑥𝑗 = 𝑠 

for some 𝑠 ∈ 𝑀. 

Definition 2.4 (8) Two self-mappings 𝐺 and 𝐻 

of a metric space (𝑀, 𝑑∗) are said to satisfy 

(𝐶𝐿𝑅𝐻) property if there exists a sequence {𝑥𝑗} 

in 𝑀 such that 

lim
𝑗→∞

𝐻 𝑥𝑗 = lim
𝑗→∞

𝐺 𝑥𝑗 = 𝐻𝑥 

for some 𝑥 ∈ 𝑀. 

3. Main Results  

Theorem 3.1 Let (𝑀, 𝑑∗) be a dislocated metric 

space and let 𝐺 and 𝐻 be two self-maps on 𝑀 

satisfying 

𝐺𝑀 ⊆ 𝐻𝑀. (3.1) 

There exists a continuous mapping 𝜙: [0, ∞) →
[0, ∞) with 𝜙(0) = 0 and 𝜙(𝑡) > 𝑡 for all 𝑡 >
0 such that 

𝑑∗(𝐻𝑥, 𝐻𝑦) ≥ 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)),
 (3.2) 

where 

𝛶(𝐺𝑥, 𝐺𝑦) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥, 𝐺𝑦), 𝑑∗(𝐺𝑥, 𝐻𝑥), 𝑑∗(𝐺𝑦, 𝐻𝑦),        

    
𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑦,𝐻𝑦))

1+𝑑∗(𝐺𝑥,𝐺𝑦)
, 

    
𝑑∗(𝐺𝑦,𝐻𝑦)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐻𝑦)
, 

    
𝑑∗(𝐺𝑥,𝐻𝑥)𝑑∗(𝐺𝑦,𝐻𝑦)

1+𝑑∗(𝐺𝑥,𝐺𝑦)+𝑑∗(𝐻𝑥,𝐻𝑦)
} 

for all 𝑥, 𝑦 ∈ 𝑀. 

If 𝐺 and 𝐻 are weakly compatible and 𝐺𝑀 or 

𝐻𝑀 is complete, then 𝐺 and 𝐻 have a unique 

common fixed point. 

Proof.  Let 𝑥0 be an arbitrary point of 𝑀. We can 

define a sequence {𝑥𝑗} based on (2.1), such that 

𝐺𝑥𝑗 = 𝐻𝑥𝑗+1, 

because 𝐺𝑀 ⊆ 𝐻𝑀.  Define a {𝑦𝑗}  sequence in 

𝑀 by 

𝑦𝑗 = 𝐺𝑥𝑗 = 𝐻𝑥𝑗+1. (3.3)  

There is nothing to prove if 𝑦𝑗 = 𝑦𝑗+1, ∃𝑗 ∈ ℕ. 

Now, assume that 𝑦𝑗 ≠ 𝑦𝑗+1, ∀𝑗 ∈ ℕ. We prove 

that  

lim
𝑗→∞

𝑑∗(𝑦𝑗 , 𝑦𝑗+1) = 0. (3.4) 

Letting 𝑥 = 𝑥𝑗 , 𝑦 = 𝑥𝑗+1 in (3.2) and using 

(3.3), we obtain  

𝑑∗(𝑦𝑗−1, 𝑦𝑗) = 𝑑∗(𝐻𝑥𝑗 , 𝐻𝑥𝑗+1) 

≥ 𝑑∗(𝐺𝑥𝑗 , 𝐺𝑥𝑗+1) + 𝜙(𝛶(𝐺𝑥𝑗 , 𝐺𝑥𝑗+1)) 

= 𝑑∗(𝑦𝑗 , 𝑦𝑗+1) + 𝜙(𝛶(𝑦𝑗 , 𝑦𝑗+1)), (3.5) 

where 

𝛶(𝑦𝑗 , 𝑦𝑗+1) = 𝛶(𝐺𝑥𝑗 , 𝐺𝑥𝑗+1) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥𝑗 , 𝐺𝑥𝑗+1), 𝑑∗(𝐺𝑥𝑗 , 𝐻𝑥𝑗),         

     𝑑∗(𝐺𝑥𝑗+1, 𝐻𝑥𝑗+1), 

    
𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗)(1+𝑑∗(𝐺𝑥𝑗+1,𝐻𝑥𝑗+1))

1+𝑑∗(𝐺𝑥𝑗,𝐺𝑥𝑗+1)
, 

    
𝑑∗(𝐺𝑥𝑗+1,𝐻𝑥𝑗+1)(1+𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗))

1+𝑑∗(𝐻𝑥𝑗,𝐻𝑥𝑗+1)
, 
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𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗)𝑑∗(𝐺𝑥𝑗+1,𝐻𝑥𝑗+1)

1+𝑑∗(𝐺𝑥𝑗,𝐺𝑥𝑗+1)+𝑑∗(𝐻𝑥𝑗,𝐻𝑥𝑗+1)
} 

= 𝑚𝑎𝑥{𝑑∗(𝑦𝑗 , 𝑦𝑗+1), 𝑑∗(𝑦𝑗 , 𝑦𝑗−1),         

     𝑑∗(𝑦𝑗+1, 𝑦𝑗), 

    
𝑑∗(𝑦𝑗,𝑦𝑗−1)(1+𝑑∗(𝑦𝑗+1,𝑦𝑗))

1+𝑑∗(𝑦𝑗,𝑦𝑗+1)
, 

    
𝑑∗(𝑦𝑗+1,𝑦𝑗)(1+𝑑∗(𝑦𝑗,𝑦𝑗−1))

1+𝑑∗(𝑦𝑗−1,𝑦𝑗)
, 

    
𝑑∗(𝑦𝑗,𝑦𝑗−1)𝑑∗(𝑦𝑗+1,𝑦𝑗)

1+𝑑∗(𝑦𝑗,𝑦𝑗+1)+𝑑∗(𝑦𝑗−1,𝑦𝑗)
} 

= 𝑚𝑎𝑥{𝑑∗(𝑦𝑗 , 𝑦𝑗+1), 𝑑∗(𝑦𝑗 , 𝑦𝑗−1)}.  

If  𝑑∗(𝑦𝑗 , 𝑦𝑗+1) < 𝑑∗(𝑦𝑗−1, 𝑦𝑗) and (3.5) then 

𝑑∗(𝑦𝑗−1, 𝑦𝑗) > 𝑑∗(𝑦𝑗 , 𝑦𝑗+1) + 𝑑∗(𝑦𝑗−1, 𝑦𝑗). 

That is 

𝑑∗(𝑦𝑗 , 𝑦𝑗+1) < 0, 

which is a contradiction.  

If 𝑑∗(𝑦𝑗−1, 𝑦𝑗) < 𝑑∗(𝑦𝑗 , 𝑦𝑗+1) and (3.5) then 

𝑑∗(𝑦𝑗−1, 𝑦𝑗) 

> 𝑑∗(𝑦𝑗 , 𝑦𝑗+1) + 𝜙(𝑑∗(𝑦𝑗 , 𝑦𝑗+1)). (3.6) 

This mean that  

𝑑∗(𝑦𝑗−1, 𝑦𝑗) > 𝑑∗(𝑦𝑗 , 𝑦𝑗+1) 

Thus, the sequence {𝑑∗(𝑦𝑗 , 𝑦𝑗+1)} is strictly 

decreasing and bounded below.  

So, there exists 𝛾 ≥ 0, such that 

lim
𝑗→∞

𝑑∗(𝑦𝑗 , 𝑦𝑗+1) = 𝛾, 

taking 𝑗 → ∞ in (3.6), we get  

𝛾 ≥ 𝛾 + 𝜙(𝛾), 

which is a contradiction, hence we have 𝛾 = 0. 

Hence,  

lim
𝑗→∞

𝑑∗(𝑦𝑗 , 𝑦𝑗+1) = 0. (3.7) 

Next, we prove that {𝑦𝑗} is a 𝑑∗-Cauchy 

sequence. Assume that {𝑦𝑗}  is not a 𝑑∗-Cauchy 

sequence. Then there exists 𝜀 > 0, such that for 

𝑛 ∈ ℕ, there are 𝑗(𝑖), 𝑘(𝑖) ∈ ℕ with 𝑘(𝑖) > 
 𝑗(𝑖) > 𝑖 satisfying                                                                                             

(a):  𝑘(𝑖) and 𝑗(𝑖) are positive integers.         

(b):  𝑑∗(𝑦𝑗(𝑖), 𝑦𝑘(𝑖) ) > 𝜀.                                                           

(c):  𝑘(𝑖)  is the smallest even number such that 

the condition (b) holds, that is,                    

𝑑∗(𝑦𝑗(𝑖), 𝑦𝑘(𝑖) −1) ≤ 𝜀.                                     

Thus, 

 𝜖 < 𝑑∗(𝑦𝑗(𝑖), 𝑦𝑘(𝑖) )               

    ≤ 𝑑∗(𝑦𝑗(𝑖), 𝑦𝑘(𝑖)−1) + 𝑑∗(𝑦𝑘(𝑖)−1, 𝑦𝑘(𝑖))         

    ≤ 𝜖 + 𝑑∗(𝑦𝑘(𝑖)−1, 𝑦𝑘(𝑖)). (3.8) 

Taking 𝑖 → ∞, we obtain 

lim
𝑖→∞

𝑑∗(𝑦𝑗(𝑖), 𝑦𝑘(𝑖)) = 𝜀. (3.9) 

We now have   

𝜖 < 𝑑∗( 𝑦𝑗(𝑖)−1, 𝑦𝑘(𝑖)−1)               

≤ 𝑑∗(𝑦𝑗(𝑖)−1, 𝑦𝑘(𝑖)−2)                                     

    +𝑑∗(𝑦𝑘(𝑖)−2, 𝑦𝑘(𝑖)−1) 

≤ 𝜖 + 𝑑∗(𝑦𝑘(𝑖)−2, 𝑦𝑘(𝑖)−1). (3.10) 

Taking 𝑖 → ∞, we obtain 

lim
𝑖→∞

𝑑∗(𝑦𝑗(𝑖)−1, 𝑦𝑘(𝑖)−1) = 𝜀. (3.11) 

Letting 𝑥 = 𝑥𝑗(𝑖) and 𝑦 = 𝑥𝑘(𝑖) in (3.2), we 

obtain 

𝑑∗(𝑦𝑗(𝑖)−1, 𝑦𝑘(𝑖)−1) = 𝑑∗(𝐻𝑥𝑗(𝑖), 𝐻𝑥𝑘(𝑖))                                                   

≥ 𝑑∗(𝐺𝑥𝑗(𝑖), 𝐺𝑥𝑘(𝑖)) + 𝜙(𝛶(𝐺𝑥𝑗(𝑖), 𝐺𝑥𝑘(𝑖)))                            

≥ 𝑑∗(𝑦𝑗(𝑖), 𝑦𝑘(𝑖)) + 𝜙(𝛶(𝑦𝑗(𝑖), 𝑦𝑘(𝑖))), (3.12) 

where 

𝛶(𝑦𝑗(𝑖), 𝑦𝑘(𝑖))=𝛶(𝐺𝑥𝑗(𝑖), 𝐺𝑥𝑘(𝑖)) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥𝑗(𝑖), 𝐺𝑥𝑘(𝑖)), 
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    𝑑∗(𝐺𝑥𝑗(𝑖), 𝐻𝑥𝑗(𝑖)), 𝑑∗(𝐺𝑥𝑘(𝑖), 𝐻𝑥𝑘(𝑖)),       
   𝑑∗(𝐺𝑥𝑗(𝑖),𝐻𝑥𝑗(𝑖))(1+𝑑∗(𝐺𝑥𝑘(𝑖),𝐻𝑥𝑘(𝑖)))

1+𝑑∗(𝐺𝑥𝑗(𝑖),𝐺𝑥𝑘(𝑖))
, 

𝑑∗(𝐺𝑥𝑘(𝑖),𝐻𝑥𝑘(𝑖))(1+𝑑∗(𝐺𝑥𝑗(𝑖),𝐻𝑥𝑗(𝑖)))

1+𝑑∗(𝐻𝑥𝑗(𝑖),𝐻𝑥𝑘(𝑖))
, 

𝑑∗(𝐺𝑥𝑗(𝑖),𝐻𝑥𝑗(𝑖))𝑑∗(𝐺𝑥𝑘(𝑖),𝐻𝑥𝑘(𝑖))

1+𝑑∗(𝐺𝑥𝑗(𝑖),𝐺𝑥𝑘(𝑖))+𝑑∗(𝐻𝑥𝑗(𝑖),𝐻𝑥𝑘(𝑖))
} 

= 𝑚𝑎𝑥{𝑑∗(𝑦𝑗(𝑖), 𝑦𝑘(𝑖)), 

𝑑∗(𝑦𝑗(𝑖), 𝑦𝑗(𝑖)−1), 𝑑∗(𝑦𝑘(𝑖), 𝑦𝑘(𝑖)−1),       
𝑑∗(𝑦𝑗(𝑖),𝑦𝑗(𝑖)−1)(1+𝑑∗(𝑦𝑘(𝑖),𝑦𝑘(𝑖)−1))

1+𝑑∗(𝑦𝑗(𝑖),𝑦𝑘(𝑖))
, 

𝑑∗(𝑦𝑘(𝑖),𝑦𝑘(𝑖)−1)(1+𝑑∗(𝑦𝑗(𝑖),𝑦𝑗(𝑖)−1))

1+𝑑∗(𝑦𝑗(𝑖)−1,𝑦𝑘(𝑖)−1)
, 

𝑑∗(𝑦𝑗(𝑖),𝑦𝑗(𝑖)−1)𝑑∗(𝑦𝑘(𝑖),𝑦𝑘(𝑖)−1)

1+𝑑∗(𝑦𝑗(𝑖),𝑦𝑘(𝑖))+𝑑∗(𝑦𝑗(𝑖)−1,𝑦𝑘(𝑖)−1)
}. 

Taking limit as 𝑖 → ∞, we have 

lim
𝑖→∞

𝛶(𝑦𝑗(𝑖), 𝑦𝑘(𝑖))

= 𝑚𝑎𝑥{𝜀, 𝜀, 𝜀,
𝜀(1 + 𝜀)

1 + 𝜀
,
𝜀(1 + 𝜀)

1 + 𝜀
,

𝜀 ∙ 𝜀

1 + 𝜀 + 𝜀
}

= 𝜀. 

From (3.12), we obtain 

𝜀 ≥ 𝜀 + 𝜙(𝜀), 

which is a contradiction, from 𝜙(𝜀) ≥ 0. This 

implies that {𝑦𝑗} is a 𝑑∗-Cauchy sequence in 𝑀. 

Now, from 𝐻𝑀 is complete, there exists a point 

𝑧 in 𝐻𝑀 such that 

lim
𝑗→∞

𝑦𝑗 = lim
𝑗→∞

𝐻𝑥𝑗+1 = ℊ = lim
𝑗→∞

𝐺𝑥𝑗 . (3.13) 

Since ℊ ∈ 𝐻𝑀, we can find ℊ∗ in 𝑀 such that 

𝐻ℊ∗ = ℊ. 

Now, we claim that 𝐻ℊ∗ = 𝐺ℊ∗, let if possible 

𝐻ℊ∗ ≠ 𝐺ℊ∗.  Letting 𝑥 = 𝑥𝑗+1 and 𝑦 = ℊ∗ in 

(3.2), we obtain 

𝑑∗(𝐺𝑥𝑗, 𝐻ℊ∗) = 𝑑∗(𝐻𝑥𝑗+1, 𝐻ℊ∗) 

≥ 𝑑∗(𝐺𝑥𝑗+1, 𝐺ℊ∗) + 𝜙(𝛶(𝐺𝑥𝑗+1, 𝐺ℊ∗)), (3.14) 

where 

𝛶(𝐺𝑥𝑗+1, 𝐺ℊ∗) = 𝑚𝑎𝑥{𝑑∗(𝐺𝑥𝑗+1, 𝐺ℊ∗), 

𝑑∗(𝐺𝑥𝑗+1, 𝐻𝑥𝑗+1), 𝑑∗(𝐺ℊ∗, 𝐻ℊ∗),        
𝑑∗(𝐺𝑥𝑗+1,𝐻𝑥𝑗+1)(1+𝑑∗(𝐺ℊ∗,𝐻ℊ∗))

1+𝑑∗(𝐺𝑥𝑗+1,𝐺ℊ∗)
, 

𝑑∗(𝐺ℊ∗,𝐻ℊ∗)(1+𝑑∗(𝐺𝑥𝑗+1,𝐻𝑥𝑗+1))

1+𝑑∗(𝐻𝑥𝑗+1,𝐻ℊ∗)
 

𝑑∗(𝐺𝑥𝑗+1,𝐻𝑥𝑗+1)𝑑∗(𝐺ℊ∗,𝐻ℊ∗)

1+𝑑∗(𝐺𝑥𝑗+1,𝐺ℊ∗)+𝑑∗(𝐻𝑥𝑗+1,𝐻ℊ∗)
}. 

Letting limit as 𝑗 → ∞, we have 

𝑑∗(𝐻ℊ∗, 𝐻ℊ∗) 

≥ 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) + lim
𝑗→∞

𝜙 (𝛶(𝐺𝑥𝑗+1, 𝐺ℊ∗)),

 (3.15) 

where 

lim
𝑗→∞

𝛶(𝐺𝑥𝑗+1, 𝐺ℊ∗) = 𝑚𝑎𝑥{𝑑∗
(𝐻ℊ∗, 𝐺ℊ∗), 

𝑑∗(𝐻ℊ∗, 𝐻ℊ∗), 𝑑∗(𝐺ℊ∗, 𝐻ℊ∗),        
𝑑∗(𝐻ℊ∗,𝐻ℊ∗)(1+𝑑∗(𝐺ℊ∗,𝐻ℊ∗))

1+𝑑∗(𝐻ℊ∗,𝐺ℊ∗)
, 

𝑑∗(𝐺ℊ∗,𝐻ℊ∗)(1+𝑑∗(𝐻ℊ∗,𝐻ℊ∗))

1+𝑑∗(𝐻ℊ∗,𝐻ℊ∗)
 

𝑑∗(𝐻ℊ∗,𝐻ℊ∗)𝑑∗(𝐺ℊ∗,𝐻ℊ∗)

1+𝑑∗(𝐻ℊ∗,𝐺ℊ∗)+𝑑∗(𝐻ℊ∗,𝐻ℊ∗)
} 

 = 𝑚𝑎𝑥{𝑑∗(𝐻ℊ∗, 𝐺ℊ∗), 𝑑∗(𝐻ℊ∗, 𝐻ℊ∗)}.             

Next, we consider two cases. 

Case (a): Let 𝛶(𝐺𝑥𝑗+1, 𝐺ℊ∗) = 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗). 

Using (3.14), we obtain 

𝑑∗(𝐻ℊ∗, 𝐻ℊ∗) ≥ 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) + 𝜙(𝑑∗(𝐻ℊ∗, 𝐺ℊ∗)) 

                        > 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) + 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) 

                        = 2𝑑∗(𝐻ℊ∗, 𝐺ℊ∗). 

Using triangular inequality, we obtain 

𝑑∗(𝐻ℊ∗, 𝐻ℊ∗) ≤ 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) + 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) 

    = 2𝑑∗(𝐻ℊ∗, 𝐺ℊ∗), 

which is a contradiction. 

Case (b): Let  𝛶(𝐺𝑥𝑗+1, 𝐺ℊ∗) = 𝑑∗(𝐻ℊ∗, 𝐻ℊ∗). 
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Using (3.14), we obtain 

𝑑∗(𝐻ℊ∗, 𝐻ℊ∗) 

≥ 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) + 𝜙(𝑑∗(𝐻ℊ∗, Hℊ∗)) 

≥ 𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) + 𝑑∗(𝐻ℊ∗, 𝐻ℊ∗). 

This means that 

𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) < 0, 

which is a contradiction. Therefore, 

𝑑∗(𝐻ℊ∗, 𝐺ℊ∗) = 0. This mean that 

𝐻ℊ∗ = 𝐺ℊ∗ = ℊ. (3.16) 

Thus, ℊ is a coincidence point of 𝐺 and 𝐻. 

Now, we show that there exists a common fixed 

point of 𝐺 and 𝐻.  Because 𝐺 and 𝐻 are weakly 

compatible, using (3.16), we get 

𝐺𝐻ℊ∗ = 𝐻𝐺ℊ∗ and 𝐺ℊ∗ = 𝐺𝐻ℊ∗ = 𝐻𝐺ℊ∗ =
𝐻ℊ.  

Consider 

𝑑∗(ℊ, 𝐺ℊ) = 𝑑∗(𝐻ℊ∗, 𝐻ℊ) 

≥  𝑑∗(𝐺ℊ∗, 𝐺ℊ) + 𝜙(𝛶(𝐺ℊ∗, 𝐺ℊ)) 

=  𝑑∗(ℊ, 𝐺ℊ) + 𝜙(𝛶(𝐺ℊ∗, 𝐺ℊ)), (3.17) 

Where 

𝛶(𝐺ℊ∗, 𝐺ℊ) 

= 𝑚𝑎𝑥{𝑑∗(𝐺ℊ∗, 𝐺ℊ), 𝑑∗(𝐺ℊ∗, 𝐻ℊ∗),
𝑑∗(𝐺ℊ, 𝐻ℊ),   

    
𝑑∗(𝐺ℊ∗,𝐻ℊ∗)(1+𝑑∗(𝐺ℊ,𝐻ℊ))

1+𝑑∗(𝐺ℊ∗,𝐺ℊ)
, 

    
𝑑∗(𝐺ℊ,𝐻ℊ)(1+𝑑∗(𝐺ℊ∗,𝐻ℊ∗))

1+𝑑∗(𝐻ℊ∗,𝐻ℊ)
, 

    
𝑑∗(𝐺ℊ∗,𝐻ℊ∗)𝑑∗(𝐺ℊ,𝐻ℊ)

1+𝑑∗(𝐺ℊ∗,𝐺ℊ)+𝑑∗(𝐻ℊ∗,𝐻ℊ)
} 

= 𝑚𝑎𝑥{𝑑∗(ℊ, 𝐺ℊ), 𝑑∗(ℊ, ℊ), 𝑑∗(𝐺ℊ, 𝐺ℊ),        

    
𝑑∗(ℊ,ℊ)(1+𝑑∗(𝐺ℊ,𝐻ℊ))

1+𝑑∗(ℊ,𝐺ℊ)
, 

    
𝑑∗(𝐺ℊ,𝐺ℊ)(1+𝑑∗(ℊ,ℊ))

1+𝑑∗(ℊ,𝐻ℊ)
, 

    
𝑑∗(ℊ,ℊ)𝑑∗(𝐺ℊ,𝐺ℊ)

1+𝑑∗(ℊ,𝐺ℊ)+𝑑∗(ℊ,𝐺ℊ)
} 

= 𝑚𝑎𝑥{𝑑∗(ℊ, 𝐺ℊ), 0, 𝑑∗(𝐺ℊ, 𝐺ℊ), 0, 

    
𝑑∗(𝐺ℊ,𝐺ℊ)

1+𝑑∗(ℊ,𝐻ℊ)
, 0}       

= 𝑚𝑎𝑥{𝑑∗(ℊ, 𝐺ℊ), 𝑑∗(𝐺ℊ, 𝐺ℊ)}. 

We currently have two cases: 

Case (i):  Let  𝛶(𝐺ℊ∗, 𝐺ℊ) = 𝑑∗(ℊ, 𝐺ℊ). 

From (3.16), we obtain 

𝑑∗(ℊ, 𝐺ℊ) ≥  𝑑∗(ℊ, 𝐺ℊ) + 𝜙(𝑑∗(ℊ, 𝐺ℊ)) 

                  >  𝑑∗(ℊ, 𝐺ℊ) + 𝑑∗(ℊ, 𝐺ℊ) 

                  = 2𝑑∗(ℊ, 𝐺ℊ), 

which is a contradiction. 

Case (ii): Let  𝛶(𝐺ℊ∗, 𝐺ℊ) = 𝑑∗(𝐺ℊ, 𝐺ℊ). 

From (3.16), we obtain 

𝑑∗(ℊ, 𝐺ℊ) ≥  𝑑∗(ℊ, 𝐺ℊ) + 𝜙(𝑑∗(𝐺ℊ, 𝐺ℊ)) 

                   >  𝑑∗(ℊ, 𝐺ℊ) + 𝑑∗(𝐺ℊ, 𝐺ℊ) 

                   = 𝑑∗(ℊ, 𝐺ℊ), 

which is again a contradiction. Thus,  

𝐻ℊ = 𝐺ℊ = ℊ. This mean that ℊ is common 

fixed point of  𝐺 and 𝐻. 

For the uniqueness, let 𝑢 be common fixed 

point of 𝐺 and 𝐻 and 𝑢∗  be another common 

fixed point of 𝐺 and 𝐻, such that 𝑢 ≠ 𝑢∗. Then  

𝑑∗(𝑢, 𝑢∗) = 𝑑∗(𝐻𝑢, 𝐻𝑢∗) 

≥ 𝑑∗(𝐺𝑢, 𝐺𝑢∗) + 𝜙(𝛶(𝐺𝑢, 𝐺𝑢∗)) 

= 𝑑∗(𝑢, 𝑢∗) + 𝜙(𝑑∗(𝑢, 𝑢∗)) 

> 𝑑∗(𝑢, 𝑢∗) + 𝑑∗(𝑢, 𝑢∗), 
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which is a contradiction, so 𝑢 = 𝑢∗. Thus, we 

proves the uniqueness of the common fixed 

point. 

Theorem 3.2 Let (𝑀, 𝑑∗) be a dislocate metric 

space and let 𝐺 and 𝐻 be two self-maps on 𝑀  

satisfying (3.2) and the followings: 

𝐺 and 𝐻 are weakly compatible, (3.18) 

𝐺 and 𝐻 satisfy the E.A. property. (3.19) 

If either 𝐺𝑀 or 𝐻𝑀 is a complete subspace of 

𝑀, then 𝐺 and 𝐻 have a unique common fixed 

point in 𝑀. 

Proof.  From 𝐺 and 𝐻 satisfy the E.A. property, 

there exists a sequence {𝑥𝑗} in 𝑀 such that 

lim
𝑗→∞

𝐻𝑥𝑗 = lim
𝑗→∞

𝐺𝑥𝑗 = 𝑥,  ∃𝑥 ∈ 𝑀. (3.20) 

Now, assume 𝐻𝑀 is complete subspace of 𝑀. 

Then, there exists 𝑞 in 𝑀 such that 𝑥 = 𝐻𝑞. 
After that, we obtain 

lim
𝑗→∞

𝐻𝑥𝑗 = lim
𝑗→∞

𝐺𝑥𝑗 = 𝑥 = 𝐻𝑞. 

Now, we show that 𝐺𝑞 = 𝐻𝑞. 

From (3.2), we obtain 

𝑑∗(𝐻𝑥𝑗 , 𝐻𝑞) ≥ 𝑑∗(𝐺𝑥𝑗 , 𝐺𝑞) + 𝜙(𝛶(𝐺𝑥𝑗 , 𝐺𝑞)). 

Taking 𝑗 → ∞, we obtain 

𝑑∗(𝐻𝑞, 𝐻𝑞) 

≥ 𝑑∗(𝐻𝑞, 𝐺𝑞) + lim
𝑗→∞

𝜙(𝛶(𝐺𝑥𝑗 , 𝐺𝑞)),        (3.21) 

where 

lim
𝑗→∞

𝛶(𝐺𝑥𝑗 , 𝐺𝑞) 

= lim
𝑗→∞

𝑚𝑎𝑥{𝑑∗(𝐺𝑥𝑗 , 𝐺𝑞), 𝑑∗(𝐺𝑥𝑗 , 𝐻𝑥𝑗),

𝑑∗(𝐺𝑞, 𝐻𝑞),        

    
𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗)(1+𝑑∗(𝐺𝑞,𝐻𝑞))

1+𝑑∗(𝐺𝑥𝑗,𝐺𝑞)
, 

    
𝑑∗(𝐺𝑞,𝐻𝑞)(1+𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗))

1+𝑑∗(𝐻𝑥𝑗,𝐻𝑞)
, 

    
𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗)𝑑∗(𝐺𝑞,𝐻𝑞)

1+𝑑∗(𝐺𝑥𝑗,𝐺𝑞)+𝑑∗(𝐻𝑥𝑗,𝐻𝑞)
} 

= 𝑚𝑎𝑥{𝑑∗(𝐻𝑞, 𝐺𝑞), 𝑑∗(𝐻𝑞, 𝐻𝑞), 𝑑∗(𝐺𝑞, 𝐻𝑞),        

    
𝑑∗(𝐻𝑞,𝐻𝑞)(1+𝑑∗(𝐺𝑞,𝐻𝑞))

1+𝑑∗(𝐻𝑞,𝐺𝑞)
, 

    
𝑑∗(𝐺𝑞,𝐻𝑞)(1+𝑑∗(𝐻𝑞,𝐻𝑞))

1+𝑑∗(𝐻𝑞,𝐻𝑞)
, 

    
𝑑∗(𝐻𝑞,𝐻𝑞)𝑑∗(𝐺𝑞,𝐻𝑞)

1+𝑑∗(𝐻𝑞,𝐺𝑞)+𝑑∗(𝐻𝑞,𝐻𝑞)
} 

= 𝑚𝑎𝑥{𝑑∗(𝐻𝑞, 𝐺𝑞), 𝑑∗(𝐻𝑞, 𝐻𝑞)}. 

Now two cases arise: 

Case (a): lim
𝑗→∞

𝛶(𝐺𝑥𝑗 , 𝐺𝑞) = 𝑑∗(𝐻𝑞, 𝐺𝑞). 

From (3.20), we obtain 

𝑑∗(𝐻𝑞, 𝐻𝑞) ≥ 𝑑∗(𝐻𝑞, 𝐺𝑞) + 𝜙(𝑑∗(𝐻𝑞, 𝐺𝑞)) 

                      > 𝑑∗(𝐻𝑞, 𝐺𝑞) + 𝑑∗(𝐻𝑞, 𝐺𝑞)  
                      = 2𝑑∗(𝐻𝑞, 𝐺𝑞). 

Using triangular inequality, we obtain 

𝑑∗(𝐻𝑞, 𝐻𝑞) ≤ 𝑑∗(𝐻𝑞, 𝐺𝑞) + 𝑑∗(𝐺𝑞, 𝐻𝑞) 

                     = 2𝑑∗(𝐻𝑞, 𝐺𝑞), 

which is a contradiction. 

Case (b): lim
𝑗→∞

𝛶(𝐺𝑥𝑗 , 𝐺𝑞) = 𝑑∗(𝐻𝑞, 𝐻𝑞). 

From (3.21), we obtain 

𝑑∗(𝐻𝑞, 𝐻𝑞) ≥ 𝑑∗(𝐻𝑞, 𝐺𝑞) + 𝜙(𝑑∗(𝐻𝑞, 𝐻𝑞)) 

                     > 𝑑∗(𝐻𝑞, 𝐺𝑞) + 𝑑∗(𝐻𝑞, 𝐻𝑞),  

 which implies that 

𝑑∗(𝐻𝑞, 𝐺𝑞) < 0, 

which is a contradiction. Thus, 

𝑑∗(𝐻𝑞, 𝐺𝑞) = 0 or 𝐻𝑞 = 𝐺𝑞. 

From 𝐺 and 𝐻 are weakly compatible,  

𝐺𝐻𝑞 = 𝐻𝐺𝑞 implies that 
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𝐻𝐻𝑞 = 𝐻𝐺𝑞 = 𝐺𝐻𝑞 = 𝐺𝐺𝑞. 

Now, we claim that 𝐺𝑞 is the common fixed 

point of 𝐺 and 𝐻. Using (3.2), we obtain 

𝑑∗(𝐺𝑞, 𝐺𝐺𝑞) = 𝑑∗(𝐻𝑞, 𝐻𝐻𝑞) 

≥ 𝑑∗(𝐺𝑞, 𝐺𝐺𝑞) + 𝜙(𝛶(𝐺𝑞, 𝐺𝐺𝑞)), (3.22) 

where 

𝛶(𝐺𝑞, 𝐺𝐺𝑞) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑞, 𝐺𝐺𝑞), 𝑑∗(𝐺𝑞, 𝐻𝑞),
𝑑∗(𝐺𝐺𝑞, 𝐻𝐺𝑞),        

    
𝑑∗(𝐺𝑞,𝐻𝑞)(1+𝑑∗(𝐺𝐺𝑞,𝐻𝐺𝑞))

1+𝑑∗(𝐺𝑞,𝐺𝐺𝑞)
, 

    
𝑑∗(𝐺𝐺𝑞,𝐻𝐺𝑞)(1+𝑑∗(𝐺𝑞,𝐻𝑞))

1+𝑑∗(𝐻𝑞,𝐻𝐺𝑞)
, 

    
𝑑∗(𝐺𝑞,𝐻𝑞)𝑑∗(𝐺𝐺𝑞,𝐻𝐺𝑞)

1+𝑑∗(𝐺𝑞,𝐺𝐺𝑞)+𝑑∗(𝐻𝑞,𝐻𝐺𝑞)
} 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑞, 𝐺𝐺𝑞), 0, 0, 0, 0, 0}.    

This implies that 

𝛶(𝐺𝑞, 𝐺𝐺𝑞) =  𝑑∗(𝐺𝑞, 𝐺𝐺𝑞). 

Now, using (3.22), we obtain 

𝑑∗(𝐺𝑞, 𝐺𝐺𝑞) 

≥ 𝑑∗(𝐺𝑞, 𝐺𝐺𝑞) + 𝜙(𝑑∗(𝐺𝑞, 𝐺𝐺𝑞)) 

> 𝑑∗(𝐺𝑞, 𝐺𝐺𝑞) + 𝑑∗(𝐺𝑞, 𝐺𝐺𝑞) 

= 2𝑑∗(𝐺𝑞, 𝐺𝐺𝑞), 

which implies that 

𝐺𝑞 = 𝐺𝐺𝑞 = 𝐻𝐺𝑞. 

Thus, 𝐺𝑞 is common fixed point of 𝐺 and 𝐻. 

For the uniqueness, let 𝑢 be common fixed 

point of 𝐺 and 𝐻 and 𝑢∗  be another common 

fixed point of 𝐺 and 𝐻. Then, using (3.2), we 

obtain 

𝑑∗(𝑢, 𝑢∗) = 𝑑∗(𝐻𝑢, 𝐻𝑢∗) 

≥ 𝑑∗(𝐺𝑢, 𝐺𝑢∗) + 𝜙(𝛶(𝐺𝑢, 𝐺𝑢∗)), (3.23) 

Where 

 

 

𝛶(𝐺𝑢, 𝐺𝑢∗) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑢, 𝐺𝑢∗), 𝑑∗(𝐺𝑢, 𝐻𝑢),
𝑑∗(𝐺𝑢∗, 𝐻𝑢∗),        

    
𝑑∗(𝐺𝑢,𝐻𝑢)(1+𝑑∗(𝐺𝑢∗,𝐻𝑢∗))

1+𝑑∗(𝐺𝑢,𝐺𝑢∗)
, 

    
𝑑∗(𝐺𝑢∗,𝐻𝑢∗)(1+𝑑∗(𝐺𝑢,𝐻𝑢))

1+𝑑∗(𝐻𝑢,𝐻𝑢∗)
, 

    
𝑑∗(𝐺𝑢,𝐻𝑢)𝑑∗(𝐺𝑢∗,𝐻𝑢∗)

1+𝑑∗(𝐺𝑢,𝐺𝑢∗)+𝑑∗(𝐻𝑢,𝐻𝑢∗)
} 

= 𝑑∗(𝐺𝑢, 𝐺𝑢∗). 

From (3.23), we obtain 

𝑑∗(𝑢, 𝑢∗) 

≥ 𝑑∗(𝐺𝑢, 𝐺𝑢∗) + 𝜙(𝑑∗(𝐺𝑢, 𝐺𝑢∗)) 

> 𝑑∗(𝐺𝑢, 𝐺𝑢∗) + 𝑑∗(𝐺𝑢, 𝐺𝑢∗) 

= 2𝑑∗(𝐺𝑢, 𝐺𝑢∗) 

= 2𝑑∗(𝑢, 𝑢∗), 

which is a contradiction. So 𝑢 = 𝑢∗. Thus, we 

proves the uniqueness of common fixed point. 

Theorem 3.3 Let (𝑀, 𝑑∗)  be a dislocated 

metric space, let 𝐺 and 𝐻 be self-maps on 𝑀 

satisfying (3.2) and (3.18). If 𝐺 and 𝐻 satisfy 

(𝐶𝐿𝑅𝐻)  property, then 𝐺 and 𝐻 have a unique 

common fixed point in 𝑀. 

Proof.  From 𝐺 and 𝐻 satisfy the (𝐶𝐿𝑅𝐻)  

property, there exists a sequence {𝑥𝑗} in 𝑀 such 

that 

lim
𝑗→∞

𝐻𝑥𝑗 = lim
𝑗→∞

𝐺𝑥𝑗 = 𝐻𝑥,  ∃𝑥 ∈ 𝑀.     

First, we claim that 𝐻𝑥 = 𝐺𝑥. Let 𝐻𝑥 ≠ 𝐺𝑥. 

Then from (3.2), we get 

𝑑∗(𝐻𝑥𝑗 , 𝐻𝑥) 

≥ 𝑑∗(𝐺𝑥𝑗 , 𝐺𝑥) + 𝜙(𝛶(𝐺𝑥𝑗 , 𝐺𝑥)), (3.24) 

where 

𝛶(𝐺𝑥𝑗 , 𝐺𝑥) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥𝑗 , 𝐺𝑥), 𝑑∗(𝐺𝑥𝑗 , 𝐻𝑥𝑗),

𝑑∗(𝐺𝑥, 𝐻𝑥), 
𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐺𝑥𝑗,𝐺𝑥)
, 
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𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗))

1+𝑑∗(𝐻𝑥𝑗,𝐻𝑥)
, 

    
𝑑∗(𝐺𝑥𝑗,𝐻𝑥𝑗)𝑑∗(𝐺𝑥,𝐻𝑥)

1+𝑑∗(𝐺𝑥𝑗,𝐺𝑥)+𝑑∗(𝐻𝑥𝑗,𝐻𝑥)
}. 

Letting limit as 𝑗 → ∞, we get 

lim
𝑗→∞

𝛶(𝐺𝑥𝑗 , 𝐺𝑥)  

= 𝑚𝑎𝑥{𝑑∗(𝐻𝑥, 𝐺𝑥), 𝑑∗(𝐻𝑥, 𝐻𝑥), 𝑑∗(𝐺𝑥, 𝐻𝑥), 
𝑑∗(𝐻𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐺𝑥)
, 

    
𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐻𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐻𝑥)
, 

    
𝑑∗(𝐻𝑥,𝐻𝑥)𝑑∗(𝐺𝑥,𝐻𝑥)

1+𝑑∗(𝐻𝑥,𝐺𝑥)+𝑑∗(𝐻𝑥,𝐻𝑥)
} 

= 𝑚𝑎𝑥{𝑑∗(𝐻𝑥, 𝐺𝑥), 𝑑∗(𝐻𝑥, 𝐻𝑥)}.   
 

Now, two cases arise: 

Case (a): lim
𝑗→∞

𝛶(𝐺𝑥𝑗 , 𝐺𝑥) = 𝑑∗(𝐻𝑥, 𝐺𝑥). 

From (3.24), we obtain 

𝑑∗(𝐻𝑥, 𝐻𝑥) 

≥ 𝑑∗(𝐻𝑥, 𝐺𝑥) + 𝜙(𝑑∗(𝐻𝑥, 𝐺𝑥)) 

> 𝑑∗(𝐻𝑥, 𝐺𝑥) + 𝑑∗(𝐻𝑥, 𝐺𝑥) 

= 2𝑑∗(𝐻𝑥, 𝐺𝑥). 

Using triangular inequality, we obtain 

𝑑∗(𝐻𝑥, 𝐻𝑥) ≤ 𝑑∗(𝐻𝑥, 𝐺𝑥) + 𝑑∗(𝐺𝑥, 𝐻𝑥) 

                    = 2𝑑∗(𝐻𝑥, 𝐺𝑥), 

which is a contradiction. 

Case (b): lim
𝑗→∞

𝛶(𝐺𝑥𝑗 , 𝐺𝑥) = 𝑑∗(𝐻𝑥, 𝐻𝑥). 

From (3.24), we obtain 

𝑑∗(𝐻𝑥, 𝐻𝑥) 

≥ 𝑑∗(𝐻𝑥, 𝐺𝑥) + 𝜙(𝑑∗(𝐻𝑥, 𝐻𝑥)) 

> 𝑑∗(𝐻𝑥, 𝐺𝑥) + 𝑑∗(𝐻𝑥, 𝐻𝑥), 

which implies that 

𝑑∗(𝐻𝑥, 𝐺𝑥) < 0, 

which is a contradiction. This implies 

𝑑∗(𝐻𝑥, 𝐺𝑥) = 0 

which is a contradiction. Thus, 𝐻𝑥 = 𝐺𝑥. 

Let 𝑦 = 𝐻𝑥 = 𝐺𝑥. From 𝐻𝐺𝑥 = 𝐺𝐻𝑥 implies 

that 

𝐻𝑦 = 𝐻𝐺𝑥 = 𝐺𝐻𝑥 = 𝐺𝑦. 

Now, we claim that 𝐺𝑦 = 𝑦. From (3.2), we get 

𝑑∗(𝐺𝑥, 𝑦) = 𝑑∗(𝐻𝑦, 𝐻𝑥) 

                  ≥ 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)),

 (3.25) 

where 

𝛶(𝐺𝑥, 𝐺𝑦) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥, 𝐺𝑦), 𝑑∗(𝐺𝑥, 𝐻𝑥), 𝑑∗(𝐺𝑦, 𝐻𝑦),   

    
𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑦,𝐻𝑦))

1+𝑑∗(𝐺𝑥,𝐺𝑦)
, 

    
𝑑∗(𝐺𝑦,𝐻𝑦)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐻𝑦)
, 

    
𝑑∗(𝐺𝑥,𝐻𝑥)𝑑∗(𝐺𝑦,𝐻𝑦)

1+𝑑∗(𝐺𝑥,𝐺𝑦)+𝑑∗(𝐻𝑥,𝐻𝑦)
} 

= 𝑚𝑎𝑥{𝑑∗(𝑦, 𝐺𝑦), 0, 0, 0, 0, 0} 

= 𝑑∗(𝐺𝑦, 𝑦). 

Using (3.24), we get 

𝑑∗(𝐺𝑦, 𝑦) ≥ 𝑑∗(𝑦, 𝐺𝑦) + 𝜙(𝑑∗(𝑦, 𝐺𝑦)) 

                 > 𝑑∗(𝑦, 𝐺𝑦) + 𝑑∗(𝑦, 𝐺𝑦) 

                 = 2𝑑∗(𝑦, 𝐺𝑦) 

this is possible only when 𝐺𝑦 = 𝑦. Thus, 𝐻𝑦 =
𝐺𝑦 = 𝑦. Hence, 𝑦 is the common fixed point of 

𝐺 and 𝐻. 

For the uniqueness, let 𝑢 be common fixed 

point of 𝐺 and 𝐻 and 𝑢∗  be another common 

fixed point of 𝐺 and 𝐻. Using (3.2), we obtain 

𝑑∗(𝐻𝑢, 𝐻𝑢∗) 

≥ 𝑑∗(𝐺𝑢, 𝐺𝑢∗) + 𝜙(𝛶(𝐺𝑢, 𝐺𝑢∗)), (3.26) 

where 

https://www.sci.rmutt.ac.th/
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𝛶(𝐺𝑢, 𝐺𝑢∗) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑢, 𝐺𝑢∗), 𝑑∗(𝐺𝑢, 𝐻𝑢),
𝑑∗(𝐺𝑢∗, 𝐻𝑢∗),        

    
𝑑∗(𝐺𝑢,𝐻𝑢)(1+𝑑∗(𝐺𝑢∗,𝐻𝑢∗))

1+𝑑∗(𝐺𝑢,𝐺𝑢∗)
, 

    
𝑑∗(𝐺𝑢∗,𝐻𝑢∗)(1+𝑑∗(𝐺𝑢,𝐻𝑢))

1+𝑑∗(𝐻𝑢,𝐻𝑢∗)
, 

    
𝑑∗(𝐺𝑢,𝐻𝑢)𝑑∗(𝐺𝑢∗,𝐻𝑢∗)

1+𝑑∗(𝐺𝑢,𝐺𝑢∗)+𝑑∗(𝐻𝑢,𝐻𝑢∗)
} 

= 𝑑∗(𝐺𝑢, 𝐺𝑢∗). 

From (3.25), we have 

𝑑∗(𝐻𝑢, 𝐻𝑢∗) 

≥ 𝑑∗(𝐺𝑢, 𝐺𝑢∗) + 𝜙(𝑑∗(𝐺𝑢, 𝐺𝑢∗)) 

> 𝑑∗(𝐺𝑢, 𝐺𝑢∗) + 𝑑∗(𝐺𝑢, 𝐺𝑢∗) 

= 2𝑑∗(𝐺𝑢, 𝐺𝑢∗), 

which is a contradiction, so 𝑢 = 𝑢∗. Thus, we 

proves the uniqueness of common fixed point. 

Example Let 𝑀 = [0,3] be equipped with the 

dislocated metric space and  

𝑑∗(𝑥, 𝑦) = 𝑚𝑎𝑥{|𝑥|, |𝑦|}   for all 𝑥, 𝑦 ∈ 𝑀.  

Define, 𝐺, 𝐻: 𝑀 → 𝑀  by 

𝐺𝑥 = { 
 0,    𝑖𝑓  𝑥 = 0                 
𝑥

4
,   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒           

 

and  

𝐻𝑥 = {  

0,    𝑖𝑓  𝑥 = 0                 
3𝑥

4
,   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.           

 

Then we have 𝐺𝑀 = [0,
3

4
] ⊂ [0,

9

4
] = 𝐻𝑀. 

Let {𝑥𝑛} be a sequence in 𝑀 such that {𝑥𝑛} =
1

𝑛
 

for each 𝑛 and 𝜙 ∶  [0, ∞) → [0, ∞) be define 

by 

𝜙(𝑡) = {  

𝑡

9
,    𝑖𝑓  𝑡 > 0                 

0,   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.           
 

Clearly  𝐻(0) = 𝐺(0) = 0 and  𝐻𝐺(0) =
𝐺𝐻(0) = 0 for all 𝑥, 𝑦 ∈ 𝑀,  this show that 𝐺 

and 𝐻 are weakly compatible. 

Now, we have to check the inequality of 

Theorem 3.1 for the following cases 

Case (I): Let 𝑥 = 0 and 𝑦 = 0, we get 

𝑑∗(𝐻𝑥, 𝐻𝑦) = 0,  𝑑∗(𝐺𝑥, 𝐺𝑦) = 0 and  

𝛶(𝐺𝑥, 𝐺𝑦)    = 0. Also, 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)) = 0, 

hence 

𝑑∗(𝐻𝑥, 𝐻𝑦) ≥ 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)). 

Case (II): Let 𝑥 ≠ 0 and 𝑦 = 0, we get 

𝑑∗(𝐻𝑥, 𝐻𝑦) = 𝑑∗( 
3𝑥

4
, 0) 

= 𝑚𝑎𝑥 {
3𝑥

4
, 0} =

3𝑥

4
 

 𝑑∗(𝐺𝑥, 𝐺𝑦)  = 𝑑∗( 
𝑥

4
, 0) 

= 𝑚𝑎𝑥 {
𝑥

4
, 0} =

𝑥

4
, 

where 

𝛶(𝐺𝑥, 𝐺𝑦) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥, 𝐺𝑦), 𝑑∗(𝐺𝑥, 𝐻𝑥), 𝑑∗(𝐺𝑦, 𝐻𝑦),        

    
𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑦,𝐻𝑦))

1+𝑑∗(𝐺𝑥,𝐺𝑦)
, 

    
𝑑∗(𝐺𝑦,𝐻𝑦)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐻𝑦)
, 

    
𝑑∗(𝐺𝑥,𝐻𝑥)𝑑∗(𝐺𝑦,𝐻𝑦)

1+𝑑∗(𝐺𝑥,𝐺𝑦)+𝑑∗(𝐻𝑥,𝐻𝑦)
} 

= 𝑚𝑎𝑥{𝑑∗( 
𝑥

4
, 0), 𝑑∗ (

𝑥

4
,

3𝑥

4
) , 𝑑∗(0,0),        

𝑑∗ (
𝑥
4

,
3𝑥
4

) (1 + 𝑑∗(0,0))

1 + 𝑑∗( 
𝑥
4

, 0)
, 

             
𝑑∗(0,0)(1+𝑑∗(

𝑥

4
,
3𝑥

4
))

1+𝑑∗(
𝑥

4
,
3𝑥

4
)

, 
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𝑑∗(

𝑥

4
,
3𝑥

4
)𝑑∗(0,0)

1+𝑑∗(
𝑥

4
,0)+𝑑∗(

3𝑥

4
,0)

} 

= 𝑚𝑎𝑥{ 
𝑥

4
,
3𝑥

4
, 0,

3𝑥
4

1 +
𝑥
4

, 0,0} 

= 𝑚𝑎𝑥{
𝑥

4
,
3𝑥

4
, 0,

3𝑥

4
, 0,0} 

=
3𝑥

4
. 

So, 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)) =  
1

9
( 

3𝑥

4
 ) =

𝑥

12
, clearly 

𝑑∗(𝐻𝑥, 𝐻𝑦) > 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)). 

Case (III): Let 𝑥 = 0 and 𝑦 ≠ 0, we get 

𝑑∗(𝐻𝑥, 𝐻𝑦) = 𝑑∗(0,
3𝑦

4
) 

= 𝑚𝑎𝑥 {0,
3𝑦

4
} =

3𝑦

4
 

 𝑑∗(𝐺𝑥, 𝐺𝑦) = 𝑑∗(0,
𝑦

4
 ) 

                        = 𝑚𝑎𝑥 {0,
𝑦

4
} =

𝑦

4
, 

where 

𝛶(𝐺𝑥, 𝐺𝑦) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥, 𝐺𝑦), 𝑑∗(𝐺𝑥, 𝐻𝑥), 𝑑∗(𝐺𝑦, 𝐻𝑦),        

    
𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑦,𝐻𝑦))

1+𝑑∗(𝐺𝑥,𝐺𝑦)
, 

    
𝑑∗(𝐺𝑦,𝐻𝑦)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐻𝑦)
, 

    
𝑑∗(𝐺𝑥,𝐻𝑥)𝑑∗(𝐺𝑦,𝐻𝑦)

1+𝑑∗(𝐺𝑥,𝐺𝑦)+𝑑∗(𝐻𝑥,𝐻𝑦)
} 

= 𝑚𝑎𝑥{𝑑∗(0,
𝑦

4
 ), 𝑑∗(0,0), 𝑑∗ (

𝑦

4
,

3𝑦

4
)       

    
𝑑∗(0,0)(1+𝑑∗(

𝑦

4
,
3𝑦

4
))

1+𝑑∗(0,
𝑦

4
)

, 

    
𝑑∗(

𝑦

4
,
3𝑦

4
)(1+𝑑∗(0,0))

1+𝑑∗(0,
3𝑦

4
)

, 

    
𝑑∗(

𝑥

4
,
3𝑥

4
)𝑑∗(0,0)

1+𝑑∗(
𝑥

4
,0)+𝑑∗(

3𝑥

4
,0)

} 

= 𝑚𝑎𝑥{ 
y

4
, 0,

3𝑦

4
, 0,

 
3𝑦
4

1 +
3𝑦
4

, 0} 

=
3𝑦

4
. 

So,  𝜙(𝛶(𝐺𝑥, 𝐺𝑦)) = 
1

9
( 

3𝑦

4
 )  =  

𝑦

12
,  clearly 

𝑑∗(𝐻𝑥, 𝐻𝑦) > 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)). 

Case (IV): Let 𝑥 ≠ 0 and 𝑦 ≠ 0, we discuss 

three subcases: 

Case (i): If  𝑥 > 𝑦, we get 

𝑑∗(𝐻𝑥, 𝐻𝑦) = 𝑑∗(
3𝑥

4
,
3𝑦

4
) 

   = 𝑚𝑎𝑥 {
3𝑥

4
,
3𝑦

4
} =

3𝑥

4
, 

 𝑑∗(𝐺𝑥, 𝐺𝑦) = 𝑑∗(
𝑥

4
,
𝑦

4
 ) 

                     = 𝑚𝑎𝑥 {
𝑥

4
,

𝑦

4
} =

𝑥

4
, 

where 

𝛶(𝐺𝑥, 𝐺𝑦) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥, 𝐺𝑦), 𝑑∗(𝐺𝑥, 𝐻𝑥), 𝑑∗(𝐺𝑦, 𝐻𝑦),        

    
𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑦,𝐻𝑦))

1+𝑑∗(𝐺𝑥,𝐺𝑦)
, 

    
𝑑∗(𝐺𝑦,𝐻𝑦)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐻𝑦)
, 

    
𝑑∗(𝐺𝑥,𝐻𝑥)𝑑∗(𝐺𝑦,𝐻𝑦)

1+𝑑∗(𝐺𝑥,𝐺𝑦)+𝑑∗(𝐻𝑥,𝐻𝑦)
} 

= 𝑚𝑎𝑥{𝑑∗(
𝑥

4
,

𝑦

4
 ), 𝑑∗ (

𝑥

4
,

3𝑥

4
) , 𝑑∗ (

𝑦

4
,

3𝑦

4
)       

    
𝑑∗(

𝑥

4
,
3𝑥

4
)(1+𝑑∗(

𝑦

4
,
3𝑦

4
))

1+𝑑∗( 
𝑥

 4
,
𝑦

4
 )

, 

    
𝑑∗(

𝑦

4
,
3𝑦

4
)(1+𝑑∗(

𝑥

4
,
3𝑥

4
))

1+𝑑∗( 
3𝑥

 4
,
3𝑦

4
 )

, 

https://www.sci.rmutt.ac.th/
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𝑑∗(

𝑥

4
,
3𝑥

4
)𝑑∗( 

𝑦

4
 ,

3𝑦

4
)

1+𝑑∗(
𝑥

 4
,
𝑦

4
)+𝑑∗(

3𝑥

4
,
3𝑦

4
)
} 

= 𝑚𝑎𝑥{ 
𝑥

4
,
3𝑥

4
,
3𝑦

4
,

3𝑥
4

(1 +
3𝑦
4

)

1 +
𝑥
 4

,

3𝑦
4

(1 +
3𝑥
4

)

1 +
3𝑥
4

, 

3𝑥
4

(
3𝑦
4

)

1 +
𝑥
 4

+
3𝑥
4

} 

=
3𝑥

4
. 

So,  𝜙(𝛶(𝐺𝑥, 𝐺𝑦)) = 
1

9
( 

3𝑥

4
 ) = 

𝑥

12
, clearly 

𝑑∗(𝐻𝑥, 𝐻𝑦) > 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)). 

Case (ii): If  𝑥 < 𝑦, we get 

𝑑∗(𝐻𝑥, 𝐻𝑦) = 𝑑∗ (
3𝑥

4
,
3𝑦

4
) 

   = 𝑚𝑎𝑥 {
3𝑥

4
,
3𝑦

4
} =

3𝑦

4
, 

 𝑑∗(𝐺𝑥, 𝐺𝑦) = 𝑑∗ (
𝑥

4
,
𝑦

4
) 

                       = 𝑚𝑎𝑥 {
𝑥

4
,
𝑦

4
} =

𝑦

4
, 

where 

𝛶(𝐺𝑥, 𝐺𝑦) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥, 𝐺𝑦), 𝑑∗(𝐺𝑥, 𝐻𝑥), 𝑑∗(𝐺𝑦, 𝐻𝑦),        

    
𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑦,𝐻𝑦))

1+𝑑∗(𝐺𝑥,𝐺𝑦)
, 

    
𝑑∗(𝐺𝑦,𝐻𝑦)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐻𝑦)
, 

    
𝑑∗(𝐺𝑥,𝐻𝑥)𝑑∗(𝐺𝑦,𝐻𝑦)

1+𝑑∗(𝐺𝑥,𝐺𝑦)+𝑑∗(𝐻𝑥,𝐻𝑦)
} 

= 𝑚𝑎𝑥{𝑑∗(
𝑥

4
,

𝑦

4
 ), 𝑑∗ (

𝑥

4
,

3𝑥

4
) , 𝑑∗ (

𝑦

4
,

3𝑦

4
)       

    
𝑑∗(

𝑥

4
,
3𝑥

4
)(1+𝑑∗(

𝑦

4
,
3𝑦

4
))

1+𝑑∗( 
𝑥

 4
,
𝑦

4
 )

, 

    
𝑑∗(

𝑦

4
,
3𝑦

4
)(1+𝑑∗(

𝑥

4
,
3𝑥

4
))

1+𝑑∗( 
3𝑥

 4
,
3𝑦

4
 )

, 

    
𝑑∗(

𝑥

4
,
3𝑥

4
)𝑑∗( 

𝑦

4
 ,

3𝑦

4
)

1+𝑑∗(
𝑥

 4
,
𝑦

4
)+𝑑∗(

3𝑥

4
,
3𝑦

4
)
} 

= 𝑚𝑎𝑥{
𝑦

4
,
3𝑥

4
,
3𝑦

4
,

3𝑥
4

(1 +
3𝑦
4

)

1 +
𝑦
 4

,

3𝑦
4

(1 +
3𝑥
4

)

1 +
3𝑦
4

, 

               

3𝑥
4

(
3𝑦
4

)

1 +
𝑦
 4

+
3𝑦
4

} 

=
3𝑦

4
. 

So,  𝜙(𝛶(𝐺𝑥, 𝐺𝑦)) = 
1

9
( 

3𝑦

4
 ) =  

𝑦

12
 ,  clearly 

𝑑∗(𝐻𝑥, 𝐻𝑦) > 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)). 

Case (iii): If  𝑥 = 𝑦 ≠ 0, we get 

𝑑∗(𝐻𝑥, 𝐻𝑦) = 𝑑∗(
3𝑥

4
,
3𝑦

4
) 

  = 𝑚𝑎𝑥 {
3𝑥

4
,
3𝑥

4
} =

3𝑥

4
, 

 𝑑∗(𝐺𝑥, 𝐺𝑦) = 𝑑∗(
𝑥

4
,
𝑦

4
 ) 

                       = 𝑚𝑎𝑥 {
𝑥

4
,
𝑦

4
} =

𝑥

4
, 

where 

𝛶(𝐺𝑥, 𝐺𝑦) 

= 𝑚𝑎𝑥{𝑑∗(𝐺𝑥, 𝐺𝑦), 𝑑∗(𝐺𝑥, 𝐻𝑥), 𝑑∗(𝐺𝑦, 𝐻𝑦),        

    
𝑑∗(𝐺𝑥,𝐻𝑥)(1+𝑑∗(𝐺𝑦,𝐻𝑦))

1+𝑑∗(𝐺𝑥,𝐺𝑦)
, 

    
𝑑∗(𝐺𝑦,𝐻𝑦)(1+𝑑∗(𝐺𝑥,𝐻𝑥))

1+𝑑∗(𝐻𝑥,𝐻𝑦)
, 

    
𝑑∗(𝐺𝑥,𝐻𝑥)𝑑∗(𝐺𝑦,𝐻𝑦)

1+𝑑∗(𝐺𝑥,𝐺𝑦)+𝑑∗(𝐻𝑥,𝐻𝑦)
} 

= 𝑚𝑎𝑥{𝑑∗(
𝑥

4
,

𝑥

4
 ), 𝑑∗ (

𝑥

4
,

3𝑥

4
) , 𝑑∗ (

𝑥

4
,

3𝑥

4
)       

    
𝑑∗(

𝑥

4
,
3𝑥

4
)(1+𝑑∗(

𝑥

4
,
3𝑥

4
))

1+𝑑∗( 
𝑥

4
,
𝑥

4
 )

, 

    
𝑑∗(

𝑦

4
,
3𝑦

4
)(1+𝑑∗(

𝑥

4
,
3𝑥

4
))

1+𝑑∗( 
3𝑥

 4
,
3𝑥

4
 )

, 

https://ph02.tci-thaijo.org/index.php/past/index
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𝑑∗(

𝑥

4
,
3𝑥

4
)𝑑∗( 

𝑥

4
 ,

3𝑥

4
)

1+𝑑∗(
𝑥

 4
,
𝑥

4
)+𝑑∗(

3𝑥

4
,
3𝑥

4
)
} 

= 𝑚𝑎𝑥{ 
𝑥

4
,
3𝑥

4
,
3𝑥

4
,

3𝑥
4

(1 +
3𝑥
4

)

1 +
𝑥
4

,

3𝑥
4

(1 +
3𝑥
4

)

1 +
3𝑥
4

, 

                

3𝑥
4

(
3𝑥
4

)

1 +
𝑥
 4

+
3𝑥
4

 } 

=
3𝑥

4
. 

So,  𝜙(𝛶(𝐺𝑥, 𝐺𝑦)) =  
1

9
( 

3𝑥

4
 ) =  

𝑥

12
 ,  clearly 

𝑑∗(𝐻𝑥, 𝐻𝑦) > 𝑑∗(𝐺𝑥, 𝐺𝑦) + 𝜙(𝛶(𝐺𝑥, 𝐺𝑦)). 

Therefore, the inequality of Theorem 3.1 holds  

for all the cases. 
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