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Abstract
In this study, we will demonstrate a common fixed point theory for two weakly compatible
self-maps G and H on a dislocated metric space (M, d*) that satisfy the E.A. property and (CLR)
property as well as the following ¢-weakly expansive mappings.
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1. Introduction

In 1922, Banach (1) established a
common fixed point theorem, which guarantees
the existence and uniqueness of a fixed point
under certain conditions. Banach's result is
known as the Banach contraction principle or
Banach's fixed point theorem. In various ways,
many authors have extended, generalized, and
improved on Banach's fixed point theorem.

In order to generalize the Banach fixed
point theorem, Jungck (2) established a common
fixed point theorem for commuting maps. This
theorem has a wide range of applications.

The idea of expansive mapping was
first put forth by Wang et al. (3) as follows

d*(Hx,Hy) = ad*(x,y), (1.1)

where H is a self-mapping of a metric space
(M,d*) forall x,y e Mand a > 1.

Next, The ¢-weakly expansive
mapping were introduced by Kang et al. (4) as
follows

d*(Hx, Hy) = d*(Gx, Gy) + ¢(d*(Gx, GY)),
1.2)

where G and H are two self-mappings of a metric
space (M,d*) forall x,y € M.

Let ¢: [0, ) — [0, ) be a continuous mapping
with ¢(0) = 0 and ¢p(t) > t forall t > 0.

Kim et al. (5) extended (1.2) for find a
common fixed point of two self maps satisfying
&-weakly expansive mappings in dislocated
metric space and researchers in (6) and (7) are
study in dislocated quasi-metric spaces.

Motivated and inspired by above, we
will show that two weakly compatible self-maps
G and H on a dislocated metric space (M, d*)
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that satisfy the ¢-weakly expansive condition where
have a common fixed point theorem. Y (Gx, Gy)
= max{d*(Gx, Gy),d*(Gx,Hx), d*(Gy, Hy),

2. Preliminaries d*(Gx,Hx)(1+d*(Gy,HY))
Definition 2.1 (5) Let d*: M X M — [0,0) be a 1+d*(Gx,Gy) ’
function with M # @ and for all x,y,z € M, the d*(Gy,Hy)(1+d*(Gx,Hx))
following conditions are satisfied 1+d*(Hx,Hy) ’

@ d'(xy)=d' %) d'(GxHOd Gy Hy)

(b) d"Cx,y)=0,thenx =y 1+d*(Gx,Gy)+d* (Hx H

(©) d*(x,y) <d*(x,u) +d*(w,y). (Gx,Gy)+d" (Hax,Hy)
Then d* is called dislocated metric (or simply forall x,y € M.

d*-metric) on M and the pair (M, d*) is called
dislocated metric space.

Definition 2.2 (6) Two self-mappings G and H
defined on a metric space M are said to be
weakly compatible if they commute at their
coincidence points.

Definition 2.3 (7) Two self-mappings G and H
of a metric space (M, d*) are said to satisfy E.A.
property if there exists a sequence {x;} € M such
that

limHx; = lim Gx; =s
]—>oo

]—)00
for some s € M.

Definition 2.4 (8) Two self-mappings G and H
of a metric space (M,d*) are said to satisfy
(CLRy) property if there exists a sequence {x;}
in M such that

lim Hx; = lim G x; = Hx
]—)00

]—)OO
for some x € M.

3. Main Results

Theorem 3.1 Let (M, d*) be a dislocated metric
space and let G and H be two self-maps on M
satisfying

GM < HM. (3.1)

There exists a continuous mapping ¢: [0, ©) —
[0, 00) with ¢p(0) = 0 and ¢(¢t) > t forall t >
0 such that

d*(Hx,Hy) = d*(Gx, Gy) + ¢ (Y (Gx, Gy)),
(3.2)

If G and H are weakly compatible and GM or
HM is complete, then G and H have a unique
common fixed point.

Proof. Let x, be an arbitrary point of M. We can
define a sequence {x;} based on (2.1), such that

GXj = HXj+1,

because GM < HM. Define a {y;} sequence in
M by

There is nothing to prove if Yj =Yj+1, 3/ EN
Now, assume that y; # y;,4, Vj € N. We prove
that

limd" (v, 9;41) = 0. (3.4)

Letting x = x;, ¥ = xj44 in (3.2) and using
(3.3), we obtain

& (j-1,) = d*(Hx;, Hxj11)
= d*(Gx]-, Gx]-+1) + (l)(Y(GX], Gx]-+1))
=d'0pYjs) + X B Yj41)), (3.5)

where

Yy, y5+1) = Y(Gx5, Gxj11)
= max{d*(ij, Gx]-+1), d*(ij,ij),
d*(Gx]-H,Hx]-H),
d*(Gx]-,ij)(1+d*(ij+1,ij+1))
1+d*(GXj,GXj+1)
d*(GXjpq,Hxjyq)(A+d*(GxjHX))
1+d*(Hxj,Hxj41)

)

)
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d*(ij,ij)d*(ij+1,ij+1)
1+d*(Gxj,Gxj41)+d*(Hxj,HXj41)
= max{d*(yerj+1)'d*(yi'yi—l)‘
d*(yj+1,yj).
a*(y;,yj-1) A+ (¥j41.5)))
1+d* (¥, Yj41)
d*(yj+1y;)1+d"(¥5,551))
1+d*(:ij1:yj)
a*(yjyj-1)d" (yj+17;5)
1+a*(yyje1)+d* (Vj—1yj)
= max{d*(}’j:)’jﬂ); d*(Yj'Yj—l)}-

)

)

If d*(y;,¥j+1) < d*(¥j-1,¥;) and (3.5) then
d*(yj-1,9;) > 4" (v}, ¥j41) + 4" (V-1 ).
That is

@ (1301 <0,
which is a contradiction.
If d*(yj-1,¥;) < d*(¥;,¥j+1) and (3.5) then

d*(Yj—DYj)
> d*(y), j41) + O (7, ¥j+1))- (3.6)

This mean that
4 (V-1 35) > 4" (¥} ¥j+1)

Thus, the sequence {d*(y;,¥j+1)} is strictly
decreasing and bounded below.

So, there exists y > 0, such that
Jl'i—{g a*(yp,yj+1) =7,
taking j — oo in (3.6), we get

Y=y +o®)

which is a contradiction, hence we have y = 0.
Hence,

lim d*(yj,j41) = 0. 3.7)

Next, we prove that {y;} is a d*-Cauchy
sequence. Assume that {y;} is not a d*-Cauchy
sequence. Then there exists € > 0, such that for
n € N, there are j(i), k(i) € N with k(i) >

Jj(i) > i satisfying

(@): k(i) and j(i) are positive integers.

(). d" iy Yr@) > &

(c): k(i) isthe smallest even number such that
the condition (b) holds, that is,

iy Ve -1) < &
Thus,

€ < d*" Wiy Yr@))

< A"y Yrw-1) + " Or-1 Yew)

< e+ d " Wre)-1 Yr@))- (3.8)
Taking i — oo, we obtain
lim d* vy, Yew) = & (3.9)

We now have

€ < d"(Yjw-1 Yr@i)-1)
< d*(¥jo-1 Ya-2)
+d* Vie(iy-20 Yie(i)-1)
< e+ d" Ory-2 Yr)-1)- (3.10)

Taking i — oo, we obtain
ngg 4*jiy-1 Yri)-1) = & (3.11)

Letting x = x;¢;y and y = xy(;) in (3.2), we
obtain

d* Wjy-1 V-1 = 4" (Hxj0, Hxiy)
= d*(Gxjiy, Gxrpy) + dV (Gx(py, Gxreiy))
= d" Wiy V) + X iy Yew)),  (B.12)

where

Y (¥ Vi)=Y (Gx50y, Gxiiy)
= max{d*(ij(i), ka(i))'
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d*(Gxj), Hxj(py ), d(Gieqiy, Hxiy),
d*(ij(i),ij(i))(1+d*(ka(i),ka(i)))
1+d*(GXj(i),ka(i)) !
d*(ka(i),ka(i))(1+d*(ij(i),ij(i)))
1+d*(ij(i)'ka(i))
d*(ij(i),ij(i))d*(ka(i),ka(i))
1+d*(ij(i),ka(i))+d*(ij(i),ka(i))
= max{d" (yja) Yew).
&* (Vi Yiw-1)r 4k Yewy-1),
a* (v jiy-1) A+ (Vi) Vi -1))
1+d* (¥ (i) V(i)
d*(Yk(iyYr(i)-1)A+d* (Vi)Y ji)-1))
1+d* (Y j(i)-1Vk(i)-1) ’
a*(jwyjm-1)a" V@ Y@ -1)
1+d*(vjciy Vi) 4 V-1 Vr@w-1)

)

)

Taking limit as i — oo, we have

im ¥ (), i)

_ e(l+e) e(l+e) «€-¢

= max{e, & & 1+e ' 1+¢ '1+s+s}
==

From (3.12), we obtain

e=e+¢(e),
which is a contradiction, from ¢ (&) = 0. This
implies that {y;} is a d*-Cauchy sequence in M.
Now, from HM is complete, there exists a point

z in HM such that

lim y; = ]l,i_)rngjH =g = ]lLrng] (3.13)

j—ooo

Since g € HM, we can find g™ in M such that
Hg" =g.

Now, we claim that Hg* = Gg*, let if possible
Hg" # Gg". Letting x = x;, andy = g" in
(3.2), we obtain

d*(Gx;,Hg") = d*(Hxj,,, Hg")

2 d*(Gxj11,Gg") + ¢V (641, GgY), (3.14)

where

Y (Gxj41,Gg") = max{d*(ijH, Gg*),
d*(Gxj41, Hxjyq), d*(Gg*, Hg"),
d*(Gxjyq,Hxjy1)(14d*(Gg* Hg"))
1+d*(Gxj4+1,Gg*)
d*(Gg*,Hg*)(1+d*(ij+1,ij+1))
1+d*(Hxj41,Hg")
d*(Gxjy1,Hxjy1)d" (Gg' Hg")
1+d*(Gxjy1,Gg*)+d*(Hxj1,Hg*)

)

Letting limit as j — oo, we have

d*(Hg",Hg")
2 d'(Hg',Gg") + lim¢ ((6x41,64")),
(3.15)

where

lim ¥ (Gxj11,6g") = max(d' (Hg", Gg"),

d*(Hg',Hg"), d*(Gg",Hg"),

d*(Hg* Hg")(1+d*(Gg* Hg"))
1+d*(Hg*,Gg*)

d*(Gg" Hg")(1+d"(Hg' Hg"))
1+d*(Hg*,Hg*)

d*(Hg" Hg")d*(Gg",Hg") )
1+d*(Hg*,Gg*)+d*(Hg*,Hg*)
= max{d"(Hg",Gg"),d"(Hg",Hg")}.

)

Next, we consider two cases.
Case (a): Let Y (Gxj41,Gg™) = d*(Hg", Gg").

Using (3.14), we obtain

d*(Hg',Hg") =2 d*(Hg",Gg") + ¢(d"(Hg",Gg"))

>d'(Hg",Gg") +d"(Hg",Gg")
=2d*(Hg",Gg").

Using triangular inequality, we obtain

d'(Hg" Hg") < d’(Hg',Gg") + d"(Hg",Gg")
=2d"(Hg",Gg"),

which is a contradiction.

Case (b): Let Y(Gx;41,Gg") = d*(Hg", Hg").
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Using (3.14), we obtain

d*(Hg",Hg")
> d*(Hg',Gg") + ¢(d"(Hg", Hg"))
2 d*(Hg",Gg") + d*(Hg", Hg").

This means that
d*(Hga*, Gg*) < 0'

which is a contradiction. Therefore,
d*(Hg"*,Gg*) = 0. This mean that

Hg* =Gg* =g. (3.16)
Thus, g is a coincidence point of G and H.

Now, we show that there exists a common fixed
point of G and H. Because G and H are weakly
compatible, using (3.16), we get

GHg" = HGg" and Gg* = GHg* = HGg" =
Hg.

Consider

d*(g.Gg) =d*(Hg", Hg)
= d*(Gg",Gg)+ oY (Gg", Gg))
= d*(g,Gg) + (Y (Gg",Gg)), (3.17)

Where

Y(Gg",Gg)
=max{d*(Gg",Gg),d"(Gg", Hg"),
d*(Gg,Hg),

d*(Gg* Hg")(1+d"(Gg,Hg))
1+d*(Gg*,Gg)
d*(Gg,Hg)(1+d"(Gg" Hg"))
1+d*(Hg*,Hg)
d*(Gg*,Hg")d"(Gg,Hg) )
1+d*(Gg*,Gg)+d*(Hg*,Hg)

)

= max{d*(g,Gg),d*(g,¢),d*(Gg,Gg),

d*(g.¢)(1+d*(Gg,Hg))
1+d*(g,Gg)

)

d*(Gg,Gg)(1+d*(g.9))

1+d*(g.Hg)
d*(g.g)d*(Gg,Gg) )
1+d*(g,Gg)+d*(g,Gg)

)

= max{d*(g,Gg),0,d*(Gg,Gg),0,

d*(Gg,Gg)
1+d*(g,Hg)'

0}
=max{d*(g,Gg),d*(Gg,Gg)}.

We currently have two cases:

Case (i): Let Y(Gg*, Gg) = d*(g,Gg).

From (3.16), we obtain

d*(g,Gg) = d*(¢,Gg) + ¢(d*(g,Gg))
> d*(g,Gg) + d"(g,Gg)
=2d*(g,Gg),

which is a contradiction.
Case (ii): Let Y(Gg* Gg) = d*(Gg,Gg).
From (3.16), we obtain

d*(g,Gg) = d*(g,Gg) + ¢(d*(Gg, Gg))
> d*(g,Gg) + d*(Gg,Gg)
=d*(g,Gg),

which is again a contradiction. Thus,

Hg = Gg = g. This mean that g is common
fixed point of G and H.

For the uniqueness, let u be common fixed
point of G and H and u* be another common
fixed point of G and H, such that u # u*. Then

d*(u,u*) = d*(Hu, Hu")

> d*(Gu, Gu*) + ¢ (Y (Gu, Gu™))
=d"(w,u’) + ¢(d*(u, u")
>d*(u,u*) +d*(u,u"),

Prog Appl Sci Tech
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which is a contradiction, so u = u*. Thus, we
proves the uniqueness of the common fixed
point.

Theorem 3.2 Let (M,d*) be a dislocate metric
space and let G and H be two self-maps on M
satisfying (3.2) and the followings:

G and H are weakly compatible, (3.18)
G and H satisfy the E.A. property. (3.19)

If either GM or HM is a complete subspace of
M, then G and H have a unique common fixed
pointin M.

Proof. From G and H satisfy the E.A. property,
there exists a sequence {x;} in M such that

lim Hx; = lim Gx; = x, 3x € M. (3.20)

jooo jooo

Now, assume HM is complete subspace of M.
Then, there exists g in M such that x = Hgq.
After that, we obtain

lim Hx; = lim Gx; = x =Hq.
j—)m

jooo
Now, we show that Gq = Hq.

From (3.2), we obtain

d*(Hxj, Hq) = d”"(Gxj, Gq) + ¢(Y (Gx;, Gq)).
Taking j — oo, we obtain

d*(Hq,Hq)
2 d'(Hq,Gq) + limp(Y(Gx;, Gg)),  (3.21)
j—ooo

where

}Lrg Y(Gx;,Gq)
= }Lrgmax{d* (ij, Gq), d*(ij, ij),
d*(Gq,Hg),
d*(Gx;,Hx;)(1+d*(Gq,Hq))
1+d*(Gx,Gq)
d*(Gq,Hq)(1+d*(Gx,Hx;))
1+d*(Hx,Hq)

)

)

d*(Gx;,Hx;)d*(Gq,Hq)
1+d*(Gx,,Gq)+d*(Hx,,Hq)}
= max{d"(Hq,Gq),d"(Hq,Hq), d"(Gq,Hq),
d*(HqHq)(1+d"(Gq,Hq))
1+d*(Hq,Gq)
d*(Gq,Hq)(1+d"(Hq,Hq))
1+d*(Hq,Hq)
d*(Hq,Hq)d"(Gq,Hq) )
1+d*(Hq,Gq)+d*(Hq,Hq)
=max{d*(Hq,Gq),d*(Hq,Hq)}.

)

)

Now two cases arise:
Case (a): jlirg)’(ij, Gq) = d*(Hq,Gq).

From (3.20), we obtain

d*(Hq,Hq) = d*(Hq,Gq) + ¢(d*(Hq,Gq))
>d*(Hq,Gq) +d*(Hq,Gq)
= 2d*(Hq,Gq).

Using triangular inequality, we obtain

d*(Hq,Hq) < d*(Hq,Gq) + d*(Gq,Hq)
= 2d*(Hq, Gq),

which is a contradiction.

Case (b): ]l_irgY(ij, Gq) = d*(Hq,Hq).

From (3.21), we obtain

d*(Hq,Hq) = d*(Hq,Gq) + ¢(d*(Hq,Hq))
> d*(Hq,Gq) +d"(Hq,Hg),

which implies that

d*(Hq,Gq) <0,
which is a contradiction. Thus,
d*(Hq,Gq) =0o0r Hq = Gq.
From G and H are weakly compatible,

GHq = HGq implies that
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HHq = HGq = GHq = GGq.

Now, we claim that Gq is the common fixed
point of G and H. Using (3.2), we obtain

d*(Gq,GGq) = d*(Hq,HHq)
> d*(Gq, GGq) + ¢(Y(Gq, GGq)), (3.22)

where

Y(Gq,GGq)
= max{d*(Gq,GGq),d"(Gq,Hq),
d*(GGq,HGq),
d*(Gq,Hq)(1+d"(GGq,HGq))
1+d*(Gq,GGq)
d*(GGq,HGq)(1+d*(Gq,Hq))
1+d*(Hq,HGq) ’
d*(Gq,Hq)d"(GGq,HGq) }
1+d*(Gq,GGq)+d*(Hq,HGq)
= max{d*(Gq,GGq),0, 0,0,0,0}.

)

This implies that
Y(Gq,GGq) = d*(Gq,GGq).
Now, using (3.22), we obtain

d*(Gq, GGq)

= d*(Gq,GGq) + $(d*(Gq,GGq))
> d*(Gq, GGq) + d*(Gq, GGq)

= 2d*(Gq, GGq),

which implies that
Gq = GGq = HGq.
Thus, Gq is common fixed point of G and H.

For the uniqueness, let u be common fixed
point of G and H and u* be another common
fixed point of G and H. Then, using (3.2), we
obtain

d*(u,u*) = d*(Hu, Hu*)
> d*(Gu, Gu*) + ¢(Y (Gu, Gu*)), (3.23)

Where

Y (Gu, Gu*)

= max{d*(Gu, Gu*), d*(Gu, Hu),
d*(Gu*, Hu*),
d*(Gu,Hu)(1+d*(Gu*,Hu"))
1+d*(Gu,Gu*)
d*(Gu*,Hu*)(1+d*(Gu,Hu))
1+d*(Hu,Hu*)
d*(Gu,Huw)d*(Gu*,Hu™) }
1+d*(Gu,Gu*)+d*(Hu,Hu*)
= d*(Gu, Gu").

)

)

From (3.23), we obtain

d*(u,u*)

> d*(Gu, Gu*) + ¢(d* (Gu, Gu"))
> d*(Gu, Gu*) + d*(Gu, Gu*)

= 2d*(Gu, Gu*)

= 2d"(u,u"),

which is a contradiction. So u = u*. Thus, we
proves the uniqueness of common fixed point.

Theorem 3.3 Let (M, d*) be adislocated
metric space, let G and H be self-maps on M
satisfying (3.2) and (3.18). If G and H satisfy
(CLRy) property, then G and H have a unique
common fixed point in M.

Proof. From G and H satisfy the (CLRy)
property, there exists a sequence {x;} in M such
that

lim Hx; = lim Gx; = Hx, 3x € M.
]—)00

j—ooo

First, we claim that Hx = Gx. Let Hx # Gx.
Then from (3.2), we get

d*(ij,Hx)
> d*(Gx;, Gx) + ¢p(Y (Gxj, Gx)), (3.24)

where

Y (Gx;, Gx)

= max{d*(ij, Gx), d*(Gx]-, Hx]-),

d*(Gxj,Hx;)(1+d*(Gx,Hx))
1+d*(Gxj,Gx)

d*(Gx,Hx),

)

Prog Appl Sci Tech
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d*(Gx,Hx)(1+d*(Gxj,Hx;))
1+d*(Hxj,Hx)
d*(Gxj,Hx;)d*(Gx,Hx)
1+d*(ij,Gx)+d*(ij,Hx)}'

)

Letting limit as j — oo, we get

lim Y(Gx;, Gx)
]—)OO
= max{d*(Hx, Gx),d*(Hx, Hx), d*(Gx, Hx),
d*(Hx,Hx)(1+d*(Gx,Hx))
1+d*(Hx,Gx)
d*(Gx,Hx)(1+d*(Hx,Hx))
1+d*(Hx,Hx)
d*(Hx,Hx)d*(Gx,Hx) }
1+d*(Hx,Gx)+d*(Hx,Hx)
= max{d*(Hx, Gx),d*(Hx, Hx)}.

)

)

Now, two cases arise:

Case (a): lim Y(ij, Gx) = d*(Hx, Gx).
jooo

From (3.24), we obtain

d*(Hx, Hx)

> d*(Hx, Gx) + ¢(d*(Hx, Gx))
> d*(Hx,Gx) + d*(Hx, Gx)

= 2d*(Hx, Gx).

Using triangular inequality, we obtain

d*(Hx,Hx) < d*(Hx, Gx) + d*(Gx, Hx)
= 2d*(Hx, Gx),

which is a contradiction.

Case (b): lim Y (Gx;, Gx) = d*(Hx, Hx).
Jj—ooo

From (3.24), we obtain

d*(Hx, Hx)
> d*(Hx, Gx) + ¢(d*(Hx, Hx))
> d*(Hx, Gx) + d*(Hx, Hx),

which implies that

d*(Hx, Gx) < 0,

which is a contradiction. This implies
d*(Hx,Gx) =0

which is a contradiction. Thus, Hx = Gx.
Lety = Hx = Gx. From HGx = GHx implies
that

Hy = HGx = GHx = Gy.
Now, we claim that Gy = y. From (3.2), we get

d*(Gx,y) = d*(Hy, Hx)
= d*(Gx, Gy) + ¢ (Y (Gx, Gy)),
(3.25)

where

Y (Gx, Gy)
= max{d*(Gx, Gy),d*(Gx, Hx), d*(Gy,Hy),
d*(Gx,Hx)(1+d*(Gy,Hy))
1+d*(Gx,Gy)
d*(Gy,Hy)(1+d*(Gx,Hx))
1+d*(Hx,Hy)
d*(Gx,Hx)d*(Gy,Hy) )
1+d*(Gx,Gy)+d*(Hx,Hy)

)

)

= max{d*(y, Gy),0,0,0,0,0}
=d*(Gy,y).

Using (3.24), we get

a*(Gy,y) = d*(y,Gy) + ¢(d* (v, Gy))
>d*(y,Gy) + d*(y,Gy)
=2d*(y,Gy)

this is possible only when Gy = y. Thus, Hy =
Gy = y. Hence, y is the common fixed point of
G and H.

For the uniqueness, let u be common fixed
point of G and H and u* be another common
fixed point of G and H. Using (3.2), we obtain

d*(Hu, Hu*)
> d*(Gu, Gu*) + ¢ (Y (Gu, Gu*)), (3.26)

where
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Y (Gu, Gu*)
= max{d*(Gu, Gu*), d*(Gu, Hu),
d*(Gu*, Hu*),
d*(Gu,Hu)(1+d*(Gu*,Hu"))
1+d*(Gu,Gu*)
d*(Gu*,Hu*)(1+d*(Gu,Huw))
1+d*(Hu,Hu*)
d*(Gu,Hu)d* (Gu*,Hu™) }
1+d*(Gu,Gu*)+d*(Hu,Hu*)
= d*(Gu, Gu*).

)

)

From (3.25), we have

d*(Hu, Hu*)

> d*(Gu, Gu*) + ¢(d*(Gu, Gu™))
> d*(Gu, Gu*) + d*(Gu, Gu*)

= 2d*(Gu, Gu"),

which is a contradiction, so u = u*. Thus, we
proves the uniqueness of common fixed point.

Example Let M = [0,3] be equipped with the
dislocated metric space and

d*(x,y) = max{|x|,|y|} forallx,y € M.

Define, G,H: M - M by

0, if x=0
= X
Gx { —, otherwise
4
and
0, if x=0
Hx =1 3x )
T otherwise.

Then we have GM = [0, %] c[o, 3] = HM.

Let {x,,} be a sequence in M such that {x,,} = %
foreachn and ¢ : [0,) — [0, o) be define
by

if t>0

t
P =39’
0, otherwise.

Clearly H(0) = G(0) = 0and HG(0) =
GH(0) = 0 forall x,y € M, this show that G
and H are weakly compatible.

Now, we have to check the inequality of
Theorem 3.1 for the following cases

Case (I): Letx = 0 and y = 0, we get

d*(Hx,Hy) =0, d*(Gx,Gy) = 0 and
Y(Gx,Gy) =0.Also, p(Y(Gx,Gy)) =0,

hence
d*(Hx,Hy) = d*(Gx, Gy) + ¢ (Y (Gx, Gy)).

Case (I1): Let x # 0 and y = 0, we get

3x
d*(Hx,Hy) = d*(T'O)
_ {Sx 0} 3x
= max 7

X
d*(Gx,Gy) = d*(Z,O)
X

= max {1,0} =

NE

where

Y (Gx, Gy)
= max{d*(Gx, Gy),d*(Gx, Hx), d*(Gy, Hy),
d*(Gx,Hx)(1+d*(Gy,HY))
1+d*(Gx,Gy)
d*(Gy,Hy)(1+d" (Gx,Hx))
1+d*(Hx,Hy)

)

)

d*(Gx,Hx)d*(Gy,HY)
1+d*(Gx,Gy)+d*(Hx,Hy)

}

= max{d*(%, 0),d* G,%) ,d*(0,0),

@ (5.3 @ +d00)
1+d*(7,0)

a*(0.0)1+a*(3%)

e
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(2w 00

1+d*(§,o)+d*(%o)

3x
x 3x T
=max{Z,T,O,E,
x 3x 3x

= max{Z,T, O,T, 0,0}

0,0}

_ 3x

=

S0, p(¥' (Gx, Gy)) = %(%x) = = clearly
d*(Hx,Hy) > d*(Gx, Gy) + ¢ (Y (Gx, Gy)).

Case (I): Letx = 0 and y # 0, we get

3
d*(Hx, Hy) = d*(0, Ty)

3y
= max {0, T} =
d*(Gx,Gy) = d*(O,%)

= max {0,%} =

where

Y (Gx, Gy)
= max{d*(Gx, Gy),d*(Gx,Hx), d*(Gy, Hy),
d*(Gx,Hx)(1+d*(Gy,Hy))
1+d*(Gx,Gy)
d*(Gy,Hy)(1+d*(Gx,Hx))
1+d*(Hx,Hy)

)

J

d*(Gx,Hx)d"(Gy,HYy) )
1+d*(Gx,Gy)+d*(Hx,Hy)

* * * 3
= max{d*(0,2),d'(0,0),d" (2, 2)
* «(Y 3y
a*(00)+a* (X))
1+d*(02)

)

d*(%,%y)(1+d*(0,0))

1+a*(0,2)

eEZ)ron
1+d*(§,0)+d*(%x,0)

3 J
= R

4

,03}

3y

o
1,3y y
So, $(¥(Gx,Gy)) =3 ( T) = =, clearly

d*(Hx,Hy) > d*(Gx, Gy) + ¢ (Y (Gx, Gy)).

Case (IV): Let x # 0 and y # 0, we discuss
three subcases:

Case (i): If x > y, we get

. B .3x 3y
d(Hx,Hy)—d(4.4)

474

where

Y (Gx, Gy)
= max{d*(Gx, Gy),d*(Gx,Hx), d*(Gy, Hy),
d*(Gx,Hx)(1+d*(Gy,HY))
1+d*(Gx,Gy)
d*(Gy,Hy)(1+d*(Gx,Hx))
1+d*(Hx,Hy)

)

)

d*(Gx,Hx)d*(Gy,Hy) }
14+d*(Gx,Gy)+d*(Hx,Hy)

= max{d"(5,%),d" (f =).a(2%)

4’ 4 4’ 4
c()are ()

(XY ’
1+d (4,4

(e

1+a (22 7
4’4
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(EEa(22) ar(E3)ar (L 2)
4’ 4 4’4 } 4’ 4 4’4 }
EXATPE 3_x3_3’) *(iz) *(23_3’)
1+d (4’4)+d (4'4 1+d 44 +d 4’ 4
3x 3y\ 3y 3x 3x 3y\ 3y 3x
= max( Y Z(+7) 70+3) 7 Z2(1+3) 70+37)
3 X 3x T vy 3y
1+ 7 1+T 1+ 7 1+T
3x 3y 3x 3y
= ) 7 )
x  3x y , 3y
1+z+ 2 1+E+T
_3x _ 3y
T4 T4

So, ¢(Y(Gx,G —3(3—96)—i learl
0, $(r(Gx.6y) =5 () =15 clearly
d*(Hx,Hy) > d*(Gx, Gy) + ¢ (Y (Gx, Gy)).
Case (ii): If x <y, we get

3x 3
d*(Hx,Hy) = d* (_x’_y)

where

Y (Gx, Gy)
= max{d*(Gx, Gy),d*(Gx,Hx), d*(Gy, Hy),
d*(Gx,Hx)(1+d*(Gy,Hy))
1+d*(Gx,Gy)
d*(Gy,Hy)(1+d*(Gx,Hx))
1+d*(Hx,Hy)

)

)

d*(Gx,Hx)d"(Gy,HY) )
1+d*(Gx,Gy)+d*(Hx,Hy)

= mastd G (. 3) (1)

aG)ara ()

1+d*(32)

)

@GP G
3x

1+a (52

)

1.3y y
So, ¢(¥(6x,Gy)) =3 ( T) = clearly

d*(Hx,Hy) > d*(Gx, Gy) + ¢ (Y (Gx, Gy)).
Case (iii): If x =y # 0, we get

. B .3x 3y

3x 3x}_3x
4’ 4)"

SR
d*(Gx,Gy) =d*(=,=)

where

Y (Gx, Gy)
= max{d*(Gx, Gy),d*(Gx,Hx), d*(Gy, Hy),
d*(Gx,Hx)(1+d*(Gy,HY))
1+d*(Gx,Gy)
d*(Gy,Hy)(1+d" (Gx,Hx))
1+d*(Hx,Hy)

)

)

d*(Gx,Hx)d*(Gy,Hy) }
14+d*(Gx,Gy)+d*(Hx,Hy)

-t G 2 (2. (.3
aG3)ara GT)

XX
1+d*(37)

)

e (F)are G5
1+ar (22
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G (GT)

re (G

x 33 2 (1+) F(+F)

=max{—~,—,—, ,
44" 4 1+% 3x
i 3 Z 1+4
X X
= )
14243
277
_3x
=
So, p(Y (G G))—l(3—x == clearl
» 9( L=\ )T 1 y

d*(Hx,Hy) > d*(Gx, Gy) + ¢ (Y (Gx, Gy)).

Therefore, the inequality of Theorem 3.1 holds
for all the cases.
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