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Abstract
In this paper, we define and investigate the S,- continuous retraction and the S ;- continuous

fixed point property which apply the S - continuity in (6). The study shown that, for the regular and

locally indiscrete topological space (X,z) with the S,-continuous fixed point property, if a topology

o for X isstronger than 7 and for every open subset G in o with the closure of G in o and the closure
of G in rare equal, then (X,o) has the fixed point property.

Keywords: S -open sets, S,-continuous function, fixed point property, S - continuous fixed point

property.

1. Introduction

For the two topological spaces
(X,7) and (X,0),in 1959 Conell EH. (3) has
introduced the concept of the fixed point
property. If (X,7)is a regular space with the
fixed point property, o is stronger than z, G is
an open subset in o, its closure is the same in
both topologies, then (X,o) has the fixed point

property. In 1990, Cammaroto F. and Noiri T. (2)
has introduced the concept of the &- continuous

fixed point property. If (X,7) isaalmost-regular
space with the o- continuous fixed point
property, o is stronger than z, G is an open
subset in o, its closure is the same in both
topologies, then (X,o) has the fixed point
property. In 2007, Puturong N. (9) has
introduced the concept of the strongly &- semi-
continuous fixed point property. If (X,7) is a

regular space with the strongly 6&- semi-
continuous fixed point property, o is stronger
than z, G isan opensubset in o, its closure are
the same in both topologies, then (X,o) has the
fixed point property. In 2013, Khalaf BA. and
Ahmed KN. (6) has introduced S ;- continuous
function f:(X,7)—(Y,o0), ifforeach xin X
and for each open subset H in Y containing
f(x), there exists an S,-open subset G in X
containing x such that f(G)< H. The purpose
of this paper is to apply S,- continuity to the
retraction and fixed point property. We shall
offer some statements, (X,r) is a locally
indiscrete space with S ;- continuous fixed point

property and the same above conditions implies
that (X,o) has the fixed point property.
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2. Preliminaries

Throughout the present note spaces
always mean topological spaces on which no
separation axioms are assumed unless explicitly
stated. Recall the following definitions and
characterizations. In a topological space (X,7)
(or simply X ) and let A be asubset of X. The
intersection of all closed sets containing A is
called the closure of A and is denoted by cl(A).
The interior of A is defined by the union of all
open sets contained in A and is denoted by
int(A). We shall define semi-open set, semi-

closed set, S-closed set, S,-open set,and S -
closed set as follows.

Definition 2.1. (6-8) Let (X,7) be atopological
space. A subset A of X iscalled

(i) semi-open if Accl(int(A), the
complement of a semi-open set is called semi-
closed set.

(i) p- open if Accl(int(cl(A))), the
complement of a /- open set is called f-
closed set.

(iii) S,-open if A is a semi-open set and
for each X € A there exists a S- closed set F
suchthat Xxe F < A, and B X s called S ;-

closed set if the complement of B is S,-open

set.
The set of all semi-open (resp. -

open, S,- open) sets is denoted by so(x,7)

(resp. JO(X,7), S,0(X,7) ). The set of all semi-

closed (resp. B- closed, S,- closed) sets is
denoted by SC(X,r) (resp. BC(X,7),
S,C(X,7) ). The semi closure, semi interior,
f- closure, B-interior, S,- closure, and S,-
interior of a set A are defined in similar way of
closure and interior of aset A . The closure of G
in (X,7) is denoted by cl(G)®.

Definition 2.2. (4) A topological space (X,7)
is said to be:

(i) locally indiscrete if every open
subset of X is closed. (A set Ac X is called

clopen, if A are both open and closed.)

(ii) regular if given any point x e X
and any closed subset F < X —{x} implies that
there exist open sets U and V such that xeU,
FcV and UV =4

Definition 2.3. (6) Let (X,7) be a topological
space. A subset N of X is called
S,- neighbourhood of subset A in X if, there

exists a S,- open set U such that AcU c N.
We say that N is a S,- neighbourhood of an
element xe X if A={x}, the set of all S,-

neighbourhood of an element X denoted by
S,1(x). The S,- interior and S ;- closure of a

set A denoted by S, int(A) ={xe X | Ae S n(x)}
and  S,cl(A)={xe X |ANW = ¢, YW €S n(x)}
respectively.

Example 2.1 (6) Let X ={p,q,r,s},
t={p{p}{a}.{p,a}{p.q,r}, X} be topology on
X. We get that S,0(X) ={¢.{a}.{p.r,s}, X}

Consider A={r,s}. Then s,- neighbourhood
of subset A are {p,r,s}and X,
Sym(a) ={{a}, X}, s,int(A) = ¢, and
Sucl(A)={p.r,s}

Some properties of S,- interior and
S ;- closure sets are mentioned in the following
result. For the routine proofs are omitted.

Theorem 2.1. (6) For any subset A and B of a
topological space X. The following statements
are holds:

(i) The S ,-interior of A is the union

ofall S,-open sets contained in A.

(i) S,int(A) is the largest S,-open
set contained in A.

(iii) A set A is S,- open set if and
only if A=S,int(A).

(iv) S,int(g) =g and S,int(X)=X.

(V) S, int(A) < A-

(vi) If Ac B, then
S,int(A) c S, int(B).
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(Vi) S, int(A) U'S ,int(B)
< S, int(AU B).
(viii) S, int(An B)
< S,int(A) NS, int(B).
(iX) S, int(A\B)
S, int(A)\S,int(B).

Here we give some properties of S ;-
closure of a set similar forms of closure of a set.

Theorem 2.2. (6) For any subset F and E of a
topological space X. The following statements
are true:

(i) The s,-closure of F is the
intersection of all S,-closed sets in X

containing F.
(i) S,cl(F) is the smallest S ,- closed

set containing F.
(iiif) Fis S,-closed set if and only if
F =S ,cl(F).
(iv) Sucl(g)=¢ and Sl (X) = X.
(V) FcS,cl(F).
(vi) If FcE, then
S,Cl(F) = S 4l (E).

(vii)s ,cI(F) US4l (E)
< S,Cl(F UE).

(viii)S ,cl(F NE)

< S,CI(F) NS ,CI(E).
(iX) X\S,Cl(F)=S,int(X \ F).
(X) X\S,int(F)=S,cl(X \F).
(Xi) S,int(F)=X\S,cl(X \F).

Definition 2.4. (4, 6) Let f:(X,7)—>(Y,0) bea
function,
(i) fiscontinuousat xe X if foreach

open subset v of f(X), there exists an open set
U of X suchthat f(U)cV.

(i) fis s,-continuous at xeX if
for each open subset v of f(x), there exists an
S,-openset U of X suchthat f(U)cV. If f
is S,-continuous at X forall Xe X, we say that
f is S,- continuous on X.

(iii) f is open if for each open subset
U of X, flU)eo.

Definition 2.5. (1) Let (X,7) be a topological
space.

(i) Atopological space (X,r) issaidto
be regular if for any point X X and any closed
subset F < X \{x}, implies that there exist open
sets U and V, suchthat XeU, and UV =4.

(if) A space X has the fixed point
property if, every continuous function
f:X —> X, there exists an XeX such that

f(X)=X, briefly denoted by FPP.

Theorem 2.3. (6) Let (X,z) be a topological
space and G c X. The following statements
hold:

(i) If Ger thenGeSO(X,7).

(i) Ges,O(X,r) if and only if
GeSO(X,7) and G=U{BcG|Be pBO(X,7)}

(iii) If X is a locally indiscrete space
and GeSO(X,7) (GeSC(X,r)) then G is
closed (open) in X.

(iv) If X is a locally indiscrete space
and GeSO(X,7) then GeS,0(X,7).

Theorem 2.4. (6) Let (X,z) and (Y,o) be a
topological spaces, and f: X —Y, following are

equivalent:
(i) f is s,-continuous.

(ii) For each open setB in Y
4(B)es,00x,7).

(iii) For each closed set B in Y,
i B)es,c(x,2).

(iv) For each subset A in X,
f(Szcl(A)) =cl(f(A).

(v) For each subset A in X,
int(f(A)) c f (Sﬁint(A)).

(vi) For each subset B in 'Y,
s,cl(f71(B) < (el (B)).

(vii) For each subset B in'Y,
t7Lnt(B)) < S int( £ 2l (BY)).
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Theorem 2.5. (6) Let (X,7r) and (Y,o) be
topological spaces, and f: X -»Y,AcX. If A
is a clopen set then the restriction of a function
f is S,- continuous, as flA:A»Y is S,-
continuous.

The following theorem indicates that
compositions of S - continuous functions are

Sﬁ-continuous, when a domain of the second
function is locally indiscrete space.

Theorem 2.6. Let (X,7), (Y,0) and (Z,0) be

topological spaces, and Y is a locally indiscrete
space, if f:X—>Y and g:Y —>Z be the two

S,- continuous then the composite function
go f (seein Figure 1) is S ,- continuous.

f g

\/

gof
Figure 1 The composite function go f.

Proof. Let G be an open set in Z. Since g is
S,- continuous, by theorem 2.4. (ii), so that

g_l(G)eSﬂO(Y,O'). Moreover, since Y is a
locally indiscrete space, by Theorem 2.3. (i, iv),
g_l(G) is open set in Y. For assumption f is
Sy- continuous, we obtain

g7 G) es,00%,7).

But(go f)_l(G) = f_l(g_l(G)), therefore
and hence go f is S - continuous. [

3. Main Results

The purpose of this section is to
explore properties and characterizations of S ,-
continuous retract and S,- continuous fixed

point property. Cammarolo and Nori (2) defined
asubset A ofaspace X tobea J- continuous

retract of X, defined a space X has the J-
continuous fixed point property. We shall
similarly defined a S,- continuous retract and

S ;- continuous fixed point property as follows.

Definition 3.1. Let (X,r) be a topological

spaces.
(i) A subset A of space X iscalled a
Sy- continuous retract of X if there exists a

S,- continuous f:X — A such that f, is the
identity on A, thatis f(x)=x for every xeA,
and f iscalleda S,- continuous retraction.
(ii) A space X is said to have the

S,- continuous fixed point property, briefly
denoted by S ,cFPP, if for every S ,- continuous
function f:X — X, there exists an Xxe X such
that f(X)=x

Example 3.1. Let X={p,q,r,s} and let
={p{r}.{p.a}{p.a.r}{p.a.s} X},

T ={¢{p.a}. A}, A={p.q;s}

and f1(X.7) > (AT,) defined that
f(p)=p, f(q)=q, f(r)=r, f(s)=s. Since
S,0(X.7) ={g{r}.{p.a}{p.a.r}{p.a,s} X}

and f is S,-continuous. Hence A isa

S ;- continuous retract of X.

Example  3.2. Let X ={p,q,r} and
7={¢,{p}{a,r}, X} be a topology for X. We
show that X has the S,- continuous fixed point

property.

Solution. Now, we prove by contrapositive.
Assume that, there exist a S,- continuous

function f:X —>X such that f(X)=X,
vxe X. Suppose that for p,g,reX such that
f(p)=q, f(g)=r, and f(r)=q.
Stepl. To show that, f
continuous. Because ¢.{p}{a,r}, and X are
open sets in X. By definition of f, we have,
fp)=¢, F*(P)=¢, and f*({aq,r}) =X,
such that ¢,X eS,0(X). By Theorem 2.4. (ii),

Therefore f isa S,- continuous.

IS S,-
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Step2. To show that,
f(X) =X, VXe X. By defined function of f

f(p)=q,f(g)=randf(r)=q, such that
p#qandq=r. It follows that,
f(X)#X, VXeX. Form the both steps, it
shows that, X has the Sy- continuous fixed

point property.
Next, we investigate some properties
of S, - continuous retract of a space X.

Lemma 3.1. Let (X,7) be a topological space,
Ac X with a locally indiscrete subspace

(Aiz,). Then A isa S,-continuous retract of

X if and only if for every topological space
(Y,o)and for each S,- continuous function

f:A—>Y can be extend to a S,-continuous
over X relativetoY.

Proof. (=) Supposethat (X,7) is atopological
space and Ac X is locally indiscrete subspace
(Az,). Let f:A>Y be a S,- continuous
function. Since A isa S,- continuous retract of
X. By Definition 3.1. (i), we have g: X —> A is
a S - continuous function.

By Theorem 2.6. and property of locally
indiscrete  subspace (Az,), therefore

fog:X —>Y isa S,- continuous function and
implies f og(x) = f(g(x)) = f(x), for every xe A
Hence fog isan extension of f.
(<) Suppose that iy:A—A is an identity
function on A Note that i, is also a S,-
continuity. By assumption, we have a S;-
continuous function g:X — A where g, =i,.
Therefore A isa S,- continuous retract of X.

A S, - continuous retract of a space X
with a clopen set is necessity for the S,-
continuous fixed point property, as following.

Theorem 3.1. Let (X,7) be atopological space,
A be a clopen subset in X. If X has the S,-

continuous fixed point property and A is a S -

continuous retract of X, then A has the S -

continuous fixed point property (S ,cFPP).

F

J
LN

~_

_,fyF

Figure 2 To show functions f, F, j, and joF.

Proof. Suppose that f:A—-A is a §,-

continuous function, and A is a clopen (both
open and closed) set in X. Then (Az,) is a
locally indiscrete subspace. Since A is a S,-
continuous retract of X, by Lemma 3.1., we
have a S,- continuous function F:X — A
which it is an extension of f.

Let j:A—> X be an identity function, as
f(x)=x, for all xe A To show that joF is a
S ;- continuous function (see in Figure 2). Let

U be an open in X, hence j‘l(U)=U NA is
an open in (Az,). Since F:X A is a §;-
continuous function, implies that
FHtun=(iemWwes,000,  and
therefore (joF):X — X is a S,- continuous
function. Consequently to show that A has the
S ;- continuous fixed point property. Since X
has the S,- continuous fixed point property.
There exists an xeAc X such that
x=(joF)X)= j[(F))=j(f(x))=f(x). So, it
completes the proof.

The following theorem is a slight

modification of theorem 1 in (3), Theorem 3.2.
in (2), and Theorem 4.11. in (9).

Theorem 3.2 Let (X,r) and (X,0) be
topological spaces where (X,7) is a locally
indiscrete space, and it has the S,- continuous

fixed point property. If o stronger than 7

© 2023 Faculty of Science and Technology, RMUTT
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@ oor) andd@) D =c©)?, for any
Geo then (X,o0) has the continuous fixed
point property.

X.o) 45 (X.o)

]

X.r) —— {X.1)

Figure 3 Diagram of functions f, g, h, and i.

Proof. We must show that, (X,o) has the

continuous  fixed point property. Let
f:(X,0)— (X,0) be a continuous function.

We must demonstrate f(x)=X, ¥xe X.
Defined the three functions, g,h, andi which
g:(X,0) > (X,7), h:(X,7) > (X,7) are
defined by setting g(x) =h(x) = f (x), for all
xe X, and i:(X,r) > (X,o) is an identity
function. For every xeX, we have
f(X)=g(x)=i(g(x))=iog(x), (see in Figure
3) so that f =iog is a continuous function. To
show that g is a continuous function. Let
Ger.

By identity function property, i is an open, one
to one and onto. Therefore i(G) e o. Since iog
is continuity, we have (i-g)™(i(G)) € o. By the
property of one to one, onto, and inverse
function. We have

(i°9)™((G)) =(g™ =i ™)i(G))

=g (7(i(G))

-970).
So that g™(G) e o, therefore g is a continuous
function. To show that h is a S ;- continuous
function. Let xe X and h(x)eV, for all v e .
Since (X,7) is a regular spaces, there exists an
Aer such that h(x)e Accl(A) <Vv. Since
g isacontinuous function, h(x) e Ae 7, and the
setting h,g, and f, we have g*(A)eo, and
h(A) = f 1(A) =g (A). So that
h™'(A) = f *(A) eo. By closure properties and
our assumption cl(h™(A)@ =cl(h (AN,

xeh™(A) ccl(h™(A)*?
=cl(h™(AN@ =cI(F AN, @
Since f is a continuous function and
(AP v, sothat
(AN < (A ?) = (A,
and £ (cl(A)) < £ V). (3.2)

By (3.1) and (3.2), we obtain
cd(h™(A)® < £v). From defined h,
h™(v) = £ V), implies that
c(h™ (AN =h™(v). (3-3)

Since i isan open function with h™(A) e &, and
7 < o, we have h™(A) is an open in the space
(X,7). Let U =h*(A). Since (X,7) is a locally
indiscrete space, implies that U be the both open
and closed, therefore U is a semi open set in the
space (X, 7). By Theorem 2.3. (iv), U is a S ,-
open set in the space (X,7). which xeU. By
(3.1) and (3.3), we have U ch™(v), so that
hU)ch(h™(V))cV. Hence h is a s,-
continuous function, by Definition 2.5. Finality
to show that (X,o) has the continuous fixed
point property. By the assumption, (X,z) has
the S ;- continuous fixed point property. So there
exists an x e X such that h(x) = x. But we have
f(x) =h(x), forall xe X, implies that f (x) = x,
so we have the result. []

Next, Lemma is to explore properties

of an one to one, onto, open functions and the
composition which it is S , - continuous function.

Lemma 3.2. Let (X,7),(Y,o), and (Z,0) be
topological spaces, and g:(Y,o) - (Z,v) be an
one to one, onto, and open. If
gof:(X,71)>(Z,v) is a Sy~ continuous
f:(X,r)>(,0)
continuous function.

function then is a §,-

Proof. Let v be an open set in space (Y,o).
Since g is an open function, implies that g(v) is
an open set in space (Z,v). by our assumption,
gof is a S,- continuous function, so that

(g ) (g(V)) €8 4(X, 7).
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By property of inverse function, one to one, and
onto function, we have

(9o )™ (V) =(f g ™) (g(V))
=g gV
= 17(V) eS,(X,2).
And by Theorem 2.4. (ii), hence f isa
S ;- continuous function.

In the following example, we shown
that the converse of the Lemma 3.2 is not true.
Recall a topological space (X,7) of Example 3.2

in (5).

Example 3.3. Let (X,7),(Y,o), and (Z,0) be
topological spaces, such that X ={a,b,c,d},
r={¢. X {a}{o}{a.b}{ab.c}}, Y ={p,q.r},
o={pY}, Z={L.mn},

v ={¢p,Z {m}{n}{m,n}}. Function

f:(X,7)—>(,0) defined that
f(@=p,f(0)=q,f(c)=r="f(d),and function
g:(Y,0)—>(Z,0) defined that

g(p)=1,9(g)=m, andg(r)=n. Then g is a
one to one, onto, and open. Since
S,0(X,7)={¢ {0} {a,c,d} X}, and
f(p)=¢<S,0(X,7), and
fHY)=X €S,0(X,7).
Sothat f is S,-continuous. Because
geo f(a)=l,gof(b)=m,gof(c)=n,
go f(d)=n, and
(ge f)*{m.n}) ={b,c,d}eS,0(X,2).
Therefore, go f is nots,- continuous.

In Theorem 3.2, we replace
cl(G)? =cl(G)” with S ,cl(G) =S ,cl(G)
.We have the following Theorem.

Theorem 3.3. Let (X,r) and (X,o) be
topological spaces with regular space (X,z) has
the continuous fixed point property. If o
stronger than 7 and S,cl(G)” =Scl(G)”
where G e o, forall GeS,0(X,0) then (X,0)
has the S ,- continuous fixed point property.

Proof. Suppose that f : (X,0) - (X,0) isa S,-

continuous, we need to establish that

f(X)=x, Yxe X. The three functions were
defined, g:(X,0)— (X,7), h:(X,7) > (X,7),
and i:(X,7) = (X,0),as g(x) = h(x) = f(x),
forall xe X,and i be an identity. It follows that
f =iogisa S,-continuous function.

To show that g is a S, continuous function. Let
G e 7. The identity function imply open and
bijection, we get i(G) e o. Since iog is a S,-
continuous, by Lemma 3.2, we have gisa S ,-

continuous function. To show that h is a
continuous function. Let xe X and h(x) eV,
for all open set V in space (X,z). Since (X,7).
is a regular space, there exists an open subset A
in space (X,7). such that

h(x) e Accl(A)” cv. By the s,-continuous
function g, h(x) € A, and the setting h,g, and
97 (A)eS,0(X,0),  and
h(A) = f1(A) =g (A), implies that
h™(A) = f*(A) €S,0(X,0). Utilize S,-closure,
S,-interior properties, and our assumption, we
have S cl(h™(A)"” =S cl(h(A)”, implies
that
xeh™(A) =S int(h(A)”

< S ,int(S ;I (™ (A) )

< S,el(h™(A)

=S cl(h*(A)©

=S ,el(f (AN =S ,cl(f (A (3.4)
Since r <o, we have cl(A) <cl(A)®. Since
f is a S, continuous function and

f, we have

c(AP v, we obtain that
S,el(f (A < F (A

< (A7)

c V). (39
By the (3.4) and (3.5), h™*(A) < f (V).
Since h(x) = f(x), for every xe X.
So that h™(v) = f'(v), we get h™'(A) ch™(V).
Since h'(A)=g'(A)eo, r<o, and using
identity function, we have i(h™*(A)=h"'(A),
so that h™(A) is an open set in space (X,z) and
xeh™(A). Let U=h?'(a), implies that
hU) =h(h™(A)) ch(h™(V))<V. Hence h is a
continuous function on (X,z). Since (X,z) has
the continuous fixed point property, so there
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exists an x e X with h(x) =x, but h(x) = f(x),
for every xe X, there exists an xe X with
f(x) = x, hence (X,o) has the Sy- continuous
fixed point property.

4. Conclusion
From the above study it is clear that for
regular and locally indiscrete space (X,z). If

(X,7) has the S,- continuous fixed point

property (the continuous fixed point property),
o is a topology for X stronger than 7 and

cG)” =cl(G)” (S,0l(G)"” =S ,cl(G)”)  for
every Geo, then (X,o) has the fixed point
property (the S,- continuous fixed point

property). The results from this paper are based
for further studies on the concept of other types
of weak the continuous fixed point property. In
the future we will study on minimal S,- open

sets and the continuous fixed point property in
generalized topological spaces.
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