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WAVELET-GALERKIN METHOD
FOR PARTIAL DIFFERENTIAL EQUATIONS

INTRODUCTION

The Galerkin approach is one of the very successful methods for finding
approximate solutions from the partial differential equation. The main concept is
using an approximate basis function for the solution space of the governing equation,
and then projecting the terms of approximate solution on the functional basis space.
This process provides residual that should be minimized with respect to the functional
basis. By this concept, the accuracy of numerical solution depends directly on the type

of basis function.

In this thesis, we present the Galerkin method with wavelet bases called the
wavelet-Galerkin method to solve numerically the linear one-dimensional heat
equation, the singularly perturbed second-order boundary value problem and the
singularly perturbed parabolic problem. The multilevel augmentation method using
wavelet bases is also applied to solve the singularly perturbed second-order boundary
value problem. Two types of the basis functions which are the Lagrange and wavelet
bases, in the forms of linear and quadratic polynomial are employed in the Galerkin
method. Full forms of stiffness matrices are also presented. The approximations in the
time are performed by applying polynomial basis in time resulting to time discretized
matrix operating to the approximation in space by tensor product operator. By this
approximation, the order of accuracy in time discretization is easily increased that is
unlike the standard time marching scheme such as the forward Euler or the Crank-

Nicolson method.

The Gelerkin method of Lagrange and wavelet bases is applied to solve both
steady and unsteady problems for smooth case which is demonstrated by the heat
equation and for sharp gradient case which is presented by the singularly perturbed

problem. Rates of convergence of numerical solutions for two types of linear and



quadratic bases are also presented. The rates of convergence of both the Lagrange and
wavelet bases are in the same order as in theoretical results. We have revealed in this
thesis that the linear wavelet has more advantages than the linear Lagrange when
high numerical resolutions are required. The accuracy by wavelet bases is easily
improved by increasing just wavelet levels (multilevel concept). This concept is
different from using the tradition as Lagrange bases that is required to calculate the

whole system.

Other main objectives in this thesis is to steady the multilevel augmentation
method by using wavelet bases to solve numerically the singularly perturbed
boundary value problem. We consider both linear and quadratic wavelet bases in the
method. The multilevel augmentation method is fast and accurate for solving
differential equations. It has great advantage for solving large-scale problems. This
method integrate the choices of bases and the design of numerical solvers for the

discrete linear systems together.

The details of this thesis are organized as follows. Details of the Lagrange and
wavelet basis functions including time discretization with polynomial basis are
presented in the chapter of Basis functions. We introduce the concept of Galerkin
finite element method to solve numerically the linear one-dimensional heat equation
and numerical results are presented to demonstrate of this method in the chapter of
Galerkin finite element method for heat equation. In the chapter of Galerkin finite
element method for singularly perturbed problem, we study the concept of the
Galerkin finite element method to solve numerically the singularly perturbed second-
order boundary value problem and the unsteady singularly perturbed problem and
presented numerical results of this method. We introduce the concept of the multilevel
augmentation method using wavelet bases to solve numerically the singularly
perturbed problem and numerical results are shown in the chapter of Multilevel
augmentation method. Finally, we have made some conclusions in Conclusions and

Recommendations.



OBJECTIVES

1. To study the Galerkin finite element method based on the Lagrange and

wavelet bases to solve numerically the one-dimensional heat equation.

2. To study the Galerkin finite element method based on the Lagrange and
wavelet bases to solve numerically the singularly perturbed problem.

3. To compare the order of accuracy in the Galerkin finite element method
based on the Lagrange and wavelet bases by applying two classes of basis functions

which are linear and quadratic bases.

4. To study the multilevel augmentation method using wavelet bases to solve

numerically the singularly perturbed boundary value problem.



LITERATURE REVIEW

The Galerkin method with wavelet bases called the wavelet-Galerkin method
is extensively applied to solve the partial differential equation. Wavelets in our
consideration are compactly supported wavelets which are introduced previously by
Zhongying Chen, Bin Wu and Yuesheng Xu (Chen et al., 2006). They introduced the
multilevel augmentation method related to some wavelet bases for solving certain
boundary value problems. This method has also been applied to solve the one-
dimentional sine-Gordon equation by Jian Chen, Zhongying Chen and Sirui Cheng
(Chen et al., 2011). Since the multilevel augmentation algorithm only needs to solve a
fixed lower level nonlinear system and compensate the high level component by
simple matrix-vector multiplications at each time step, it can reduce computational
complexity largely. Jian Chen (Chen, 2011) developed a multilevel augmentation
method for solving nonlinear boundary value problems. They described the multilevel
augmentation method for solving the second kind of nonlinear operator equations and
then applied the same method to solve the nonlinear two-point boundary value
problems of second-order differential equations. In the case of solving the partial
differential equations, the wavelet applications have been introduced by several
authors, such as (Ho and Yang, 2001; EI-Gamel, 2006; Choudhury and Deka, 2010;
Chen and Xiang, 2011). In 2001, S.L. Ho and S.Y. Yang developed a new wavelet-
Galerkin formulation for solving parabolic equations in finite domains, the
formulation is based on the weak functional form that has the advantages of being
able to deal with natural boundary conditions. Moreover, the lower order derivatives
of wavelet bases are then involved in the connection coefficients. In 2006, Mohamed
El-Gamel solving the singularly perturbed convection-dominated diffusion equation,
there are few techniques available to numerically solve singularly perturbed parabolic
problems. He has shown that the wavelet-Galerkin method is a very effective tool
for solving the problems. The method was then tested on several examples and a
comparison with the method of reduction order is made. It was shown that the
wavelet-Galerkin method provided better results. In 2010, A.H. Choudhury and R.K.
Deka applied the wavelet-Galerkin method based on the Daubechies basis functions

to solve some types of the one-dimensional elliptic problems. They compared



numerical solutions with the result by the finite difference method, and found that the
wavelet-Galerkin method is a rigtht competator to the classical method. Recently,
Xuefeng Chen and Jiawei Xiang have shown techniques to solve both steady and
unsteady problems. They developed a numerical method based on wavelets of
Hermite cubic splines for solving singularly perturbed convection-dominated
diffusion equation. It was found that numerical accuracy can be improved in singular

areas by using hierarchically configured wavelets for solving algebraic systems.



MATERIALS AND METHODS

Basis functions

In this chapter, we will show in details the derivation of matrix coefficients by
two types of the basis function which are the Lagrange and the wavelet bases, that
have two classes of the Lagrange basis function which are linear and quadratic bases
and two classes of the wavelet basis function which are linear and quadratic bases.
And study the basic concept of the time discretization with polynomial time basis.

1. Lagrange basis functions

1.1 Linear Lagrange basis functions

We begin defining nodal points in the domain 0 <x<I| with K elements
of uniform element size. Thus, there are K +1 nodes corresponding to the coordinates

X;s Xy, -0y X1 @S ShOWnN in Figure 1.

Xl X2 X3 Xi -1 XI XI +1 XK +1
& & ® ® ® S & L [ ]
| |
I I

1 element L=x,—X

Figure 1 Linear elements



The linear Lagrange basis functions are

(1)

(2)

These are the well-known linear Lagrange basis functions. Their variations in an

element are shown in Figure 2.
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Figure 2 Linear Lagrange basis functions



1.2 Quadratic Lagrange basis functions

The nodal notation used in this case is shown in Figure 3. There are three

nodes in one element. The ith element is defined on X, ; <X <X

its element size is given by L =X,,; — X, ;.

o 1=12,.. K and

1 element L=X,,, =X,

Figure 3 Quadratic elements

and the quadratic Lagrange basis functions are

3x X\’
Nl(X) =1—T+2(Ej )

(3)

(4)

(5)



quadratic basis function
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Figure 4 Quadratic Lagrange basis functions
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2. Wavelet basis functions

The construction of the wavelet basis functions used in the Galerkin method
follows the derivations proposed by Zhongying Chen , Bin Wu and Yuesheng Xu
(Chen et al., 2006). We construct multi-scale orthonormal bases for the Sobolev

space on the unit interval 1:=[0,1]. Specifically, we let mbe a fixed positive
integer and Hgy' (1) denoted the Sobolev spaces. We let jeZ, , where
Z.,=1{0,1,2,...,m—1}.For any nonnegative integer n, we denote by X the subspace
of H(;“(I) whose elements are the piecewise polynomials of order k with

knots j/ u", j—1e Z oy when k >2m and x >1be a fixed positive integer. We have
that X, :span{xrn+j (1-x)":je ZHm} :

so we let W, be the orthonormal complement of X, in X, i.e.,

n+l
X, =X,,9, W

and thus, repeatedly using this decomposition leads to
X =X, ®, WD, --® W,.

Spaces W, can be recursively constructed once W, has been given. To describe the

construction, the family of affine mappings @, = {¢e ee Zﬂ} is required where

¢e(x)=% ,ee”,.

Finally, the wavelet basis function w; eW, , i=23,...,j=01...,dimW, -1,

n=i-1, leZ, , r=dimW, can be constructed by the composition as follows.

W, = ﬂn(zmjwﬂ ot (X) ; eeZ;t. (6)

ij
i times

!

where Z/, =Z,xZ,%..xZ,

- - Y
I times

This construction will be applied to obtain both linear and quadratic wavelet bases in

the next sections.
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2.1 Linear wavelet basis functions

Choose k=2, u=2, r=1.Inthis case, we have that dimw, =2"" for

i>0.Wealsogive |, Z, ,and e by
lez, ={0} ,
eeZy={O,1} ,
and
X
¢0(X):E ’
X+1
A=

The desired basis of W, (level 1) , see for the detail from Chen et al., (2006), is
obtained by

(")

The wavelet basis function of W, (level 2) is given by n=1, e:{O,l}eZ§

and @, :={d,. ¢4} ,where

6(X)== and ¢ (X)=—.

X
2
The inverse functions of ¢, , ¢ are

%&'(x)=2x and ¢*(x)=2x-1.



Find w,; from

12

Construction of W, from W,

e W, @, (x) W,

4 ", v AL %(Zx) X e {0%)
%(1—2x) ;Xe[%,%:l

1 W, 2x-1 e %(Zx_l) ;XEE’%)
%(Z—ZX) ;X€|:%,l:|

The wavelet basis function of W, (level 3) isthat n=2,

e={(00).00).10).1)} <7 & Dy= (gl oy huo o)

where




The inverse functions of - ¢, ¢ B10) Gy are

¢(E)l,o) (X) =4x
¢(51,1) (x)=4x-1,
%10)()() 4x-2,

on (X) =4x=3.

Find w,; from W; Zun(zm)WuO%l(X)

Construction of W, from W,

13

e W, @, (x) w,
X l("’X) Xe 0,1

(0,0) | w 4 Wy, (X) = 12(14)() Xe{{l f%
2 8'4

R R %szll)) %%
PR EP

32 %(3—4X) ;XEE,%}
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. v 249 :XEE’Q
W33(x)_ ) 7
> (4-ax) ;Xe{g’l}

The profiles of these three linear wavelet basis functionsW,, W, and W, are

shown in Figure 5. In practice, any levels of the linear wavelet basis can be obtained
recursively by the same process of this construction.

Linear Wawelet basis

0.5+ o
0.45 - W
>
1
0.4
035 [~ I‘\ I‘\
A A
\ 3 \¢—
03 ,’ \ ., II ) W2
: Y/ Y K3 \
/ \ Ve \
/ SN 7 - \
); AN ; A
0.25- / 5] A / -, \
’ AN ’ ) \
g S \ 4 ", \
- \ R i\
0.2 FARS \ ! “ [\ \e—— W
;o\ \ 4 \ 3
LA \ ! O
0.15- Ea \ / R
;S b / “ \
! \ 4 \
/ \ / %\
01~ [/ & \ i .\
; \ “ \
! \ I \
7 \ / .\
/s \ ; A\
0.05 -/} \ / B3
g \ )\
A \ [l s

Figure 5 Linear basis functions of W, , W, and W,
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2.2 Quadratic wavelet basis functions

Choose k=3, =2, r=2 . Inthis case, we have that dimW, =2' for

i>0.Wealsogive |, Z, ,and e by
lez, ={0,1} ,
eeZ# :{0,1} ,
and
hx)=>
A0 =22

The desired bases of W, and W,, see for the detail from Chen et al., (2006), are

given by

w, (X)=3x(1-%) ;xe[01], (8)

(9)

«/§x(1—2x) ;XE[
w,, () (10)

) «/§(1—x)(1—2x) ;XE|:

N |
|_\
L 1



The quadratic wavelet basis of level two, W, is given by n=1, e={0,1} € Z;

and @, :={¢,, ¢4} ,where

$(X)== and ¢ (x)=—.

X
2
The inverse functions of ¢, , ¢ are

' (X)=2x and 4*(x)=2x-1.

1
Find w,; from W, :,u(2 )wl,oqﬁel(x)

Construction of W, from W,

€ Wy CD;l(X) w,,
1 _ 1
0 | w 2x | 520059 ,X{O,Z
Wzo(X)_ i(l—ZX)(‘SX—Z) ‘x |:£ E
V2 ela2

\/§ .
0 W, 2x ()~ %(ZX)(l—“X) vXE{O,
21 \/g | 1
E(l—ZX)(1—4X) 1X€|:Z'
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1 W, 2x—1 (0= %(4—6x)(2x_1) XEB%)
2 %(2_2x)(6x—5) ;Xe|:%,]_:|

1 W, 2x-1 - %(Zx—l)(s—m() XEE;)
s \Jg(Z—Zx)(3—4x) ;XEBJ}

The wavelet basis function of W, (level 3) isthat n=2,

e={(0,0).(01),(10). (LD} €2} and By~ {loo) fon: o Fs)

where




Find w;; from W Zﬂn(zmjwu"%l(x)

Construction of W, from W,

" CD;l(x) Wsi
(O’O) Wio 4x i (x)= %(4)()(1_12)() ;Xe|:0,%j
%(1—4x)(12x—2) ;Xe[é’ﬂ
(0,0) W, 4x (s ?(4x)(1_3x) X{O'%j
?(1—4x)(1—8x) XEE'ﬂ
13
(0,1) Wy, 4x -1 - %(4—12X)(4x—1) ;X{Z'gj
%(2—4x)(12x—5) ;XEE%}
(0,1) Wy 4x-1 n %(4X—1)(3—8x) ;XEEEJ
%(2—4x)(3—8x) Xe[g’ﬂ
1
(1,0) Wy, 4x -2 : )_ %(7—12x)(4x_2) ;XE[E%)
%(3—4x)(12x—8) ;“Eﬂ
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(1 O) Wiy 4x -2 ( ) §(4X—Z)(5—8X) ;XE{%,gj
?(3—4x)(5—8x) ;XGE,%}
(1L1) W, 4x—3 %(10—12x)(4x—3) X e {%%j
W36(X): 1 ;
E(4—4x)(12x—11) Xe {g’l}
(L1) Wy, 4x-3 A §(4X—3)(7—8x) ;XEE,Q
§(4_4X)(7—8X) ;XeE,l}

The profiles of quadratic wavelet functions W, , W, and W, are shown in Figure 6.




Quadratic Wawelet basis
0.5¢ T T T T T T T T T

Figure 6 Quadratic basis functions of W, , W, and W,

20
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3. Time discretization

For the discretization in time, we give the basis function in time as

6, (t)=((t—t,,)/ At)" where
0y =6, 6 6 - 6]
2
:{1 t-t,, (t—gAj
At U at

We give the notations {0"} ={0(t,,)} and {0~} ={6(t,)} where At=t ,—t,.

(11)

The coefficients of matrices [Z,] , [Z,] . [Z.] . [Z.] and [Z_] can be calculated by

(12)

[ 1 1 3=

1 — il | 4

2 3 p+1

1 1 1 1

= At| 2 3 4 p+2 |

il 1 1 1

L p+1  p+2  p+3 2p+1 |
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tha
(13)
[0 1 1 1
o L+ 2 P
_ 2 3 p+1
L p+1 p+2 2p |
ty
[Z.]= [ {0}t
thg
v (14)
1
1
_n| 2
1
p+l
[2.]={o"}{o}
(15)
1 0
0
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(16)

For example, we obtain discretization in time of level two by setting

0}

. 1
2.) = [loyoyar -
2
t, &V 0
2] = [oifg)e - |,
\ 1
[z.] = [f{o}dt = A{li ,
2

6
Ll ﬂJ . So, we can find the matrices as follows

.
2
1] an
3
1
1] (18)
2
(19)
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2] = {o}for} =f°}’ (20)

ST 1

10

For example, we obtain discretization in time of level one by setting {0} =[1].

So, we can find the matrices as follows

z] = [ (e}ioydt = a] @)
1Z,] = i{e}{ﬁ} dt = [o] , (23)

[z.] = tf{e} de = Atf1] (24)
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(2] = {o o} =[] . (25)

(2] = {o}{e}) = [1] . (26)

In conclusion, we can derive the full form of all matrices resulting to the full
system that can be solved iteratively to obtain approximate solutions when the initial
and boundary conditions are specified. This time discretization method will be
applied for solving the partial differential equations in the next chapter.
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Galerkin finite element method for heat equation

In this chapter, we study the concept of the Galerkin finite element method to
solve numerically the linear one-dimensional heat equation. Two types of basis
functions which are the Lagrange and the wavelet bases are employed to derive the
full form of matrix system. We consider both linear and quadratic bases in the
Galerkin finite element method. Numerical results are presented to demonstrate of
this method.

The time-dependent heat equation in terms of variable T (x,t) is written in its

one-dimensional form asT (x,t)

—=a : (0<x<1) (27)

where T is temperature and ¢ is the thermal diffusivity(constant). The domain is

Q (0<x<1) with boundary I'.

We give the boundary conditions as

T(0t)=T(Lt)=0, (28)

and initial condition as

T(X’O)ZTO(X)' (29)
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1. The Galerkin finite element method for Lagrange bases

By the weighted residual method, finite element formulation for an element L
of equation (27) can be written as

L 2
IW[a—T—aaZjdXZO, (30)
0 ot OX

where W is a weighting function. Using integration by part, yields

| L
jw(ﬂjdx + J‘a(ﬁwjdx =0. (31)
Vet )7 ox ox

Let us begin by approximating the unknown function in terms of the Lagrange

basis as, for any each element,
T"=T(xt) = D N(X)T". (32)

where T." denotes the variable’s value at time t=t, at nodes, N,(x) is Lagrange

basis function, m is the number of basis function, m=2 for linear Lagrange basis

function and m =3 for quadratic Lagrange basis function.



28

1.1 Linear Lagrange basis function

For fixed t =t and substituting equation (32) with linear Lagrange basis

function into equation (31) yields the resulting matrix representation as

LIl -0 -

(2x2) (2x2) ) (2x1) (2x1)

The coefficients of matrices [L, ]| and [Lg ] can be evaluated as

Il
O e

L
1_1j2 X X
N j DECEREr
o x_ X2 x
L L L2

CLf2 1
B EL 2} (34)
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dN,
| ==
L) ] S oh d,
o [N, |[ dx  dx
dx
1
o=
() L L
- (35)
1 1
Ll 72 T2
ZJ' L L 8%
ol 1 1
) Lobale

The region 0< x<1 has been divided into K elements of equal length L = % :

After assembling all elements at time t =t , we obtain the system of linear equation

as

{[LAI ]sys + [Lg ]sys ] T} = {0} (36)

(K+x(K+1)  (K+D)x(K+1) J(K+Lpd (K1)t

where
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2 1 0 0 0 0
1 2+2 1 0 0 0
0 1 2+2 1 : :
L . .
[Lul,= 5|0 O N
: : 1 2+2 1 0
0 0 0 1 2+2 1
o o - 0 0 1 2_(K+1)X(K+1) @37)
(2 1 0 0]
L 1 4 1 ° 0
= —|0 . - 0
6 .
o -. 1 1
_0 0 0 1 2_(K+1)><(K+1)
1 -1 0 O 0 i
-1 1+1 -1 O 0 0
. -1 1+1 -1 y :
[Lae=2(0 (0 S
: : ’ -1 1+1 -1 O
0 0 -1 1+1 -1
L 0 0 0 0 -1 1 _(K+1)x(K+1) (38)
(1 -1 0 0 O]
. -1 2 -1 0
==/0 . . .0
L .
0 .1 2 -1

_0 0 0 -1 1_(K+1)><(K+l)



1.2 Quadratic Lagrange basis function
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For fixed t=t, and substituting equation (32) with quadratic Lagrange

basis function into equation (31) yields the resulting matrix representation as

iT4=10}

(3x1) 3xl

(EE

3x3) 3x3)

)

The coefficients in matrices | L,, | and [L,, | can be evaluated as

2
1_37)( o[ X & s % X[ 2% _
L L) L L) L{L

1

o

[ (e
it

I
ot—r

3X

1]][1_L+2
B

[j

)

)

(39)

o

X

(40)
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“ldN, || dN, dN, d
b5 B Gl

I
Ot——
&
N
T

N
—|%
N—

G (i) (e i)
)
He) (2R ()

1]
ot—

The region 0<x<1 has been divided into K elements of equal length L = % :

After assembling all elements at time t =t , we obtain the system of linear equation

as

[(['—Aqus + [La ], } (1} = {0} (42)

2Kx(2K4)  (2K+D)(2K +1) ) (ZKH)D - (2K41pd

where



[LAq lys -
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(4 2

2 16

O O O o o
o O O o o

N O

o O

o o o o o -

O o o o N -

N O O O O

0 0 0
0 0 0
0 0 0
0 O 0
-1 0 0
4+4 2 -1 O
2 16 2 0
-1 2 4+4 2
0o 0 2 16
0o 0 -1 2

_(2K+1)><(2K+1)

o O O o o

o o -

(2 K +1)><(2 K+l)

33

(43)
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-8
-8 7+7 -8

-8 16

1
-8

1

0

-8 16

1

0

1

-8 7+7 -8

-8 7+7 -8 1
0 -8

0

1

0

-8 16

-8 7+7 8 1
0

1

16 -8

-8
1

B 7 Jokatp(ak+

(44)

1

-8

-8 14

1

1
-8

1 -8 14 -8
0 -8 16

0

0

0 1 -8 7_(2K+1)x(2|<+1)
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Next, for marching in time, we define the coefficients in matrix element of

time as

[A] = [Laly®lZ] (45)
[B.] = ollgl,®[2Z.] (46)
[(M7] = [Lale®[2.] (47)
(M) = [Lals®IZ] (48)

where  [L, ], and [Lg ], are for the linear Lagrange bases (if risl ) or the

quadratic Lagrange bases ( if r isq ). The matrices [Z.] , [Z,] , [Z,] , [Z.] are

defined in the chapter of basis function, and ® is the outer tensor operation of two

matrices defined below.
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The operation of outer tensor ® of two matrices is defined in a standard way,

for example, when the 2x2 matrices A and B are given, the outer tensor operation

is defined as follows.

A{aﬂ an} B{bn blz}
a21 a'22 , bZl b22 '
nop_| Al Ab,
Ab,, Ab,,
(49)
allbll a12b11 a:I.12blZ a:L2blZ
by a'21bll a‘22bll aZlblZ a'22b12
a11bZl a12b21 a11b22 a12bZZ
aZlel a22b21 a21bZZ a'22b22
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For example, the full form matrices of linear Lagrange elements with time

basis of level 2 are expressed as follows

[B.]

[m7]

o|r

|~

o|r

o|r
o O o R N

o O O Fr N

o O O B, N

1 0
4 o
4
0
-1 0
-1 2 -1
0
0 -1
0 O
4
0
4
0

1

| 0

N P O O O

=

N P O O O

N B O O O

J(K+1)x(K+1)

-1
l_

(K+1)x(K+1)

(K+1p(K+1)

(K+1)x(K+1)

® At

1
®
:

d

1
1

N -

12(K+1)x2(K+1)

N |-
Wik N

a Z(K +l)><2(K +l)

Jo(k+1p2(k+2)

i 2(K+1)><2(K+1)
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When the quadratic Lagrange basis is applied with time basis of level 2, the

matrices [A ], [B_], [M,"] and [ M, "] are obtained as follows

4 2 -1 0 0 0]
2 16 2 0 O 0
. -1 2 8 2 -1 0 0 1
= |—| 0 ) 0 ® 1 ,
[Al= |5 ' P
: 0 -1 2 8 2 - 2
0 0 0 2 16 2
0.0 . 0 =1 24
| & ~(2K+1x(2K+1) Jo(2k (2K 42)
7 8 1 0 0 0]
-8 16 -8 0 O 0
1 8 14 8 1 0 : B 1L
1 A e, 2
[B]= a|—|0 "~ . . . 0 ® At ,
3L . 11
0 1 -8 14 -8 1 — =
2 3
0 0 0 -8 16 2
o o0 - 0 1 -8 7
. L J(2K+1)><(2K+1) J2(2K +1)x2(2K +1)
(4 2 -1 0 0 0]
2 16 2 0 O 0
-1 2 8 2 -1 0 °: >
L
eT= S0 ® ,
30| 0 0
0 -1 2 8 2 -
0 0 0 2 16 2
o o0 - 0 -1 2 4
| L (2K +1p(2K +1) Jo(2k+12(2K +1)




4 2 -1
2 16 2
-1 2 8
0
0 -1
0 --- 0
0 O

(2K +1)(2K +1)

10
®
o

2(2K+1)x2(2K +1)

39
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In general, the system of linear equation when applying the Lagrange bases

can be expressed by
([AJ+[B+[ M )T} =M T n=123....  (50)

The system (50) can be solved iteratively when the initial condition T (x,0)=T,(x)

is provided when the starting coefficients are obtained from
{70 ={T )}

where X, are the element nodes.

In this work, we apply the Gauss-Seidel method to solve the system (50) when

the tolerance (TOL) value is specified.
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2. The Galerkin finite element method for wavelet bases

By the weighted residual method, equation (27) can be written as

2
[w a—T—aaTz dQ =0, (51)
ot oxX

Q

where W is a weighting function. Using integration by part, yields

oT oT oW

Let us begin by approximating the unknown function in terms of the wavelet

basis as

p dim(i)

T=T(xt) = XY w()at) G, 69

k=0 i=l j=

n

where T"=T(xt,) denotes the variable’s value , cj are the coefficient to be
approximated, W (x) is the wavelet basis function, 6, (t,) is the time basis function,

M is the number of level in multi-level wavelet approach, p is the number of level

for time discretization and dim(i)=dimW, —1.

After setting W ={w}®{6} where {W}z{Wij(X)} and {c}z{cijk}, for
1=123...,M that i isthe ithlevel, j=0,1,...,dimW -1, k=0,1,2,..., p that k is

the kth level in time and e=dimX,,, equation (52) can be written in the matrix

form as

[A] + [B] +[M++] {CH}Z[M_+]{CH_1},n=1,2,3,.... (54)

(ek)x(ek) (ek)x(ek) (ek)x(ek) ) (ek)xl  (ek)x(ek) (ek)xl
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The coefficients in each matrix element can be obtained. For brevity, the

results are summarized as follows.

Let {w}={w

ij

bases for each level.

T ({w} ®{9})({W} ®{£}j dtdx

tha

(A J

i tw {w}’ dx@j {%{%}Tdt

n-1

[Wa 1®[Z,]

o < f (] 5] o

ai{z_vxv}{‘fj_vxv} o | {0){6)at

tha

= a[WBr] ® [Za]

] = J(welor))(tviefor)) o

Ot

{w}{w}" dx@{o"} {0}’

Il
O ey =

[Wa ]®[Z,]

(x)} , for i=1,23,..,M and j=01...,dimW, -1 be the wavelet

(55)

(56)

(57)
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- i{w}{w}T ax®{07} {07} (58)

where [W,,] and [W,,] are for the linear wavelet basis (if r is| ) or the quadratic

wavelet basis (if risq ). The matrices [Z.] , [Z,] , [Z,] and [Z_] are defined in

the chapter of basis function.
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2.1 Linear wavelet basis function

For the linear wavelet basis functions, in case of using the first three
levels of W, ,W,and W,, the coefficients in matrices [W,] and [Wg] can be

evaluated by

1 N2 N2 1 3 3 1]
12 64 64 256 256 256 256
N2 N N2
64 48 256 256 (59)
N2 o N2 A2
64 48 256 256
AN = SO 0y U
256 256 192
34 N2 [IK( ™\ &Y
256 256 192
V¥ £, 2 ATE R
256 256 192
1
1gpnein/> i B 7, YR 1
L 256 256 192 | (7><7)

I
©O o o o o o r

o O o o o +» O
O O O o »r O O
o ©o O »r O O O
o O B O O O O
O r O O O O O
O O O O O O

L (7x7) (60)
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In general, the full forms of matrix coefficients for linear wavelet bases of

level M and operating with time basis level two can be expressed as follows.

[A]

o O O o o o

o O © o o +» ©o

o O © o » O O

o O O » O O O

o O »r O O O O

O B O O O O ©o

r O O O © O o

e (2" -2)x(2" )

®
NP

B -_(2'\/' —l)x(ZM —1]

X At

Nk
Wik NP



] -

CRE

256

&

s (2'\" 71}><[2M 71]

B -J(zM —1jx(2M —1)

10
00

1 0
1 0

|

46
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2.2 Quadratic wavelet basis function

For the quadratic wavelet basis functions, in case of using the first three

levels of W, ,W, and W,, the coefficients in matrices [W,,] and [W;,] can be

evaluated by

1 B, B 2 N2 |
10 240 3840 256 3840 256
B 1, 2 B 2 6
240 120 1280 768 1280 768
0 0 i i 0 ﬁ 0
40 1920 1920
- |6 2 B2 0 0 0

3840 1280 1920 480

ﬁ‘/gooloo

256 768 160

N6 2 Vo 0 0o — o

3840 1280 1920 480

£ ﬂ 0 0 0 0 i

L 256 768 160 J(7x7) (61)

Il
O O O O O O -
O O O O O+ O
O O O O » O O
O O O O O O
O O B O O O O
O B O O O O O
= O O O O O o

(62)

L _(7><7)
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Similarly, the full forms of matrix coefficients for quadratic wavelet bases of

level M and operating with time basis level two can be expressed as follows.

[B]

256

O O O O O O P

O O O O O +» O

768

S

768

O O O O +» O O

O O O B O O O

O O B O O O O

&

1920

480

O r O O O O O

P O O O O O O

S

3840

=
N
[0}
[sERN)

%

=

92

o

&

256

768

. i (Z(M +1) _1}(( 2(M+1) _1j

®
N~ -

- _(Z(M +) _1}{ (M) _1]

® At

N[ P
Wik NP
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-] -
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o

" _(Z(M +1)71]X{2(M +1)71]

o [ (M1 _1}([ oM+ _1}

10
10



For given an initial condition ,

T(x0)=To(x) ,

50

the system (54) can be solved iteratively by given {co} which can be obtained from

the following steps.

Recalling, we have assumed that

Tn(X,tn) < :oizrildi-z_:i)vvij(x)ek (tn)ci?k !
SO,
T(x,0) = gédf‘)‘”ﬁ(x)@k (0) G -

After applying the initial values at the knots of wavelet basis, yields

{To (Xs )} - {{Wij (Xs )} ®{9k (0)}}T {CO} !

To(x)} = ${w; (%)} ®

T} = w0} {e°) -

(63)
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Thus, in the case of linear wavelet basis function, we can find the coefficients

{co} from the system of 2" +1 equations

{Wij (Xs)}T {CO} ={To (X))} . (64)

where x, =s/2" , s=0,1,..,2", and 2" +1 is the number of knots.

And, in the case of quadratic wavelet basis function, we can find the

M+1)

coefficients {c’} from the system of 2" +1 equations

fwy (%)} {e°) = {To (%)} (65)

where x =s/2™% | s=01,..,2"% and 2™? +1 is the number of knots.

Numerical results by the Galerkin finite element method for heat equation will

be shown in the chapter of Results and Discussion.
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Galerkin finite element method for singularly perturbed problem
In this chapter, we study the concept of the Galerkin finite element method to
solve numerically the singularly perturbed second-order boundary value problem and
the singularly perturbed one-dimensional (linear) parabolic problem. Two types of
basis functions which are the Lagrange and the wavelet bases are employed to derive
the full form of matrix system. We consider both linear and quadratic bases in the

Galerkin finite element method. Numerical results are presented to demonstrate the
efficiency of this method.

1. Singularly perturbed second-order boundary value problem

The partial differential equation for singularly perturbed second-order

boundary value problem can be written as
e—+—-u=1 , O0O<x<l1, 66
5 (66)

where & is the diffusion coefficient or perturbation parameter (0 <& <<1).

The domain is Q (0<x<1) with boundary .
The boundary conditions are

u(0)=0 and u(1)=0. (67)
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1.1 The Galerkin finite element method for Lagrange bases

By the weighted residual method, the finite element formulation for an

element L of equation (66) can be written as

L 2
o°u ou
W|le—+—-u-10dx=0, 68
-[ [8X OX ] (%8)

2
0
where W is a weighting function. Using integration by part, yields

L L L L
gja_“%dx _Iw(a—ujdx+jw(u)dx+Ide:O. (69)
0 OX OX 0 OX 0 0

Let us begin by approximating the unknown function in terms of the Lagrange

basis as,

u=u(x) = > N;(x)uy. (70)

where U; are nodes values, N, (x) is the Lagrange basis function, m is the number of

basis function, m=2 for linear Lagrange basis function and m=3 for quadratic

Lagrange basis function.
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1.1.1 Linear Lagrange basis function

Substituting equation (70) with linear Lagrange basis function into

equation (69), yields the resulting matrix representation as

ket o[- ) -

(2x2) (2x2) (2x2) | (2x1) (2x1)

where [L, ] and [Lg] have been defined in the chapter of Galerkin finite element

method for heat equation.

The coefficients of matrices [L. | and {L.} can be evaluated as

X
|-+
= I L \‘_l leX
TR L L
S (72)
XA<1 S 2 X
LIT2-7 7 712
ZJ- L“ L L L dx
5 X X
M E
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X
L gy (73)

The domain 0<x<1 has been divided into K elements of equal length
in. After assembling all elements together, we obtain the system of linear

equation as

{([LBI ]sys - [Lq ]sys + [La ]sys } {u} :_{LE|}sys (74)

KDx(K+1)  (K+Dx(K+1)  (K+Lx(K+1) | (K+2)d (K+1)xd

where
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-1 1 0 0 0
-1 -1+1 1 0 0 O
1 0o -1 -1+1 1 :
[LC,LS =ol0 o 0 0
-1 -1+1 1 O
0 0 0 -1 -1+1 1
L0 0 0 0 -1 1_(K+1)><(K+1) (75)
-1 1 0 0 O]
. — LN 0
o . -1 0 1
00 0 -1 _1_(K+1)X(K+l)
1
1+1
1+1
L .
{LEl}sys: E i
1+1
1+1
1
(K+1)x1 (76)
1
2
_ L.
-2
2
1

(K+1)1



1.1.2 Quadratic Lagrange basis function

S7

Substituting equation (70) with quadratic Lagrange basis into

equation (69), yields the resulting matrix representation as

[LBq}[LCq]JF[LAq} {u} :_{L }

(3x3) (3x3) (3x3)" | (3)

(

)

(77)

where [L,, | and [ Ly, | have been defined in the chapter of Galerkin finite element

method for heat equation.

The coefficients of matrices [ L, | and {L,} can be evaluated as

L N1
dN; dN, dN
Lo, |= [IN,H 2 ’ 2 |dx
L] J{H A
2
2
1- (X
L (L
L
- | ﬂ(l_éj i(ﬂ_gj i[l_ﬁj i(ﬂ_lj dx
it LiL LU L) LlL
X(2X_4
LiL
8x® 18x* 13x 3 16x° 32x* 20x 4 8’ 14x* 7x 1
£ 2L U LU CL
_ j 16x® 28x° 12x  32x° 48X’ 16x  16X° 16x° 4x |
S RN EERE R
8x® 10x*  3x 16x®  20x*> 4x 8x® 6x* X
TR S IR
(-3 4 -1
1
=54 0 4
1 -4 3




58

dx

1l
O ey
N
'_|><
VR
i
|
~—

(79)

The domain 0< x <1 has been divided by K elements of equal length L = i

After assembling all elements together, we obtain the system of linear equation as

[LBqus X\ [ch:|sys 3 [LAQLS {u} :_{LEq}sys (80)

(2K +1)x(2K+1)  (2K+D)x(2K+1)  (2K+1)<(2K+1) | (2K+D)L (2K+1)x

where
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3 4 -1 0 0 0 0 0 0
-4 0 4 0 0o 0 0 0 0
1 4 -3+3 4 -1 0 0 O 0 0
o 0 4 0 4 0 0 O 0 0
. 0 0 1 -4 -3+3 4 -1 0 0 0
0 0 0 1 -4 -3+3 4 -1 0 O
0 0 0o o 0 -4 0 4 00
0 0 0 0 0 1 -4 -3+3 4 -1
0 0 0 0 0 07 & w4
_0 0 0 0 0 0 0 1 -4 3_(2K+1)x(2K+1)
3 4 -10 0 0]
-4 0 4 0 O 0
. 1 -4 0 -1 0
:6 0 A . ..' . O !
01 40 4 -1
0 0 4 0 4
0 0 0 1 43 K42k 4) (81)
1
4
1+1 1
4 4
. 1+1 L 2 (82)
{LEq}sys Y : "6 :
1+1 2
4 4
1+1 1 (2K+1pa
4
1 (2K+1)x

The linear system(80) can be solved by the Gauss-Seidel method. By setting

TOL =10 22 .
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1.2 The Galerkin finite element method for wavelet bases

By the weighted residual method, equation (66) can be written as
2
jw(ga—“ LA —jdgzo, (83)

where W is a weighting function. Using integration by part, yields

J'@U oW

= 549 jw[axjdg fw (u dQ+deQ 0. (84)

Let us begin by approximating the unknown function in terms of the wavelet
basis as

u=u(x) = i > wi(x) gy (85)

where  u(x)denotes the variable’s value, ¢, are the coefficient to be
approximated, IJ( ) is the wavelet basis function, M is the number of level in

multi-level wavelet approach and dim(i)=dimW, —1.

After setting W =w(x) where {w}={w;(x)} and {c}={c;} , for

Il

1=12,3..,M that i is the ith level , j=01,...,dimW -1 and

e =dim X,, equation (84) can be written in the matrix form as

[We, ]- [W,]+[Wr]} cl=—{W_} .
{(EXE) (exg) (exﬁ) ({81}) {(eﬁ)} (86)

The linear system(86) can be solved by the Gauss-Seidel method. By setting

TOL =10 2
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The coefficients in each matrix can be obtained. For brevity, the results are

summarized as

Let {w}={w,

ij

(x)} . fori=1,23..,M , j=0,1...,dimW —1 be the wavelet bases

for each level.

[W, = :[{W} {W}T dx (87)

(W, |- gj{‘;_vxv}{‘;_vxv} dx (88)
[We, ]= :[{W} {Z—V)Z}T dx (89)

{var}{{w}dx (90)

where [W, ], [Wg 1, [W, ] and {W} are for the linear wavelet bases (if ris| )

or the quadratic wavelet bases ( if risq ). The coefficients in matrices [W, ] and
[Wg, ] have been shown in the chapter of Galerkin finite element method for heat

equation.
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1.2.1 Linear wavelet basis function

For the linear wavelet basis functions, in the case of using the first

three levels of W,, W,and W, the coefficients in matrices [W,, | and {W} can be

evaluated by

W aN ' E AP vy T
16 16 32 32 32 32
16 2 32 (91)
_ﬁ 0 0 0 0 _£ £
16 32 32
= i ﬁ 0 0 0 0 0
32 32
— — ﬁ 0 0 0 0 0
32 32
— 0 £ 0 0 0 0
32 32
il 0 —£ 0 0 0 0
L 32 32 =7
1
W@Jzﬁme
0
(92)

8lm 8lr 8lr 8l |G Bl&5 ~ 1

(7<1)
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1.2.2 Quadratic Wavelet basis function

For the quadratic wavelet basis functions, in case of using the first

three levels of W, , W, and W,, the coefficients in matrices [ch] and {WEq} can

be evaluated by

1 dw T
(W, ]=] {W}{dx} dx
-0
64 64
24 64 64 (93)
1o, N2 2
8 24 32 32
7| 1ol e 0 P/ g By 1 0
48
V2o 2 B w3
64 64 32 48
o o 0 0 0 , (&2
48
EEE o, . A
L 64 64 32 48 J(7x7)

(94)

(7x1)

Numerical results by the Galerkin finite element method for singularly
perturbed second-order boundary value problem will be shown in the chapter of

Results and Discussion.
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2. Unsteady singularly perturbed problem

The unsteady singularly perturbed problem of the advection-diffusion-reaction

type can be written as

ou  ou o°u
a—=¢—+f(x,t), O<x<l, t>0,

subject to the boundary conditions as,

u(0,t)=u(1,t)=0, t>0, (96)
and the initial condition as

u(x,0)=u,(x) , 0O0<x<1, (97)

where ¢ is the diffusion coefficient or perturbation parameter (0 <& <<1), x and t

denote the spatial coordinate and time, U is the dependent variable, a is a constant

refers to speed and  f (x,t) is the reaction term.
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2.1 The Galerkin finite element method for Lagrange bases

By the weighted residual method, the finite element formulation of an
element L for equation (95) can be written as

S (ou  ou P«
W| =+a—— ——f dx=0,
-([ (&Jr ox - oxt (x )j X (48)

where W is a weighting function. Using integration by part, yields
ou o°u ou
dx—g|W dx+ |W dx — W x,t))dx=0 . 99
! (at) I ( ] J ( axj I ) ¥

Let us begin by approximating the unknown function in terms of the

Lagrange basis as, for any each element,

n

u"=u(xt) = D N;(x)up. (100)

where U denotes the unknown value at time t =t at nodes, N,(x) is the Lagrange

basis function, m is the number of basis function, m=2 for linear Lagrange basis

function and m =3 for quadratic Lagrange basis function.
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2.1.1 Linear Lagrange basis function

For fixed t=t, and substituting equation (100) with linear

Lagrange basis function into equation (99), yields the resulting matrix representation

as

[[LA.]+[LB.]+[LC.]J{u}={LF.} | o

(2x2) (2x2) (2x2) ) (2x1) (2x1)

where [L, ] and [Lg ] have been defined in the chapter of Galerkin finite element

method for heat equation. [L] have been defined in the section of singularly

perturbed second-order boundary value problem.

The coefficients of matrices {L.} can be evaluated as
N (f(xt)) dx (102)
N, ’ :

The region 0< x <1 has been divided into K elements of equal length L :%. After

assembling all elements together at time t=t , we obtain the system of linear

n?

equation as

[La ]sys + [Leg ]sys +[Lq ]sys J {u} :{LH}sys - (103)

(KAx(K+1)  (K+x(K+1)  (K+x(K+1) J(KF)L (kqapd
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2.1.2 Quadratic Lagrange basis function

Substituting equation (100) with quadratic Lagrange basis function
into equation (99) yields the resulting matrix representation as

([LAQ ]+[LBq]+[LCq]]{U} :{LFq} (104)
(3x3) (3x3) (3x3) /) (3x1) (3x1)

where [L,, | and [ Ly, | have been defined in the chapter of Galerkin finite element

method for heat equation. [ch] have been defined in the section of singularly

perturbed second-order boundary value problem.

The coefficients of matrices {LFq} can be evaluated as

1

N
N, ¢(f(x.t)) dx. (105)
N

3

{Lm}:

O ey ™

The region 0<x<1 has been divided into K elements of equal length L =%. After

assembling all elements at time t =t , we obtain the system of linear equation as

|:LAq:|sys + [LBq]sys + [ch:|sys {U} :{LFq}sys . (106)

(2K+)x(2K+1)  (2K+1)x(2K+1)  (2K+D)x(2K+1) ) (ZKHPL oy
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Next, for marching in time, we define the coefficients in matrix element of

time as

[A] = [Laly,®[Z,] . (107)
[B.] = ellgly ®IZ,] (108)
[C] = alLll,.®IZ] , (109)
{Fu}= t:Ji{'—Fr}sys®{9} dt | (110)
[(M7] = [Lale®[2.] . (111)
(M) = [Lale®IZ] (112)

where [L,,] [Ledys + [Lelys and {LFr}Sys are for the linear Lagrange bases

sys !
(if risl ) or the quadratic Lagrange bases (if r isq ). The matrices [Z.] , [Z,] .

[Z.]1, [Z_] are defined in the chapter of basis function.
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In general, the system of linear equation when applying the Lagrange bases

can be expressed by

(M J{um+ (R} n=123,.... 113)

_
>
+
o
Lt
+
@)
¢
_|_
1
<
~ +
I
| I
——
——
CD
=
[l

The system (113) can be solved iteratively when the initial condition u(x,0)=u,(x)

is provided when the starting coefficients are obtained from
U} = {u, (%)} . (114)

where X, are the element nodes.
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2.2 The Galerkin finite element method for wavelet bases

By the weighted residual method, equation (95) can be written as

ou ou du

£W£E+a&— aT_f( )] dQ=0, (115)

where W is a weighting function. Using integration by part, yields

o e e o

Q

Let us begin by approximating the unknown function in terms of the wavelet

basis as

dim(i)

Cou(xt) = XYY WA L) G, @

k=0 i=1 j=0
where u"=u(x,t,) denotes the variable’s value at time t =t,, Cij are the coefficient

to be approximated, Wij(X) is the wavelet basis function, 6, (t,) is the time basis

function, M is the number of level in multi-level wavelet approach, p is the number

of level for time discretization and dim(i)=dimW, —1.

After setting W ={w}®{6} where {w}={w;(x)} and {c}={cy}, for

ij
1=123...,M that i isthe ithlevel, j=0,1,...,dimW, -1, k=0,1,2,...,p that k is
the kth level in time and e=dimX,,, equation (116) can be written in the matrix

form as
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[A] + [B] + [C] +[ M ] Hc"} =[ M [{c™}+{F} , n=123.....
(ek)x(ek) (ek)x(ek) (ek)x(ek) (ek)x(ek) | (ek)d  (ek)x(ek) (ekpd  (ek)d
(118)

The matrices [A] , [B] , [M**] and [ M~ ] have been calculated in the chapter of

Galerkin finite element method for heat equation. We next evaluate the coefficients in
matrices [C] and {F}.

Let {w}={w; (x)} , for i=1,23..,M and j=0,1,...,dimW —1 be the wavelet

bases for each level.

C)=a] | ({w}®{e})({‘l_vxv}®{e}jT diax

0thy

Il
O ——y

2 1({w}{‘3_W}Tde®:f (6} {6} dt (119)

n-1

a [We, ]®[Z,]

ty

(F) =j ({w(f (xt))}®{0}) dtdx (120)

tn—l

where  [W,,] is for the linear wavelet basis ( if risl ) or the quadratic wavelet

basis (if r isq ). The matrices [Z,] is defined in the chapter of basis function.
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For given an initial condition ,
u(x,0)=u,(x) ,

the system (118) can be solved iteratively by given {co} which can be obtained by the

same method presented in the chapter of Galerkin finite element method for heat

equation.

Thus, in the case of linear wavelet basis function, we can find the coefficients

{co} from the system of 2" +1 equations

{wy () {e) ={up (%)} (121)

where x. =s/2" , s=0,1,..,2", and 2" +1 is the number of knots.

In the case of quadratic wavelet basis function, we can find the coefficients

M+1)

{co} from the system of oM 41 equations

{w (%)) e} ={up(x)} (122)

where x =s/2™% | s=01,..,2"%, and 2™? +1 is the number of knots.

Numerical results by the Galerkin finite element method for unsteady

singularly perturbed problem will be shown in the chapter of Results and Discussion.
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Multilevel augmentation method

In this chapter, we study the concept of the multilevel augmentation method
using wavelet bases to solve numerically the singularly perturbed second-order
boundary value problem. This method integrate the choices of bases and the design of
numerical solvers for the discrete linear systems together. The method is fast and
accurate method for solving differential equations. It has great advantage for solving
large-scale problems. We consider both the linear wavelet and the quadratic wavelet
bases in this method. Numerical results are presented to demonstrate the efficiency of
this method.

1. Numerical Methods

The partial differential equation for singularly perturbed second-order

boundary value problem can be written as

o°u  ou
c—+—-u=1 , O<x<1,
ol ox (123)

where & is the diffusion coefficient or perturbation parameter (0 <& <<1).

The domain is Q (0< x<1) with boundary I", the boundary conditions are

u(0)=0 and u(1)=0. (124)
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Recall from the chapter of Galerkin finite element method for singularly
perturbed problem. We approximate the unknown function in terms of the wavelet

basis as
u=u(x) = i w; (x) c; - (125)

From equation (86),

{IWo, 1-TWe, 1+ W, T} ey | = —{We, } -
The equation can be written in matrix form as

[P{c;i}=1{S} . (126)
where  [P]={[We, ]-[We, ]+[W, 1} . {S}=—{W} and {c;} denotes the variable’s

value for i=123,... that i isthe ithleveland j=0,1,...,dimW,-1.

The multilevel augmentation algorithm, see full details in Chen et al., (2006).
Step 1:

Solve {c;} with the multilevel method of level M (i=12,...,M for linear

wavelet bases or i=014....M for quadratic wavelet bases and

1=0,1,...,dimW, —1) from equation (126).
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Step 2:

set {cf}={c;} for level M (i=12..,M for linear wavelet bases or

i=0,1...,M for quadratic wavelet bases and j=0,1,...,dimW, -1).

Step 3:

1
nj

Solve {c } for level M+1 (n=12,...,M+1 for linear wavelet bases or

n=0,4...,M+1 for quadratic wavelet bases and j=0,1...,dimW,-1) in the

following equation by the multilevel augmentation method.
1 4
[P](rxr) {Cnl }(I’Xl) /A {S}(rxl) ! (127)

- Splitting the matrices [P]rxr , {Cij}rxl and {S}rxl , équation (127) become

1 = J (128)
CD (rxr) C(M +1)] (rx1) S(M +1)] (rx1)

(i=12,...,M for linear wavelet bases or i=0,1,...,M for quadratic wavelet bases

and j=0,1,...,dimW, -1)

where
= [A]EXE ! B= [B]ex(r—e) !

C:[C] , D [D](r—e)x(r—e) !

(r—e)xe
e=dimX,, ,

r=dimX,,,, .
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Equation(128) can be written as

1 = ’
C Dl Gmai) s B,

0
where { ( X 0)} is the error for approximating coefficients in the multilevel
rx1

ij _Cij
augmentation method, this error term converges to zero as the number of level of

the multilevel augmentation method increased (n— o), see for the detail from

Chen et al., (2005).
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From multilevel augmentation method, the system(128) is approximated by

{A B} { Cj } { Si } 0
1 _ _ . 129
0 D rxr C(M i J S(M+1)j rxl C(C'(l)) rxl -

- Next step is to find {cl}el and {c(lmﬂ)j}( g, by augmented equation (129)

ij

[D](f—e)X(r—e) {C(l'V' +1)] }(r—e)xl = {S(M )] }(r_e)xl - [C](r_e)xe {CS }exl ’ (130)

[A]exe {Clll }exl < {Sij }exl _[B]ex(r—e) {C(lm )] }(r_e)xl : (131)

1

We solve system (130) directly to find {C(MH) J.

}(r—e)xl
and then putting these values into the RHS of (131) to find {cl}e 2

ij

This completes the overall steps in the multilevel augmentation method for

level M +1.
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For example, consider the multilevel augmentation method of level 3 with linear

wavelet basis.
Step 1:

Solve {cij} in the multilevel method of level 2 (i=12 for linear wavelet

basesand j=0,1...,dimW, —1) from equation

[P](3x3) {C'J }(3><1) - {S}(3X1) ’

L L N2 V2 2 2 1

12 16 64 16 64 2

Cl 4

2 2 1 0 1
—t— s+— 0 Cxr=—"v—F
16 64 48 £ 82

ﬁ ﬁ 1 21 1
—+— 0 £+— —=
| 16 64 48 | 82

Step 2:

Set {cf}={c,} for level 2,
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Step 3:

Solve {cy} for level 3 (n=123 for linear wavelet bases and

nj

j=0,1,...,dimW, —1) from equation (127) by the multilevel augmentation method.

[P](7><7) {Cil }(7><l) 3 {S}(7><1) !

_ . ~ ) )
Ll 2 2 2 2 4,1 4,83 1.3 1 1 1
12 16 64 16 64 32 256 32 256 32 256 32 256 2
—J2 42 1 2 2 -2 2
16 64 48 32 256 32 256 L 82
V2 2 £, 0 o V2,2 72 V2|[%| | 1
16 64 48 32 256 32 256 c; 82
-1 1 -2 2 1 (=
= 7\/_ i 0 s+ — 0 0 0 C30 _g
32 256 32 256 192 ! 32
_ ¢ 1
1,3 2. V2 0 0 +— 0 o -5
32 256 32 256 192 c, 32
1
1 3 1 1 _4d
—_—+ — 0 7\/_ £ 0 0 E+— 0 C33 32
32 256 32 256 192
1
1 + 1 0 £ £ 0 0 0 & - 372
L 32 256 32 256 192 |

- Splitting the matrices [A] ,[B] ,[C] and [D] from [P]

[P](7><7) {Cij }(7><1) F {S}(7><1) !

A B 1
L: Dlw{c }m) Sl

where




_+_
32 256

2

32 256

-1 1
_+_
32 256
=11
_+_
32 256
1 3
_—t
32 256
1 1
_+_
132 256

1 3
_+_
32 256
2 2

32 256

2
56

%

2

[&8]%
EF

2

N

56

w

Z 2]

16 64

J(3x3)

-1 3 -1 1
32 256 32 256

P T E

32 256 32 256

2 2
32 256
V2 2

32 256 _(4><3)

192 J(4x4)

_(3><4)
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- Splitting matrices {Cij }(M) and {S}(M) )

by setting

ct
1 _ ij _
{C”j}(7><1) N {Cl } =V
(M+1)] (7x1) 30

O O o O

(733 ) (7)

and setting

{S}(m) = . - 1
S(M +)] (7x1) -

32 (7x1)
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- Solve {cy} _ for level 3 from equation

{A B} C; S; 0
1 = - 0 1
0 D (7x7) Cim+); S('V'+1)J' C(Cij

(7><1)

Find {c(lM+1)j} of level 3 from equation

4x1

[P i }(M) (S }(M) ~[Clag i}y

i 1 0 0 1 1 __1+i £+£ 0
o 4 ) 32 2% 32 256
1 w i A1 N2 AR ¢
0 &e+— 0 el s o — Y i 0 i)
192 sl ) 32| |32 26 32 256 o
1 » 2
0 0 e 0 C, N 2 2|
192 ¢ 8 32 256 32 256 2 (34)
(4><1)
0 0 0 e EL] L1 ﬁ . ﬁ
- 192 e 32)wy 32" 256 32 256 Ly

This system can be solve easily because for linear wavelet bases the

coefficients matrix is diagonal and for quadratic wavelet bases the coefficients matrix

is tridiagonal.
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Find {c;}  of level 3 from equation
1

3x

[A](3x3) {Cﬁ }(3><1) - {Sii }(3><l) _[B](3X4) {C(lM ] }(4><1) ’

NERR R R S0 T T SO O N
1216 6 16 64 4 32026 32 256 32 B R 2 | |C
R A R R ¢
= s 0 e S o e L. 0 “
16 64 48 i 82| |32 286 32 26 ¢
1) (3] — !
£+£ 0 g+£ &4 _i 0 0 £+£ £+£ 033 (44)
|16 64 % |, 82) iy | 32 26 32 256,

So, we can find all of coefficients in the solution expansion of level 3, and

next we use these coefficients to find the coefficients in level 4, 5 and so on.

Numerical Example by the multilevel augmentation method for singularly

perturbed second-order boundary value problem will be shown in the chapter of

Results and Discussion.
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RESULTS AND DISCUSSION

Numerical results by the Galerkin finite element method for heat equation

The time-dependent heat equation in terms of temperature T (x,t) is

, (0<x<1)

where OT /ot is the rate of change of temperature. We set the thermal diffusivity as

a =1. The boundary and initial conditions are given by

T(0t)=T(Lt)=0, for t>0, and

T(x,0)=sin(zx), for 0<x<1.
The exact solution for this problem is

T(xt)=e""sin(zx).

s
The time basis is applied by setting ¢ = [1 %} (level two ),

or 0=[1] (level one).

We fix time step by At =0.005 for all calculations.

To check the accuracy of the present numerical schemes, we use the RMS error
defined by

Z(-I—I _TExact )2
RMS = 1T : (132)
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The profiles of numerical solutions at various time steps (0.005, 0.01, 0.015,
0.02, 0.025, 0.03, 0.035, 0.04, 0.045, 0.05) are shown in Figure 7. The temperature
profile decreases dramatically as time increases. In this figure, the numerical solutions
are obtained by the finite element method based on the linear wavelet basis with

level 3 (WB). The numerical results are in good agreement with the exact solutions

even if we have used small number of elements.

linear wavelet bases

(0] Numerical solution
0.9

Exact solution

0.8

Figure 7 The finite element with linear wavelet basis results and exact solutions.
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To investigate the convergent rate of numerical schemes for various types of
basis functions, if we have observed in two cases of the element size, AX and AXx/2,

the rate of convergence (r) of the numerical method is defined by

o log(RMS,, /RMS, )

133
log(2) (1%9)

The numerical solutions at various time steps are shown in Tables 1- 4.
Comparing Table 1 with Table 2, the RMS errors by the linear Lagrange basis are
almost the same as the RMS errors by the linear wavelet basis. This implies that the
accuracy is the same for these two types of basis function when using the same
element size. The rate of convergence is approximately 2.1 as expected for the linear
basis. The RMS errors and the rate of convergences for the quadratic Lagrange and
wavelet bases are shown in Tables 3 and 4 respectively. The rates of convergence for
the quadratic Lagrange and the quadratic wavelet are approximately 4.1 and 4.4

respectively. Plots of convergence rate are shown in Figure 8.

log(RMS)

“10f

—v— Lazranz= (uadmic
i Wanalet Quadtic
—+— Lzzranz= Lins
—— Wavelst Lins

-18 1 1 1 1 1 1 1 ICIE( .l‘{)

28 1.6 2.4 -2.1 -2 -l.8 -l.& -l.4 -1.2

-14

Figure 8 Rate of convergence for Lagrange and wavelet bases.



Table 1 RMS error linear Lagrange basis function for heat equation
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Time\ 0.01 0.02 0.03 0.04 0.05
Elements

8

elements 8.72626e-04 1.58022e-03  2.14619e-03  2.59100e-03  2.93250e-03
16

elements 2.10148e-04 3.80735e-04 5.17347e-04  6.24869e-04  7.07566e-04
32

elements 5.17174e-05 9.37099e-05 1.27348e-04 1.53833e-04 1.74212e-04
64

elements 1.29558e-05 2.34828e-05 3.19232e-05 3.85764e-05  4.37040e-05

Approximate convergence rate = 2.1

(At =0.005, TOL = 107(-8))

Table 2 RMS error linear wavelet basis function for heat equation

Time\ 0.01 0.02 0.03 0.04 0.05
Level
W, 8.72628e-04  1.58022e-03  2.14620e-03  2.59101e-03  2.93251e-03
W, 2.10147e-04  3.80734e-04 5.17346e-04  6.24867e-04  7.07563e-04
W, 5.17171e-05 9.37094e-05 1.27348e-04 1.53833e-04 1.74212e-04
W, 1.29009e-05 2.33765e-05 3.17686e-05 3.83766e-05  4.34614e-05

Approximate convergence rate = 2.1

(At = 0.005, TOL = 10°(8))



Table 3 RMS error quadratic Lagrange basis function for heat equation
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Time\ 0.01 0.02 0.03 0.04 0.05

Elements

2

elements 6.49752e-04 1.18419e-03 1.61835e-03  1.96275e-03  2.22884e-03
4

elements 6.16658e-05 7.39192e-05 9.10600e-05 1.07179e-04  1.20620e-04
8

elements 4.13478e-06  4.73808e-06 5.70161e-06 6.65048e-06  7.45794e-06
16

elements 2.98226e-07 4.29003e-07 5.66735e-07 6.84214e-07  7.78069e-07

(At =0.005, TOL =107(-12))

Approximate convergence rate = 4.1

Table 4 RMS error quadratic wavelet basis function for heat equation

Time\ 0.01 0.02 0.03 0.04 0.05
Level
W, 5.34864e-04  9.70882e-04  1.32503e-03  1.60590e-03  1.82285e-03
W, 5.47707e-05 6.23686e-05 7.73105e-05 9.23327e-05  1.05184e-04
V\/3 3.99457e-06 4.57742e-06 5.50828e-06  6.42497e-06  7.20506e-06
\/\/4 2.93376e-07 4.22027e-07 5.57519e-07 6.73088e-07  7.65417e-07

Approximate convergence rate = 4.4

(At =0.005, TOL = 10°(-12))
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We have also investigated the rate of convergence of time basis. Two cases of
time basis levels are considered which are ¢, and 6,. We set the final time as 0.8, and
a =0.5. Numerical results are shown in Tables 5-7. The RMS errors using time basis
6, for the linear Lagrange and wavelet bases are almost the same as those errors
obtained by the quadratic Lagrange and wavelet bases. The rates of convergence are
approximately 1.1. Similarly, we have found that the rates of convergence are
approximately in order 2 and 3 when using &, . This shows an advantage of this type
of time basis such that the order of accuracy in time can be improved by just
increasing the time basis level. That is unlike the other standard schemes such as the
Euler method or the Runge-Kutta method that the order of accuracy is fixed.
Applying the presented time basis is more flexible than the standard approach.

Table 5 RMS error by linear wavelet and Lagrange bases for heat equation

discretization At=0.4 At=0.2 At=0.1 Approximate
intime in convergence
Time\
level (6 rate (r)
( ) Level 0.8 0.8 0.8
W, 68120002  3.24632e-02  1.516386-02 11
level 1
(6,) 16 6.81299¢-02  3.24632¢-02  1.51638e-02 1.1
element
W, 455056e-03  7.85250e-04  2.60605e-04 21
level 2
(6,) 16 4.55056e-03  7.85250e-04  2.60605e-04 2.1
element

(a=0.5, TOL =107(-12))
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Table 6 RMS error by linear wavelet and Lagrange bases for heat equation

discretization At=0.4 At=0.2 At=0.1 Approximate
intime in convergence
Time\
level rate (r)
evel (6) | ovel 0.8 0.8 0.8
W5 6.72812e-02 3.21552e-02 1.51012e-02 1.1
level 1
(4) 32 6.72812e-02  3.21552¢-02  1.51012e-02 1.1
elements
W5 4,34828e-03 6.41622e-04 1.25339¢e-04 2.6
level 2
(6,) 32 434828¢-03  6.41622e-04  1.25339e-04 26
elements

(=05, TOL = 107(-12))

Table 7 RMS error by quadratic wavelet and Lagrange bases for heat equation

discretization At=0.4 At=0.2 At=0.1 Approximate
intime in convergence
Time\
level rate (r)
vl @\ Nz 0.8 0.8 0.8
) 6.73676e-02 3.22285e-02 1.51627e-02 11
level 1
(4) 16 6.73676e-02  3.22285¢-02  1.51627e-02 1.1
elements
\ 4.30537e-03 5.97888e-04 8.15524¢e-05 2.9
level 2
(92 ) 16 4.37654e-03 6.07771e-04 8.29005e-05 2.9
elements

(a =05, TOL = 10/(-12))
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Numerical results by the Galerkin finite element method for

singularly perturbed problem

1. Singularly perturbed second-order boundary value problem

Recalling the singularly perturbed second-order boundary value problem is

represented by

oy,

&E—+ u=1 , O<x<l1.
oX~ OX

We consider three cases of & which are 0.1, 0.01 and 0.001, subject to the boundary

conditions,
u(0)=0 and u(1)=0.

The exact solution for this problem is

u(x)= 1,
()
where
1-\1+4e
™ 2¢ '
M. — —1+1+4e
] - .
2¢

To check the accuracy of numerical schemes, we use the RMS error defined by

N

Z(ul - uExact )2
RMS = 'ﬂT , (134)
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and the L* norms defined by

N 2
” i Exact |_2 [Z Exact j ' (135)

i=1
where U, =u(x;) , X are the element nodes or knots.

The profiles of numerical solutions are shown in Figures 9, 10 and 11. In these
Figures, the numerical solutions are obtained by the finite element method based on
linear wavelet basis of level 9 (W,). The numerical results are in good agreement

with the exact solutions, except the case of very small in & the very high gradient

area.

The full system matrices can be solved iteratively by the Gauss-Seidel method

and the build-in inverse function in Matlab. If we use the inverse function in Matlab,
the solution does not converge when &<107*, The numerical solutions diverge

rapidly if we set &£ <1072 in the Gauss-Seidel method.

The accuracy of numerical solutions are shown in Tables 8-11. The RMS

errors and L*>norm error by the linear Lagrange basis are almost the same as those
errors using the linear wavelet basis. This implies that the accuracy is approximately

in the same order for these two types of bases when we use the same element size.

The RMS errors and L? norms decreases when we increase the number of elements.



-0.05 O  Numerical solution
Exact solution
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Figure 9 The Galerkin finite element results by linear wavelet basis of level 9

(W,) , and exact solution for g£=0.1.



O Numerical solution
Exact solution
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Figure 10 The Galerkin finite element results by linear wavelet basis of level 9

(W,) , and exact solution for &=0.01.
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Figure 11 The Galerkin finite element results by linear wavelet basis of level 9

(W,) , and exact solution for g =0.001.
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Table 8 RMS error and L* norms of Galerkin finite element method by linear

wavelet basis function for singularly perturbed second-order boundary value

problem.
£=10" =107 =107
Level L? norms L2 norms L? norms
RMS error RMS error RMS error
W8 1.2727e-5 2.0323e-4 4.0764e-4 6.5095e-3  1.4233e-2 2.2728e-1
W9 3.1783e-6  7.1846e-5 1.0083e-4 2.2794e-3  3.6773e-3 8.3127e-2
W1o 7.9416e-7 2.5400e-5 2.5133e-5 8.0387e-4  8.4807e-4 2.7125e-2
W11 1.9849e-7 8.9805e-6 6.2778e-6 2.8403e-4  2.0252e-4 9.1632e-3
r 2.0 15 2.0 15 2.0 1.6

r is Approximate convergence rate

Table 9 RMS error and L* norms of Galerkin finite element method by linear
Lagrange basis function singularly perturbed second-order boundary value

problem.

£=10" =107 =107

Elements L2 norms L2 norms L2 norms
RMS error RMS error RMS error

256 1.2727e-5 2.0323e-4 4.0764e-4 §5095e-3 1.4233e-2 2.2728e-1
512 3.1783e-6  7.1846e-5 1.0083e-4 2.2794e-3 3.6773e-3  8.3127e-2
1024 7.9416e-7 2.5400e-5 2.5133e-5 8.0387e-4 8.4807e-4 2.7125e-2

2048 1.9849e-7 8.9805e-6 6.2778e-6 2.8403e-4 2.0252e-4  9.1632e-3

r 2.0 1.5 2.0 1.5 2.0 1.6

r is Approximate convergence rate
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Table 10 RMS error and L* norms of Galerkin finite element method by quadratic

wavelet basis function for singularly perturbed second-order boundary

value problem.

g=10" =107 =103
Level L? norms L? norms L? norms
RMS error RMS error RMS error
W4 4.0373e-5 2.2478e-4  2.2719e-2 1.2649e-1 1.8278e-1 1.0177e+0
W5 2.5804e-6 2.0481e-5 3.6943e-3 2.9322e-2  8.5269e-2 6.7680e-1
W6 1.6188e-7 1.8243e-6 3.5749e-4 4.0287e-3  3.5398e-2 3.9891e-1
W7 1.0117e-8 1.6156e-7 2.5779-5 4.1165e-4 1.1289e-2 1.8027e-1
r 4.0 35 3.3 2.8 1.3 1.0

r is Approximate convergence rate

Table 11 RMS error and L? norms of Galerkin finite element method by quadratic

Lagrange basis function singularly perturbed second-order boundary value

problem.
e=10" £=107? =107
Elements L? norms L? norms L? norms
RMS error RMS error RMS error
16 4.1040e-5 2.2478e-4 2.3095e-2  1.2649e-1 1.8580e-1  1.0177e+0
32 2.6011e-6  2.0481e-5 3.723%9e-3 29322e-2 8.5954e-2  6.7680e-1
64 1.6252e-7 1.8243e-6 3.5891e-4 4.0287e-3 3.5398e-2  3.9891e-1
128 1.0137e-8 1.6156e-7 2.5829%¢-5 4.1165e-4 1.1311le-2 1.8027e-1
r 4.0 3.5 3.3 2.8 1.3 1.0

r is Approximate convergence rate
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Figure 12 shows numerical results for 3 values of &. Solution develops very
high slope near X =0 as & decreases. The rate of convergence corresponds to the

theoretical results, see for the detail from Chen et al., (2006), only for small &
(smooth case).

-0.2

-0.3

u(x)

-0.4

-0.5

00000 0 O O

-0.6

0.7 r r r r

Figure 12 Graphs of the numerical solutions by linear wavelet basis of level 9

(W,), for £=0.1, 0.01and 0.001.
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The rates of convergence for both the linear Lagrange and wavelet bases are in
the same order as expected. The rate of convergence is 2.0 in RMS errors. The rates

of convergence with L*norms for linear bases of both the Lagrange and wavelet are
in the same order as expected of 1.5. The rates of convergence with RMS errors for
quadratic bases of both the Lagrange and wavelet are in the same order as expected.
The rates of convergence are 4.0 fore =107, 3.3 for £ =107 and 1.3 for
£=107. The rates of convergence with L*norms for quadratic bases of both the
Lagrange and wavelet are in the same order as expected. The rates of convergence are
35 fore=10", 2.8 for £=107 and 1.0 for £ =10". The plots of rate of

convergence are shown in Figure 13.

log(RMS)
-10 -~
A1k —¥— Linear
—O— Quadratic
12 -
-13
14
-15+~
-16
17 -
-18 -
_19 r r r r L
-8 7.5 YA -6.5 -6 -5.5
log (Ax)

Figure 13 Rate of convergence with RMS errors of linear and quadratic bases
for £=0.1.



100

2. Unsteady singularly perturbed problem

The singularly perturbed, one-dimensional (linear) parabolic problem of the

advection-diffusion-reaction type can be written as

2
o aau— au+f(x,t), O<x<1l, t>0,

2

ot ox o
We consider three case of ¢ which are 0.1, 0.01 and 0.001 and a =1,

and
1-x

f(xt)= exp(—t){—Zexp(—%j—(l—exp(—%jjx+exp(—T]+1} :

subject to the boundary conditions as

u(0,t)=u(1,t)=0, t>0,

and the initial condition as

u(x0)= Uy (x)

The exact solution for this problem is

u(x,t)= exp(—t)(C1 +C2x—exp(—l_TXD :

where Clzexp(—lj , C,=1-C,.
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;
The time basis is applied by setting ¢ = [1 %} (level two ),

or 0=[1] (level one ).

We fix time step by At =0.005 for all calculations.

The profiles of numerical solutions at various time steps (0.1, 0.2, 0.3, 0.4,
0.5) are shown in Figures 14-16. The temperature profile decreases dramatically as
time increases. In these Figures, the numerical solutions are obtained by the finite

element method based on quadratic wavelet basis of level 7 (W,). The numerical

results are in good agreement with the exact solutions even though we have used a

small number of elements.

u(x)

1.—.

Quadratic wawelet bases

0.9
(0] Numerical solution

0.8 ——— Exact solution

0.7~

0.6~

05F t=0.1

0.4

0.3~

0.2

0.1

Figure 14 The Galerkin finite element results by quadratic wavelet basis of level 7

(W), and exact solution for ¢£=0.1.
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Figure 15 The Galerkin finite element results by quadratic wavelet basis of level 7

(W), and exact solution for £ =0.01.
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u(x)
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0.8+ Exact solution
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0.2~
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=

Figure 16 The Galerkin finite element results by quadratic wavelet basis of level 7

(W), and exact solution for g =0.001.
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The full system matrices can be solved iteratively by the Gauss-Seidel method
and the build-in inverse function in Matlab. If we use the inverse function in Matlab,

the solution does not converge when &<107*, The numerical solutions diverge

rapidly if we set &£ <1072 in the Gauss-Seidel method.

The accuracy of numerical solutions are shown in Tables 12-19. The RMS

errors and L* norm error by the linear Lagrange basis are almost the same as using the
linear wavelet basis. This implies that the accuracy is approximately in the same order
for these two types of bases when we use the same element size. The RMS errors and

L? norms decreases when we increase the number of elements.

The rates of convergence with RMS errors for linear bases of both the

Lagrange and wavelet are in the same order as expected. The rates of convergence are
2 for e=10", 2 for £=10"7 and 1 for £ =10"°. The rates of convergence with
L% norms for linear bases of both the Lagrange and wavelet are in the same order as
expected. The rates of convergence are 1.5 for ¢ =107", 1.6 for £ =107 and 0.8

for £ =107%. The rates of convergence with RMS errors for quadratic bases of both

the Lagrange and wavelet are in the same order as expected. The rates of convergence
are 3fore=10",3 for £=10"72 and 1 for £ =107, The rates of convergence
with L? norms for quadratic bases of both the Lagrange and wavelet are in the same
order as expected. The rates of convergence are 3 for £ =107, 3 for £ =107 and

1 for £ =107°. The plots of rate of convergence are shown in Figure 17.
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Figure 17 Rate of convergence with RMS errors of linear and quadratic bases
for £=0.1.

Table 12 RMS error of Galerkin finite element method by linear wavelet bases for

unsteady singularly perturbed problem.

e=10" =107 =103

Time\

Level 0.2 0.4 0.2 0.4 0.2 0.4
W5 7.4787e-4 7.8955e-4 3.9758e-2 3.2582e-2 2.8268e-1 2.3349¢e-1
W6 1.8442e-4 1.9472e-4 9.5326e-3 7.8095e-3 1.2731e-1 1.0424e-1
W7 4.5857e-5 4.8418e-5 2.2021e-3 1.8040e-3 5.3642e-2 4.3918e-2
W8 1.1437e-5 1.2076e-5 5.3197e-4 4.3581e-4 1.8481e-2 1.5131e-2

r 2.0 2.1 1.3

r is Approximate convergence rate

(At=0.005 , TOL=10""%)
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Table 13 L* norms of Galerkin finite element method by linear wavelet bases for
unsteady singularly perturbed problem.

=10" =107 =103
Time\

Level 0.2 0.4 0.2 0.4 0.2 0.4
\/\/5 4.1640e-3 4.3960e-3 2.2136e-1  1.8140e-1  1.5739e+0  1.3000e+0
We 1.4638e-3 1.5455e-3  7.5663e-2  6.1986e-2  1.0105e+0 8.2739%-1
\/\/7 5.1678e-4 5.4565e-4 2.4816e-2  2.0330e-2 6.0451e-1  4.9493e-1
Wa 1.8264e-4 1.9284e-4  8.494%-3  6.9593e-3 2.9513e-1  2.4163e-1

r 15 1.6 0.8

(At=0.005 , TOL =10"%)

r is Approximate convergence rate

Table 14 RMS error of Galerkin finite element method by linear Lagrange bases for

unsteady singularly perturbed problem.

=10" £=107 =103
Time\
Elements 0.2 0.4 0.2 0.4 0.2 0.4
32 8.1304e-4 8.6183e-4  3.9476e-2 3.2442e-02 2.8268e-01 2.3350e-1
64 2.1187e-4 2.2418e-4  9.4470e-3 7.7879e-03 1.2731e-01 1.0425e-1

128 5.4279%-5 5.736le-5 2.1882e-3 1.8139e-03 5.3630e-02 4.3916e-2
256 1.3748e-5  1.4519e-5 5.3114e-4 4.4248e-04 1.8471e-02 1.5127e-2

r 2.0 2.1 13

(At=0.005 , TOL=10""%)

r is Approximate convergence rate
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Table 15 L* norms of Galerkin finite element method by linear Lagrange bases for

unsteady singularly perturbed problem.

£=10" £=10" £=10"
Time\
32 4.5268e-3 4.7984e-3 2.1979%e-1 1.8063e-1  1.5739%e+0  1.3000e+0
64 1.6817e-3 1.7794e-3  7.4983e-2 6.1814e-2 1.0105e+0 8.2748e-1

128 6.1169e-4  6.4643e-4  2.4660e-2  2.0442e-2 6.0438e-1  4.9491e-1
256 2.1955e-4  2.3186e-4  8.4817e-3  7.0658e-3 2.9496e-1  2.4156e-1

r 1.5 1.6 0.8

(At=0.005 , TOL =10

r is Approximate convergence rate

Table 16 RMS error of Galerkin finite element method by quadratic wavelet bases

for unsteady singularly perturbed problem.

e=10" =107 =103

Time\

Level 0.2 0.4 0.2 0.4 0.2 0.4
W4 4.3830e-5 3.6017e-5 2.9827e-2  2.4360e-2 2.5450e-1 2.0838e-1
W5 2.7818e-6 2.2860e-6  4.7570e-3  3.8944e-3 1.1285e-1 9.2380e-2
W6 2.8095e-6 2.3004e-6  2.8408e-3  2.3259e-3 5.3260e-2 4.3560e-2
W7 1.0801e-8 8.9368e-9 3.2772e-5 2.6833e-5 1.4649e-2 1.1994e-2

r 3.6 3.0 1.3

(At=0.005 , TOL=10""%)

r is Approximate convergence rate
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Table 17 L? norms of Galerkin finite element method by quadratic wavelet bases for
unsteady singularly perturbed problem.

=10" =107 =103
Time\

Level 0.2 0.4 0.2 0.4 0.2 0.4
W4 2.4403e-4 2.0053e-4 1.6607e-1 1.3563e-1 1.4170e+0 1.1602e+0
W5 2.2080e-5 1.8144e-5 3.7757e-2  3.0911e-2 8.9576e-1 7.3325e-1
W6 3.1662e-5 2.5924e-5 3.2015e-2 2.6212e-2 6.0022e-1 4,9089¢-1
W7 1.7249e-7 1.4270e-7 5.2334e-4  4.2849e-4 2.3393e-1 1.9153e-1

r 3.1 2.5 1.0

(At=0.005 , TOL =10""%)

r is Approximate convergence rate

Table 18 RMS error of Galerkin finite element method by quadratic Lagrange bases

for unsteady singularly perturbed problem.

£=10" £=10" £=10"
Time\
Elements 0.2 0.4 0.2 0.4 0.2 0.4
16 1.0397e-4 1.0224e-4  3.0017e-2  2.4539e-2 2.5872e-1 2.118le-1
32 1.9090e-5 1.7392e-5 4.7152e-3  3.8709e-3 1.1374e-1  9.3113e-2
64 3.3269¢e-6 2.9045e-6  4.4418e-4  3.6872e-4 4.6314e-2  3.7921e-2

128 5.2947e-7  4.8828e-7 3.1741e-5 2.8002e-5 1.4666e-2  1.2008e-2

r 3.2 3.3 14

(At=0.005 , TOL=10""%)

r is Approximate convergence rate



109

Table 19 L? norms of Galerkin finite element method by quadratic Lagrange bases
for unsteady singularly perturbed problem.

£=10" £=10" £=10"
Time\
Elements 0.2 0.4 0.2 0.4 0.2 0.4
16 5.7630e-4 5.6002e-4 1.6441e-1  1.3440e-1 1.4170e+0 1.1601e+0
32 1.5031e-4 1.3694e-4  3.7127e-2  3.0480e-2 8.9561e-1  7.3317e-1
64 3.7345e-5  3.2603e-5 4.985%e-3 4.1389%e-3  5.1987e-1  4.2566e-1

128 9.1605e-6 7.7819e-6  5.0586e-4  4.4628e-4  2.3374e-1  1.913%-1

r 2.7 2.8 1.0

(At=0.005 , TOL =10

r is Approximate convergence rate

We have also investigated the rate of convergence of time basis. Two cases of
time basis levels are considered which are 6 and 6,. We set the final time as 0.8,
and &£ =0.1. Numerical results are shown in Tables 20 and 21. The RMS errors using
time basis ¢, for the linear Lagrange and wavelet bases are almost the same as those
errors obtained by the quadratic Lagrange and wavelet bases. The rates of
convergence are approximately 1. Similarly, we have found that the rates of
convergence are approximately in order 2 and 3 when using 6,. This shows an
advantage of this type of time basis such that the order of accuracy in time can be
improved by just increasing the time basis level. That is unlike the other standard
schemes such as the Euler method or the Runge-Kutta method that the order of
accuracy is fixed. Applying the presented time basis is more flexible than the standard

approach.
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Table 20 RMS error by linear wavelet and Lagrange bases for unsteady singularly

perturbed problem.

discretization At=0.4 At=0.2 At=0.1 Approximate
intime in Time\ convergence
level (9)  Level 0.8 0.8 0.8 rate
level 1 W, 4.11682e-02  2.24436e-02  1.17945e-02 1.0
(6,) 256 411590002  2.24337e-02  1.17841e-02 1.0
element
level 2 W, 4.05537e-04  4.91182e-05  7.52296e-06 2.8
(6,) 256 4.18002¢-04  6.16836e-05  1.62143e-05 23
element

£=0.1, TOL =10 2

Table 21 RMS error by quadratic wavelet and Lagrange bases for unsteady

singularly perturbed problem.

discretization At=0.4 At=0.2 At=0.1 Approximate
intime in Time\ convergence
level (0) Level 0.8 0.8 0.8 rate
level 1 W, 4.11612e-02 2.24365e-02 1.17873e-02 1.0
(91) 128 4,12421e-02 2.24805e-02 1.18103e-02 1.0
element
level 2 W, 4,11236e-04 5.43274e-05 7.02850e-06 2.9
(92 ) 128 4,12220e-04 5.46118e-05 7.22594e-06 2.9
element

£=0.1, TOL =10 2



Numerical Example by the multilevel augmentation method

Recalling the singularly perturbed second-order boundary value problem,

c—+—-u=1 , O<x<l.

We consider the case of £ =0.1, subject to the boundary conditions,

u(0)=0 and u(1)=0.

The exact solution for this problem is

u(x)= 1 [}
(x)
where
_—1—\/1+4g
i 2¢ '
m _—l+\/1+4g

2 2¢
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We apply the linear and quadratic wavelet bases in our approximation. The
numerical results are shown in Tables 22 and 23 respectively. The multilevel

augmentation method is applied in the initial level 3 (W;) for both linear and

quadratic wavelet bases. The system of linear equations are solved iteratively by the

. : -12 : R :
Gauss-Seidel method with TOL =10  and by calling the build-in inverse function
in Matlab.

The RMS errors by the multilevel augmentation method are almost the same
as those errors obtained by using the multilevel method. The rate of convergence is
approximately 2.0 as expected for the wavelet linear bases. The RMS errors and the
rate of convergences for the quadratic wavelet bases are shown and is approximately

in order 4.0.

Numerical results show that the proposed multilevel augmentation method is
fast and accurate method for solving system equations. It has great advantage for
solving large-scale problems, but the multilevel augmentation method must be applied
for relatively high-initial level to reduce error collection in each level applied. The
full system of multilevel augmentation method are smaller than the standard
multilevel method for the same level, resulting to smaller memory to store
coefficients in matrix. This explanation is shown in Table 22 for linear basis. We
cannot solve the linear system by the Gauss-Seidel method in Matlab for the system
of level 12 due to not enough memory in the computer of Intel Core i5-2410M CPU
and 4.00GB memory, but the multilevel augmentation method can provide the

results. Also, this method is suitable for multiscale orthonormal bases approximations.



Table 22 RMS error by linear wavelet bases for £ =0.1
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Level

Multilevel Augmentation

Method

Multilevel Method

S £ £ 2 2k

o

£ s =

N

3.683109e-03
8.281858e-04
2.042934e-04
5.096677e-05
1.272315e-05
3.178067e-06
7.941528e-07
1.984912e-07

4.961684e-08

3.475348e-03

8.337140e-04

2.053123e-04

5.103239e-05

1.272720e-05

3.178319e-06

7.941685e-07

1.984922e-07

Approximate convergence rate

2.0

2.0

Table 23 RMS error by quadratic wavelet bases for £=0.1

Level

Multilevel Augmentation

Method

Multilevel Method

g £ £ =

6.335132e-05
3.645426e-06
1.785070e-07

1.029555e-08

4.037317e-05

2.580418e-06

1.618866e-07

1.011768e-08

Approximate convergence rate

4.0

4.0
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CONCLUSION AND RECOMMENDATION

In this thesis, we have presented the Galerkin finite element method to solve
numerically the one-dimensional heat equation. The purpose is to show and compare
the order of accuracy in space and time for wavelet basis. Two types of basis
functions which are the Lagrange (for comparing) and wavelet bases are employed to
derive the full matrix system. We consider both linear and quadratic bases. Also, we
have introduced a time basis for the time discretization process. When the initial and
boundary conditions are specified, the full system matrices can be solved iteratively
by the Gauss-Seidel method. Our numerical results show that the rate of convergence
for the Linear Lagrange and the Linear Wavelet is the same in order of 2 while the
rate of convergence for the quadratic Lagrange and the quadratic wavelet is
approximately in order of 4. These two rates are in expected as theoretical results
follow the Lagrange basis. The numerical resolutions can be increased by increasing
the number of wavelet basis levels. This shows an advantage of the wavelet basis over
using the Lagrange basis. By this point of investigation, we can apply the presented
wavelet bases with multilevel approach to further solving other types of differential

equation.

Then, we have presented the Galerkin finite element method to solve
numerically the singularly perturbed boundary value problem. The purpose is to show
and compare the order of accuracy in space for wavelet basis. Two types of basis
functions which are the Lagrange (for comparing) and wavelet bases are employed to
derive the full matrix system. When the initial and boundary conditions are specified,
the full system matrices can be solved iteratively by the Gauss-Seidel method. The
rates of convergence for both the linear Lagrange and wavelet bases are in the same

order as expected. The rate of convergence is 2.0 in RMS errors. The rates of

convergence with L norms for linear bases of both the Lagrange and wavelet are in
the same order as expected of 1.5. The rates of convergence with RMS errors for

quadratic bases of both the Lagrange and wavelet are in the same order as expected.

The rates of convergence are 4.0 fore =10, 3.3 for £=107 and 1.3 for
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£=107. The rates of convergence with L*norms for quadratic bases of both the

Lagrange and wavelet are in the same order as expected. The rates of convergence are

3.5 fore =10, 2.8 for £=1072 and 1.0 for £ =103,

Next, we have presented the Galerkin finite element method to solve the
unsteady singularly perturbed problem. The purpose is to show and compare the order
of accuracy in space and time for wavelet basis. Two types of basis functions which
are the Lagrange (for comparing) and wavelet bases are employed to derive the full
matrix system. When the initial and boundary conditions are specified, the full system
matrices can be solved iteratively by the Gauss-Seidel method. The rates of

convergence with RMS errors for linear bases of both the Lagrange and wavelet are in

the same order as expected. The rates of convergence are 2 for ¢=10"1, 2 for

£=1072 and 1 for £=10"3. The rates of convergence with [?norms for linear
bases of both the Lagrange and wavelet are in the same order as expected. The rates
of convergence are 1.5 for ¢ =10, 1.6 for £ =102 and 0.8 for £ =10"3. The
rates of convergence with RMS errors for quadratic bases of both the Lagrange and
wavelet are in the same order as expected. The rates of convergence are 3
fore =101, 3 for £ =102 and 1 for £=1023. The rates of convergence with
%> norms for quadratic bases of both the Lagrange and wavelet are in the same order

as expected. The rates of convergence are 3 for ¢ =107, 3for £ =102 and 1 for

£=107.

Finally, we have presented the concept of the multilevel augmentation method
using wavelet bases to solve numerically the singularly perturbed second-order
boundary value problem. Numerical methods show that the multilevel augmentation
method is fast and accurate method for solving differential equations. It has great
advantage for solving large-scale problems. This method integrate the choices of
bases and the design of numerical solvers for the discrete linear systems together. We
consider both the linear wavelet and the quadratic wavelet bases in the method.
Numerical results are presented to demonstrate the efficiency of this method. The

RMS errors by the multilevel augmentation method are almost the same as those
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errors obtained by using the multilevel method. The rate of convergence is
approximately 2.0 as expected for the wavelet linear bases. The RMS errors and the
rate of convergences for the quadratic wavelet bases are shown and is approximately
in order 4.0. Numerical results show that the proposed multilevel augmentation
method is fast and accurate method for solving system equations. It has great
advantage for solving large-scale problems, but the multilevel augmentation method
must be applied for relatively high-initial level to reduce error collection in each level
applied. The full system of multilevel augmentation method are smaller than the
standard multilevel method for the same level, resulting to smaller memory to store

coefficients in matrix.
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Galerkin with Lagrange and Wavelet Bases
for the One-Dimensional Heat Equation

Watcharakorn Thohgchuay, Puntip Toghaw and Montri Maleewong*
Abstract

The Wavelet-Galerkin finite element method for solving the one-dimensional
heat equation 1s presented in this work. Two types of basis functions which are the
Lagrange and wavelet bases are employed to derive the full form of matrix system.
Both linear and quadratic bases are considered i this work. The numerical results show
that the rate of convergences for the linear Lagrange and the linear wavelet bases are
the same and in order 2 while the rate of convergences for the quadratic Lagrange and
the quadratic wavelet bases are approximately mn order 4. It also reveals that the
wavelet basis provides an easy treatment to improve numerical resolutions that can be
done by inereasing just its desired levels in the basis construction process.

Keywords: Wavelet basis functions: Lagrange basis functions: Heat equation;
Galerkin finite element method:

1. Introduction

The Galerkin approach is one of the very successful methods for finding
approximate solutions from the partial differential equation. The main concept is using
an appropriate basis function for the solution space of the governing equation, and then
projecting the terms of approximate solution on the functional basis space. This process
provides residual that needed to be minimized with respect to the functional basis. By
this concept, the accuracy of numerical solutions depends directly on the type of basis
funection.

In this work, we apply the Galerkin method with wavelet bases called the
Wavelet-Galerkin method to solve numerically the linear one-dimensional heat
equation. Wavelets in our consideration are compactly supported wavelets introduced
by Chen et al. [1]. They ntroduced the multilevel augmentation method related with
some wavelet bases for solving certain boundary value problems. This method has then
been applied for solving the sine-Gordon equation in [2] and some types of nonlinear
boundary value problems in [3]. For solving the partial differential equations, the
wavelet applications have been introduced by several authors, such as a wavelet-
Galerkin method for solving parabolic equations [4]. the singularly perturbed
convection-dominated diffusion equation [5]. non-homogeneous heat and wave
equations [6]. some types of elliptic problems [7], and diffusion equation [8].

Department of Mathematics, Faculty of Sciences, Kasetsart University, Bangkok 10900, Thailand
Centre of Excellence i Mathematics, CHE, Si Ayutthaya Road. Bangkok 10400, Thailand
* Corresponding author, E-mail address: montnm@kuac th

67 Aanu 2550 Unfininetdy anrinedunensniand



T T . E
I"i'l.i:'l;l'k.|=1.D:-li'ﬂ'l'J'l?I'J‘.i:FLl'Jl.’.l‘ﬂ‘lrlI"H'I..'dﬂ'lﬂ'ﬂ 'F'Hﬁ bl

O-EATO18 wth ozt

We have presented i this work that the linear wavelet has more advantages
than the linear Lagrange. The accuracy of numerical solution by the linear wavelet is
easily improved by just increasing the wavelet levels {mulfilevel concept) and the
computations for finding coefficients are performed by just caleulating the extra
coefficients included in the corresponding level This concept is different from wsing
the traditional Lagrange bases or the finite difference method that it s required to
caleulate the whole system when resolution mereased.

The details of this presented work are organized as follows. In Section 2, we
mtroduce the Galerkin finite element method and show how the Lagrange and wavelet
basis fiunctions are used to solve the heat equation in Sections 3 and 4 respectively.
Time discretization 15 presented in Section 5. Some mumerical examples and
comparisons of numerical results are demonstrated m Section 6. We have made some
conclusions in Section 7.

2. Galerkin finite element method
The time-dependent heat equation in terms of variable T(x,¢) is written in ifs
one-dimensional form as
a7 T
a e j— @
where &T /é&r is the time rate of change of temperature, o is the thermal diffusivity,
and time (1). The domain is  (0<x<1) with boundary T,

We give the imitial and boundary conditions as
T(0,t)=T(Lt)=0, T(x,0)=T,(x).

By the weighted residual method, Eq.(1) can be written as

" aT
——a
| &t

[w 2 |an=o0-
a &x’ )

where JI7 15 the weight function Usimng integration by part, vields

£y e p—— -
(w{ L lao + [of LI \aq —a]T"‘:—TL=D : — @
a Lét) a LBx &éx ) &x
Let us begin by approximating the unknown function in terms of the Lagrange basis as
rom
T"=T(xt,) =22 N(x)6 (1) s - - (3)
k=i =l

Anpther choice 15 done by assuming the unknown variable in terms of the wavelet basis
as

) 5 A dimin) )
T"=T(xt,) =222 u}r{xﬁt[rnjc;t e (4
kel =l =l

where T"=T(x.1,) denotes the variable’s value at time ¢ =1, N,(x) is spatial basis
function, w, [:c} 15 the wavelet basis function, & (f,) is the time basis function, m is

the number of elements, M is the number of level in nmlts-level wavelet approach, and
p 15 the number of level for time discretization.
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After setting [1"=N)(x) where N, (x) is the Lagrange basis function, Eq.(2) can be
written mn the matrix form as

[€ T{ei b+ [E Meads (a0 Tea}-[2 ~T{ex'} =0
[[C]+[E]+[M *Jpen =M Jey - —— (3
Sumlarly, if we set F"=w; (x|, Eq.(2) can be written in the matrix form as

[C1{efu )+ [ Men )+ [~ Tfen}- M~ Tfei} =0

{[c]+[r]-|:.u' '*:l}crj.t - [_JJ o :lc,’:.;' - - ()
The coefficients in each matrix element can be obtained. For brevity, the results are
simmarized in the table shown below.

Inthe case of the Lagrange basis function, the initial condition provides us the starting
unknown coefficients as

es” = [T, (x)]@[6(0)]- — M
For the wavelet basis function, the initial unknown coefficients are obtained by
ept = [T(x)]@[6(0)] . . ®

where & is the outer tensor operation of two matrices.

Lagrange basis functions Wavelet basis functions
[ = ]n‘%ds‘l =i:j|_r-.: @5}[ N z%m [ =iw§m =.|;|,L¢ @5}[ - 3%&&&
. _E‘.:_n.:mz.’ jur,rx@;[ ﬁ%fa‘z = i‘[}_w;]f&@:jl|: g %P
[£] -ng%dﬂ- 1':]".|i%@s:||:%®a}rm [£] -IE_;;;_F_F@Q- j‘.”%e.s:"%esj s
- j-:;%l%f]mgj[ﬁrﬂ < ]‘I%‘% :ifzm;ile-s'}fr
M) - j.-‘f.[:&'|-::.-‘~'.[6':j-|"ﬁ [Me] - _:'uu[:ﬁ'||'4>-::9‘:|:}'-:f.r
- _':'}-.'__*.'_'.:-'m[|a':uj:f-':j-’:| = iu;a,'.:z‘r-z[[f e |]
(7] = (e )w(e)) & [M+] = Ju, (o), (o))
- _,T}-.'._*.'_'.:-'m[w :n[f-':j-’] - lu;u,'a‘rc[[ﬁ |{.5':|"]

For example, when matrices 4 and B are given in dimension 2x 2 the operation is
defined as follows.

i- Gy s 3--&” By
- [By By

ab, ad, |aub, ab,

_{@3_-"13"“ Ab'l:] - agby ad |edy ek, o &
'_-Hﬁl Al aydyy  aghy | ey aghy
ayby, aghy, | oy ""'nb::J
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Finally, we have the systems of equation i Eq.{3). or in Eq.(6) that can be solved to

find the coefficients |c } vy {(_;;'i { . and hence we know the approximate values, T

Note that the system of linear equation 1s solved steratively by the Gauss-Seidel method
m this worl.

3. Lagrange basis function
In this section, we will show in details the derivation of matrix coefficients by
two classes of the Lagrange basis function which are linear and quadratic bases.

3.1 Linear Lagrange basis function

We begin defining nodal pomnts in the domain 0= x <! with n elements of
uniform element size. Thus, there are n+1 nodes corresponding to the coordinates
X.X,...X,; asshown in Fig 1.

2t

X X X ) X X X4 =3 :: v v
B e e e
| ! : 1U e
1 element L=x_ —x
Fig.1 IEi:g.z::ljﬁea;b;r_.i;ﬁ;:;uﬁ;

In this case, we assume the approximate solution in Eq. (3) as

P

T*(x.t,) = 2(N(x)8,(t,)el + N, (x)6,(t,)h )

k=0
where
N ix) =1—% , N, (x) =%

These are the well-known linear Lagrange basis functions. Their variations in an
element are shown m Fig. 2.

Hence, some parts in the matrices [c], [£]. [#~]and[ax ] can be evaluated as

I
. 1-= - - -
£ - £l | ¥ ox |
[(x¥T)de - [§ Fi1-Z Zlae o L2 01 -
; 2 (UL 1) si1 1)
A
.
(e an T L 1 1 -1
|'—':“"'jl A - I L.l llp oL
| & 1L L L Li-1 1
zl

The full definition of these matrices are obtained by using the outer tensor operator &
mEq.(9)

3.2 Quadratic Lagrange basis function

The nodal notation used in this case to relate the global system i1s shown in
Fig4 There are three nodes in one element. The ith element i1s defined on
Ny, SXEX,,, . i=L2_.. »n andits element size 1s givenby L=x,  —x, .
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non 5 1 Xy T I.
R
il | ]! | i
I, " ] 1
].E]II'.'IJ.E]]J.'
L='J'I+I_x:|
Fllg.-t S EE T T T
Fig.5 ouadratc basiz fimchons

By this basis function, we assume the approximate ™ (x.f | as

£ N £ L] r £y L F n
T {x.1,) = EL-"\'.[IJC'*{I,JE.*+?"=[I}¢'*(",—'ﬁu+?"u{x}*ﬁk(".:‘ﬁnj'
k=

and the quadratic Lagrange basis functions are
: 2c N,x) = 4—x| 1-X
2N T T

[

x{2x 0
X=X
I\ L

A b &

N(x) -1-224 2|

L

T ot —
| "‘"'I-.x.-l A

| =

Some parts in the matrices [¢]. [x]. [a ] and[2 ] can be evaluated as

_E_]-(il-l
L\ .
- . \ - 4 1 -1
[(wN7)do = [ 32(1-2) |11-32.90x) dxfy x) xfhx Pl | Ly g5
A W) ) TV T ]
Xz y) = LA
| VT )
A o p Al
77
- . N r?7 =& 1
[ aw, av,"’| Blar 2y [l7sx .y 47, 2xy Lidx ) 1
L o [ Hl-= ) o3| S| = -l dr e — -8 16 =B .
J‘a 2l l 1|._ LTI _.| Il 7| T\ T ] E7 A }
[Lrdx_ )
VT )

Then we can appij-.? the outer tensor operator @ in Eq.(9) to find the full form of
matrices.

4. Wavelet basis functions

The construction of the wavelet basis functions used in the Galerkin method
follows the derivations proposed in [1]. We construct multi-scale orthonormal bases for
the Sobolev space on the umit mtervall=[0.1]. Specifically, we let mbe a fixed

positive integer and A ([)denoted the Sobolev spaces of element that T satisfies the
boundary of TUW(0)=TY(1)=0. jeZ,.
Z,=1{0.1,2,...n—1}. For any nonnegative integer » , we denote by X, the subspace

homogeneous conditions where

of H'(I) whose elements are the piecewise polynomials of order & with

Lo

lnots j/u", j-1€Z

w1

that X.J=sp-a.u{x"_"[:1—x.]" jez |

"'.I ?

whenk>2m and g >1be a fixed positive integer. We have
so we let W, be the orthonormal complement of

XX  i1e, X =X_& W andthos, repeatedly using this decomposition leads to
X =& W ...& W. SpacesW can be recussively constructed once W) has been
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given To describe the construction, we need the family of affine mappings
D, = {c}'rﬂ lgE Eu} where g (x)=(x+e)/u.eeZ,.
Finally, the wavelet basis function can be constructed by the composition as follows.

1 .
_,Hl )

2w ot (x) ; eeZD. —

L

w, =T w, =u"

(10
This construction will be applied to obtain both linear and quadratic wavelet bases in
the next sections.

4.1 Linear wavelet basis
FromEq. (10), weset m=1 ., u=2 r=1.Wecangve [, Z .and ¢ by

) x+1
a ﬂ{x]—T c

leZ ={0} . ecZ ={01} and g (x)=

b |

The desired basis of W, (level 1) s obtained by

X 1xe[0.1/2]
[1-x ;xel/2.1]

Wi (1) =

The wavelet basis function of W, (level2) is given by (n=1 e=2Z;={0,1})
= 1

= by o7 ()= L0
& eyl [ 2xifT cxe[0,1/4] Y {le_l[{lx—lj-'ylri‘_ cxeflr2,374] _
y l{l—lx:l-'d'ﬁ_ cxeflrelr2] " [ |:1—2x:|.-~.|'T ixe[3/4.1]

The wavelet basis function of W, (level 3) is that (n=2, e=Z ={(0.0),(0.1),(L0).(L1)})

(=] II_

. A g -1 f 1 . e
Wy = 47 Wy ed, |_I}=7'|'1-|;°'_5'.= I_I?:I:-

[(4x-1)2 ;xe1/4,3/8]

s Wylx)=1{

W () [ 4x/2 ;x:[IJ_:]-'S]
P - ax)i2 ixe[1r8174] l2-4xyi2 xelsrgarz]
. [(4x—-2)/2 ;xe[li2,5/8] [(4x-3)i2 ;xe[3/4,7/8]
Y2l = | (3o4x)i2 cxe[5is3s4] 0 M ()= | (4-4x)/2;xe[1/81]

The profiles of these three linear wavelet basis functions W, W,and W, are shown in
Fig 6. In practice, any levels of the linear wavelet basis can be obtained recursively by
the same process of this construction,

Then we can apply the outer tensor operator @ in Eq.(9) to find the full form of
matrices
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Fig6 Linear wavelst basis fercionsof W, W, W, Fig.7 Quadratic wavelet basis functions of W, . W . W,

4.2 Quadratic wavelet basis
Inthis case, weset m=1, p=2, r=2.thus I, 6 Z . g are given by

leZ, ={0.1} . ecZ, ={0.1} and .5.;':1'}=§ ) _x:ll-l_

The desired bases of W, and W, are given by

W (x) = 3x(1-x :x:[ﬂ.'l] .
Iru—ax,u wefora] [ e(-20) xefora]
[(1-x)3x-2) ;xeflr2.1] p l"'l'_ 1-x)(1-2x) :xe[l/2.1]
The quadratic wavelet basis of level two. I, is given h}'i~n=1: ecZ! =10, 1}_}._
— l“'l.?".l

W, l:x:I-

Wy oy 1$.|.I°-$:-.- {I-}= JE_HI'J :_G:II:I_}'
2z cre[0,174] JEril-d4x) cxm[0,1/4]
I . J
wo (x)=1 b wilx)- o PRl k "
1l—_:||‘1—l] xe ['. 4.1 3] ..._“'_:"':--“--:":"'_'-:':"':"=[:I 4.1 1]
u— 1
. ITM—M}(W 1he=[i/2,354] } Iﬁ(]x—ljﬁ—lhj:;e[l 1,374]
wo x| s Wl fmy © .
| J‘—(--ujif*—fr-ub 4.1] l “F(:—:x}w—sfu.uﬁ 2.1]

The profiles of quadratic wavelet functions W, . W, and W, are shown in Fig 7.

Then we can apply the outer tensor operator @ in Eq.(9) to find the full form of
matrices.

For a given initial condition. T (x 0)=T,(x) .
and we have assumed that

T"(x,t) = iidfu (x)e, (t,) el .

k=l fml

M i d)

50, T(x.0) = Z Z w (x)8, (0)c) .

&-n iml gl
Thus, in the case of wavelet basis function, we can find the coefficients {rf", } from the
system

I:'Pr (x, Jl[c :| [T(x,)] .

&7 A 2554 UnARTve i weinend mmsasmard
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where x, =saxr |, Ax=1/n , s=12__.n+1_ and n+1 15 the number of knots.

5. Time Discretization
For the discretization in time, we give the basis function in time as & (¢ =((r—1_ )/ a7
where

T
t—t ft—t OF (-t F
.9_[5-: 8, B, - .:_.'-P]_|:1 T;' |_~'| | 3,:-- :| .

Ar

We give the notations & -5(r" ). and & -5(r ) referring to the right and left limits at

time ¢ respectively where ar=r -1

' F Yy _ _

The coefficients of matrices [” P P_] y hﬁ;__ h‘r] . [re Mo ] and [|'.s \(#)] canbe
ar ) ] LY S Ve L

L

calculated. So, we can derive the full form of all matrices resulting to the fiall system

that can be solved iteratively to obtain approximate solutions when the initial and
boundary conditions have been specified.

6. Numerical Results
The tune-dependent heat equation in terms of temperature T | x.7) is

Taptyal —- (11)

&t pe 8x*
where &T /& is the rate of change of temperature. We have setf the thermal diffusivity
as k/pc=a =1. The boundary and initial conditions are given by

T(0.6)=T(Lt)=0, T(x.0)=sin(xx).

The exact solution for this problemis T (x.¢)=¢ ™ sim(xx).

r—&_r,_, i. which corresponds to k =0 and 1.
'

For discretization in time, we set g = [1

The time step is At =0.005 for all calculations
To check the accuracy of the presented numerical schemes, we use the BMS error

defined bF REME arvor =

G
The profiles of numerical solutions at various time steps (0.005, 0.01, 0.015, 0.02,
0.025, 003, 0.035, 0.04, 0.045, 0.05) are shown 1n Fig 8 The temperature profile
decreases dramatically as time increases. In tlus figure, the mumerical solutions are
obtamed by the finite element method based on linear Lagrange basis with 8 elements.
The mumerical results are in good agreement with the exact solutions even though we
have used a small ommber of elements.

To mvestigate the convergent rate of our presented numerical schemes for various
types of basis functions as described i the previous sections, if we have observed in
two cases of the element size Ax and Ax/2 | the rate of convergence () of numerical
method would be defined by

. _loz(RMS, /RMS, )
loz(2)
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Fiz & The finite elernent results with linear Lagrange basis and the exact solutions

The numerical solutions at various time steps are shown in Tables 1- 4. Comparing
Table 1 with Table 2, the BEMS errors by the linear Lagrange basis are almost the same
as the RMS errors by the linear wavelet basis. This implies that the accuracy is the
same for these two types of basis function when we use the same element size. The rate
of convergence is approximately 2.1 as expected for the linear basis. The EMS errors
and the rate of convergences for the quadratic Lagrange and wavelet bases are shown in
Tables 3 and 4 respectively. The rate of convergences for the quadratic Lagrange and
the wavelet bases are approximately 4.1 and 4.4 respectively. The plots of rate of
convergence are shown m Fig. 9.

Table 1 : RMS ervor [ Galerkin Fmite Elemment Method (Iimear Lagrange basts fimction) |
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Tahle 2 : EAMS error [ Galerkim Fimite Element Method (linear wavelet basis fimction) |
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Table 3 : BMS error [ Galerkin Finite Element Method (quadratic Lagrange basis fimetion) |
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7. Conclusions

In this work, we have presented the Galerkin finite element method to solve
numerically the one-dimensional heat equation. Two types of basis functions which are
the Lagrange and wavelet bases are employed to derive the full system We consider
both linear and quadratic bases. Moreover, we have also infroduced a time basis in the
time discretization process. When the initial and boundary conditions are specified, the
full system matrices can be solved ieratively by the Gauss-Seidel method. Our
numerical results show that the rate of convergence for both linear Lagrange and linear
wavelet bases 15 the same in order of 2 while the rate of convergence for both quadratic
Lagrange and quadratic wavelet bases is approximately in order of 4. These two rates
are in expected. The mumerical resolutions can be increased by increasing the mumber
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of wavelet basis levels. This shows an advantage of the wavelet basis. By this pomt of
mvestigation. we will apply the presented wavelet bases with multilevel approach to
further investigate the other types of differentsal equation, especially for the smgularly
perturbed problem. Some results will be reported elsewhere firther.
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