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ABSTRACT

The aim of this paper is to introduce the notions of Suzuki-Geraghty type 6- contrac-
tions and to establish some fixed point theorems in the setting of complete partial metric
spaces and give an example to illustrate these main results. Moreover, we utilize our results
to study the existence problem of solutions of nonlinear Hammerstein integral equations.
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1. Introduction

Let X be a non empty set and T :
X — X be a self mapping. A point x* € X
is said to be a fixed point of T if Tx* = x*
and if d is a metric on X, then T is called
contraction if there is k € [0, 1) such that

d(Tx,Ty) < kd(x,y) Vx,y € X. (1.1)

The newness of fixed point theory in dis-
tance spaces discovered in 1922 by Banach

[[1] which is well known as Banach’s con-
traction principle or Banach’s fixed point
theorem is as follows:

Theorem 1.1. Let (X,d) be a complete
metric space and T : X — X be a mapping

satisfying
d(Tx,Ty) < kd(x,y), (1.2)

forallx,y € X where 0 < k < 1. Then, T
has a unique fixed point in X.
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Due to its importance and simplicity,
several authors have obtained many inter-
esting extensions of Banach’s contraction
principle [6112].

In 1973, Geraghty[3]] generalized Ba-
nach’s contraction principle as follow:

Theorem 1.2. Let (X, d) be a metric space
and T : X — X be a mapping satisfying
the following condition: there exists B € §
such that, for all x,y € X,

d(Tx,Ty) < B(d(x,y))d(x, y),

where § denotes the family of all functions
B :[0,00) — [0, 1) which satisfies the fol-
lowing condition:

lim B(t,) =1 = lim ¢, =0.
n—oo n—oo

Then T has a unique fixed point z € X and
{T"x} converges to the point 7 for each x €
X.

In 2009, Suzuki[4] introduced a gen-
eralized Banach’s contractions in compact
metric spaces.

Theorem 1.3. Let (X, d) be a compact met-
ric space and T : X — X be a mapping

satisfying
1
§d(x,Tx)
< d(xa )’) B d(Tx’Ty) < d(X, )’),

forallx,y € X withx # y. Then, T has a
unique fixed point in X.

In 2014, Jleli and Samet[] in-
troduced the following notion of a 8-
contraction as follows:

* (©1) 6 is nondecreasing;

* (®y) forany sequence {¢,} in (0, ),
lim, . 6(t,,) 1 if and only if
lim,, 00 £y = 0;

18

* (B3) there exist r € (0,1) and [ €
(0, co] such that lim;_,g+ o-1 _ .

lV b

* (B4) 0 is continuous.

In the sequel, we denote by © the set of all
the functions 6 : (0, 00) — (1, c0) satisfy-
ing the following conditions:

(©1) 6 is non-decreasing and contin-

uous;
(®2) inf;e(0,00) (1) = 1.

Example 1.4. It is obvious that the follow-
ing functions belong to the set ©:
1

(1) 61(¢) := e¢ 7 forall p > 0;

(2) 62(t) :==1+¢forallt > 0,

(3) 05(1) := eV forall > 0;

(4) 04(1) :=2- % arctan(t%) for all
O<a<landt > 0.

Also, they generalized Banach’s
fixed point theorem in a generalized
metric space, which sometimes is called a
Branciari metric space as follows:

Theorem 1.5. Let (X,d) be a complete
generalized metric space and T : X — X
be a mapping. Suppose that there exist 6 €
® and k € (0, 1) such that

d(Tx,Ty) #0
= 0(d(Tx,Ty)) < [6(d(x,y))]*

forall x,y € X. Then T has a unique fixed
point in X.

The aim of this paper is to establish
the existence and uniqueness of fixed point
in complete partial metric space by using
the concept of Suzuki contraction, Geraghty
contraction and #-contraction. The results
presented in the paper extend and improve
the results in Banach, Suzuki, Geraghty,
Jleli and Samet. An example to support
the main results is illustrated. In addition,
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we shall utilize our results to study the ex-
istence problem of solutions of nonlinear
Hammerstein integral equations.

2. Preliminaries
In this section, we give some defini-
tions, examples and fundamental results.

Definition 2.1. [2] Let X be a nonempty set
and p : XxX — R* satisfy following prop-
erties:

(PM1) x = y & p(x,x) = p(x,y) =
p(y,y);

(PM2) p(x,x) < p(x,y);
(PM3) p(x,y) = p(y,x);
(PM4) p(x,y) < p(x,2) +p(z,y) — p(z,2),

forall x, y, z € X. Then p is called a partial
metric on X and the pair (X, p) is known as
partial metric space.

In 1995, Matthews [2] proved that
every partial metric p on X induces a metric
dp : X x X — R* defined by

dp(x,y) =2p(x,y) — p(x,x) = p(y,¥),

forallx,y € X.

Notice that a metric on a set X is a
partial metric d such that d(x, x) = 0 for all
x e X.

Definition 2.2. [2] Let (X, p) be a partial
metric space.

(i) A sequence {x,},en in (X, p) con-
verges to a point x € X if and only
if p(x,x) = limp—eo p(x, X5).

(il)) A sequence {x,}nen in (X,p) is
called a Cauchy sequence if
lim, m—oo P(Xn, Xm) exists and is fi-
nite.

19

(iii) A partial metric space (X, p) is said
to be complete if every Cauchy se-
quence {x, }nen in X converges, with
respectto 7(p), to apointx € X such
that p(x,x) = lim, m—e P (Xn, Xm).

Lemma 2.3. /2]

(i) A partial metric space (X, p) is com-
plete if and only if the metric space
(X,dp) is complete.

(ii) A sequence {x,} in X converges to a
point x € X, with respect to t(dp)
if and only if lim, e p(x,x,) =
p(x,x) = hmn,m—wo P (Xn, Xm).

(iii) Iflim,, e x, = v such that p(v,v) =
0 then lim, o p(x,,y) = p(v,y) for
everyy € X.

3. Fixed points of Suzuki-Geraghty
type 6-contractions

In this section, we prove some fixed
point theorems for Suzuki-Geraghty type
f-contractions in complete partial metric
spaces.

First, we begin with the following
definition:

Definition 3.1. Let (X, d) be a partial met-
ric space. A mapping 7 : X — X is said
to be Suzuki-Geraghty type 6-contraction,
if there exist k € (0,1),0 € ® and B € &
such that for all x,y € X with Tx # Ty,

%d(x, Tx) <d(x,y) =
0(d(Tx,Ty)) < [0(B(d(x,y))d(x, y)]*.

The following theorem is our main
result in this paper:

Theorem 3.2. Let (X,d) be a complete
partial metric space and T X - X
be a Suzuki-Geraghty type 0-contraction, if
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there exist k € (0,1), 0 € @ and B € §
such that for all x,y € X withTx # Ty,

%a’(x, Tx) <d(x,y) =
6(d(Tx,Ty)) < [6(B(d(x,y))d(x,y))]*.
Then T has a unique fixed point 7 € X.

Proof. Let x be an arbitrary point in X.
If for some positive integer p such that
TP~1x = TPx, then TP 1x will be a fixed
point of 7. So, without loss of generality,
we can assume that d(7" 'x, T"x) > 0 for
alln > 1.

Therefore,

1
5d(T"—lx,T"x) <d(T" 'x,T"x), Vn > 1.

1
Hence from (B.1)), for all n > 1, we ha\(/z :
O(d(TT" *x,TT"x))

= 60(d(T"x, T"'x))

< [6(B(d(T" Yx, T"x))d(T" 1x, T"x))]*

< [6(d(T"x, T"x))]*

< 0(d(T" 'x,T"x)).

So,

0(d(T"x, T 'x)) < 0(d(T" 'x,T"x)).
(3.2)
This implies that

O(d(T™'x, T"%x)) < 0(d(T"x, T 'x)),
(3.3)
for each n > 0, Taking n — oo in (B.3), we
have
0(d(T"x, T 'x)) — 1.

Therefore, from ((:)2), it follows that

lim d(T"x, T"'x) = 0.

n—oo

3.4

Now, we show that {T"x}> , is a Cauchy

sequence in X. Arguing by contradiction,

20

[ee)

we assume that {7"x} >, is not a Cauchy
sequence in X, that is, there exists £ > 0, we

can find the sequence {p"} > | and {¢"} ",
of natural numbers such that

p">q" >n, d(TP",T"") > ¢,
d(TP=1,T9) < g, VneN.

So, we have

e <d(TPrx, T x)
< d(TPnx, TP~ 1x) + d(TP1x, T x)
—d(TP=tx, TP 1y)
< d(TPrx, TP 1x) + d(TP1x, T x)
< d(TPrx, TP %) + &.

Thus, from (B.4) and the above inequality,
it follows that

lim d(TP"x,T9x) = &.

n—oo

(3.5)

From (B.4) and (B.9), we can choose a pos-
itive integer ng > 1 such that

1d(Tp")c TTPrx) < 18

2 ’ 2

<d(TP"x,Tx), VYn > ng. (3.6)

So, from assumption of the theorem, we
have Vn > ng

0(d(TPrtx, T *1x)) (3.7)
< [0(B(d(TP"x, T x))d(TP"x, T x)]*.
(3.8)

Substituting (B.7) into (B.g), then letting
n — oo and by using the condition (©5)’,

(@) and (@), we obtain
lim O(d(TP+lx, T x))
< lim [0(B(d(TP"x, T%x))d(T""x, T"x))]*

< lim [6(d(TPrx, T9x))]*.

n—oo
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By the triangle inequality, we have
lim 6(d(TP"*x, T4 1x))
n—0oo

< lim [6(d(TP 1 x, T9*1x)) ]k,
n—oo

This is a contradiction. Therefore {7"x}”
is a Cauchy sequence. By the complete-
ness of (X, d), without loss of generality,
wr can assume that {7"x}> | converges to

some point z € X, that is

lim d(T"x,z) = 0. (3.9

Now, we claim that

1

éd(T"”x, T"2x) < d(T™'x,z), Vn e N.
(3.10)

Suppose to the contrary that (B.10) is not

true. Therefore the following inequality is
also not true:

1
éd(T"x,T"”x) <d(T"x,z), Yn €N.
(3.11)
It follows from (B.10) and (B.11]) that, there

exists m € N such that
1
Ed(me’ T™ %) > d(T™x, 2)

1 _
and 5d(Tm—lx, T™2x) > d(T™x, 7).
(3.12)

Therefore,

2d(T"x,z) < d(T"x, ")
< d(T"x,2) +d(z, T 'x).
This implies that
d(T™x,z) < d(z,T"™x). (3.13)
This together with (8.12) shows that
d(T™x,z) < d(z,T™x)

1
< §d(T”‘+1x, T2y). (3.14)

21

Since %d(T’”x, T x) < d(T™x, T x),
by the assumption of theorem, we get
9(d(Tm+1x, Tm+2x))
< [6(BM(T"x, T x))d (T, T 2)) |4
< [6(d(T™x, T™ ' x)]x. (3.15)

Since k € (0, 1), we obtain
[0(d(T™x, T x)]* < 0(d(T™x, T x)).

Hence, from condition (®;) and (B.13), we
have

d(T" %, T 2x) < d(T™x, T™x).
(3.16)
This together with (B.14) shows that

d(Tm+1x, Tm+2X)
<d(T"x, T™'x)
< d(T™x,z) +d(z, T™'x)

IA

1 1
§d(Tm+1x’ Tm+2x) + §d(Tm+1x, Tm+2x)
— d(Tm+1.X, Tm+2X),

which is a contradiction. Therefore the in-
equality (B.10) is proved.
By assumption of Theorem B.2 and (B.10)
we have, for every n € N,

0(d(TT™'x,Tz)) (3.17)
< [0(B(d(T"™x, 2))d (T 'x, 2))]*.
(3.18)

On the other hand, from (B.9) we know that
T"x — z. So, we have

d(T"'x,z) — d(z,T7). (3.19)

Now, we claim that d(z,7z) = 0. In fact,
if d(z,Tz) > 0, letting n — oo in (B.17)
and by using (B.9), (B.19) and the condition

(@1)', we have

0(d(z,Tz))
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= lim 0(d(TT" 'x,Tz))
< lim [9(B(d(T"*'x, 2))d(T"*'x, 2))]*

= [0(8(d(z,T2))d(z, T2))]*
< [6(d(z,T2))]*
<0(d(z,Tz)).

This is a contradiction. Therefore, z = Tz,
i.e., z is a fixed point of 7. O

Remark 3.3. Theorem B.3 is a generaliza-
tion and improvement of the main results in
Suzukifd4]

It follows from Definition that
if T X — X is a Geraghty type 6-
contraction, then 7 : X — X is a Suzuki-
Geraghty type 6-contraction. Hence, from
Theorem we can obtain the following
existence theorem of fixed point for Ger-
aghty type 6-contractions.

Definition 3.4. Let (X, d) be a partial met-
ric space. A mapping 7 : X — X is said
to be Suzuki-Geraghty type #-contraction,
if there exist k € (0,1),0 € ® and B € &
such that for all x, y € X with Tx # Ty,

d(Tx,Ty) > 0= 0(d(Tx,Ty))
< [0(B(d(x,y))d(x, y)]*.  (3.20)

Theorem 3.5. Let (X,d) be a complete
partial metric space and T : X — X
be a Suzuki-Geraghty type 6-contraction, if
there exist k € (0,1), 0 € @ and B € F
such that for all x,y € X withTx # Ty,

d(x,y) > 0= 0(d(Tx,Ty))

< [6(B(d(x, y)d(x, )1 (3:21)

Then T has a unique fixed point 7 € X.

Corollary 3.6. Let (X,d) be a complete
metric space and T : X — X be a Suzuki-
Geraghty type O-contraction, if there exist

22

k € (0,1), 0 € ® and B € F such that for
all x,y € X with Tx # Ty,

%d(x, Tx) <d(x,y) =
0(d(Tx,Ty)) < [0(B(d(x,y))d(x,)]".
Then T has a unique fixed point 7 € X.

Corollary 3.7. Let (X,d) be a complete
metric space and T : X — X be a Suzuki-
Geraghty type 0-contraction, if there exist
k € (0,1), 6 € @ and B € F such that for
all x,y € X with Tx # Ty,

dx,y) > 0=
0(d(Tx,Ty)) < [0(B(d(x,y))d(x, y))]*.

Then T has a unique fixed point 7 € X.

Now, we give an example to illustrate
Theorem 3.2 as follows:

Example 3.8. Let X = {%, %,1,2,3} and

d(x,y) = max{x,y} forall x,y € X. We
define a mapping 7 : X — X by

T(x) =

’

) = ——

1
x
a function 8 : [0,00) — [0, 1) by
X
+1°

X
and a function 6 : (0, c0) — (1, ) by
0(x) =1+x.

Now, we show that the condition
(B.1)) of Theorem B.2 is satisfied. Consider
the following cases:

Case I. If x = 1 and y = 2, then we
have

%d(l,T(l)) <d(1,2)

%d(l,l) <d(1,2)



W. Onsod et al. | Science & Technology Asia | Vol.28 No.1 January - March 2023

1
—.1<2
2

1
- <2
2
implies that
O(aT(1).T(2)) < [6(8(d(1,2)d (1)}
o(d(1, 3) < [082) - D)}
o) < [0 - 2)1*
2 < 001"

Tk 9
2<[=]% ch k=—
_[3] choose 10
7
3]

Case II. If x = 1 and y = 3, then we
have

Sle

2 <

%d(l,T(l)) <d(1,3)
%d(l,l) <d(1,3)

1<3

2

§<3

implics that
0(d(T(1),7(3))) < [0(B(d(1,3))d(1,3))]*
0(d(1, 3) < 108 - 3)1*
o) < [0 - )
2 < [0
2 < [%k, choose k = %

139
Z] 10

Similarly, for other cases, we can
check that the condition holds, that is
T is a Suzuki-Geraghty type 6-contraction.
Thus, all assumptions of Theorem are
satisfied. Therefore, 1 is a unique fixed
point of T'.

2<]

23

4. Application

Motivated by the fact that a large
class of boundary value problem can be
converted to a Hammerstein integral equa-
tion, in this section, we consider the appli-
cation of Theorem to the Hammerstein
type integral equation:

t
x(t) = h(1) +/ K(t,s)f(s,x(s))ds,

° 4.1)
where the unknown function x(¢) take real
values. Let X = C([0,E]) be the
space of all real continuous functions de-
fined on [0,FE]. It is well known that
C([0, E]) endowed with the partial metric

p,y) =[x =yl +lIxl[ +1yll,  (4.2)

where |[u||r = max;e[o £ [u(r)|e” ™, Vu €
X, T > 1 is chosen arbitrary Note that p is
also a partial metric on X and that

dp(x,y) :==2p(x,y) = p(x,x) = p(y,y)
=2|lx = yll+. (4.3)

Hence, (X, p) is a complete as the metric
space (X, || - ||+) is complete.

Theorem 4.1. Assume the conditions as
follows:

(i) f € C(I0,E]) xR, h € X and
K € C([0,E]) x C([0, E]) such that
K(t,s) = 0;

(ii) f(t,-) : R — R is increasing for all
te[0,E];

(iii) there exists T € [1,+00) such that

1 _
|f(t,x) = f(t,y)] < 37e Tl = yl,
Vx,y € X,t € [0, E];

(iv) max; seq0,£] |K(2,5)| < 1.
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Then, the Hammerstein integral equation
M.1) has a unique solution.

Proof. We first show that the mapping T :
X — X defined by, Vr € [0, E]

T(x)(t) = h(z) +'/0 K(t,s)f(s,x(s))ds.
(4.4

Now, by condition (iii) and (iv), for each
x,y € C([0,E]),t € [0, E], we have

[Tx(1) = Ty(1)]

= I/ K(1,5)(f (5,x(5)) = f(s,y(5)))ds|
0

S/ |K (2, 9)I1(f (s, x(5)) = f(s,y(s)))ds]|
0

< / [ (s.x(s)) = £ (5. ¥(s)))ds]
0

<

‘/0 %Te_qx(s) - y(s)|ds

=Te

t
_T/ e*Tlx(s) — y(s)|e™ " ds
2 0

IA

1 t
L e = ylls / 57 ds
2 0

Tt

1 _ e
57¢ I = ylle
.

= Sre T =yl

This implies that |Tx(z) — Ty(t)|le™™ <
%e‘THx — ¥||+. Hence, we have

do(Tx,Ty) = max {|Tx(t) = Ty(r)|e”™"}
t€[0,E]

1 _
< e lllx =yl

5 (4.5)

Since 6(¢) = eV e®,t>0 and B € §, we
have

e VdT(szTy) <e v%e"THX—yllr

= o VaBUlyll)llx-yllr

24

= [ VBUR=yTl)Tlx=y1le 1k
(4.6)

where k&

V& and B(llx = yllo)
e Therefore T is a Geraghty type 6-
contraction. By Theorem B.2, 7 has a
unique fixed point x* € X, i.e., x* is the
unique solution of the nonlinear Hammer-
stein imtegral equation (&.1)). O

-7
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