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บทคัดยอ 
 

เราศึกษาพีชคณติพัวสซองในรูป  A = ℂ[x, y, z] ท่ีมีตัวกอกําเนิดจํานวนสามตัวและความสมัพันธสามแบบซึ่งเปน

ความสัมพันธแบบเดียวกับความสมัพันธของ 𝑇𝑇 ใน Changtong et al. (2018).  เราจําแนกมอดูลพัวสซองเชิงเดียวท่ีมีมติิจํากัด

ของพีชคณิตพัวสซอง 𝐴𝐴  โดยการพิจารณา 𝐽𝐽/𝐽𝐽2 ท่ีมีโครงสรางของพีชคณิตลี เมื่อ 𝐽𝐽 เปนไอดลีใหญท่ีสุดของ 𝐴𝐴  และแสดงวามไีอ

ดีลใหญท่ีสุดเพียงหา ไอดีลเทาน้ันคือ  𝐽𝐽𝑖𝑖, 𝑖𝑖 = 1,2, . . . ,5   สําหรับแตละ 𝑑𝑑 ≥ 1, มีมอดูลพัวสซองเชิงเดียวของพีชคณิตพัวสซอง 

 𝐴𝐴 ท่ีถูกกําจัดดวย 𝐽𝐽𝑖𝑖, 𝑖𝑖 = 1,2, . . . ,5  ท่ีมีมิติ  𝑑𝑑 อยูเพียงหาชุดเทาน้ัน 
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Abstract  
 

We study a Poisson algebra  𝐀𝐀 = ℂ[𝐱𝐱, 𝐲𝐲, 𝐳𝐳]  with three generators and having three relations the same 

as the relations of  𝑻𝑻 in Changtong et al. (2018). We classify the finite-dimensional simple Poisson modules 

over 𝑨𝑨 by considering its Lie structure  𝑱𝑱/𝑱𝑱𝟐𝟐,  where 𝑱𝑱 is a Poisson maximal ideal of 𝑨𝑨. We show that there 

are only five Poisson maximal ideals  𝑱𝑱𝒊𝒊, 𝒊𝒊 = 𝟏𝟏,𝟐𝟐, . . . ,𝟓𝟓. There are five 𝒅𝒅-dimensional simple Poisson module 

annihilated by 𝑱𝑱𝒊𝒊, 𝒊𝒊 = 𝟏𝟏,𝟐𝟐, . . . ,𝟓𝟓, for each positive integer  𝒅𝒅 ≥ 𝟏𝟏. 
 
Keywords: Poisson algebras, Poisson ideal, Poisson maximal ideal, Derived algebra, Poisson modules 
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Introduction  
A Poisson algebra 𝐴𝐴 is a commutative ℂ-algebra equipped with a Lie bracket  {−,−}   satisfying the 

Leibniz rule: {𝑎𝑎𝑎𝑎, 𝑐𝑐} = 𝑎𝑎{𝑎𝑎, 𝑐𝑐} + {𝑎𝑎, 𝑐𝑐}𝑎𝑎  for all 𝑎𝑎, 𝑎𝑎, 𝑐𝑐 ∈ 𝐴𝐴. The bracket  {−,−} is then called a Poisson bracket.  
For a Poisson bracket, it is an important binary operation in Hamiltonian mechanics and playing a central role 
in Hamilton’s equation of motion for classical mechanics and mathematics. In a general sense, the Poisson 
bracket is used to define a Poisson algebra and it also occurs on the theory of Lie algebras.   

If  𝑇𝑇 is a ℂ-algebra with a central non-unit non-zero-divisor 𝑡𝑡 such that    𝐴𝐴 ∶= 𝑇𝑇/𝑡𝑡𝑇𝑇    is commutative 
then there is a Poisson bracket  {−,−}  on 𝐴𝐴 such that {�̅�𝑥,𝑦𝑦�} = 𝑡𝑡−1[𝑥𝑥, 𝑦𝑦]�����������   for all �̅�𝑥, 𝑦𝑦� ∈ 𝐴𝐴,  see Changtong et 
al. (2018). 

Changtong and Sasom (2018) considered Poisson 𝐴𝐴-modules in the aspect of Jordan (2010) and 
classified the finite-dimensional simple Poisson modules for the Poisson algebra  𝐴𝐴 =  ℂ[𝑥𝑥, 𝑦𝑦, 𝑧𝑧]  with Poisson 
bracket ∶ 

                                  {𝑥𝑥,𝑦𝑦} =  𝑦𝑦𝑥𝑥 +  𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧,   
                                        {𝑦𝑦, 𝑧𝑧} =  𝑧𝑧𝑦𝑦 +  𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧,   and 

               {𝑧𝑧, 𝑥𝑥} =  𝑥𝑥𝑧𝑧 + 𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 .         
This gives two Poisson maximal ideals, say 𝐽𝐽𝑖𝑖, 𝑖𝑖 = 1,2,  and we have seen that every finite-dimensional simple 
Poisson modules over 𝐴𝐴  annihilated by  𝐽𝐽1 is   1-dimensional. For each positive integer  𝑑𝑑 ≥ 1, there is a 
unique 𝑑𝑑-dimensional simple Poisson module over  𝐴𝐴  annihilated by  𝐽𝐽2. Chansuriya and Sasom (2021) also 
classified the finite-dimensional simple Poisson modules for the same Poisson algebra  𝐴𝐴 =  ℂ[𝑥𝑥, 𝑦𝑦, 𝑧𝑧]    by 
using the method in the PhD thesis of Sasom (2006). 

Chen (2019) classified finite-dimensional simple Poisson modules for the Poisson algebra  𝐴𝐴 =
 ℂ[𝑥𝑥, 𝑦𝑦, 𝑧𝑧]  with Poisson bracket ∶  

{𝑥𝑥, 𝑦𝑦} = 2(𝑧𝑧 − 𝑦𝑦𝑥𝑥),     {𝑦𝑦, 𝑧𝑧} = 2(𝑥𝑥 − 𝑧𝑧𝑦𝑦),   {𝑧𝑧, 𝑥𝑥} = 2(𝑦𝑦 − 𝑥𝑥𝑧𝑧).                                                                                       

There are five Poisson maximal ideals in this Poisson algebra and five 𝑑𝑑 −dimensional simple Poisson 
modules for each 𝑑𝑑 ≥ 1 by using the method in the PhD thesis of Sasom (2006).  

In this research, we classify the finite-dimensional simple Poisson modules for the Poisson algebra 
suggested by D.  A. Jordan for the Poisson algebra 𝐴𝐴 =  ℂ[𝑥𝑥,𝑦𝑦, 𝑧𝑧] with Poisson bracket : 
                                               {𝑥𝑥,𝑦𝑦} = 𝑦𝑦𝑥𝑥 + 𝑧𝑧 − 𝑥𝑥 − 𝑦𝑦, 
                                                                  {𝑦𝑦, 𝑧𝑧} = 𝑧𝑧𝑦𝑦 + 𝑥𝑥 − 𝑦𝑦 − 𝑧𝑧,  and 
                                               {𝑧𝑧, 𝑥𝑥} = 𝑥𝑥𝑧𝑧 + 𝑦𝑦 − 𝑥𝑥 − 𝑧𝑧. 
There are five Poisson maximal ideals in this Poisson algebra and we have shown in Changtong et al. (2018) 
that there are five 𝑑𝑑-dimensional simple Poisson modules for each positive integer  𝑑𝑑 ≥ 1  by  using direct 
method in the PhD thesis of Sasom (2006) which is quite difficult to classify so we decided to change the 
method by following the new techniques which appear in Jordan (2010) and Changtong and Sasom (2018).   
 

Preliminaries 
 This topic contains some of the materials that will be used throughout this work. The main topics 

are Lie algebras Dixmier (1996), Derived algebras, Low-dimensional Lie algebras modules Erdmann and Wildon 

(2006) and Humphreys (1972), Poisson algebras and Poisson and Jordan’s result shown in Jordan (2010). 

           Lie algebras 
 We now present the definition of a Lie algebra which leads to the definition of a Poisson algebra. 

 Lie algebra arise as a vector space of linear transformations endowed with a new operation which is in 

general neither commutative nor associative denoted by   [𝑥𝑥, 𝑦𝑦] = 𝑥𝑥𝑦𝑦 − 𝑦𝑦𝑥𝑥   and called the Lie bracket or 

commutator of  𝑥𝑥 and  𝑦𝑦. 
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Definition 1. Let  𝐹𝐹  be a field. A Lie algebra over  𝐹𝐹  is an 𝐹𝐹–vector space 𝐿𝐿, together with a bilinear map, 

the Lie bracket  [− ,−] ∶ 𝐿𝐿 × 𝐿𝐿 ⟶ 𝐿𝐿 given by (𝑥𝑥, 𝑦𝑦) ↦ [𝑥𝑥,𝑦𝑦]  satisfying the following properties:  

1) [𝑥𝑥, 𝑥𝑥] = 0  for all 𝑥𝑥 ∈ 𝐿𝐿, 
2) [𝑥𝑥, [𝑦𝑦, 𝑧𝑧]] + �𝑦𝑦, [𝑧𝑧, 𝑥𝑥]� + [𝑧𝑧, [𝑥𝑥,𝑦𝑦]] = 0  for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝐿𝐿. 

Axiom 2) is called the Jacobi identity. A Lie algebra commutative if   [𝑥𝑥, 𝑦𝑦] = 0   for all 𝑥𝑥, 𝑦𝑦 ∈ 𝐿𝐿. 

Definition 2. Let  𝐿𝐿  be a Lie algebra. A subspace 𝐾𝐾 of 𝐿𝐿  is called a Lie subalgebra if   [𝑥𝑥,𝑦𝑦] ∈ 𝐾𝐾   for all  

𝑥𝑥,𝑦𝑦 ∈ 𝐾𝐾.  

Definition 3.   A subspace 𝐼𝐼 of a Lie algebra  𝐿𝐿 is called a Lie ideal of 𝐿𝐿  if  for all  𝑥𝑥 ∈ 𝐿𝐿,  𝑦𝑦 ∈ 𝐼𝐼,  [𝑥𝑥,𝑦𝑦] ∈ 𝐼𝐼.    

Definition 4.  Let  𝐿𝐿  and  𝑀𝑀  be  Lie algebras and a Lie algebra homomorphism is a linear map between 

to Lie algebras   𝐿𝐿  and  𝑀𝑀  such that it is compatible with the Lie bracket: 

                       𝜃𝜃: 𝐿𝐿 → 𝑀𝑀  and  𝜃𝜃([𝑥𝑥,𝑦𝑦]) = [𝜃𝜃(𝑥𝑥),𝜃𝜃(𝑦𝑦)]  for all   𝑥𝑥,𝑦𝑦 ∈ 𝐿𝐿.  

Definition 5. A Lie algebra  𝐿𝐿 is called irreducible if the only ideals in 𝐿𝐿 are  𝐿𝐿   and  {0}. A Lie algebra  𝐿𝐿 is 

called simple if it is irreducible and dim 𝐿𝐿 ≥ 2.  

Example 6. The Lie algebra  sl(2,ℂ)  is identified with the Lie algebra of  2 × 2 matrices.  We defined the 
following three elements  

                            𝑒𝑒 = �0 1
0 0� ,   𝑓𝑓 = �0 0

1 0�   and   ℎ = �1 0
0 −1� 

as a basis. The Lie products among  𝑒𝑒, 𝑓𝑓, and  ℎ are given by  
                                                         [𝑒𝑒, 𝑓𝑓] = ℎ,   [ℎ, 𝑒𝑒] = 2𝑒𝑒  and  [ℎ, 𝑓𝑓] = −2𝑓𝑓.  
It is well known that the Lie algebra  sl(2,ℂ)  is 3-dimensional. 
 
Proposition 7. (Hall, 2015) The Lie algebra  sl(2,ℂ)  is simple. 
 

Derived algebras  
 The derived algebra is one of the tools to investigate the results. Let  𝐼𝐼 and  𝐽𝐽  be ideals of a Lie 

algebra 𝐿𝐿, we define a product of ideals [𝐼𝐼, 𝐽𝐽] to be the span of the commutators of elements of 𝐼𝐼 and 𝐽𝐽, 

that is   [𝐼𝐼, 𝐽𝐽] ≔  Span{[𝑥𝑥,𝑦𝑦]:𝑥𝑥 ∈ 𝐼𝐼,𝑦𝑦 ∈ 𝐽𝐽}. When we take 𝐼𝐼 = 𝐽𝐽 = 𝐿𝐿, we obtain  [𝐿𝐿, 𝐿𝐿].  

 

Definition 8. The ideal  [𝐿𝐿, 𝐿𝐿]  is called the derived algebra of 𝐿𝐿  if  it consists of all linear combinations of 

commutators  [𝑥𝑥, 𝑦𝑦]  where 𝑥𝑥,𝑦𝑦 ∈ 𝐿𝐿, that is, [𝐿𝐿, 𝐿𝐿] ≔ {∑𝑥𝑥𝑖𝑖 𝑦𝑦𝑖𝑖 ∶ 𝑥𝑥𝑖𝑖 ∈ 𝐿𝐿,𝑦𝑦𝑖𝑖 ∈ 𝐿𝐿} is an ideal. 

Evidently,  𝐿𝐿  is  abelian or commutative if and only if  [𝐿𝐿, 𝐿𝐿] = 0.  Note that a one-dimensional Lie algebra 

is necessary commutative since  [𝑎𝑎𝑥𝑥, 𝑎𝑎𝑥𝑥] = 0  for all 𝑥𝑥 ∈ 𝐿𝐿  and all scalars  𝑎𝑎  and  𝑎𝑎.   

 

Example 9. Let gl(n, F)  be the set of n × n matrices over a field  F  and sl(n, F)  be the subspace of gl(n, F) 

consisting of all matrices of traces 0.  Recall that the trace of a square matrix is the sum of its diagonal entries. 

Then  [gl(n, F), gl(n, F)] = sl(n, F)  and [sl(n, F), sl(n, F)] = sl(n, F). 

  The following theorem is very useful for classifying the finite-dimensional simple Lie algebras. 
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Theorem 10. (Erdmann and Wildon, 2006) Suppose that 𝐿𝐿 is a 3-dimensional complex Lie algebra such that  

[𝐿𝐿, 𝐿𝐿] = 𝐿𝐿. Then  𝐿𝐿 ≅ sl(2,ℂ). 

Poisson  Algebras and Poisson modules 
In this topic, we present definition of Poisson algebras, Poisson modules and a Lie algebra  𝐽𝐽/𝐽𝐽2,  

where  𝐽𝐽  is a Poisson maximal ideal.  

Definition 11.  Let  𝐴𝐴 be a finitely generated commutative algebra over ℂ. A Poisson bracket  on  𝐴𝐴 is a Lie 

algebra bracket   {−,−}   satisfying the Leibniz rule : {ab, c} = a{b, c}  +  {a, c}b  for all 𝑎𝑎, 𝑎𝑎, 𝑐𝑐 ∈ 𝐴𝐴. The pair  

(A, {−,−}) is called a Poisson algebra. 

Definition 12.  A subalgebra 𝐵𝐵 of 𝐴𝐴 is a Poisson subalgebra of 𝐴𝐴 if  {𝑎𝑎, 𝑐𝑐} ∈ 𝐵𝐵 for all 𝑎𝑎, 𝑐𝑐 ∈ 𝐵𝐵.  

Definition 13.  An ideal 𝐼𝐼 of a Poisson algebra 𝐴𝐴 is a Poisson ideal if  {𝑖𝑖, 𝑎𝑎} ∈ 𝐼𝐼  for all  𝑖𝑖 ∈ 𝐼𝐼  and all  𝑎𝑎 ∈ 𝐴𝐴.  

If 𝐼𝐼 is a Poisson ideal of  𝐴𝐴  then  𝐴𝐴/𝐼𝐼  is a Poisson algebra in the obvious way:  

   {𝑎𝑎 + 𝐼𝐼, 𝑎𝑎 + 𝐼𝐼} = {𝑎𝑎, 𝑎𝑎}  + 𝐼𝐼  for all 𝑎𝑎, 𝑎𝑎 ∈ 𝐴𝐴 

A Poisson algebra 𝐴𝐴  is said to be simple if its only Poisson ideals are 0 and  𝐴𝐴. 

Definition 14.  A Poisson ideal  𝐼𝐼  of a Poisson algebra  𝐴𝐴  is called a maximal Poisson ideal if   𝐽𝐽   is a 

Poisson ideal and  𝐼𝐼 ⊈ 𝐽𝐽  then 𝐼𝐼 = 𝐴𝐴. An ideal  𝐼𝐼  of a Poisson algebra  𝐴𝐴  is said to be a Poisson maximal 

ideal   if  𝐼𝐼  is a maximal ideal of  𝐴𝐴  and also a Poisson ideal.  

Next, we present the definition of Poisson module. There is more than one definition of Poisson 

module in the literature. We shall use the one introduced by Farkas (2000) and Oh (1999). 

Definition 15. Let 𝐴𝐴 be a commutative Poisson algebra with Poisson bracket   {−,−}.  An 𝐴𝐴-module 𝑀𝑀 is 

a Poisson 𝐴𝐴-module if there is a bilinear form {−,−}𝑀𝑀:𝐴𝐴 × 𝑀𝑀 → 𝑀𝑀 such that the following axioms hold for 

all  𝑎𝑎, 𝑎𝑎 ∈ 𝐴𝐴  and all   𝑚𝑚 ∈ 𝑀𝑀 :  

(i) {𝑎𝑎, 𝑎𝑎𝑚𝑚}𝑀𝑀 = {𝑎𝑎, 𝑎𝑎} 𝑚𝑚 + 𝑎𝑎{𝑎𝑎,𝑚𝑚}𝑀𝑀 ; 

(ii) {𝑎𝑎𝑎𝑎,𝑚𝑚}𝑀𝑀 = 𝑎𝑎 {𝑎𝑎,𝑚𝑚}𝑀𝑀 + 𝑎𝑎{𝑎𝑎,𝑚𝑚}𝑀𝑀 ;  

(iii) {{𝑎𝑎, 𝑎𝑎} ,𝑚𝑚}𝑀𝑀 = {𝑎𝑎 , {𝑎𝑎,𝑚𝑚}𝑀𝑀}𝑀𝑀 − {𝑎𝑎 , {𝑎𝑎,𝑚𝑚}𝑀𝑀}𝑀𝑀 . 

A submodule 𝑁𝑁  of a Poisson module 𝑀𝑀 is called a Poisson submodule if {𝑎𝑎,𝑛𝑛}𝑀𝑀 ∈ 𝑁𝑁 for all 𝑎𝑎 ∈ 𝐴𝐴  and  

𝑛𝑛 ∈ 𝑁𝑁. 

Definition 16.  Let  𝑁𝑁  be a left module over a ring 𝑅𝑅. Give any subset 𝑋𝑋 ⊆ 𝑁𝑁, the annihilator of 𝑋𝑋 is the 

set  𝑎𝑎𝑛𝑛𝑛𝑛𝑅𝑅(𝑋𝑋) = {𝑟𝑟 ∈ 𝑅𝑅 ∶  𝑟𝑟𝑥𝑥 = 0  for all  𝑥𝑥 ∈ 𝑋𝑋}, which is a left ideal of 𝑅𝑅. 

Definition 17. Let 𝑀𝑀 be a Poisson module over a Poisson algebra 𝐴𝐴  and let 𝑆𝑆 ⊆ 𝑀𝑀. In the module sense, 

we denote the annihilator of  𝑆𝑆  in 𝐴𝐴 by 

                                       𝑎𝑎𝑛𝑛𝑛𝑛𝐴𝐴(𝑆𝑆) = {𝑟𝑟 ∈ 𝐴𝐴 ∶  𝑟𝑟𝑥𝑥 = 0  for all  𝑥𝑥 ∈ 𝑆𝑆}   

and we denote the set 

                                       𝑃𝑃𝑎𝑎𝑛𝑛𝑛𝑛𝐴𝐴(𝑆𝑆) = {𝑎𝑎 ∈ 𝐴𝐴 ∶  {𝑎𝑎,𝑚𝑚}𝑀𝑀 = 0  for all 𝑚𝑚 ∈ 𝑆𝑆}. 
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Lemma 18. (Jordan, 2010) Let  𝐴𝐴 be a Poisson algebra and  𝑀𝑀 be a Poisson 𝐴𝐴-module.  Let  𝐽𝐽 = 𝑎𝑎𝑛𝑛𝑛𝑛𝐴𝐴(𝑀𝑀). 

Then  

1. 𝐽𝐽  is a Poisson ideal of 𝐴𝐴. 

2.  if  𝑀𝑀  is a finite-dimensional simple Poisson module then 𝐽𝐽  is a Poisson maximal ideal of 𝐴𝐴.  

3.  ℂ + 𝐽𝐽2 ⊆ 𝑃𝑃𝑎𝑎𝑛𝑛𝑛𝑛𝐴𝐴𝑀𝑀. 

Definition 19. Let  𝐿𝐿  and  𝑀𝑀  be Poisson algebras. An algebra homomorphism  𝜃𝜃  between  Poisson algebras  

𝐿𝐿  and  𝑀𝑀 is a Poisson homomorphism if it is also a Lie homomorphism.  

Definition 20.  An algebra homomorphism between two Poisson algebras is a Poisson isomorphism if it is a 

bijective Poisson homomorphism. Two Poisson brackets on the same algebra  𝐴𝐴  are equivalent if the 

corresponding Poisson algebras are isomorphic.   Let (𝑅𝑅, {−,−}) be a Poisson algebra. We say that a ℂ-algebra 

automorphism 𝜃𝜃:𝑅𝑅 → 𝑅𝑅 is a Poisson automorphism if for all  𝑥𝑥, 𝑦𝑦 ∊ 𝑅𝑅, 𝜃𝜃({𝑥𝑥,𝑦𝑦}) = {𝜃𝜃(𝑥𝑥), 𝜃𝜃(𝑦𝑦)}. Poisson 

automorphisms can be used to twist the module structures of a Poisson modules, as specified in the following 

theorem. 

Theorem 21. (Sasom, 2006) Let  𝑅𝑅  be a commutative Poisson algebra with a ℂ-algebra automorphism  𝛼𝛼.    
Let 𝑟𝑟, 𝑠𝑠, 𝑡𝑡 ∊ 𝑅𝑅. If {𝛼𝛼(𝑟𝑟),𝛼𝛼(𝑠𝑠)} = 𝛼𝛼{𝑟𝑟, 𝑠𝑠} and {𝛼𝛼(𝑟𝑟),𝛼𝛼(𝑡𝑡)} = 𝛼𝛼{𝑟𝑟, 𝑡𝑡} then {𝛼𝛼(𝑟𝑟),𝛼𝛼(𝑠𝑠 + 𝑡𝑡)} = 𝛼𝛼{𝑟𝑟, 𝑠𝑠 + 𝑡𝑡} and 
{𝛼𝛼(𝑟𝑟),𝛼𝛼(𝑠𝑠𝑡𝑡)} = 𝛼𝛼{𝑟𝑟, 𝑠𝑠𝑡𝑡}. Therefore if  𝑋𝑋 is a set of generators of  𝑅𝑅 and 𝛼𝛼({𝑥𝑥, 𝑦𝑦}) = {𝛼𝛼(𝑥𝑥),𝛼𝛼(𝑦𝑦)} for all 𝑥𝑥,𝑦𝑦 ∊
𝑋𝑋 then 𝛼𝛼 is a Poisson automorphism of  𝑅𝑅. 
 
Definition 22. Let  𝐿𝐿 and   𝑀𝑀 be Poisson  𝐴𝐴-modules.  A Poisson module homomorphism   𝜃𝜃: 𝐿𝐿 → 𝑀𝑀  is an 

𝐴𝐴-module homomorphism such that  𝜃𝜃({𝑎𝑎,𝑚𝑚}𝐿𝐿) = {𝑎𝑎,𝜃𝜃(𝑚𝑚)}𝑀𝑀  for all   𝑎𝑎 ∈ 𝐴𝐴  and  𝑚𝑚 ∈ 𝑀𝑀. If a map 𝜃𝜃  is 

bijective then  𝜃𝜃−1:𝑀𝑀 → 𝐿𝐿  is also Poisson module homomorphism and  𝜃𝜃 is a Poisson module isomorphism. 

Remarks If 𝜃𝜃:𝐴𝐴 → 𝐵𝐵   is a homomorphism of Lie algebras and  𝑀𝑀 is a  𝐵𝐵-module then there is  an  𝐴𝐴-module  

𝑀𝑀𝜃𝜃 such that   𝑀𝑀 = 𝑀𝑀𝜃𝜃 , as a set, and [𝑎𝑎,𝑚𝑚]𝑀𝑀𝜃𝜃 = [𝜃𝜃(𝑎𝑎),𝑚𝑚]𝑀𝑀 for all  𝑎𝑎 ∈ 𝐴𝐴  and all  𝑚𝑚 ∈ 𝑀𝑀.  

Lie algebra 𝐽𝐽/𝐽𝐽2   where  𝐽𝐽  is a Poisson maximal ideal 

Let  𝐴𝐴  be Poisson algebra and let  𝐼𝐼 and 𝐽𝐽 be Poisson ideals of  𝐴𝐴.  Then 𝐼𝐼𝐽𝐽 is a Poisson ideal of 𝐴𝐴. 

Of course  𝐼𝐼  and  𝐽𝐽  are Lie subalgebra of 𝐴𝐴   under  {−,−}.  If  𝐼𝐼 ⊆ 𝐽𝐽, then  𝐼𝐼 is a Lie ideal of  𝐽𝐽 and  𝐽𝐽/𝐼𝐼   is 
a Lie algebra. In particular, 𝐽𝐽/𝐽𝐽2  is always a Lie algebra and denoted by  ℊ(𝐽𝐽) ≔ 𝐽𝐽/𝐽𝐽2. 

Studying Poisson modules, one natural way to find Poisson modules is, for 𝐼𝐼  and  𝐽𝐽 are Poisson 

ideals of 𝐴𝐴 with 𝐼𝐼 ⊆ 𝐽𝐽, the factor  𝐽𝐽/𝐼𝐼  is a Poisson 𝐴𝐴-module with the Poisson bracket, for 𝑎𝑎 ∈ 𝐴𝐴 and  𝑗𝑗 ∈ 𝐽𝐽, 

{𝑎𝑎, 𝑗𝑗 + 𝐼𝐼} 𝐽𝐽/𝐼𝐼 = {𝑎𝑎, 𝑗𝑗}𝐽𝐽 + 𝐼𝐼.  We can check that {−,−}𝐽𝐽/𝐼𝐼 is well-defined, and all the axioms for a Poisson 

module are hold. By above argument,  𝐽𝐽/𝐼𝐼 is also a Lie algebra. Every Poisson subalgebra of 𝐽𝐽/𝐼𝐼  is a Lie ideal, 

so if  𝐽𝐽/𝐼𝐼 is simple as a Lie algebra, then it is simple as a Poisson module.  If  𝐴𝐴  is affine and  𝐽𝐽   is a Poisson 

maximal ideal, so that  𝐴𝐴 = 𝐽𝐽 + ℂ,   then the converse is also true because every Lie ideal of  𝐽𝐽/𝐼𝐼  is then a 

Poisson  𝐴𝐴-submodule. If  𝐼𝐼 and  𝐽𝐽 are Poisson ideals of a Poisson algebra 𝐴𝐴, then 𝐼𝐼/𝐼𝐼𝐽𝐽  and  𝐽𝐽/𝐽𝐽𝐼𝐼  are Poisson 

modules. Recall that an affine Poisson algebra is a Poisson algebra which is finitely generated as a ℂ-algebra. 

The following is the main result by Jordan (2010). We use this result to tackle the later research 

problems. Jordan proves the result giving a method to determine the finite-dimensional simple Poisson 

modules over any affine Poisson algebra as the following Theorem. 
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Theorem 23. (Jordan, 2010) Let 𝐴𝐴 be an affine generated Poisson algebra. 

       (i)  Let  𝑀𝑀 be a finite-dimensional simple Poisson  𝐴𝐴 -module and let  𝐽𝐽 = 𝑎𝑎𝑛𝑛𝑛𝑛𝐴𝐴(𝑀𝑀). There is a simple 

            module   𝑀𝑀∗ for the Lie algebra ℊ(𝐽𝐽) such that  𝑀𝑀∗ = 𝑀𝑀, as  ℂ-vector space, and   

                                   [𝑗𝑗 + 𝐽𝐽2,𝑚𝑚]𝑀𝑀∗ = {𝑗𝑗,𝑚𝑚}𝑀𝑀   for all  𝑗𝑗 ∈ 𝐽𝐽   and  𝑚𝑚 ∈ 𝑀𝑀. 

       (ii) Let  𝐽𝐽 be a Poisson maximal ideal of  𝐴𝐴  and let  𝑁𝑁  be a finite-dimensional simple ℊ(𝐽𝐽)-module. 

           There exists a simple Poisson 𝐴𝐴-module  𝑁𝑁′   and a Lie homomorphism 𝜃𝜃:𝐴𝐴 → ℊ(𝐽𝐽)    such that 

           𝑁𝑁′ = 𝑁𝑁𝜃𝜃   as a Lie module over  𝐴𝐴  and  𝐽𝐽 = 𝑎𝑎𝑛𝑛𝑛𝑛𝐴𝐴(𝑁𝑁′). 

      (iii)  For all finite-dimensional simple Poisson modules 𝑀𝑀,  𝑀𝑀∗′ = 𝑀𝑀.  For all Poisson maximal ideals  𝐽𝐽  

           of  𝐴𝐴  and all finite-dimensional simple  ℊ(𝐽𝐽)-modules 𝑁𝑁,   𝑁𝑁′ = 𝑁𝑁. 

      (iv) The procedure in (i) and (ii) establish a bijection  𝛤𝛤   from the set of isomorphism classes of finite- 

           dimensional simple Poisson module over  𝐴𝐴 to the set of pairs  (𝐽𝐽,𝑁𝑁�), where  𝐽𝐽  is a Poisson  

           maximal ideal of 𝐴𝐴 and 𝑁𝑁 is a finite-dimensional simple ℊ(𝐽𝐽)-module, given by  

           Γ�𝑀𝑀�� = (𝑎𝑎𝑛𝑛𝑛𝑛𝐴𝐴(𝑀𝑀),𝑀𝑀∗� ) where  𝑀𝑀�  is isomorphism class of  𝑀𝑀  and 𝑀𝑀∗�  is isomorphism class of  𝑀𝑀∗ 

 

 Results 

Let  𝑇𝑇 be the ℂ-algebra generated by   𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡  and  𝑡𝑡−1 subject to the relations 
𝑥𝑥𝑦𝑦 − 𝑡𝑡𝑦𝑦𝑥𝑥 = (𝑡𝑡 − 1)(𝑧𝑧 − 𝑥𝑥 − 𝑦𝑦), 

             𝑦𝑦𝑧𝑧 − 𝑡𝑡𝑧𝑧𝑦𝑦 = (𝑡𝑡 − 1)(𝑥𝑥 − 𝑦𝑦 − 𝑧𝑧), 
                                                                         𝑧𝑧𝑥𝑥 − 𝑡𝑡𝑥𝑥𝑧𝑧 = (𝑡𝑡 − 1)(𝑦𝑦 − 𝑥𝑥 − 𝑧𝑧),   and 
                                             𝑥𝑥𝑡𝑡 = 𝑡𝑡𝑥𝑥,   𝑦𝑦𝑡𝑡 = 𝑡𝑡𝑦𝑦,    𝑧𝑧𝑡𝑡 = 𝑡𝑡𝑧𝑧,    𝑡𝑡𝑡𝑡−1 = 1 =  𝑡𝑡−1𝑡𝑡. 
Then  𝑡𝑡 is a central element of  𝑇𝑇.  

Let 𝐴𝐴 ≔ 𝑇𝑇/(𝑡𝑡 − 1)𝑇𝑇 ≃ ℂ[𝑥𝑥, 𝑦𝑦, 𝑧𝑧], which is a commutative polynomial algebra. The induced Poisson 
bracket on 𝐴𝐴 is such that 
                                        {𝑥𝑥,𝑦𝑦} = 1

𝑡𝑡−1
[𝑥𝑥, 𝑦𝑦]  

                                                    =  1
𝑡𝑡−1

(𝑥𝑥𝑦𝑦 − 𝑦𝑦𝑥𝑥) 

                                                    = 1
𝑡𝑡−1

(𝑡𝑡𝑦𝑦𝑥𝑥 + (𝑡𝑡 − 1)(𝑧𝑧 − 𝑥𝑥 − 𝑦𝑦) − 𝑦𝑦𝑥𝑥) 

                                                    = 𝑦𝑦𝑥𝑥 + 𝑧𝑧 − 𝑥𝑥 − 𝑦𝑦. 
Here we are abusing notation by writing  𝑥𝑥,𝑦𝑦 and 𝑧𝑧 for both an element of  𝑇𝑇 and its image in 𝐴𝐴. Similarly, 
we obtain   {𝑦𝑦, 𝑧𝑧} = 𝑧𝑧𝑦𝑦 + 𝑥𝑥 − 𝑦𝑦 − 𝑧𝑧,  {𝑧𝑧, 𝑥𝑥} = 𝑥𝑥𝑧𝑧 + 𝑦𝑦 − 𝑥𝑥 − 𝑧𝑧. 
 

     In the next lemma, we find the Poisson maximal ideals of  𝐴𝐴  for this Poisson bracket. 
 

Lemma 24. (Changtong el al., 2018) In the above Poisson algebra 𝐴𝐴, there are only five Poisson maximal 
ideals of  𝐴𝐴 which are the followings:              
                                     𝐽𝐽1 = (𝑥𝑥 − 1)𝐴𝐴 + (𝑦𝑦 − 1)𝐴𝐴 + (𝑧𝑧 − 1)𝐴𝐴, 
                                                  𝐽𝐽2 = 𝑥𝑥𝐴𝐴 + 𝑦𝑦𝐴𝐴 + 𝑧𝑧𝐴𝐴, 
                                                  𝐽𝐽3 = 𝑥𝑥𝐴𝐴 + (𝑦𝑦 − 2)𝐴𝐴 + (𝑧𝑧 − 2)𝐴𝐴,   
                                     𝐽𝐽4 = (𝑥𝑥 − 2)𝐴𝐴 + 𝑦𝑦𝐴𝐴 + (𝑧𝑧 − 2)𝐴𝐴,    and 
                                    𝐽𝐽5 = (𝑥𝑥 − 2)𝐴𝐴 + (𝑦𝑦 − 2)𝐴𝐴 + 𝑧𝑧𝐴𝐴.  
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Theorem 25. For 𝑑𝑑 ≥ 1, there is a unique 𝑑𝑑-dimensional simple Poisson module over 𝐴𝐴  annihilated by   𝐽𝐽1. 

Proof.   For   𝐽𝐽1 = (𝑥𝑥 − 1)𝐴𝐴 + (𝑦𝑦 − 1)𝐴𝐴 + (𝑧𝑧 − 1)𝐴𝐴 , we consider the Lie algebra   ℊ(𝐽𝐽1).  

Let    𝑢𝑢 = 𝑥𝑥 − 1, 𝑣𝑣 = 𝑦𝑦 − 1   and   𝑤𝑤 = 𝑧𝑧 − 1. Then   𝐽𝐽1 = 𝑢𝑢𝐴𝐴 + 𝑣𝑣𝐴𝐴 + 𝑤𝑤𝐴𝐴  and therefore 𝑢𝑢, 𝑣𝑣,𝑤𝑤  generate 𝐴𝐴.  

Hence, in   𝐽𝐽1, the Poisson bracket  

{𝑢𝑢, 𝑣𝑣} = {𝑥𝑥 − 1, 𝑦𝑦 − 1} = {𝑥𝑥, 𝑦𝑦} − {1, 𝑦𝑦} − {𝑥𝑥, 1} + {−1,−1} = 𝑦𝑦𝑥𝑥 + 𝑧𝑧 − 𝑥𝑥 − 𝑦𝑦 

Replacing   𝑥𝑥 = 𝑢𝑢 + 1,   𝑦𝑦 = 𝑣𝑣 + 1  and   𝑧𝑧 = 𝑤𝑤 + 1,  we obtain  {𝑢𝑢, 𝑣𝑣} = 𝑣𝑣𝑢𝑢 + 𝑤𝑤..  Similarly,  {𝑣𝑣,𝑤𝑤} = 𝑤𝑤𝑣𝑣 + 𝑢𝑢                   

  {𝑤𝑤,𝑢𝑢} = 𝑢𝑢𝑤𝑤 + 𝑣𝑣 . 

The Lie algebra  ℊ(𝐽𝐽1) = 𝐽𝐽1 𝐽𝐽12⁄   has a basis (the images of) 𝑢𝑢, 𝑣𝑣,𝑤𝑤  and   the Lie brackets 

[𝑢𝑢, 𝑣𝑣] = {𝑢𝑢 + 𝐽𝐽12, 𝑣𝑣 + 𝐽𝐽12} = {𝑢𝑢, 𝑣𝑣} + 𝐽𝐽12 = 𝑣𝑣𝑢𝑢 + 𝑤𝑤 + 𝐽𝐽12     

 but   𝑣𝑣𝑢𝑢 ∈ 𝐽𝐽12.  Therefore  𝑢𝑢, 𝑣𝑣] = 𝑤𝑤.  Similarly, we have   [𝑣𝑣,𝑤𝑤] = 𝑢𝑢  and   [𝑤𝑤,𝑢𝑢] = 𝑣𝑣. 

We will show that  [𝑢𝑢, 𝑣𝑣], [𝑣𝑣,𝑤𝑤], [𝑤𝑤,𝑢𝑢]   are linearly independent. Let  𝑎𝑎, 𝑎𝑎, 𝑐𝑐 be such that    𝑎𝑎[𝑢𝑢, 𝑣𝑣] +
𝑎𝑎[𝑣𝑣,𝑤𝑤] + 𝑐𝑐[𝑤𝑤,𝑢𝑢] = 0. Then 𝑎𝑎𝑤𝑤 + 𝑎𝑎𝑢𝑢 + 𝑐𝑐𝑣𝑣 = 0 and since 𝑢𝑢, 𝑣𝑣,𝑤𝑤 are linearly independent, we obtain  𝑎𝑎 =
𝑎𝑎 = 𝑐𝑐 = 0.  Therefore [𝑢𝑢, 𝑣𝑣], [𝑣𝑣,𝑤𝑤], [𝑤𝑤,𝑢𝑢]  are linearly independent. Hence  ℊ(J1) is 3-dimensional Lie algebra 
and the linear map 𝜃𝜃: 𝑠𝑠𝑠𝑠2(ℂ) → ℊ(J1)   define on a basis elements by 𝜃𝜃(𝑒𝑒) = 𝑤𝑤,   𝜃𝜃(𝑓𝑓) = 𝑢𝑢   and  𝜃𝜃(ℎ) = 𝑣𝑣.  
This implies   ℊ(J1) is isomorphic to  𝑠𝑠𝑠𝑠2(ℂ)  by Theorem 10 and it follows from Theorem 23 that, for each 
𝑑𝑑 ≥ 1,  𝐴𝐴 has a unique dimensional simple Poisson module annihilated by  J1. 
 
Theorem 26. For 𝑑𝑑 ≥ 1, there is a unique 𝑑𝑑-dimensional simple Poisson module over   𝐴𝐴  annihilated by   𝐽𝐽2. 

Proof. For   𝐽𝐽2 = 𝑥𝑥𝐴𝐴 + 𝑦𝑦𝐴𝐴 + 𝑧𝑧𝐴𝐴, we consider the Lie algebra   ℊ(𝐽𝐽2).  Hence, in   𝐽𝐽2, the Poisson brackets are  

                                             {x, y} = yx + z − x − y,            

                                                              {𝑦𝑦, 𝑧𝑧} = 𝑧𝑧𝑦𝑦 + 𝑥𝑥 − 𝑦𝑦 − 𝑧𝑧,                  

                                                              {𝑧𝑧, 𝑥𝑥} = 𝑥𝑥𝑧𝑧 + 𝑦𝑦 − 𝑥𝑥 − 𝑧𝑧. 

The Lie algebra  ℊ(𝐽𝐽2) = 𝐽𝐽2 𝐽𝐽22⁄  has a basis (the images of)  𝑥𝑥, 𝑦𝑦, 𝑧𝑧  and the Lie bracket  

[x, y] = {x + 𝐽𝐽22, y + 𝐽𝐽22} = {x, y} + 𝐽𝐽22 = yx + z − x − y + 𝐽𝐽22, 

But  𝑦𝑦𝑥𝑥 ∈ 𝐽𝐽22. Therefore  [x, y] = 𝑧𝑧 − 𝑥𝑥 − 𝑦𝑦 . Similarly,  [y, z] = 𝑥𝑥 − 𝑦𝑦 − 𝑧𝑧  and    [𝑧𝑧, 𝑥𝑥] = 𝑦𝑦 − 𝑥𝑥 − 𝑧𝑧. 

We will show that  [𝑥𝑥, 𝑦𝑦], [𝑦𝑦, 𝑧𝑧], [𝑧𝑧, 𝑥𝑥] are linearly independent. Let  𝑎𝑎, 𝑎𝑎, 𝑐𝑐 be such that    𝑎𝑎[𝑥𝑥,𝑦𝑦] +
𝑎𝑎[𝑦𝑦, 𝑧𝑧] + 𝑐𝑐[𝑧𝑧, 𝑥𝑥] = 0. Then 𝑎𝑎(𝑧𝑧 − 𝑥𝑥 − 𝑦𝑦) + 𝑎𝑎(𝑥𝑥 − 𝑦𝑦 − 𝑧𝑧) + 𝑐𝑐(𝑦𝑦 − 𝑥𝑥 − 𝑧𝑧) = 0 and  (−𝑎𝑎 + 𝑎𝑎 − 𝑐𝑐)𝑥𝑥 + (−𝑎𝑎 − 𝑎𝑎 +
𝑐𝑐)𝑦𝑦 + (𝑎𝑎 − 𝑎𝑎 − 𝑐𝑐)𝑧𝑧 = 0.   Since  𝑥𝑥,𝑦𝑦, 𝑧𝑧  are linearly independent and by solving these equations,  

      (−𝑎𝑎 + 𝑎𝑎 − 𝑐𝑐) = 0,      (−𝑎𝑎 − 𝑎𝑎 + 𝑐𝑐) = 0,   and    (𝑎𝑎 − 𝑎𝑎 − 𝑐𝑐) = 0 
 We obtain  𝑎𝑎 = 𝑎𝑎 = 𝑐𝑐 = 0  and so  [𝑥𝑥, 𝑦𝑦], [𝑦𝑦, 𝑧𝑧], [𝑧𝑧, 𝑥𝑥] are linearly independent. Hence  ℊ(𝐽𝐽2) is 3-dimensional 
Lie algebra. This implies that the derived algebra  [ℊ(𝐽𝐽2),ℊ(𝐽𝐽2)] = ℊ(𝐽𝐽2).  Therefore ℊ(𝐽𝐽2) is isomorphic to  
𝑠𝑠𝑠𝑠2(ℂ) by Theorem 10 and it follows from Theorem 23 that, for each 𝑑𝑑 ≥ 1,  𝐴𝐴 has a unique dimensional 
simple Poisson module annihilated by  J2.  
 
Theorem 27. For 𝑑𝑑 ≥ 1, there is a unique 𝑑𝑑-dimensional simple Poisson module over   𝐴𝐴  annihilated by   𝐽𝐽3. 

Proof.   For   𝐽𝐽3 = 𝑥𝑥𝐴𝐴 + (𝑦𝑦 − 2)𝐴𝐴 + (𝑧𝑧 − 2)𝐴𝐴 , we consider the Lie algebra   ℊ(𝐽𝐽3).  
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Let    𝑢𝑢 = 𝑥𝑥,  𝑣𝑣 = 𝑦𝑦 − 2   and   𝑤𝑤 = 𝑧𝑧 − 2. Then   𝐽𝐽3 = 𝑢𝑢𝐴𝐴 + 𝑣𝑣𝐴𝐴 + 𝑤𝑤𝐴𝐴  and therefore 𝑢𝑢, 𝑣𝑣,𝑤𝑤  generate 𝐴𝐴.  

Hence, in 𝐽𝐽3, the Poisson brackets  

                    {𝑢𝑢, 𝑣𝑣} = {𝑥𝑥,𝑦𝑦 − 2} = {𝑥𝑥, 𝑦𝑦} + {𝑥𝑥,−2} = {𝑥𝑥, 𝑦𝑦} = 𝑦𝑦𝑥𝑥 + 𝑧𝑧 − 𝑥𝑥 − 𝑦𝑦.      

Replacing 𝑥𝑥 = 𝑢𝑢,𝑦𝑦 = 𝑣𝑣 + 2  and  𝑧𝑧 = 𝑤𝑤 + 2,  we obtain   {𝑢𝑢, 𝑣𝑣} = 𝑣𝑣𝑢𝑢 + 2𝑢𝑢 + 𝑤𝑤 + 2 − 𝑢𝑢 − 𝑣𝑣 − 2 = 𝑣𝑣𝑢𝑢 + 𝑢𝑢 +

𝑤𝑤 − 𝑣𝑣.  Similarly, the Poisson bracket      {𝑣𝑣,𝑤𝑤} = 𝑤𝑤𝑣𝑣 + 𝑢𝑢 + 𝑤𝑤 + 𝑣𝑣,    and    {𝑤𝑤,𝑢𝑢} = 𝑢𝑢𝑤𝑤 + 𝑢𝑢 + 𝑣𝑣 − 𝑤𝑤. 

The Lie algebra  ℊ(J3) = 𝐽𝐽3 𝐽𝐽32⁄   has a basis (the images of) 𝑢𝑢, 𝑣𝑣,𝑤𝑤  and   the Lie brackets 

[𝑢𝑢, 𝑣𝑣] = {𝑢𝑢 + 𝐽𝐽32,𝑣𝑣 + 𝐽𝐽32} = {𝑢𝑢, 𝑣𝑣} + 𝐽𝐽32 = 𝑣𝑣𝑢𝑢 + 𝑢𝑢 + 𝑤𝑤 − 𝑣𝑣 + 𝐽𝐽32 

 but   𝑣𝑣𝑢𝑢 ∈ 𝐽𝐽32.  Therefore  [𝑢𝑢, 𝑣𝑣] = 𝑢𝑢 + 𝑤𝑤 − 𝑣𝑣. Similarly,  [𝑣𝑣,𝑤𝑤] = 𝑢𝑢 + 𝑤𝑤 + 𝑣𝑣  and  [𝑤𝑤,𝑢𝑢] = 𝑢𝑢 + 𝑣𝑣 − 𝑤𝑤.   

We will show that  [𝑢𝑢, 𝑣𝑣], [𝑣𝑣,𝑤𝑤], [𝑤𝑤,𝑢𝑢] are linearly independent. Let  𝑎𝑎, 𝑎𝑎, 𝑐𝑐 be such that    𝑎𝑎[𝑢𝑢, 𝑣𝑣] +
𝑎𝑎[𝑣𝑣,𝑤𝑤] + 𝑐𝑐[𝑤𝑤,𝑢𝑢] = 0. Then  𝑎𝑎(𝑢𝑢 + 𝑤𝑤 − 𝑣𝑣) + 𝑎𝑎(𝑢𝑢 + 𝑤𝑤 + 𝑣𝑣) + 𝑐𝑐(𝑢𝑢 + 𝑣𝑣 − 𝑤𝑤) = 0   and (𝑎𝑎 + 𝑎𝑎 + 𝑐𝑐)𝑢𝑢 +
(𝑎𝑎 + 𝑎𝑎 − 𝑐𝑐)𝑤𝑤 + (−𝑎𝑎 + 𝑎𝑎 + 𝑐𝑐)𝑣𝑣 = 0.  Since 𝑢𝑢,𝑤𝑤, 𝑣𝑣 are linearly independent and by solving these equations, 

𝑎𝑎 + 𝑎𝑎 + 𝑐𝑐 = 0,     𝑎𝑎 + 𝑎𝑎 − 𝑐𝑐 = 0,     and     −𝑎𝑎 + 𝑎𝑎 + 𝑐𝑐 = 0. 
We obtain  𝑎𝑎 = 𝑎𝑎 = 𝑐𝑐 = 0. Therefore [𝑢𝑢, 𝑣𝑣], [𝑣𝑣,𝑤𝑤], [𝑤𝑤,𝑢𝑢] are linearly independent.   We see that  ℊ(J3) has 
3-dimensional Lie algebra.  This implies that the derived algebra [ℊ(𝐽𝐽3),ℊ(𝐽𝐽3)] = ℊ(𝐽𝐽3).  Therefore  ℊ(𝐽𝐽3) is 
isomorphic to  𝑠𝑠𝑠𝑠2(ℂ) by Theorem 10 and it follows from Theorem 23 that, for each 𝑑𝑑 ≥ 1, 𝐴𝐴 has a unique 
dimensional simple Poisson module annihilated by  𝐽𝐽3. By using the Poisson module isomorphism, we define  
𝜃𝜃( 𝐽𝐽3) = 𝐽𝐽4 , where 𝜃𝜃(𝑥𝑥) = 𝑦𝑦, 𝜃𝜃(𝑦𝑦) = 𝑥𝑥  and 𝜃𝜃(𝑧𝑧) = 𝑧𝑧 and  𝜃𝜃(𝐽𝐽3) = 𝐽𝐽5  where 𝜃𝜃(𝑥𝑥) = 𝑧𝑧, 𝜃𝜃(𝑦𝑦) = 𝑦𝑦  and 𝜃𝜃(𝑧𝑧) =
𝑥𝑥, the same conclusion  holds  for 𝐽𝐽4 and  𝐽𝐽5, for  each  of which the 𝑑𝑑- dimensional simple Poisson module 
annihilated by  𝐽𝐽4 and  𝐽𝐽5.  

 

Conclusion and Discussion 

The classifying finite-dimensional simple Poisson modules with the method as in Changtong et al. 

(2018) is quite complicated so we try to work out in the same way as Jordan (2010) which is much easier to 

get the same result as in Changtong et al. (2018).  Hence there are five 𝑑𝑑-dimensional simple Poisson module 

for each positive integer 𝑑𝑑 ≥ 1.  
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