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APPENDICES 

 

APPENDIX A:  Theoretical Background  
 

The Theory of Quantum Chemical Calculations 

 

The quantum mechanical methods are based on solving the time independent 

Schrödinger wave equation and are used to determine the electronic structures of atom 

and molecules. They can be divided into two categories: ab initio and semiempirical 

methods. Ab initio methods such as Hartree-Fock (HF) or molecular orbital (MO) 

theory, configuration interaction (CI) theory, perturbation theory (PT), and density 

functional theory (DFT) can have accuracy in structure and energy predictions when 

compared with experimental. However, the weak point of ab initio calculations is 

extremely demanding in computer resources, especially for large molecular systems. 

Semiempirical quantum chemical methods lie between ab initio and molecular 

mechanics (MM). Like MM, they use experimentally derived parameters to strive for 

accuracy; like ab initio methods, they are quantum-mechanical in nature. 

Semiempirical methods are computationally fast because many integrals neglected. 

The error is compensated through the use of experimentally derived parameters. Table 

A1 attempts to show the advantages and the disadvantages of MM, semiempirical and 

ab initio methods.  
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Appendix Table A1   Synopsis of molecular calculations. 

 

Method Advantages Disadvantages Best for 

Ab initio 

-Uses quantum 

physics 

-Mathematically 

rigorous: no 

empirical parametes 

 

Semi-empirical 

-Uses quantum 

physics 

-Uses experimental 

parameters  

-Uses extensive 

approximations 

 

Molecular 

Mechanics 

-Uses classical 

physics 

-Relies on force 

field with embedded 

empirical 

parameters. 

 

-Useful for a broad 

range of  systems 

-Are not depend on 

experimental data 

-Transition states and 

excited states can be 

calculated. 

 

 

-Less demanding 

computationally than 

ab initio methods. 

-Calculates transition 

states and excited 

states. 

 

 

 

-Computationally 

‘cheap’, fast and 

useful with limited 

computer resources. 

-Can be used for 

biomolecules and 

biomolecule 

complexes. 

-Computationally 

expensive 

 

 

 

 

 

 

 

-Requires ab initio 

results or 

experimental data 

for parameters. 

-Less rigorous than 

ab initio methods. 

 

 

 

-Electronic 

properties are not 

Calculated. 

-Ab initio or 

experimental data 

for parameters are 

required. 

 

-Small systems 

-Electronic 

transitions 

-Systems 

requiring high 

accuracy. 

 

 

 

-Medium-sized 

systems 

(hundreds of 

atoms). 

-Electronic 

transitions. 

 

 

 

-Large systems 

(thousands of 

atoms) and more 

-System or 

processes that do 

not involve bond 

breaking. 
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The time independent Schrödinger equation for a molecule (n-electron and N-

nuclei system) is 

  

),(),( RrRr
vvvv ΕΨ=ΗΨ                           (20) 

  

The molecular wavefunction, ),( Rr
vvΨ , depends on the coordinates of all electrons in 

the system (r) and nuclear coordinates (R). When the wave function (Ψ) is known, all 

physical observables of interest can be calculated.  

 

Mostly, the time-independent Schrödinger equation is too complicate to be 

solved directly. Consequently, approximations have to be introduced to make 

calculations of various molecular properties possible. The Born-Oppenheimer 

approximation is the assumption that the electronic motion and the nuclear motion in 

molecules can be separated as shown in equation (21). 

  

( ) ( ) ( )RRrRr nuclelec

vvvvv ψψ ,, =Ψ            (21)

 

where H is Hamiltonian operator (in atomic units) which compose of the kinetic 

operator, T, and potential operator, V, that is; 
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where the Laplacian operator, 2∇ , is ; 
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The motion of the nuclei is separated out from the motion of the electrons. Equation 

(22) can be rewritten as 

                       

∑
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The electronic wavefunction depends upon the nuclear positions but not upon 

their velocities, i.e., the nuclear motion is so much slower than electron motion that 

they can be considered to be fixed. Thus, the nuclear-nuclear repulsion term (the final 

in equation (22)) appears as a constant in elΗ . From (21), (22) and (23) can obtain; 
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The nuclear wave function, nuclψ , describes the vibrational, rotational and 

translational motion of the nuclei.   

 

The influence of the nuclear derivative on the electron wave function ( elψ ) is 

considered that neglect (i.e. the nuclei move slowly compared with the electrons) Thus 

equation (24) can be separated into two equations, an electronic part: 

  

( ) ( ) ( )RrRRr elelelel

vvvvv ,, ψψ Ε=Η ,          (25) 
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where 
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and a nuclear part: 

  

( ) ( )RR nuclnuclnucl

vv
ψΕ=ψΗ ,           (27)

  

where 
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Some of the computational approaches have been used to solve the 

Schrödinger equation. To make the computations feasible, some approximations are 

used. There are two main procedures, ab initio calculation and semiempirical methods 

to solve the Schrödinger equation. In an initio calculations, a model is chosen for the 

electronic wavefunction and equation (20) is solved using the values of the 

fundamental constants and atomic number of nuclei as input. The accuracy of this 

approach depends on the model chosen for wavefunction. For large molecules, 

accurate ab initio calculations are computationally expensive. Thus, semiempirical 

methods have been developed to treat such large molecules. Semiempirical methods 

make use of a simiplified form for the Hamiltonian and adjustable parameter obtained 

from experimental data.   

 

1. The Hartree Fock approach 

 

The starting point of many ab initio quantum chemistry methods is Hartree-

Fock method. The third term (
ijr
1 ) in equation (26) is the crucial complication in all 

electronic structure calculations. This complication can be neglected by assuming that 
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the electrons are non-interacting. This implies that the n-electron equation can be 

separated into n one-electron equations.   
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where h(i) is the core Hamitonian for electron i. The total wavefunction is product of 

one-electron wavefunctions: 

  

( ) ( ) ( )nb zba ψψψψ ...1=                           (31) 

  

The electronic wavefunction must obey the Pauli principle so the electron spin 

is taken into account. The products of the spatial orbitals and the spin functions ( ( )ωα  

and ( )ωβ ) is called spin orbitals, )(iiφ . The overall wavefunction is written in terms of a 

Slater determinant, which has the antisymmetric properties: 
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which commonly is written like: 

  

( ) ( ) ( ) ( )nn zba φφφψ ,...,2,1! 2/1−=                           (33) 
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The pre-factor ( ) 2/1! −n is a normalisation constant, and the { iφ } are assumed 

orthonormal.  

 A product wavefunction of equation (33) is sought, with the electron-electron 

repulsions treaed in an average way. Each electron is considered to be moving in the 

electrostatic field of the nuclei and average field of the other n-1 electrons. The spin 

orbitals are found by using variation theory which involves minimizing the Rayleigh 

ratio.   

  

exact
e

e Ε≥
Η

=Ε
ψψ

ψψ
                                                                                    (34) 

 

Ee is identifined with the electronic energy of ground state of the atom and molecule 

for the selected nuclear configuration R. 

 

The application of this minimization procedure leads to Hartree Fock equation  

for the individuals spinorbitals. The Hartree-Fock equation for spinorbital is,  

  

)1()1(1 aaaf φεφ = ,                          (35) 

  

where εa is the spinorbital energy and f1 is the Fock operator: 

  

{ }∑ −+=
u

uu KJhf )1()1(11 ,                          (36) 

  

where h1 is the core Hamiltonian for electron 1. The Coulomb operator, Ju, and 

exchange operator, Ku, are defined here in term of spin orbitals as follows:  
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The Coulomb operator take into account the Coulombic repulsion between 

electrons, and the exchange operator represent the effects of spin correlation. The sum 

in equation (39) represents the average potential energy of electron 1 due to the 

presence of the other n-1 electrons. HF equations are solved by self-consistent 

procedure, a trial set of spin orbitals is formulated and used to construced the Fock 

operator, then HF equation are solved to obtain a new set of spin orbitals which are 

used to construct a new Fock operator. The cycle of calculation is repeated until a 

convergence criterion is satisfied (Appendix Figure A1). However, the solution for 

spin orbitals for molecular system is computationally complex. Thus C.C.J. Rothaan 

and G.G. Hall suggested using a known set of basis functions with which to expand 

the spin orbitals. For the restricted closed shell, the Hartree-Fock equation for the 

spatial function ψa(a) occupied by electron 1 is   

  

)1()1(1 aaaf ψεψ = ,                          (40) 

  

where f1 is the Fock operator expressed in terms of spatial wavefunction: 

  

{ }∑ −+=
u

uu KJhf )1()1(211                           (41) 

  

Each spatial wavefunction ψi is a linear combination of basis function φj: 

  



 
 
 68

∑
=

=
M

j
jjii c

1
φψ , 

                         (42) 

  

where jic  are unknown coefficients. The problem of calculating the wave function has 

been transformed to computing of the coefficients. When equation (42) is substituted 

into equation (40), equation (43) is obtained.  

 

∑∑
==

=
M

j
jjaa

M

j
jja ccf

11
1 )1()1( φεφ                                                                          (43) 

 

Multiplication of the both sides of equation (43) by *
iφ  and integration over r1. 

We can get equation (44). 
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S, the overlap matrix, and F, the Fock matrix, are defined as equation (45) and 

(46), respectively. 

 

1
* )1()1( drS jiij φφ∫=                                                                                         (45) 
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The equation (44) becomes 
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Equation (44) can be rewritten in matrix form: 

  

εSCFC = ,                          (48) 
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where c is and MxM matrix consiste of elements cja and ε is an MxM diagonal matrix 

of the orbital energies. This equation can not be solved directly because the matrix 

element Fij involve integrals over the Coulomb and exchange operators which 

themselves depend on the spatial wavefunctions. The self consistent field approach is 

used to solve equation (48).  

             

( )[ ] ( )ljimlmijPhF
ml

lmijij ∑ −+=
, 2

1 ,                                                                 (49) 

 

where ijh , core-Hamiltonian matrix, is defined as  

  

( ) ( ) ( )∫= 1
* 111 drhh jiij φφ                           (50) 

  

The matrix P is the density matrix or charge- and bond-order matrix, 

  

∑=
u

mululm CCP *2                                                                                            (51)   

 

When l=m, Pll is the electron density on atom; when l ≠m, Plm is the bond order 

between l and m. The term ( )lmij  in Equation (49) signified the two-electron repulsion 

integrals, defined as  

  

( ) ( ) ( ) ( ) ( )∫ ∗−∗= 2221 1
1221 mlji rdrdrlmij φφφφ                           (52) 

  

Two electron integral was considered to be one of the greatest problem in 

quantum chemistry, but the one-electron matrix elements hij is evaluated only once 

because they remain unchanged during each iteration, but Plm needs to be re-evaluated 

at each iteration. 
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Appendix Figure A1   A Summary of the iteration procedure for a Hartree-Fock 

self-consistent field calculations. 

Source : Atkins (2005) 

 

2. Basis Set 

 

A complete set of basis function is used to represent spin orbitals exactly. The 

use of an infinite number of basis functions is not computationally feasible, a finite 

basis set is always used and the error due to the imcompleteness of basis is called the 

basis-set truncation error. A critical computational is to keep the number of basis 

function low and to choose them cleverly. The basis set used in quantum mechanical 

calculations are composed of atomic functions. The approximation involves expressing 

the molecular orbitals as linear combinations of set of one-electron functions known as 

basis function. An individual molecular orbitals is defined as: 

 

 

Choose set 
of basis 
functions θi 

Formulate set of trial 
coefficients cja (and 
therefore wavefunctions 
ψa 

Eqn (46) Eqn (45) 

Overlap 
matrix, S 

Fock 
matrix, F Eqn (48)

Energies, ε 
coefficients, Cja

Convergence? 

No

Done 
Yes 
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∑
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µµ χ=φ
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where the coefficients icµ  are known as molecular orbital expansion coefficients. The 

basis function N1...χχ  are also chosen to be normalized. A complete basis set consists 

of STOs with all permitted integral values of n, l, and ml and all positive values of the 

orbital exponents, ζ (zeta). STO basis functions are centered on the atomic nucleus. 

For diatomic and polyatomic species, STOs are centered on each of the atoms. 

However, the evaluation of the many two-electron integrals in molecules with three 

and more atom is impractical for STOs. Therefore, Gaussian-type orbitals are 

introduced by S.F Boys in 1950. They play a major role in ab initio calculations to 

make then computationally feasible. Gaussian functions have the general form: 

  

( ) 2

, rlmn ezycxrg αα −=v ,                          (54) 

  

where r
v

 is of course composed of x, y, and z. α  is a constant determining the size 

(radical extent) of the function. When n=m=l=0, the Cartesian Gaussian is an s-type 

Gaussian; when n+m+l=1, it is a p-type Gaussian; when n+m+l=2, it is a d-type 

Gaussian, and so on. In Gaussian function, re α−  is multiplied by powers (possibly 0) 

of x, y, and z and a constant for normalization, so that: 

 

 12 =∫
allspace
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Thus, c depends on α , l, m, and n.  

 

Here are three representative Gaussian functional (s, py and dxy types, 

respectively): 
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The advantage of GTOs is much easier to compute, but GTOs does not cusp 

while STO has cusp. To alleviate this problem, several GTOs are grouped together to 

form what are known as contracted Gaussian functions. Each contracted Gaussian 

functions(χj) are linear combinations of primitive Gaussians(gi ) like these are used to 

form the actual basis functions; the contracted Gaussians have the form: 

  

∑=
P

ijij gdχ ,                          (57) 

  

where the jid ’s are fixed constants within a given basis set. Note that contracted 

functions are also normalized in common practice. The use of contracted Gaussian 

functions reducing the number of coefficient cji to be in HF calculation leads to large 

saving in computer time with litlle loss of accuracy if the contracted Gaussians are 

well-chosen. The spatial orbitals are then expressed as a linear combination of the 

contracted Gaussians: 

 

∑=
j

jiji c χψ                                                                                                  (58) 

 

The simplest type of basis set is a minimal basis sets in which one function is 

used to represent each of the orbitals of elementary valence theory. For example, a 

minimal basis set for H2O consists of seven functions, two basis functions to represent 

the two H1s orbitals and five functions to represent the 1s-, 2s-, 2px-, 2py, 2pz-orbital 

of oxygen. However, a minimal basis set results in wavefunctions and energies that are  
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not very close to the Hartree-Fock limit. 

 

Split Valence Basis Sets 

 

C1          +  C2      =

 
 

In split valence basis set, each atomic orbital is represented by two basis  functions  

while each inner-shell atomic orbital is represented by a single basis function. For 

example, hydrogen and carbon are represented as: 

 

H: 1s, 1s’ 

C: 1s, 2s, 2s’, 2px, 2py, 2pz, 2p’
x, 2p’

y, 2p’
z 

 

In the (9s5p)/[3s2p] contraction sheme, nine s-type and five p-type primitive 

Gaussians are contracted into three (one basis function for 1s and two basis function 

for valence 2s-orbital) and two basis functions (two for each of the each of the three 

2p-orbitals), respectively. Therefore, the contraction scheme reduces the total number 

of basis functions from 24 (five p-type primitives for each of 2px, 2py and 2pz) to nine. 

This reduction achieves decrease in computer time because the number of two-electron 

integrals to be evaluated is proportional to the fourth power of the number of basis 

functions.    

  

Polarized Basis Sets 

 

+

- +

+

-
-

+  C
+

-
= .

 
 

Split valence basis sets allow orbitals to change size, but not to change shape. 

Polarized basis sets remove this limitation by adding orbitals with angular momentum 
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beyond what is required for the ground state to the description of each atom.            

For example, polarized basis sets add d functions to carbon atoms and f functions to 

transition metals, and some of them add p functions to hydrogen atoms. 

 

So far, the only polarized basis set 6-31G(d) is used. Its name indicates that it 

is the 6-31G basis set with d functions added to heavy atoms. This basis set is 

becoming very common for calculations involving up to medium-sized systems. This 

basis set is also known as 6-31G*. Another popular polarized basis set is 6-31G(d,p), 

also known as 6-31G**, which adds p functions to hydrogen atoms in addition to the d 

functions on heavy atoms. 

 

Diffuse Functions  

  

. ..C1 +  C2 =
 

 

Diffuse functions are large-size versions of s- and p- type functions (as 

opposed to the standard valence-size functions) which allow orbitals to occupy a larger 

region of space. Basis sets with diffuse functions are important for systems where 

electrons are relatively far from the nucleus: molecules with lone pairs, anions and 

other systems with significant negative charge, systems in their excited states, systems 

with low ionization potentials, descriptions of absolute acidities. The 6-31+G(d) basis 

set is the 6-31G(d) basis set with diffuse functions added to heavy atoms. The double 

plus version, 6-31++G(d), adds diffuse functions to the hydrogen atoms as well. 

Diffuse functions on hydrogen atoms seldom make a significant difference in 

accuracy. 

 

High Angular Momentum Basis Sets 

 

Even larger basis sets are now practical for many systems. Such basis sets add 

multiple polarization functions per atom to triple zeta basis set. For example, the 6-31G(2d) 

basis set adds two d functions per heavy atom instead of just one, while the 
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6-311++G(3df,3pd) basis set contains three sets of valence region functions, diffuse 

functions on both heavy atoms and hydrogens, and multiple polarization funtions:3 d 

functions and 1 f function on heavy atoms and 3 p functions and 1 d function on 

hydrogen atoms. Such basis sets are useful for describing the interactions between 

electrons in electron correlation methods. 

 

3. Electron correlation 

 

The HF ground state wavefunction is not the exact wavefunction, and it does 

not consider the instantaneous Coulombic interaction between electrons. Thus the HF 

method ignores electron correlation. A great deal of modern work in the field of 

electron structure calculation is aimed at taking electron correlation into account.  

 

The HF method yields a finite set of spinorbitals when a finite basis set 

expansion is used. In general, a basis with M members results in M spatial 

wavefunction and 2M different spinorbitals. Many Slater determinants can be formed 

from 2M different spinorbitals by promoting many electrons from occupied orbitals to 

virtual orbitals. The difference between exact energy and HF limit is called the 

correlation energy. 

 

3.1 Configuration interaction (CI) 

 

The exact ground-state or exited-state wavefunction can be assumed as  

linear combination of all possible n-electron Slater determinants arising from a 

complete set of spinorbitals. Therefore, the exact electronic wavefunction Ψ for any 

state of the system can be written in the form 
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CI accounts for the electron correlation neglected in the Hartree Fock method. CI is 

popular method for the calculation of accurate molecular wavefunction and potential 
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energy surface, and it is variational. The limited CI calculations are the lack of size-

consistency. In configuration interaction calculation, the ground –or excited-state wave 

function,Ψ, for state s is represented as a linear combination of n-electron Slater 

determinants (equation 60). 

 

j

L

J
jss C Φ=Ψ ∑

=1
                                                                                              (60)   

 

where the sum is taken over a finite number L of determinants jΦ  with expansion 

coefficients Cjs for the state s. The expansion coefficients Cjs are determined 

variationally by minimizing the Rayleigh ratio using Ψs as the trial function. 

 

3.2 Moller-Plesset many-body perturbation theory 

 

One important feature of CI is that it is variational but one disadvantage is  

Its lack of size-consistancy. Purturbation theory provides an alternative systematic 

approach to finding the correlation: whereas its calculations are size consistent, they 

are not variational in that it does not in general give energies that are upper bounds to 

the exact energy. The application of PT to system composed of many interacting 

particle is called many-body perturbation theory (MBPT).  

 

The zero-order Hamiltonian H(0) in MPPT, is the sum of the one-electron 

Fock operators defined in equation (61). 
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 The HF ground-state wavefunction 0Φ is an eigenfunction of HHF and that its 

eigenvalue equals the sum of the occupied spinorbitals energies. The perturbation H(1) 

is given by 
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The HF energy EHF associated with the ground-state HF wave function 0Φ is the 

expectation value. 

 

0
)1(
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It is easy to show that EHF is equal to the sum of the zero-order energy )0(
0E and the 

first-order energy correction )1(
0E  
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Therefore, the first correction to the ground-state energy is given by second order 

perturbation theory as  
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where 
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aφ and bφ  are occupied spin orbitals and pφ and qφ are virtual spin orbitals. The second-

order energy correction in MPPT is called MP2. In general, Bond lengths of bonds 

involving hydrogen computed using MP2 are in good agreement with experimental. 

The third- and fourth-order energy corrections are denoted MP3 and MP4. The higher 

orders of perturbation theory are second more complicated. 
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3.3 The coupled-cluster method 

 

Another popular ab initio method, like MPPT, is size-consistent but not 

variational, it is called the coupled-cluster method. The CC method introduces the 

cluster operator C, which relates the exact electronic wavefunction Ψ to the HF 

wavefunction 0Φ  

 

0Φ=Ψ Ce ,                                                                                                     (67)   

 

where the exponectial operator eC is 

 

...
!3

1
!2

11 32 ++++= CCCeC                                                                        (68)   

 

The effect of the cluster operator C on 0Φ is to give a linear combination of slater 

determinants in which electrons from occupied spinorbitals have been excited to 

virtual spinorbitals. In particular, C is the sum of the one electron excitation operator 

C1, two-electron excitation operator C2,…, N-electron excitation operator CN The 

effects of the excitation operators are 
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and likewise for C3 to CN; the p
at are called single-excitation amplitudes, pq

abt double-

excitation amplitudes, and so on. Two approximations are widely made in CC 

applications. First, a finite basis set is used in the determination of 0Φ . Second, the 

expression for the cluster operator C is truncated to include only specified electron 

excitation operators. 
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4. Density Functional Theory 

 

The ab initio methods start with the Hartree-Fock approximation in that HF 

equations are first solved to find spinorbitals that can then be used to construct 

configuration state functions. They have limitations. The accurate calculations with 

large basis sets on molecules containing many atom and many electrons is difficult to 

perform. Density functional theory (DFT) is popular among quantum chemists. DFT 

begin with the concept of the electron probability density. One reason for the 

popularity of DFT is that it takes into account electron correlation while being less 

demanding computationally than, for example, CI and MP2. It can be used to do 

calculations on molecules of 100 or more atoms closely with experiments than HF 

calculations. The electronic energy E is functional of electron density and is denoted 

E(ρ). 

 

In fact the algorithms of the approach, in which the electron density is 

described in terms of one-electron basis functions, are very similar to the single-

determinant HF algorithm. While the concept of expressing part or all of the molecular 

energy as a functional of the electron density goes back to the early days of quantum 

theory, Density Functional Theory (DFT) was put on a rigorous theoretical foundation 

by the Hohenberg-Kohn theorem. It states that there exists unique density ρ  that yield 

the exact ground energy of system. The subsequent work of Kohn and Sham laid the 

basis for practical computational applications of the DFT to real systems. W. Kohn 

and L. J. Sham showed that the exact ground state electronic energy E of an n-electron 

system can be written as  
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where the one-electron spatial orbital iψ (i=1, 2,…,n) are the Kohn-Sham orbitals. The 

exact ground-state electron density is given by   
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where the sumation is done over all the occupied Kohn-Sham (KS) orbitals; ρ is 

known. The first term on the right in equation (71) represents the kinetics energy of 

electrons; the second term represents the electron-nucleus attraction where the sum is 

over all N nuclei with index I and atomic number ZI; the third term represents the 

Coulomb interaction between the total charge distribution at r1 and r2; the last term is 

the exchange-correlation energy of the system, which is also a functional of the density 

and takes into account all non-classical electron-electron interactions. One of the four 

terms, EXC is not known how to be obtained exactly. The KS orbitals are found by 

solving the Kohn-Sham equations, which are derived by applying the variational 

principle to the electronic energy E(ρ) with the charge density given by equation (72). 

The KS equations for the one-electron orbitals )( 1riψ  
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where εi are the KS orbital energies and exchange-correlation potential, VXC, is the 

function derivative of the exchange-correlation energy. The KS equation is solved by a 

self consistent fashion. Stating with the electron density is guessed by using 

superposition of atomic densities. Next Vxc as function of r is computed. The set of KS 

equations is then solved to obtain an initial set of KS orbitals. This set of orbitals is 

then used to compute an improved density from equation (72), and the process is 

repeated until the density and exchange-correlation energy have converged. Then the 

electronic energy is computed from eqation (71). The computational time required for 

a DFT calculation scale as the third power of the number of basis functions. Therefore, 

DFT methods are computationally more efficient than HF method. 
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4.1 Exchange-correlation functionals 

 

The obtaining approximate forms for the functional for the exchange-correlation  

energy have been developed. This functionals are often separated into an exchange 

functional (representing exchange energy) and a correlation functional (representing 

dynamic correlation energy).  

  

)(E)(E)(E CXXC ρ+ρ=ρ                           (74) 

  

In the local density approximation (LDA), the exchange correlation functional is  

  

∫= drr)]([(r))(E XCXC ρερρ                           (75) 

  

This equation is an approximation for gas with constant density. However, the 

accuracy of this method decreases with varying electon density in the system and 

many molecules, In LDA, the exchange functional and correlation functional depend 

only on ρ but not on any derivatives of ρ. Therefore, to account for the inhomogeneity 

of electron density, a non-local correction involving the gradient of ρ is often added to 

the exchange-correlation energy given in equation (73). Thus the LDA with gradient 

corrections is called the generalized approximation (GGA). 

  

A variety of exchange-correlation functionals such as B3LYP, BLYP, 

BP91 and PBE have been developed for use in DFT calculations. For example, the 

popular B3LYP functional is a combination of the gradient-corrected exchange 

functional developed by A.D. Becke and the gradient-corrected correlation functional 

developed by C. lee, W. Yang, and R.G. Parr.  Some of the functional such as B3LYP 

represent hybrid DFT calculations that use the Hartree-Fock correction in conjunction 

with density functional correlation and exchange. The B3LYP functional looks like 

this: 
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where 80.0a 0X = , 72.0a 1X =  and 81.0aC = , which are values fitted for a selected set 

of molecules to reproduce the heat of formation. The term HF
XE  is calculated using the 

Kohn-Sham orbitals in the manner of the HF procedure by computing the exchange 

integrals. The B3LYP functional often uses VWN
C

LYP
C

LYP3
C EEE −=∆ . 

 

5. Semi-empirical Calculations 

 

Ab initio methods were not be applied routinely to molecules with several 

dozen atoms, but semiempirical methods are fast enough to treat also larger systems. 

Ab initio represent a more theoretically pure approach. Semiempirical methods use 

many approximation and neglection, which are compensated by a parametization using 

experimental data.  

 

In semiempirical methods, valence electrons are treated only while the core 

electrons are included in the nuclear core. Moreover, two-electron integrals are set to 

zero in the treatment. The main implication of this is that the Roothaan-Hall equations 

are simplified: FC = CE. The valence-electron Hamitonian Hv for a closed-shell 

molecule with nv valence electrons is 
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where V
ih is the core Hamiltonian for valence electron i given by 
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and effV
iV ,  is the effective potential energy for valence electron i resulting from the 

potential filed of the nuclei and all the inner-shell electrons. The Fock matrix elements 

are as follows: 
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There are a large number of semiempirical methods in use today such as 

MINDO/3, MNDO, AM1, PM3, PM5, and MNDO-d which have roughly the same 

structure. Semiempirical methods are thus seen to be well balanced: they are accurate 

enough to have useful predictive powers, yet fast enough to allow large systems to be 

studied. All the semiempirical methods contain sets of parameters.  

 

MNDO method was modified based on the neglect of diatomic differential 

overlap (NDDO); this theory only neglects differential overlap between atomic orbitals 

on different atoms. The Austin Model 1 (AM1) and PM3 are based on MNDO (the 

name derives from the fact that PM3 is the third parametrization of MNDO, AM1 

being considered the second). AM1 and PM3 modify the core-core repulsions just 

outside bonding distances. PM3 has two Gaussians per atom, while AM1 has two - 

four Gaussians per atom. In AM1 a sum of Gaussians is employed to better represent 

the core repulsion behaviour at van der Waals distances. PM3 uses a similar core 

repulsion function, but differs in the parameterisation procedure. 

 

One advantage of methods parameterised using experimental data is their 

implicit inclusion of electron correlation effects. However, it must be kept in mind that 

these methods are parameterized for molecules in the ground state at 298 K. Therefore, 

the calculated results are dependent on experimental data. That means that 

semiempirical methods would not be expected to perform well on unusual types of 

molecules for which no experimental data are available, e.g. for systems far from their 

ground state equilibrium. In addition, the results from semiempirical methods should 

further be compared to the results of higher-level ab inito or density functional theory. 

Results are diffent for diffent methods. Some methods cannot calculate weak 

interaction like hydrogen bonding. 
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6. Molecular mechanics  

 

Molecular mechanics (MM) methods, known as force field methods, are ideal 

for modelling such large systems. These methods employ a potential that ignores the 

electron distribution of a system and instead merely considers the positions of the 

nuclei within the system. The resulting potential energy function known as a force 

field is based on the interactions between the nuclei within the system and takes into 

account molecular processes. 

 

Molecular mechanics force field are constructed and parameterized by 

comparison with a number of molecules. This force field then can be used for other 

molecules similar to those for which it was parameterized. To make a molecular 

mechanics calculation, a force field is chosen and suitable molecular structure values 

(natural bond lengths, angles, etc.) are set. The structure then is optimized by changing 

the structure incrementally to minimize the strain energy and spread it over the entire 

molecule. This minimization is orders of magnitude faster than a quantum mechanical 

calculation on an equivalent molecule so that it is reasonable to use molecular 

mechanics force field instead of quantum mechanical calculation for molecular 

dynamics simulations. Up to date, there are a number of different MM potentials that 

are in common use for biomolecular including the CHARMM, AMBER, GROMOS 

and OPLS potentials.  

 

Molecular mechanics is a classical mechanical model that represents a 

molecule as a group of atoms held together by elastic bonds. Molecular mechanics 

looks at the bonds as springs which can be stretched called bond stretching. 

Compressed, bent at the bond angles, twisted in torsional angles and non-bonded 

interactions between atoms are also considered. The sum of all these forces is called 

the “force field” of the molecule. Many of the modeling force fields can be interpreted 

in terms of a relatively simple four component picture of the intra- and inter- 

molecular forces within the system. Energetic penalties are associated with the 

deviation of bonds and angles away from their reference and equilibrium values, there 

is a function that describes how the energy changes as bonds are rotated, and finally 
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the force field contains terms that describe the interaction between non-bonded parts of 

the system. More sophisticated force fields may have additional terms, but invariably 

contain these four components, so that it can be writing the general equation of the 

total energy of motion to be shown as: 

 

Vtot   =   Vbond + Vangle + Vtorsion + Vvdw + Velec                                        (80) 

 

6.1 Bonded interactions 

 

Bonds stretching: The interaction between two atoms directly bonded to 

each other is assumed to be harmonic. Bond stretching energy can be represented as 

following, 
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where   r is the length of the ith bond (Å) 

r0 is the equilibrium length for the ith bond (Å) 

kb is the bond stretching constant (kcal/mol (Å)2) 

 

Bond angles: The interaction between three connected atoms is also  

assumed to be harmonic. Angle bending energy is a function of angular displacement. 

The bending energy equation is also based on Hooke’s law 
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where    θ is the  angle between two adjacent bonds (degree) 

θ0 is the equilibrium value for the ith angle (degree) 

kθ is the angle bending constant (kcal/mol (degree)2) 
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Dihedral (Torsion) angles: There are four atoms connected by three 

bonds, so that if we look straight down the second bond, the dihedral angle is the angle 

between the first and third bonds. The energies associated with dihedral angles are 

treated using a cosine series. The torsion energy is modeled by a simple periodic 

function. 

 

( )[ ]∑ −+=
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nCosAE φτ1 ,                                                                (83) 

 

where   A is the torsional barrier (kcal/mol) 

nτ is the periodicity 

φ is the torsional angle 

 

6.2 Non-bonded interactions 

 

The non-bonded energy represents the pair-wise sum of the energies of all 

possible interacting non-bonded atoms i and j; 
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where the first term of the right-hand side of the equation (84) is the Lennard-Jones 

potential energy function that represented the van der Waals attraction and repulsion 

between atom i and j. The second term is the electrostatic interaction between atom i 

and j. 

 

Van der Waals attraction: Van der Waals attraction occurs at short range, 

and rapidly dies off as the interacting atoms move apart. 

 

Repulsion: Repulsion occurs when the distance between interacting atoms 

becomes even slightly less than the sum of their contact distance. 
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Electrostatic interactions: Electrostatic energy dies out slowly and it can 

affect atoms quite far apart. 
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