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ABSTRACT

This research presents a new non-monotone adaptive step size for Tseng’s type method
to solve the monotone inclusion problem. The results were applied to the problem of con-
vex minimization and signal processing, using a basic assumption, numerical testing, and
comparisons with other operations to show that the recommended operation was weakly and

strongly convergent.
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1. Introduction

The topic of inclusion problems and
fixed point issues has piqued the interest
of many mathematicians. This is because
comparable challenges can be applied to
a range of other problems. Convex pro-
gramming, the minimization problem, vari-
ational inequalities, and the split feasibil-
ity problem, for example, can all be solved
using these concerns. As a result, ma-
chine learning, signal processing, image
restoration, computerized tomography sen-
sor networks, data compression, and inten-
sity modulated radiation therapy treatment
planning can all be considered now (see

[I-15]).

Allow { to be a real Hilbert with the
inner product (-,-) and the induced norm
|Il. Let X : X — Hand B : H — 2%
be, respectively, single-valued and multi-
valued operators. In this paper, we study
the so-called monotone inclusion problem:

find z*€H suchthat 0€ (K+B)z".

(1.1)

The set of solutions of the problem ([L.1) is
denoted by Q := (K + B)~1(0). This prob-
lem ([L.1)) has a lot of interest because it is at
the heart of many mathematical problems,
such as split feasibility problem, e.g., let
H1 and Hs be the real Hilbert spaces, X is
bounded linear operator and 8 : H; — Hoy

*Corresponding author: anantachai.p@rbru.ac.th

doi: xx.xxxxx/scitechasia.xxxx.xx



D. Kitkuan et al. | Science & Technology Asia | Vol.27 No.4 October - December 2022

which 8* is the inverse of 8. € ¢ H; and
Q c Hy are not empty, closed and convex.
The convex split feasibility problem [2], has
a pattern as follows:

find z* €€ suchthat 8z € Q. (1.2)
1

Let Xz* = V(§||8z* — Po8z*||?) = 8*(I —

Pq)8z*, where Pq is a metric projection

onto Q and V is a gradient and B = Jdie is

the sub-differential die of ie and a maximal

monotone operator defined by

die(x) = {z" € H :ie(x) < (", x=y)+ic(y)},

for all y € 3. Therefore, the convex split
feasibility problem has the same structure
as ([L.I).

The forward-backward splitting al-
gorithm (FBSA) [4,16] is a classical method
for addressing the problem ([L.1)) in Hilbert
space JH. This uses the following procedure
to build an iterative sequence {x,} :

X1 € J‘f,
Xpsl = J?(I -nX)x,, Vnrn>1,
(1.3)

where J,I; = (I +nB)~! is the resolvent
operator of an operator B and 7 denotes the
identity operator on JH. It was proved that
the sequence generated by ([L.3) converges
weakly to an element in Q := (K +B)~1(0)
under the assumption of the a-cocoercivity
of the operator X, that is,

(Kx = Ky, x = y) 2 al|Kx = Kyll%,

for all x, y € H and 5 is chosen in (0, 2a).
Moudafi and Oliny [|17] investigated
the monotone inclusion problem ([L.1]).
They developed the inertial proximal point
algorithm, which combines the heavy ball
method and the proximal point algorithm.
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The inertial proximal point algorithm is de-
fined as follows:

x0,x1 € H,
in =Xn+ Qn(xn - -xl’l—l)’
Xp4l = J,?n(f -1, K)xn, Vnr =1,

(1.4
where {6,,} c [0, 1) such that

D Onlltn —xnall <00 (1.5)
n=1

which K : H — Hand B : H — 27 are
single and multi-valued mappings, respec-
tively. It was proven that if n,, < 2/£ with
the Lipschitz constant £ of the monotone
operator K and the condition ([I.3) holds,
then the sequence {x, } generated by the al-
gorithm ([1.4) converges weakly to a solu-
tion of the inclusion problem ([L.1)).

In recent years, many authors in a va-
riety of settings have studied and modified
the FBSA for solving the monotone inclu-
sion problem ([I.1)) when X is a-cocoercive
(see [[18-23]). It is worth noting that the a-
cocoercivity of the operator X is a strong as-
sumption. Tseng [24] proposed the Tseng’s
splitting method to alleviate this assump-
tion:

x1 € H,

zn = Iy, (I = 12520,

Xn+1l = Zn — Mn(Kzy — Kxy), n =1,
(1.6)

where X is monotone and £-Lipschitz con-
tinuous with £ > 0. It was proved that
the sequence {x,} generated by (1.5) con-
verges weakly to an element in Q := (K +
B)~1(0) provided the step size 7, is chosen
in (0,1/L£) . It’s worth noting that Tseng’s
splitting method necessitates knowledge of
the Lipschitz constant for the mapping. Un-
fortunately, Lipschitz constants are gener-
ally unknown or difficult to approximate.
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Then problem ([L.1]) becomes the fol-
lowing minimization problem:

Ecréigr{l S(x) + T(x). 1.7

Methods for solving the problem ([L.7), in
case F = V§ without the Lipschitz continu-
ity of F often use a linesearch procedure,
which runs in each iteration of the algo-
rithm until a stopping criterion is satisfied.
Because linesearch methods require several
computations of F values as well as pro-
jections onto a feasible set, they are time-
consuming. In addition, complexity calcu-
lations in linesearch algorithms become less
useful. This is clear because they only show
the number of outside iterations required to
achieve the required accuracy, but not the
number of inner linesearch iterations.

In this paper, we propose two mod-
ifications of Tseng’s splitting method with
monotone adaptive step sizes for solving the
problems ([.1)) and ([L.7) in the framework
of Hilbert spaces, inspired by Shehu [25].
Step size in our methods does not require
prior knowledge of the operator’s Lipschitz
constant, nor does it require any linesearch
procedure.

2. Preliminaries
Lemma 2.1 ([26]). Let I be a real Hilbert
space and K : H — H be a single-valued

mapping.
(a) X is called nonexpansive mapping if
[1Kx = Kyl < llx = yll,
forall x,y € H.

(b) K is called firmly nonexpansive map-
ping if

19Cx — Kyl + [(T = K)x — (T — K)y|)?

2
< [l =ylI%

forall x,y € H.

(c) X is called monotone mapping if
(Kx —Ky,y—x) > 0.
(d) K is called L-Lipschitz continuous
mapping if
15x = Kyl < Lllx = yll,
forall L > 0.

Example 2.2. Define a mapping X on
[0, ) by Kx = —x. Then

(a) X is a nonexpansive mapping.

(b) X is not a firmly nonexpansive map-
ping.

(c¢) X is a monotone mapping.

Consider, for all x, y € [0, )

(a)
1Kx = Xyl = [I —x + |
= [lx = yll.
Thus, X is a nonexpansive mapping.

(b)

1x = Ky lI? + 1(Z = K)x = (I = Kyl

=l —x+yIP+lx+x = (v + I
= llx = yII* + l12x = 2y|I?

=[x = ylI? + 12(x = p)II?

= |lx = ylI* + 4llx - yII?

=5llx = yII* > [lx = yII*

Thus, X is not a firmly nonexpansive

mapping.
(c)

(Kx —Ky,y—x)={(—x+y,y—x)
=(y—x,y—x)
= |ly - x|?
> 0.
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Thus, X is a monotone mapping.

In fact, every firmly nonexpansive
mapping is nonexpansive, but the inverse is
not always true. Moreover, if £ = 1, £-
Lipschitz continuous mapping is nonexpan-
sive.

Lemma 2.3 ([26]). Let X : H — X be
a mapping. Then, the following items are
equivalent:

(a) X is firmly nonexpansive;
(b) (I —X) is firmly nonexpansive;

(©) NIKx = Kyll* < (x =y, Kx = Ky),
forallx,y € X.

Let C be a nonempty convex subset
of H{. A subset C c J{ is said to be proxim-
inal if, for each x € J, there exists y € C
such that

lx = yl| = d(x,C) =inf{||x —w| : w € C}.

We denote by C8B(C) the collection
of all nonempty closed bounded subsets of
C. The Hausdorff metric on CB(C) is de-

fined by

for all ?,Q € CB(C), where d(x,Q9) =
inf,eq [|x — gl|. A multivalued mapping B :
€ — CB(0) is said to be nonexpansive if

supd(x,Q),supd(y, P)
xeP yeQ

H(P, Q) = max {

H(Bx, By) < [lx -yl
forall x,y € C.

Definition 2.4 ([26]). A set-valued opera-
tor B : H — 2% is called maximal mono-
tone if B is monotone, i.e.,

x=y,u—v)=>0,
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forall x,y € H, u € Bx and v € By. The
graph G(B) defined by

G(B)={(x,y) e HxH:yeBx)}

is not properly contained in the graph of any
other monotone operator.

Example 2.5. Define a mapping B on
[0,4] by

B{

Then B is monotone mapping.

Indeed, if x > y for x € (3,4] and
y € [0, 3], then for u, € Bx = {0}, there
exists uy = 0 € By such that u, > u,.

Thus, K is a monotone mapping.

X

[07 1
{0},

l, ifxel0,3],

if x € (3,4].

Example 2.6 ([27]). Let A be an n X n ma-
trix with real entries. Consider the operator
T :R" — R" defined by Tx = Ax. Then T
is maximal monotone if T is a positive lin-
ear operator.

Lemma 2.7 ([28]). Let B : H — 2% be any
set-valued operator and J g be the resolvent
of B with parameter n > 0. Then we have
the following:

(a) if"B is a maximal monotone operator,
then a point x* € H is a fixed point of
B Iy -1 —
J;; ifand only if x* € B~(0) = {x €
H:0e Bx};

B is monotone if and only if the re-
B .

solvent J}; is single-valued and firmly

nonexpansive;

(b)

(¢) B is maximal monotone if and only if
B .

J;, is single-valued, firmly nonexpan-

sive and D(Jg) = H, where D(J?)

. . B
is a domain of the operator J;.
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Lemma 2.8 ([29]). Let X : H — X be
a Lipschitz continuous and monotone map-
ping and B : H — 2% be a maximal mono-
tone mapping, then the mapping X + B is a
maximal monotone mapping.

Lemma 2.9 ([B1]). Leta € (0,1) forx,y €
H, we have the following statements:

@ 1€ < lxlllyll;

(®) Il +ylI* < flxl? + 2y, x + y);

(©) lxe+ ¥l = [lxlI* + 2¢x, y) + Iy lI%;

(d) llax + (1 - )yl = alx|* + (1 -
)|yl* = a1 -a)lx - yl*.
Lemma 2.10 ([32]). 4ssume that {n,} and

{¢n} are two nonnegative real sequences
such that

Ml MM+ @p, Yn2>1

If Y01 ¢n < 0o, then limy, e 17, exists.

Lemma 2.11 ([B3)]). Let {a,} be a sequence
of nonnegative real numbers, {a,} be a
sequence of real numbers in (0,1) with
Yoy @n = o0 and {b,} be a sequence of
real numbers. Assume that

an+1 < (1 —ay)a, +ayb,, ¥Yn =1,

If limsupy_,o, by, < 0 for every sub-
sequence {an, } of A{an} satisfying
liminfz e (an+1 — an,) = 0 then

lim,, e a, = 0.

3. Main Results
Assumption 1.

(A1) The feasible set of (IL.I) is a
nonempty closed and convex subset
of .

(A2) The solution set Q of (1) is
nonempty.
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(A3) KX H — H is monotone, L-
Lipschitz continuous on H, and B :
H — 2% maximally monotone.

Algorithm 1. Adaptive Tseng’s type
method for inclusion problem

initialization: Given xg, x; € I, u €
(0,1), @ > 0,177 > 0 and select a non-
negative real sequence {¢,} such that
o1 ¢n < co. Moreover, select a sequence

{vn} < (0,1) satisfies the following
conditions:
lim ¢, =0 and Zl,//n = oo.
n=1

Step 1: Compute

Zn = (1 =) (xn + 0, (X = Xp-1)),

where {6,,} is a sequence such that
0<6, <6, and

min{

n-1

n-1

£n .
—_— if X, # xXp-
n+a-1> Hm—m-ﬂ\}’ n n-1>

Oy =

otherwise.

n+a-1"

Step 2: Compute
Sn = J?n (L = 1K) zp-

If s, = zy,, then stop and s, is a solution of

(IL1)). Else, go to Step 3.
Step 3: Compute

Xn+l = Sn — nn(g{sn - iKZn)

where the sizes are adaptively updated as
follows:

. pllsn = znll } .
min{ ———mM——, + , ifKs, # Kz,
st = { [ R n
Mn + $n, otherwise.

@3.1)
Set n := n+ 1 and go back to Step 1.

Lemma 3.1. The sequence {n, } generated
by Eq. (B.1)) is monotonically decreasing
and bounded from below by min {%, 771} .
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Proof. Tt is clear that the sequence {n,}
is monotonically decreasing. Since X is a
Lipschitz function with Lipschitz’s constant
L, for Ks, # Xz,, we have

:u”Sn — Zall > ,u“Sn — Zall _ H
”:Ksn - :KZrL” B L”sn - Zn“ L

Therefore, it follows that 1, >
min {%, 771} . |

(3.2)

Lemma 3.2. The sequence {n,} gener-
ated by Eq. (B.1) and lim,—enn, = n €
[min {%, 771} JM+¢l, where o = 3.7 1 @n.
Then

1% = Kenll € ——llsn = zall. -~ (3.3)
n+l

Proof. Using Eq. (B.I)) and mathematical
induction, we have the sequence {r,} has
upper bound 77 + ¢ and lower bound
min{%,7;}. Using Lemma .10, we have
lim, 1, exists and we denote n =
lim,, 0 77,,. It is obvious something which
n € [min{&, n1},n1 + ¢]. By the defini-
tion of {n,, }, we have

n 1:min{ ﬂ”sn_zn” o + }

" ”:Ksn_:KZnH’ " "
< Hllsn = znll .
1Ksn — Kznll

This means that

1Ksn = Kznll € <—llsw—zall. ¥n 1.
n+1

3.4

O

Lemma3.3. Let K : H — H be a mapping
that satisfies Assumption |l| and a sequence
{x,,} generated by Algorithm [I. Then, we
have

X1 = 2l

2 2 T 2
<lzn = zll® = [1 = 15| llzn = sall®,

n+1

for each 7 € Q.

Proof. Let z € Q. Then, by the definition
of {xn+1} and using Lemma P.9, we obtain

(141 —ZH2
= 150 + 10 (Kzn = Ksn) = 2]
= llsn = zll* + 72| Kzn — Ksul?
+ 21, (sn — 2, Kz — Ksyp)
= |Isn + 20 — 20 — 2l
+ 1l Kz = K l®
+ 20, (sn — 2, Kz — Ksyp)
= llsn = zall* + llzn — 2I?
+2(Syn — Zns2n — 2)
+ 1Kz = Kos||?
+ 20, (sn — 2, Kzn — Ksp)
= llzn = 2l* + lIsn — zall?
+ 1Kz — Kosnl|®
+2(Sn — Zns Sn — 2)
+2(8n = Zn> Zn — Sn)
+ 20, (sn — 2, Kz — Ksp)
= llzn = 2l* + lIsn — zall?
+ 7l Kz — Kspll®
+2(8 — Zn, Sn — 2)
= 2(Sn — Zns Sn — Zn)
=20, {(Kzp — Ksp,z — sp)
= |lzn = zlI* + llsn = zall?
+ 1l Kz = Ksall®
- 2(Spn — Zn, 2 — Sn)
= 2|lsn — zall
= 2n2(Kzn — Ksp, 2 = sn)
= llzn = zlI* = llsn — zall?
+ Ml K2y = Ksnll®
= 2(zn = Sn = M (Kzn = Ksn), sn — 2).
(3.5)
By combining (B.4) and (B.3), we obtain

st = 2l
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< lzn = 2lI” = llsn = zall®

772 2
+:u2 2n lzn = sall
n+1
- 2<Zn —Spn — nn(:KZn - :KS,,L), Sn — Z>-

(3.6)

In fact, the resolvent J ,?n is firmly nonex-
pansive and s,, = Jf;n L =Kz = (L +
12B) (T - 1,K)z,, since B is maximal
monotone, there exists p, € Bz, such that

(I +12XK)zn = Sp + Nppn.

This means that

1
Pn=—(2n — Sn — 1aK2zy). 3.7

n

However, we have 0 € (K+3B)z and Ks,, +
Pn € (X + B)z,. From K + B is maximal
monotone, we have

(Ksp + pnssn—2z) = 0.
Using (B.7) and (B.§), we have

(3.8)

1
—(zn = Sn — M (Kzyy — Ksp), s, — z) = 0.

n

This means that

(Zn—=5n—1n(Kzn=Ksp), sn—2) = 0. (3.9)

From (B.€) and (B.9), we have
Ixns1 = zll®
0>
< lzn =2l = {1 = 225" | lzn = sull®.
n+l
(3.10)
O

Theorem 3.4. Let X : H{ — H be a
mapping that satisfies Assumption |l| and a
sequence {z,} generated by Algorithm [I.
If there exists a subsequence {z,, } weakly
convergent to 7 € H with lim, o |20 —
spll =0, then z € Q.
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Proof. From lim,_,.7n, exists and u €
(0,1), it follows that

2

. Ui

lim (1 —u? R

n—oo

):1—/,12>0.
nn+1

From the above explanation there exists a
fixed number ng € N such that

2
1250, Vazn. (3.1
nn+1
Combining (B.10) and (B.11]), we have
Ins1 = zlI* < llzn = 2lI% V1 2 no.
(3.12)

This means that lim,,_,« ||z, — z|| exists and
50 {||lzn — z||} is bounded. From (B.10), we

have
2
n
(1 - :u2 2n ) ”Zn - sn”2
n+l
< llzn = 2ll* = lenen — 2l
(3.13)
Therefore,
lim ||z, — sn]|? = 0. (3.14)
n—o0
Also,
Tim 12, = sall = 0. (3.15)

Using the fact that X is Lipschitz continu-
ous, we have

lim [|Kzy — Ksnll = 0. (3.16)
n—oo

From the boundedness of {z,}, there ex-
ists a subsequence {z,, } of {z,} such that
Zn, — z € J. From Eq. (B.19), we have
Sp, — 2. Let (w,v) € G(K + B), we have

v — Kw € Bw. Since s,, = J,?nk(f -

Unkjc)znk = (I + UnkB)_l(I - Unkg{)znk,
we obtain

(I _Unkjc)znk € (I+77nk.B)Snk-
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This means that a sequence {¥,} < (0,1) satisfies the
1 following conditions:
_(an — Sny nnkgcznk) € Bsnk- oo
" lim ¢, =0 and Z Yp = oo,
Using the maximal monotonicity of B, we e n=1

have Step 1: Compute

1
<W - an,V - KW - _(an - Snk - Unkaan)) > 0 in = (1 - l,bn)(xn + Qn(xn _xn_]_)),

ng

(3.17)
and using the monotonicity of K, we have .
where {6,,} is a sequence such that
(W = Sp.v) 0<6, <6,and
1 . n-1 on .
> (W= 58p, Kw+ — (20, — S = Kz )) m‘“{m’ Ten=xpall [+ %0 # Xn-1.
ng n =
= (W = Sp, Kw = Kzp, ) n:’;il, otherwise.
1
+ 77_<W — Smp> T = S Step 2: Compute
ng
_ 4B
= <W = Snps Kw — :K:Snk> Sn = Jr]n (I - Ungc)zn (318)
+ (W =8, Ksn, — Kzny ) If s, = z,, then stop and s, is a solution of
([L.1)). Else, go to Step 3.
" n7k<w = S T = S Step 3: Compute
> (W~ S"k’xsnk - :Kan> Xpa1 = Ynf () +(1=¥3) (5n=170 (K5, —Kz,))
P ) (3.19)
T W= Snie> Ty = Sni /- where the sizes are adaptively updated as
k follows:
In fact, the X is Lipschitz continuous _ { wllsn =zl . } —
k miny —————, IJn n(, 1 Sn Zns
and lim, o ||zn — sull = 0, it follows et —{ e = It e
that lim, e || Xz, — Ks,|| = 0. From e " (3.20)
lim,,,« 17, €Xists, we obtain Set n := n+ 1 and go back to Step 1.
(w—-2z,v)= klim (W= su,.,v) 2 0. Theorem 3.5. Let X : H — H be a

mapping that satisfies Assumption |l| and a

The preceding inequality, together with the sequence {x,} generated by Algorithm [,
maximal monotonicity of X+B implies that Then {xn} converges strongly to z, where
0 € (K +B)zthatis z € Q. o z=Pgo f(2).

Algorithm 2. Adaptive Tseng’s type 1700 Let

method for inclusi.on problem tn = Sn = Mu(Ksn — Kzn).
initialization: Given xo, x; € H, g, €
(0,1), u € (0,1), & > 0,71 > 0 and Claim 1. {x,} is bounded. Indeed, let z €

select a nonnegative real sequence {¢,} Q. Using the same arguments as in the proof
such that 3>, ¢, < co. Moreover, select of Lemma B.1|, we can show that
2
2, = zl|

182
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2
< llzn - 2II% - (1—u2 In )
(3.21)

From lim,,_,. 1, exists and u € (0,1), it

2

2
follows that lim,, e |1 — ,uzn—") =1-
Mo+t

> 0. This mean that

tn =zl < llzn = zI. (3.22)

From the definition of {z, }, we obtain
llzn = zll
= [[(1 = ) (X + 0 (X0 — xp-1)) — 2|
= [I(1 = ¢n)(xn = 2)
+ (1 = ¢n)0n(xn —xn-1) = ¥nzll
< (1 =n)llxn -zl
+ (1 = ¢n)Onllxn — xn-1ll + ¥allzll.

Let
0,
My = (1 =) —Ilxn = xp-1ll + [l2]]-
Yn

The above expression obtained from the fol-
lowing inequality

. €n
lim — =0.
n—

(3.23)

.0
lim —=|lx, —x,-1]| <
n—oo 17[/n

Hence,

lzn =zl < (1 = Yn)llxn =zl + ¥ M.
(3.24)

Therefore, combining (B.22)) and (B.24), we

have

ltn = zll < llzn = zll
<(1- wn)”xn -z]| + lﬁan
< Hxn - Z” + ‘pan (3-25)

From the definition of {x,}, we obtain

||xn+1 - Z”
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= Ynf Cen) + (1 = pn)tn = 2|l

= Yn(f(xn) = 2) + (1 =) (tn = 2|

S Ynllf Gen) = 2ll + (1 =g lltn — 2|

< Unllf (xn) = fI +dnll f(2) = 2l
+ (1= yn)lltn —zll

< Ynbllxn = zll + ¢l f(2) =2l
+ (L= yn)lltn — 2|l

Substituting (B.24) into (8.26), we obtain

IXpe1 — zl|
< Ynbllxn — zll + ¥l £ (2) - zll

+ (1 =) llxn = zll + (1 = Y)Y My
< (1= A =0)n)llxn = zll + ¥

(3.26)

+Ynllf(z) =zl
= (1= (1= 8)n)llxn -zl
M+ f(z) -zl
+(1_6)'70n 1-35
< max {||xn gy, Yt ) = ZII}
1-6
< s -, 2L )

This mean that {x,} is bounded.

Claim 2.
772
(1-yn)(1 _ﬂ2 2n Mlsn — Zn”2
n+l

2 2
< len = 2l = llxne1 = zll° + ¥ M.
Indeed, we have

Ins1 = 2II® (3.27)
< Yall £ () = 2l + (1= ) It — 211
<Yn(llf () = FN+11f(2) = 2l)?

+ (1 =gt = 2I1?
< Yu(kllxa =zl + 11 £ (2) = 2I)?

+ (1= y)litn = 21?
< Yn(llen = 2l +11.f (2) = zII)?
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+ (1 - l;[’n)”l‘n - Z”2
= Ynlln = 2ll® + ¥u llxn = zll - 1 £ (2) - 2
+11f(2) = 2l1?) + (1 = ) lltn — zII?

< Ynllx, - Z”2 + (1= ypn)lltn — Z”2 + Y, Mo
(3.28)

for some My > 0. By Lemma B.3, we have

Ixne1 = 21

< ||Zn_Z||2_( -

n+1

2
2 Nn 2
3 ) |z = snll”
(3.29)
Substituting (B.29) into (B.28), we obtain

||xn+1 _2“2

< Ynllx, = Z|I2 + (1= yn)llzn - Z”2
_(1_'7[’n)( 2 77n ) ”Sn_Zn”2

n+1
+ ‘ﬁn MQ’

(3.30)
which implies from (B.23) that

llzn — zII?

< (|lxn = zll + ¥ady)?

= [l = zll® + v M [lxy — 2zl + M)
< llxn = 2l + ¥aMs, (3.31)

for some M3 > 0. Combining (8.3() and
(B.31]), we obtain

Ixne1 = 21

< Ynllx, - Z”2 + (1= y)llx, - Z”2 + Y M3

2
2 1 2
— M 2n )”sn_zn”

- (1 - 'ﬁn) (1
n+l
+wnM2
= ||xp — Z”2 + Y, M3
2
Un
—(1—w0(1—u22

n+l

) IIsn — Zn”2

+ lﬁnj\/[2-
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This implies that

77
20 ) |E _Zn||2

n+1

(1 - ‘ﬁn) (1 -
2 2
< lxn = z2ll” = llxner — 2ll” + My,

where My := My + M.

Claim 3.
1 — 21
< (1= 1 =8)n)lxn —zl?
0 2
+ (1= 00 | s o =
+ 'ﬁnM5 + 2<f(Z) — 4 Xntl — Z>
1-6 ’

for some M5 > 0. Indeed, using Lemma
@, we have

a1 — zII?

= [lnf (xn) + (1= )ty — 2l1?

= Yn(f (xn) = f(2)) + (1 =) (tn — 2)
+Yn(f(2) = DI

< W (f (xn) = £(2)) + (1 =) (ta = DI
+2¢n(f(2) — 2, %n41 — 2)

<Yallf(xn) = F@IP+ A =) lltn - 2ll?
+ 20 (f(2) = 2, Xn41 — 2)

< Ynd®|lxn = 2l* + (1= ) lltn = 2I1?
+ 20 (f(2) = 2, Xn41 — 2)

< Yndllxn = 2l* + (L= ) lltn — 2l
+ 20 (f(2) = 2,%n+1 — 2)

< Ynbllxn — 2l + (1= ¢n)llzn — 2lI?

+ 20 (f(2) = 2, %n+1 — 2)- (3.32)
From (B.24), we have
llzn — zII”
= [[(1 =) (xp + 05 (x5 — Xp-1)) — Z”2
= [(1 =) (xn — 2)
+ (1 =¥n)0n(xpn —Xp-1) — l,anHQ
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= (1 = ¢n) (xn — 2)

+ (1= )0 (xn = xp-1) I

= 20((1 = ) (xn = 2)

+ (1= Y)0n (Xn = Xn-1), 2) + W2 l|2]I°
< A =) (xn = 2)

+ (1= ) 0n (X0 = xp-0) |17 + |22
= (1= )l = 21 + yrllzl?

+ (L= n)Onllxn — xn-1ll

= (1= ¢n) (1 = ¥) 011 = 21
< [bew = 2l1* + Onllxy = xa-1 1 + villzl?
= llxn = 2lI* + Onllxn = xpa |1 + Y M,

(3.33)
for some M5 > 0. From (B.32) and (B.33)

we get

xXne1 — 2l?

< (L= (1= 0Wm)llxn = zlI” + Onllxn — xp-1ll®
+ YaMs + 20 (f(2) = 2. Xns1 — 2)

< (L= (1= lxn -zl

0n 9
+ (L= 6)yn m”xn = xp-1]|
+ YnMs +2(f(2) = 2,Xn+1 — 2)
1-9¢ '

Claim 4. {||x, — z||?} converges to zero.
Indeed, by Lemma it suffices to show
that lim supy_, o, (f(2) =2, Xn+1—2) < 0 for
every subsequence { ||, ~z[[} of { v~}
satisfying

lim inf (||x,,+1 = 2|l = ||xn, —2l) > 0.
k—o0

For this, suppose that {||x,, — z||}

is a subsequence of {||x,, — z||} such that
hminfk—wm(nxnkﬂ -z]| = “xnk —-z[[) 2 0.
Then

Hm inf (|[xn1 = zlI* = n, — 2l1?)
k—o0

= lm inf [(Jxne+1 = 2zl = llxn, = 2ll)
k—o0
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X (Ilxne1 = zll + [lxn, = 2ID] = 0.

By Claim 2 we obtain

772

n

(1 —/12 ) . ) ”snk _an”2
nnk+1

< lim sup[|xn, — 2l = X1 — 2l

k—o0
+ wnkM4]

< Timsup|ln, = 2l = [Ixne1 = 2II%]

—00

lim Sup(l - 'ﬁnk)

k—o0

+ lim sup 6,,, M4

k—o0
=~ lim inf[ |l 1 — 2? - v, - zl?]
This implies that
Jim flsn, =20 ll =0 (334)
Now, we show that
I 41 = Xn, |l = 0 as n— oo, (3.35)

Indeed, from (8.34), it follows that

ltn = zngl (3.36)
= ||snk — Mny (:Ksnk - :K:an) — Zny ”
< ”snk — Zny || + Mny. ”:Ksnk - :Kznk ”

2

nr+1

<

) ”Snk - an”2 - 0
(3.37)

Moreover, we have

”xnk+1'_tnk” = enk”tnk _ﬂf(xnk)” - Oa
(3.38)
and

||an _xnk”
= “xn + en(xn - xn—l)
- 'ﬁn [xn + en(xn - xn—l)] - xn”

< Onllxn — xp-1ll + wn”xn”
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+0unllxn — xp-1ll

6
= lr[’n_n”xn = Xn-1|l + ¥nllxnll
n

O
+ w3¢—llxn —xpll > 0. (3.39)

n

From (B.36), (B.38) and (B.39), we get

”xnk+1 _xnk”
< xneer =t |l + Nty = 2ol

+ ”an _xnk” — 0.

Since the sequence {x,, } is bounded, it fol-
lows that there exists a subsequence {xnkj}
of {x,, }, which converges weakly to some
z* € H, such that

—Z>

lim sup(f(z) — z, xn,

k—oc0

= jli_{{}o (f(2) =2, Xn,, = 2)
={(f(z) —x,7" - 2).

From (B.34) and Lemma B.3, we have z* €
Q and, from (B.40) and the definition of z =
Pg o f(z), we have

(3.40)

lim sup(f(z) — z, xn, — 2)
k— o0

=(f(2) -z -2 <0.
Combining (B.39) and (B.41), we have

lim sup(f(z) — 2, Xn 41 — 2)
k—o0
~2)

< limsup(f(z) — z, xn,

k—o0

(3.41)

=(f(z)—z,2"-2) <0. (3.42)

0
Hence, by (8.42), limc0 — ||xp —Xn-1| =
0, Claim 3 and Lemma , we have
lim,, e ||xn — z|| = 0. That is the desired

result. m]
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4. Convex minimization problem

Let S : H — R be a convex function
and 7 : H{ — R be a convex, lower semi-
continuous and non-smooth function. We
consider the following convex minimiza-
tion problem:

min 8(x) + T(x). 4.1)
xeH

By Fermat’s rule, we know that the above
problem is equivalent to the problem of
finding x € J{ such that

0€ VS(x)+dT(x), 4.2)

where V8 is the gradient of § and 97 is the
sub-differential of T defined by

0T(x)={zeH :T(x) <{z,x-»+T(y)}.

for all y € J. In this situation, we assume
that S is a convex and differentiable func-
tion with its gradient VS8 is £-Lipschitz con-
tinuous. Further, V8 is cocoercive with a
constant 1/£ (see [34]). This implies that
VS8 is monotone and Lipschitz continuous.
Moreover, 07T is maximal monotone (see
[B5]). In this point of view, we set K = V8
and B = 07, then we obtain the following
results regarding the problem (f.1]).

Assumption 2.

(A1) The function 8 : H — R is con-
vex and differentiable and its gradi-
ent VS is £-Lipschitz continuous and
J : H — R is convex and lower
semi-continuous which 8 + T attains
a minimizer.

Algorithm 3. Adaptive Tseng’s type
method for convex minimization problem

initialization: Given xo, x; € H, g, €
(0,1), u € (0,1), @ > 0,71 > 0 and
select a nonnegative real sequence {¢,}
such that };° ; ¢, < co. Moreover, select
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a sequence {¥,} < (0,1) satisfies the
following conditions:

lim ¢, =0 and E Yy = oo,
n—oo
n=1

Step 1: Compute

in = (1 - l,[’n)(xn + Hn(xn _xn—l))a

where {6,,} is a sequence such that
0<86, <6, and

. n-1 y .
min{ ———, Hfin\l . ifx, # Xno1,
. n+a-1" Pn=Xn-1
0, =
n-1 .
otherwise.

n+a-1"

Step 2: Compute
Sn = ]7673(_[ —11aV8)zn.

If s,, = z,,, then stop and s,, is a solution of

(B.1)). Else, go to Step 3.
Step 3: Compute

Xpt1 = Sp — Nn(V8s, — V8z,)

where the sizes are adaptively updated as
follows:

otherwise.

s wllsn = zall } .
min{ —————— 7, + , ifV8s, # V8z,,
Mne1 = { { [VSsn - V8z, " T T 1 " "

M+ ¢n,
Set n :=n+ 1 and go back to Step 1.

Theorem 4.1. Let X : H{ — H be a
mapping that satisfies Assumption || and a
sequence {x,} generated by Algorithm [

Then {x, } converges weakly to a minimizer
of S+ 7.

Algorithm 4. Adaptive Tseng’s type
method for inclusion problem

initialization: Given xg, x1 € H, g, €
0,1),u € (0,1), «a > 0,7y > 0 and
select a nonnegative real sequence {y,}
such that }7° ; ¢, < oo. Moreover, select
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a sequence {¥,} < (0,1) satisfies the
following conditions:

lim ¢, =0 and

n—oo

IS
n=1

Step 1: Compute

in = (1 - l/’n)(xn + On(xn _xn—l)),

where {6,,} is a sequence such that
0<6,<06,and

n-1 .

. n .
min { ———, ——2&— if x, Xp—
~ {n+a—1’ lIxn—xp—11 [~ n # Xn-1,
0, =

n—1 .
otherwise.

n+t+a-1"
Step 2: Compute
Sn = J?;g(j —11aV8)zn.

If s, = z,,, then stop and s, is a solution of

(B.1)). Else, go to Step 3.
Step 3: Compute

X1 = Ynf )+ (A=) (50—10 (VE5,—V8z,))

where the sizes are adaptively updated as
follows:

. llllsn *ZnH } .
min{ ——————— 7, + , if V8s, # V8z,,
st = { 1785y — V82, [ ™ " %" T e
M+ Pns otherwise.

Set n :=n+ 1 and go back to Step 1.

Theorem 4.2. Let X : H{ — H be a
mapping that satisfies Assumption || and a
sequence {x,} generated by Algorithm H.
Then {x,} converges strongly to a mini-
mizer of S + 7.

5. Numerical experiments

Example 5.1. Let H = [0, 4]. Define the
mappings K : 5 — Hand B : H — 2%
by the following:

1 1
Xx = Z(x —2) and Bx=4(x+ 5)
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We see that the proposed mappings satisfy
the assumptions in Theorem .4 and The-
orem B.3. For each n > 0, we obtain that
J}; I —nK)x = 1 +_12nx. In these exper-
iments, we compare our Algorithm [I| and

Algorithm B with Algorithm ([L.6) of Tseng
[24]. The parameters are chosen as follows:

« Algorithm[[: ¢ =

v o =3, m
and u = 0.6;

1 e =
(10000(n+1))2* ©n

0.09, ¢n

_ 1
T (n+1)?

. Algorilthrn B f(x) ) = Sy
00002 &n = Yo @ = 3,1

0.09, ¢, = W and y = 0.6;

« Algorithm ([L.6): 5 = 0.09.

We perform numerical experiments with
four different point of view x; cases and use
the stopping criterion ||x,+1 — x,|| < 10710,
The numerical results are summarized in
Table [I.

Example 5.2. Consider the minimization
problem:

min [|x||y + [|x]|2 + (=2, 1,4)x +9,
x€eR3

where x = (u1,u2,u3)T € R3. Let 8(x) =
||x||§ +(=2,1,4)x+9 and T(x) = ||x]|1. So,
we have V8(x) = 2x + (2,1,4)7 . It is easy
to check that S is a convex and differen-
tiable function and its gradient VS is Lips-
chitz continuous with £ = 2. Moreover, T is
a convex and lower semi-continuous func-
tion but not differentiable on R3. From [36],
we know that

I (x) = (I +10T) 7 (x)
= (max{luy| —n,0}sgn(u1),
max{[uz| -7, 0}sgn(uz),
max{|us| —n,0}sgn(u3))"
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for > 0. In these experiments, we com-
pare our Algorithm [ and Algorithm f with
Algorithm ([L.6) of Tseng [24] in case X =
V8 and B = 9T. The parameters are chosen
as follows:

« Algorithm fi: ¢

_ 1 _

= [0000(ne 12’ &n =
U@ =3, = 049, ¢u = o
and u = 0.5;

« Algorithm H: f(x) Iy
1 _ 42 _ _
00002 &n = Y @ = 3,11 =

0.49, ¢n = Grgyz and = 0.5;
« Algorithm ([L.6): n = 0.49.

We perform numerical experiments with
four different point of view x; cases and use
the stopping criterion ||x,+1 — x| < 10710,
The numerical results are summarized in
Table [.

Example 5.3. In signal processing, com-
pressed sensing can be represented as the
under-determinated linear equation system
shown below:

b=Fx+c,

(5.1)

where x € RY is a vector with m nonzero
components to be recovered, b € RM is the
observed or measured data with noisy ¢ and
F: RN — RM(M < N) is a bounded lin-
ear operator. It is known that to solve (5.1)
can be seen as solving the LASSO problem:
1 2

Inin, §|I?x—b||2+nllxn1, (5.2)
where 17 > 0. Next, let X = V8§ be the gra-
dient of T and B = 97 the sub-differential

1
of T, where 8(x) 5“»%6 - b||3 and

T(x) = n||x|l1. Then V8(x) = FT (Fx — b)
and 0T (x) = d(nllx||1). It is known that
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Table 1. Numerical results for Example [5.1.

Yo =11 Algorithm 1 Algorithm 2 Algorithm (1.6)
iter.  time iter.  time 1ter. time
0.5 25  0.01 25  0.01 68 0.02
1.5 25 0.01 25 0.01 70 0.02
2.5 25  0.01 25  0.01 72 0.02
3.5 26  0.01 26 0.01 73 0.02
Table 2. Numerical results for Example [5.2.
_ Algorithm 3 Algorithm 4 Algorithm (1.6)
0 =X iter.  time iter.  time iter. time
(2,1,3)7 82 0.03 82 0.03 1046 0.11
(2,-5,4H)T 85 0.03 85 0.04 1069 0.11
(=150, 150, 100)” 95 0.03 95  0.04 1235 0.18
(=3000, =5000, —=700)” 108  0.03 108 0.04 1405 0.21
Kis ||F ||%-Lipschitz continuous and mono- « Algorithm W f(x) = 5 ¥ =
tone. Moreover, B is maximal monotone m, & = :,l/,2,, a=3,n =

(see [B9]).

The sparse vector x € RY is created
in this experiment from a uniform distribu-
tion with m nonzero entries in the interval
[-1,1]. A normal distribution with mean
zero and one invariance yields the matrix
F € RM*N  The mean squared error (MSE)
is used to determine the restoration accu-
racy:

MSE = %Hxn —x|2<107™,  (5.3)
where x is the original signal.

We compare our Algorithm [§ and Al-
gorithm M with Algorithm ([[.6) of Tseng
[24] in case K = VS and B = 9T. The
parameters are chosen as follows:

. i 3: = ; -
Algorithm B: ' = 55602 &n =
U@ = 3,1 = 0.09, ¢, =
and u = 0.6;

(n+1)2
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0.09, ¢, = W and u = 0.6;

0.04

Algorithm (L.g): n = W
2

The starting stances x; of all methods are
chosen at random in RV . The numerical test
is done using the following two cases:

Case I: N = 513, M = 256 and m = 20.
Case II: N = 1024, M = 512 and m = 50.
The numerical results for all tests show in

Figs. [I, @, B and §.
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Original signal (N= 513, M= 256, 20 spikes)
T I

ol I L A I |
a0 I A N A I B A ]
0 50 100 150 200 250 300 350 400 450 500
Measurement
057 \ \ \ 3
0 —
-0.5= I ! ! \ \
0 50 100 150 200 250
Algorithm 3 (MSE = 1.675837e-05, 165 iterations, CPU = 0.87 s)
1 7 T T I N T I 1 I I T
MR [ A A AT AR A
0 50 100 150 200 250 300 350 400 450 500
1~ Algorithm 4 (MSE = 1.675837e-05, 165 iterations, CPU = (.89 s) ~
! | | [ W 1T A |
A T A A A T T B A r, |
0 50 100 150 200 250 300 350 400 450 500
i Algorithm (1.6) (MSE = 1.734211e-05, 1115 iterations, CPU = 0.91 s)
[ \ ’ I ‘ e A ‘
oy I . N A A AR
0 50 100 150 200 250 300 350 400 450 500
Fig. 1. Comparison of recovered signal by using different algorithms in Case 1.
0.35 T T T T
—— Algorithm 3
————— Algorithm 4
03 — - = Algorithm (1.6) | |
0.25 .
02k .
3
w2
=
1 - ~I ~~~~~~ L . 1
400 600 800 1000 1200

6. Conclusions
In this paper, we combined inertial
and viscosity techniques to propose a mod-

Number of iterations

Fig. 2. The plotting of MSE versus number of iterations in Case I.

ified Tseng’s method for solving monotone
inclusion problems in real Hilbert spaces.
Furthermore, we established the weakly and
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Original s1gnal (N= 1024, M= 512, 50 spikes)

(1)7 [T 0] T W NI B (N B K |
add I T 1 L rmimr ., 11 1 1 I T
0 100 200 300 400 500 600 700 800 900 1000
Measurement
I
0 50 100 150 200 250 300 350 400 450 500
Algorlthm 3 (MSE 2 48041 1e-05 197 iterations, CPU = 5.42 s)

S [ 1 I L il T "]

0
U It T 11 [ 10 llllll T 1 I T
0 100 200 300 400 500 600 700 800 900 1000
{ Algorlthm 4 (MSE 2 48041 1e-05 197 iterations, CPU = 5.43 s)
oL’ [ | L T
aU IT T I [ 1M IIIHI T 1 I TTL
0 100 200 300 400 500 600 700 800 900 1000
Algorlthm (1. 6) (MSE = 2.540287e-05, 1352 iterations, CPU = 5.45 s)
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U TT T T L rmir . 171 .1 1 I T
0 100 200 300 400 500 600 700 800 900 1000
Fig. 3. Comparison of recovered signal by using different algorithms in Case II.
0.4 T T T T T T
—— Algorithm 3
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03 | =
025 4
|
\
CBDJ 02 -
Z o
0.15 .
0.1 =
0.05 - -
0 | T =-— = ]
600 800 1000 1200 1400
Number of iterations
Fig. 4. The plotting of MSE versus number of iterations in Case II.
strongly convergence theorems. Finally, and applied to signal processing by modi-

we compared our results with Algorithm fied the algorithm [l| and the algorithm [ in
(IL.g) of Tseng [24] in the convergence rate case X = VS and B = 97, as in Exam-
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ple B.1 and Example 5.2, we knew that our
algorithm is more efficient than Algorithm

([1.6) of Tseng (see Figs. [ll, P, B and H).
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