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The purpose of this paper is to consider a shrinking projection method for finding a common
element of the set of solutions of generahzed mixed equilibrium problems, the set of fixed points
of a finite family of quasi-nonexpansive mappings, and the set of solutions of variational inclusion
problems. Then, we prove a strong convergence theorem of the iterative sequence generated by
the shrinking projection method under some suitable conditions in a real Hilbert space. Our
results improve and extend recent results announced by Peng et al. (2008) Takahashi et al. (2008),
S.Takahashi and W. Takahashi (2008), and many others.

1. Introduction

Throughout this paper, we assume that H is a real Hilbert space with inner product (-, -) and
norm || - |}, and let C be a nonempty closed convex subset of H. We denote weak convergence
and strong convergence by notations — and —, respectively.

Recall that the following definitions.

(1) Amapping T : C — C is said to be nonexpansive if
ITx-Ty|| <|lx-v]. vx.yeC (1.1)
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(2) A mapping T : C — C is said to be quasi-nonexpansive if

ITx-pll <||x-pll. VxeC peF(D). (1.2)

We denote F(T) = {x € C : Tx = x} be the set of fixed points of T.
Let B: H — H be a single-valued nonlinear mappingand M : H — 2H to a set-
valued mapping. The variational inclusion problem is to find X € H such that

0 € B(x) + M(), )

where 0 is the zero vector in H. The set of solutions of problem (1.3) is denoted by I(B, M).

Definition 1.1. A mapping B: H — H is said to be a -inverse-strongly monotone if there exists
a constant ¢ > 0 with the property

(Bx ~ By,x-y) > ¢||Bx - By|’>, Vx,yeC (14)

Remark 1.2. It is obvious that any -inverse-strongly monotone mapping B is monotone and
1/¢-Lipschitz continuous. It is easy to see that if any A constant is in (0, 2¢], then the mapping
I - AB is nonexpansive, where I is the identity mapping on H.

A set-valued mapping M : H — 2H is called monotone if for all x,y € H, f € M(x),
and g € M(y) implying (x — v, f — g) > 0. A monotone mapping; M is maximal if its graph
G(M) := {(f,x) € Hx H : f € M(x)} of M is not properly contained in the graph of any

other monotone mapping. It is known that a monotone mapping M is maximal if and only if
for (x,f)e HxH,(x~-y, f—g) = 0forall (y,g) € G(M) imply f € M(x).

Definition 1.3. Let M : H — 2H be a set-valued maximal monotone mapping, then the single-
valued mapping Jm, : H — H defined by

Jma(®) = I +AM)' (%), ZTeH (1.5)

is called the resolvent operator associated with M, where 1 is any positive number and I is
the identity mapping.

Remark 1.4. (R1) The resolvent operator Js, is single-valued and nonexpansive for alla >0,
that is,

ITma) = Ima )l < Ix -yl vay € H, vA>0. (1.6)

(R2) The resolvent operator Ja) is 1-inverse strongly monotone; see [1], that s,

NTaa () = Taa I < Uma(x) = Ima(y), x-y), Vx,y € H. 1.7)
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(R3) The solution of problem (1.3) is a fixed point of the operator Ja (I — AB) for all
A > 0; see also [2], that is,

I(B,M) = F(Jua(I - AB)), YA>O0. (1.8)

(R4) If 0 < X £ 2¢, then the mapping Jma(I - AB) : H — H is nonexpansive.
(R5) I(B, M) is closed and convex.

Let A : C — H be a nonlinear mapping, let ¢ : C — R U {+o0} be a real-valued
function and F a bifunction from C x C to R. We consider the following generalized mixed
equilibrium problem.

Finding x € C such that

F(x,y) + (Ax,y-x) +p(y) —p(x) 20, YyeC. (1.9)
The set of such x € C is denoted by GMEP(F, ¢, A), that is,
GMEP(F,p, A) = {x € C: F(x,y) + (Ax,y —x) + p(y) - 9(x) 20, Vy € C}. (1.10)

It is easy to see that x is solution of problem (1.9) implies that x € dom¢ = {x € C: p(x) <
+co}.

(i) In the case of A = 0(:the zero mapping), then the generalized mixed equilibrium
problem (1.9) is reduced to the mixed equilibrium problem. Finding x € C such that

F(x,y) +p(y) —p(x) 20, VYyeC. (1.11)

The set of solution of (1.11) is denoted by MEP(F, ¢).

(ii) In the case of ¢ = 0, then the generalized mixed equilibrium problem (1.9) is
reduced to the generalized equilibrium problem. Finding x € C such that

F(x,y)+{Ax,y-x)2>0, VyeC (1.12)

The set of solution of (1.12) is denoted by GEP(F, A).

(iii) In the case of A = 0(:the zero mapping) and ¢ = 0, then the generalized mixed
equilibrium problem (1.9) is reduced to the equilibrium problem. Finding x € C such
that

F(x,y)20, VyeC. (1.13)

The set of solution of (1.13) is denoted by EP(F).
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(iv) In the case of F = 0, ¢ = 0 and A = B then the generalized mixed equilibrium
problem (1.9) is reduced to the variational inequality problem. Finding x € C such that

(Bx,y-x)20, VyeC. (1.14)

The set of solution of (1.14) is denoted by VI(C, B).

The generalized mixed equilibrium problem include fixed point problems, optimiza-
tion problems, variational inequalities problems, Nash equilibrium problems, noncooper-
ative games, economics and the equilibrium problems as special cases (see, e.g., [3-8]).
Some methods have been proposed to solve the generalized mixed equilibrium problems,
generalized equilibrium problems and equilibrium problems; see, for instance, [9-22].

In 2007, Takahashi et al. [23] proved the following strong convergence theorem
for a nonexpansive mapping by using the shrinking projection method in mathematical
programming. For a C; = C and xy = Pc,xy, they defined a sequence as follows

Yn = OpXy + (1 -a,)Txy,
Co1={z2€Cy:|lyn-z| < flotn — zlt}, (1.15)

X1 =P, %0, ¥n21,

where 0 < a, < a < 1. They proved that the sequence {x,} generated by (1.15) converges
weakly to z € F(T), where z = Prr)xo. ’

In 2008, S. Takahashi and W. Takahashi [24] introduced the following iterative scheme
for finding a common element of the set of solutions of mixed equilibrium problems and
the set of fixed points of a nonexpansive mapping in a Hilbert space. Starting with arbitrary
x1 = u € C, define sequences {x,}, {1} and {u,} by

F(un,y) + {(Axn, ¥y —un) + rl(y—u,u,,—x,.) >0, VyeC

Yn = dutt + (1 — ay)uy, (1.16)

Xnsl = pnxn + (1 - pn)Tyn

They proved that under certain appropriate conditions imposed on {a,},{,} and {r,}, the
sequence {x,} generated by (1.16) converges strongly to z = Pr)nGEP(FA)U-

In 2008, Zhang et al. [25] introduced the following new iterative scheme for finding a
common element of the set of solutions to the problem (1.3) and the set of fixed points of a
nonexpansive mapping in a real Hilbert space. Starting with an arbitrary x; = x € H, define
sequences {x,} and [y,} by

Yn = ]M,l(xn - «‘an),
(1.17)

Xpo1 = apX + (1~ an)Ty,, VYVn20,

where Jay = (I + AM)7! is the resolvent operator associated with M and a positive number
A, {a.} is a sequence in the interval [0, 1].



Joumal of Inequalities and Applications 5

In 2008, Peng et al. [26] introduced the following iterative scheme by the viscosity
approximation method for finding a common element of the set of solutions to the problem
(1.3), the set of solutions of an equilibrium problems and the set of fixed points of
nonexpansive mappings in a Hilbert space. Starting with an arbitrary x; € H, define
sequences {x,}, {y,) and {u,] by

F(uruy) + rl’<y_ Up, Up "-xn> 20, Vy €C,

Yn = Jma(un — ABuy), (1.18)

Xne1 = anf(xn) + (1 - a,)Ty,, VYn>0.

They proved that under certain appropriate conditions imposed on (a,} and {r}, the
sequence {x,} generated by (1.18) converges strongly to z = Prynep(F)n1(8,m) f (2)-

In 2010, Katchang and Kumam [27] introduced an iterative scheme for finding a
common element of the set of solutions for mixed equilibrium problems, the set of solutions
of the variational inclusions with set-valued maximal monotone mappings, and inverse
strongly monotone mappings and the set of fixed points of a finite family of nonexpansive
mappings in a real Hilbert space.

In this paper, motivated and inspired by the previously mentioned results, we
introduce an iterative scheme by the shrinking projection method for finding a common
element of the set of solutions of generalized mixed equilibrium problems, the set of
fixed points of a finite family of quasi-nonexpansive mappings and the set of solutions of
variational inclusion problems in a real Hilbert space. Then, we prove a strong convergence
theorem of the iterative sequence generated by the proposed shrinking projection method
under some suitable conditions. The results obtained in this paper extend and improve
several recent results in this area.

2. Preliminaries

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Recall that
the (nearest point) projection Pc from H onto C assigns to each x € H the unique point in
Pcx € C satisfying the property

lbx = Pex|) = min]lx - ]l 2.1)

We recall some lemmas which will be needed in the rest of this paper.

Lemma 2.1. Foragivenx € Hand z € C,
z=Pexe=(x-2,2-y)20, VyeC. 2.2)
It is well known that Pc is a firmly nonexpansive mapping of H onto C and satisfies

|| Pcx - Pcy||2 < (Pcx-Pcy,x-y), VYx,yeH. (2.3)
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Lemma 2.2 (see [1]). Let M : H — 2H be a maximal monotone mapping and let B: H — H be
a Lipshitz continuous mapping. Then the mapping S = M + B : H — 2H is a maximal monotone

mapping.

Lemma 2.3 (see [28]). Let C be a closed convex subset of H and let {x,} be a bounded sequence in
H. Assume that

(1) the weak w-limit set wy,(x,) C C,
(2) for each z € C, lim,, ., o ||x, — z|| exists.
Then {x,} is weakly convergent to a point in C.
Lemma 2.4 (see [29]). Each Hilbert space H satisfies Opial's condition, that is, for any sequence

{xn} ¢ H with x,, — x, the inequality

lim infllx, - x|| < lirfrlg\fuxn -y (2.4)

holds for each y € H with y # x.

Lemma 2.5 (see [30]). Each Hilbert space H satisfies the Kadec-Klee property, that is, for any
sequence {x,} with x, — x and ||x,|| — ||x|| together imply ||x, — x|} — 0.

For solving the generalized equilibrium problems, let us give the following assump-
tions for F, ¢, and the set C:

(A1) F(x,x) =0forallx e C;

(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forallx,y € C;

(A3) foreach y € C, x — F(x,y) is weakly upper semicontinuous;
(A4) for each x € C,y — F(x, y) is convex and lower semicontinuous;

(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € CNdom ¢
such that for any z € C\ Dy,

F(zyx) + ¢ (yx) - p(2) + %(yx —z,z-x)20; (2.5)

(B2) Cis bounded set.

Lemma 2.6 (see [31]). Let C be a nonempty closed convex subset of H and let F be a bifunction of
C x C into R satisfying (A1){A4). Let ¢ - H — R U {+oo] be a proper lower semicontinuous and
convex function such that C ndom #9. For r > 0 and x € H, define a mapping T, : H — Cas
follows: '

T, (x) = {zeC:F(z,y) +o(y) - @(z) + %(y—z,z—x) >0, VyeC}. (2.6)
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Assume that either (B1) or (B2) holds. Then, the following conclusions hold:
(1) foreach x € H, T, (x)+#®;
(2) T, is single-valued;
(3) T, is firmly nonexpansive, that is, for any x,y € H,

IT,(x) - T, < (Tr(x) = T, (y), x - y); (2.7)

(4) F(T,) = GEP(F, p);
(5) GEP(F, y) is closed and convex.

Remark 2.7. Replacing'x with x —rAx € H in (2.5), then there exists z € C\ Dy, such that

F(z,yx) + (Ax, yx — 2) + p(yx) — p(2) + %(yx -z,z-x)>0, VyeC. (2.8)

3. Main Results

In this section, we will introduce an iterative scheme by using shrinking projection method for
finding a common element of the set of solutions of generalized mixed equilibrium problems,
the set of fixed points of a finite family of quasi-nonexpansive mappings and the set of
solutions of variational inclusion problems in a real Hilbert space.

Let {T;)Y, be a finite family of nonexpansive mappings of C into itself, and let
Y1,...,¥YN be real numbers such that 0 < y; < 1 forevery i = 1,..., N. We define a mapping
K :C — Casfollows:

Ui =yTi+ (1 -n)l,
U; = phU; + (1-n)l,

Us =T+ (1 -p3)],
3.1)

Un-g = yn-1TnailUN-2 + (1= yn-1) ]
K=UyN-= YNTNUN—] + (l - YN)I-

Such a mapping K is called the K-mapping generated by Th,..., Ty and 11, ..., yN; see [32].
We have the following crucial Lemma 3.1 and Lemma 3.2 concerning K-mapping
which can be found in [14]. Now we only need the following similar version in Hilbert spaces.

Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T; }N | be a finite
family of quasi-nonexpansive mappings and L;-Lipschitz mappings of C into itself with (2, F(T;) # 9
and let yy,...,yn be real numbers such that 0 < y; < 1foreveryi=1,... N-1,0<yny < land
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SN = 1. Let K be the K-mapping generated by Ty, ..., Tn and y1,..., yN. Then, the followings hold:

(1) K is quasi-nonexpansive and Lipschitz,
(2) F(K) = (i, F(T).

Lemma 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T; }N, bea
finite family of quasi-nonexpansive mappings and L;-Lipschitz mappings of C into itself and {yy,; B
sequences in [0,1) such that y,; — yi,asn — oo, (i = 1,2,...,N). Moreover, for every n € N, let
K and K,, be the K-mappings generated by Ty, T, ..., Tn and Y- yN,and Ty, To, . Ty and
Yn1s Yn2s - - -, Yn.N, respectively. Then, for every x € C, we have lim, . || Knx — Kx|| = 0.

Now we study the strong convergence theorem concerning the shrinking projection
method.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H, let F be a bifunction
from C x C to R satisfying (A1)-(A4), and let p : C — R U {+co} be a proper lower semicontinuous
and convex function with assumption (B1) or (B2). Let {T; }IN. be a finite family of quasi-nonexpansive
and L;-Lipschitz mappings of C into itself, and let A be a p-inverse-strongly monotone mapping of C
into H, let B a ¢-inverse-strongly monotone mapping of C into H and M : H — 2 be a maximal
monotone mapping. Assume that

N
©:= () F(T;) n\GMEP(F, p, A) N I(B, M) #9. (3.2)
i=1

Let K, be the K-mapping generated by T1,Ts, ..., Tn and Yu1, Va2, -- - YnN- Let {xn}, {yn}, {vn},
{zn} and {u,} be sequences generated by xo € H, C; = C,x1 = Pe,xo, un € C and let

F(un,y) +o(y) — o(un) + (Axy, y — n) + rl(y — U, Uy —Xn) 20, VYyeC,

= Jms, (Un — 6nBuy),
Un = M, (}/n - AnB}/n), (3.3)
Zn = Anxy + (1= an) Ky op,
Cr1 = (2 € Cutllzn =zl < llxn - 2zll},

Xns1 = Pc,,%0, neEN,

n+l

where {a,} C (0,1) satisfy the following conditions:

(i) {a,) C [0,e] forsome e with0<e< 1;
(ii) {6a), {Xn} C [a, b] for some a,bwithOG < a <b < 2§;
(iii) {rn} C [c.d] for some c,d withO < c < d < 2p.

Then, {x,} and (u,} converge strongly to z = Paxy.



Journal of Inequalities and Applications 9

Proof. In the light of the definition of the resolvent, u, can be rewritten as u, = T, (X, —
rmAxy). Letp € O = nf;’lF(T,-) N GMEP(F, ¢, A) N I(B, M), and using the fact {T;,} be a
sequence of mappings defined as in Lemma 2.6, A is an f-inverse-strongly monotone and
that p = Ty, (p — r,Ap), where {r,} C [c,d] for some ¢,d with 0 < ¢ < d < 2§, we can
write

Nt~ Pl = I Tou G = 7w Asn) = T (p = raAp) |
< | en = radiz) = (- radp)|2
= |G = ) - Ta(Axn — AP
= |%n = PI® = 2ra{xn = p. Axa — Ap) + 12|| Ax — Ap||* (3.4)
< Yl = P = 2Bl A% - API + 72 Ay — AP
o=l + 1= 28) A% — A

< [lxn -pll”.

Next, we will divide the proof into six steps.

Step 1. We first show that {x,} is well defined and C, is closed and convex for any
neN

From the assumption, we see that C; = C is closed and convex. Suppose that Cj is
closed and convex for some k > 1. Next, we show that Cy, is closed and convex for some k.
For any p € Ci, we obtain that

llze - pll < Iz =Pl (3.5)
is equivalent to
Iz — xxl* + 2(zx = xx, xx — p) < 0. (3.6)

Thus Ck,; is closed and convex. Then, C, is closed and convex for any n € N. This implies
that {x,} is well defined.

Step 2. Next, we show by induction that © ¢ C, foreachn > 1.
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Taking p € © and by condition (ii), we get that p = Ja5,(p — 6xBp) = Jma (p — AxBp)
is nonexpansive for all n > 1. From the assumption, we see that © ¢ C = C;. Suppose © ¢ Ci
for some k > 1. For any p € © = Cy, we have

lyx = pll = 1M, (i — 6xBux) ~ Ima (p ~ 6xBp) ||
< || (s = Bux) - (p - 6:Bp) |
= [|(I - &xByux - (I - 6 B)p|

< lue = pll < | - pll,

llox = pll = I Tmax (¥x — AeByx) = T, (p = AcBp) ||
< | (yx = AxByx) - (p - AxBp) ||
= | = %B)yx - (I - LB)p||

< Nyx = pll < J]xx - pll-

Thus, we have

lzx - pll = llax (xx = p) + (1 - &) (Kivx - p) |
< aklxx ~pl + (1= a) ok - pl| (3.8)
< axl|xx ~ pl| + (1= @) llxx = pll = [|lxx - p|-

It follows that p € Ci.1. This implies that © ¢ C, for each n > 1.

Step 3. Next, we show that lim, . oo || Xne1 — Xnll = 0 and lim, . o [|x4 — zal] = 0.
From x,, = Pc, x5, we have

(x0 = Xn, Xn—y) 20 (3.9)

foreach y € C,,. Using © ¢ C,, we also have

(x0~xu,x,—p) 20, VpeO, neN. (3.10)
So, for p € ©, we have

0< (xO = Xpn,Xn —P>
= (X0 = Xp, Xy — X+ Xg = P)
(3.11)
= —{xg = Xp, X0 — Xp) + (IO_ Xn, X0 = P)

< =llx0 = xull® + l|x0 = xall || %0 - p||-



Journal of Inequalities and Applications 11

This implies that
lxo = xull < |x0-pll, Vp€©, neN (3.12)

From x, = Pc,xg and x,.1 = Pc,,, X0 € Cyse1 C Cp, we obtain

n+l
(x0 = Xn, Xn = Xns1) 2 0. (3.13)
From (3.13), we have, forn € N,

0 < {xp~ Xn, Xn — xn+l)

= (xO‘xn;xn_x0+x0—xn+l>

(3.14)
n —(JC() — Xn, X0 — xn) + (x() —Xn, X0 — xm—l)
< —Jlxco = xull® + floxo = xullflo = X -
It follows that
llxo = x| < llx0 = Xneal- (3.15)

Thus the sequence {||x, — xo||} is a bounded and nonincreasing sequence, 50 limy, _, »|[2, — Xol|
exists, that is,

Jim [ — %oll = m. (3.16)
" Indeed, from (3.13), we get

2 2
flen = xna1ll® = |xn ~ x0 + x0 = Xne1|
2
= ”xn - x0”2 + Z(X,, - Xp,Xp — xn+1) + ”x() - xn+1”
2
= ”xn - xO”2 + z(xn = X0, X0 —Xpt+Xp— xn+1> + ”x0 - xn+l”
) (3.17)

= |30 = xol|* = 2(xn — X0, Xn = X0 ) + 2(Xn — X0, Xn = Xn+1) + l|X0 = X1l

2
= —[|xn = x0|I* + 2(xn = X0, X = Xns1) + ||X0 = X1l

< =l1xn = x0ll? + %0 = X .
From (3.16), we obtain

Jim ||x5 = Xl = 0. (3.18)
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Since xp41 = Pc,,, € Cpy1 C Cp, we have

”xn - Zn” < “xn - xn+l” + ”an - Z,,“ < 2“xn - xn+1"' (3.19)

By (3.18), we obtain

nl_i_l:%o”xn - Zn” =0. (3.20)

Step 4. Next, we show that Hmy, ., || Ky Un — Unl} = 0.
For any given p € ©, A, € (0,2¢]. It is easy to see that p = Jum,., (p ~ AxBp). Asp—A,Bp
is nonexpansive, we have
”vn - P”2 35 ”]M,An (yn = )LnByn) ¥ ]M,l,. (P % J\an) ”2
< || (Yn = 1aByn) - (p - AuBp)||”

= ”(yn -p) = A (Byy, — BP)”2

) , (3.21)
= ||¥» = plI” = 244 (yn - p, Byn — Bp) + A} || By» — Bp||
< It = P = 24(yn — p, Byn — Bp) + A2|| By, — Bp||?
< Jlxa = pII* + An(hn = 28) 1By - Bp|l”.
Similarly, we can prove that
In = pII? < llxn = plI* + 62(6n — 28) || Bun ~ Bp . (3.22)
Observe that
ll2n = PII* < aullxn - pl|* + (1 = @) || Knvw - p|?
, . , (3.23)
< anllxn —pl|” + (1 - an)jon - ||
Substituting (3.21) into (3.23), and using conditions (i) and (ii), we have
lza = p)I* < aullxn = plI* + 0 = @n)||ow - p|I*
<yl = I+ (1= a){lxn - pIP + Anlhn - 20 1By~ BplP) 320

= ”xn "P"z + (1 - ap)y(An - 28) ”B_l/,, - BPHZ'
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It follows that

(1-e)a(2t - b)||Byn - Bp||” < (1 = 4,)An(2¢ — A1) || By - Bp||*
<l =Pl = llzn - Pl
= (%= = pll = llzn = PI1) (2 = Il + |22 - PII)
< xn = zall ()% = Il + |20 = 2II)-

Since lim,, , ]|, — zall = 0, we obtain

li - Bp|| =0.
lim || By, - Bp|| =0
Since the resolvent operator Ju4, is 1-inverse strongly monotone, we obtain

nvn "P||2 = ”]M,A,. (yn i AnByn) =3 ]M,A,, (P £ AnBP)HZ
= 1M (T = ABY Y = Taga, (I = 1B)p |
< <(I = B)yn - (I - 2uB)p,vn = P)
1 -
= {1 - LB)ys - (1= 1:B)pI” + o~ pl”
= | = LBy - (I = 1,B)p - (wa = )|}
1
< 5 {1y =pII” + 10w =PI = | (v = ©n) = 1u (B ~ Bp) |}
1 2 2 2
< 5{"’% =pl" + lon = plI” = lyn - vl

= 02| By = Bp|[* + 20 (yn — vn, Byn - Br),
which yields that
on =PI < xn = PII* = llya = oall” + 20l = oall | By ~ Bpll-

Similarly, we obtain

lyn = PI* < llxa = pII* = Ystn = yull” + 284l 12n = ||| Buen ~ Bl

13

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Substituting (3.28) into (3.23), and using condition (i), we have

2 =PI < @alla = pII2 + 1 = @) o - pI
< allxn =Pl + (1 = @) {120 =PI = 19 = sl + 224113 - vall 1 By - Bl

= Jlxtn = Pl = (@ = @) [lyn — val|” + 21 = @n)An|lyw - vall | By - Bp|l-
(3.30)

It follows that

(1 = @)y = all* < %o =PI = 120 =PI + 201 = @)l — 2l By~ Bpl
<t = 2l (1 = Pl + 120 = pI) + 21 = ) Anlly ~ all | By~ Bl

(3.31)
Applying ||x, — z,|| — 0and ||By, — Bp|| — 0asn — oo to the last inequality, we get
lim [|yn —val] = 0. (3.32)
Note that
Iz = pII* < anlln = pll* + (1 = ) | Ko - p|?
< an”xn—p"2+ (1 —an)”vn—pnz (3.33)
< anl|xn = plI* + (1 - @a) lys - plI*
Substituting (3.22) into (3.33), and using conditions (i) and (ii), we have
Iz = PII* < anllxn = pII* + (1 = an)lya - pll’
< aulatn = plI* + (1 = @) {[|a = pII* + 64(6n ~ 20)||Bun - Bp||*} (3.34)
= ||xn = pII* + (1 = @)8 (6, — 28)|| Bun - Bpl|*.
It follows that
(1-e)a(2¢ - b)||Bun - Bp||’ < (1~ @y)6,(22 - 6,)|| Bux - Bp||”
i E (3:39)

< xn = zall (lxn = pll + 120 = PID-
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Since lim,, _, ||x, — z4]| = 0, we obtain
Jlim || Buy - Bp|| =0. (336)
Substituting (3.29) into (3.33), and using conditions (i) anf:l (it), we have
za = PII* < anllxa = pII* + (1 = @)y - pII
S @nlln =l + 1 = @) { =PI = 1t = il + 265 tn = 1 Bin - Bl

= [ltn = PII* = (1 = @n) |tn = yul|* + 21 - )60 |12 = yu|| || Buw - Bp|)-
(3.37)

It follows that

(1= @) ltn = gl < 1~ I = llz = pIP + 200 = @2)l 1~ il | Bt - B

< lxn = zall (e = pl| + 20 = plI) + 21 = @n)8allttn = yul||| Buw ~ Bp]].
(3.38)

Applying ||x, ~ z,|| — 0and ||Bu, - Bp|| — 0asn — oo to the last inequality, we get

)Lr)r;ollun -yl =0. , (3.39)
From (3.32) and (3.39), we have
Jim JJun —val] = 0. (3.40)

From (3.33), (3.4), and condition (iii), we have

Izn = plI* < aulltn—p))* + (1 - an)|ya - PI?

< anflxn = pl|* + (1~ an)||ua - p||?

<aullenpl+ 0= o {5 plP -2 Axa- Apl)
= [lxtn = pII* + (1 = @n)ra (rn — 2B) || Axs — Ap]|.
It follows that
(1-e)c(2p-d)||Axn - Ap|)® < (1~ @n)7a(2f - ra) || Axa - Ap||*
< Jlxn =) = lza - oI (3.42)

< Ixn = zall (% = pll + llzn - pI])-



16 Journal of Inequalities and Applications

Since limy, _, /|y — 24|} = 0, we obtain

Jlim || Ax, — Apl| =0. (343)
On the other hand, in the light of Lemma 2.6(3), T,, is firmly nonexpansvie, so we have

llun - pllz = || Tv, (xn = 74 Axs) = To,, (p ~ 12 Ap) "2 .
< (Tr,. (xn =10 AXy) =T, (P - anP), Up — P)
= (xp = 1nAxn — (p — 12AP), Uty ~ p)

= %{ Gn = raAxn) = (p = raAP) | + |n - P

N = 7 Ax) - (p = 7 AP) = (1 - p) |’} (3.44)
< 2 { Il =PI + e = I = e = Il ~ (A, - 4p) )
e oy P

+27 (X — Uy, Axy — Ap) — 72| Ax, - Ap"z},
which implies that
foen — p||2 < lxw - p“2 |13 = wnl® + 27l — ual|| Ax, — Apl|. (3.45)
Using (3.41) again and (3.45), we have

lzn = PII* < @ullxa = plI* + (1 = an) un - p|?
< anflxa = plI* + @ = @) { 1% = pII* = 10 = all® + 270 ll2xn = allf| Ax — Ap]} }
= llxn = pII* = (1 = @n)lixn = all® + 201 = @n)7ullxn = uall]| Axn — Ap]|.
(3.46)

It follows from the condition (i) that

(1 = e)llxn = tnl* € (1 = an)lxn — )
< flxa =PI = llzo = PII* + 201 - aa)rulixn - uall|| Axn - Ap|

< flxn - Zn”("xn -P" + ”Z" 'P“) +2(1 - ap)rallx, - un”"Axn - AP“
(3.47)
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' Since lim, _, || Xy — 2l = 0 and lim,_. || Ax,, — Apl| = 0, it is implied that

Jim |lx, — unl = 0. (3.48)
From (3.39) and (3.48), we have
Jim [l = yul| = 0. (3.49)
By (3.3), we get
Zy — Xn = (1 — ay) (K, 0n — Xp). (3.50)

Since {a,} C [0, e] for some e with 0 < e < 1, and ||x,, — z4]]| — oo asn — oo, we also have

nli_{r(}ollK,,vn - x|l = 0. (3.51)
From (3.40) and (3.48), we have
Jim |l = ol = 0. (3.52)°

Furthermore, by the triangular inequality, we also have
1Knvn = Onll < |Knvn = Xp]l + ||xn — 04| (3.53)
Applying (3.51) and (3.52), we obtain

Jim [IK 0, - o] = 0. (354)

Let K be the mapping defined by (3.1). Since {v,]} is bounded, applying Lemma 3.2 and
(3.54), we have

| Koy = Uy| € | Ky = KnUnll + [|Knn —vn)l — 0 as n — co. (3.55)

Step 5. Next, we show thatg € © := mfZIF(Ti) NGMEP(F, p, A)nI(B, M).

Since {v,} is bounded, there exists a subsequence {v,} of {v,} which converges
weakly to g. Without loss of generality, we can assume that v,, — g. Since v,, ¢ C and C
is closed and convex, C is weakly closed and hence g € C. From ||Kv, — v,|| — 0, we obtain
Kv,, —g.

(a) First, we prove that g € I(B, M).

We observe that B is a 1/¢-Lipschitz monotone mapping and D(B) = H. From
Lemma 2.2, we know that M + B is maximal monotone. Let (v,g) € G(M + B), that is,
g — Bv € M(v). Since vy, = Jma, (Yn, — An,Byn,), we have

Yn — J\n, Byn, eI+ J\n;M)(vn,)r (3.56)
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that is,
1
T (yni = On — “\mBym) € M(vy,). (3.57)
n;
By virtue of the maximal monotonicity of M + B, we have
1
<v - Uy, g-Bv- . (Y, — On, - J\,,,.By,,,.)> >0, (3.58)
n; .
and so
: 1
(v- Un;» g) 2 <’D ~ Uy, B + T (yni —Un; — J\n.'Byn,-)>
N

1
= <v - vy, Bv - Bz, + Bu,, — By, + i (Ym, — vn,.)> (3.59)

1
20+ <v_v"i’Bv"i = By"i> + <v—vni’1_(yni _v"i)>'

n;
It follows from ||y, — v,|| — 0, |By, - Bv,|| — 0and v, — q that

lim (v - v, 8) =(v-g,8) > 0. (3.60)

n—oo

It follows from the maximal monotonicity of M + B that 8 € (M + B)(q), that is, g € I(B, M).
(b) Next, we show that g € GMEP(F, p, A). Since u, = Ty, (x, — 1, Ax,) € dom p, we
have

F(un,y) + (Axn, y — ) + 9o(y) — p(uy) + %(y —Up,Un—X,) 20, VyeC. (3.61)

From (A2), we also have

1
<Ax"’y - u") + (P(y) - ‘P(un) + r_<y —Up, Un — xn> 2 F(y, ll,,), Vy eC. (3.62)
And hence
n, _xn,
(Axn, Y = ttn,) + p(y) = pun,) + <y ~ ity > >F(y,un), VyeC (3.63)
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FortwithO<t<landyeC,lety, =ty+(1-1)g.Since y € Cand g € C, we have y; € C. So,
from (3.63), we have

(Yt = tn, Ayr) 2 (Yt = iy, Ayn) = @(y1) + 9(ttn,) = (Yt = U,y Axn,)

u,,,. - x,.,
- <y: ~ Unyy — > + F (Y1, tn;)

i (3.64)
= (Yt = Un, AYr — Aup) + (Yy = U, Atty, = Axy)) — (1) + (1)

Up, = Xn,
_<y,—u,,,., " ">+F(y,,uni).

i

Since ||un, — x4l — 0, we have ||Au,, ~ Ax,, || — 0. Further, from the inverse strongly
monotonicity of A, we have (i — u,, Ay; — Auy,) > 0. So, from (A5), the weakly lower
semicontinuity of ¢, (u,, — xp,) /1y, — 0and u,, — g, we have

(v =, Ay) 2 -p(yr) + 9(q) + F(yr.9) (365)
asi — co. From (Al), (A4) and (3.65), we also get

0=F(yrys) +o(yr) —o(ye)
StE(yny) + (1= HF (yrq) + to(y) - 1 -He(q) - o(y:)

=t[F(yr,y) +o(y) o)l + A =D [F(y,q) + 9(q) — 0 (y1)]

(3.66)
<HF(yny) +9(y) —o(y)] + A -yt — g, Ayt)
=HF(yny) + o(y) —o(y)] + A - DKy -9, Ay,
0<F(yny) +o(y) = o(y) + 1-1){y - q, Ay:).
Lettingt — 0, we have, for each y € C,
F(q.y) +¢(y) - 9(q) + (y - g, Aq) 20. (3.67)

This implies that g € GMEP(F, ¢, A).
(c) Now, we prove that g € F(K) = NN, F(T}).

=1
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Assume g ¢ F(K). Since ||x, - v,|| — 0and we know thatv,, — g (i — o) and 4# Kg,
it follows by the Opial’s condition (Lemma 2.4) that

liminf||v,, - g < liminf|jv,, - Kql|
< liﬂglf("vm - Kvni” + “Kv"-' - Kqu) (368)

< liminf||v,, - q]|,
11—

which is a contradiction. Thus, we get g € F(K) = ﬂfil F(T;).
The conclusionis g € © := n{;’lF(T,-) NGMEP(F, p, A) nI(B, M).

Step 6. Finally, we show that x,, — z and u, — z, where z = Pox.
Since © is nonempty closed convex subset of H, there exists a unique z’ € © such that
z' = Pgxy. Since 2’ € © ¢ Cy, and x,, = P¢,xp, we have

llco = xnl| = |0 — Pc, %ol < ||xo0 — Z'|| (3.69)

for all n € N. From (3.69), {x,} is bounded, s0 w,,(x,) # 0. By the weak lower semicontinuity
of the norm, we have

llxo = zll < liminfllxo = x| < [|x0 - 2. (3.70)
11— o0

1

However, Since z € wy,(x,) C ©, we have
|0 = 2'|| < lixo ~ Pc,xoll < llxo — zll. (3.71)
Using (3.69) and (3.70), we obtain z' = z. Thus wy(x,) = {z} and x, — z. So, we have

l|xo = 2| < llxo - 2|l < lir{rlgxfllxo - x,|| < lim sup||xp — xal| < ||x0 - 2’| (3.72)
n-—co

Thus, we obtain that

lxo — 2 = Tim flxo = xall = [} x0 = 2. (3.73)

From x,, — z, we obtain (xp - x,) — (xp — z). Using the Kadec-Klee property (Lemma 2.5) of
H, we obtain that

llxn = 2|l = l(xn = x0) = (z = X0)ll| — 0 asn-— o0 (3.74)

and hence x, — z in norm. Finally, noticing ||lu, - z|| = T, (xn = rnAxy) = T, (2 = 1 A2)|| <
Jlxx ~ z|l. we also conclude that u, — z in norm. This completes the proof. O
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Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H, let F be a
bifunction from C x C to R satisfying (A1)~(A4), and let p : C — R U {+oo} be a proper lower
semicontinuous and convex function with assumption (B1) or (B2). Let {T;} N, be a finite Sfamily of
nonexpansive mappings of C into itself, let A be a p-inverse-strongly monotone mapping of C into H,
let B be a ¢-inverse-strongly monotone mapping of C into H and M : H — 2H a maximal monotone
mapping. Assume that

N
© := (\F(T;) n\GMEP(F, ¢, A) N I(B, M) #8. (3.75)

i=1

Let K, be the K-mapping generated by T1,Ta,...,Tn and Yn1,Yn2,- - -, TaN- Let {0}, {yn), {vn),
{zn} and {uy) be sequences generated by (3.3) satisfying the following conditions in Theorem 3.3.
Then, {x,} and {u,} converge strongly to z = Pgxyp.

From Theorem 3.3, we can obtain the following results.

Theorem 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H, let F be a bifunction
from C x C to R satisfying (A1)~(A4), and let ¢ : C — R U {+o0)} be a proper lower semicontinuous
and convex function with assumption (B1) or (B2). Let {T;} N, be a finite family of quasi-nonexpansive
and L;-Lipschitz mappings of C into itself, let A be a p-inverse-strongly monotone mapping of C into
H and let B be a {-inverse-strongly monotone mapping of C into H. Assume that

N
© := (\F(T;) "GMEP(F,, A) N VI(C, B) 0. (3.76)

i=1

Let Ky, be the K-mapping generated by T1,Ta,..., T and Yu1, Yn2, -, YuN- Let {xn), {yn), {vn),
{zn} and {u,) be sequences generated by xo € H, Cy = C,x1 = Pc,x0, 4, € C and let

1
F(un, y) + o(y) - ¢p(un) + (Axn, y — up) + ;—(y —Up,un—X,) 20, YyeC,
Yn = Pc(uy — 6,Buy),
v, = Pc (]/n - lnByn), (3.77)
Zp = @pXp + (1 - an)Kpop,
Cu1={z€Cy:llzn -zl < llxn - zll},

Xne1 = Pe,.,x0, neN,

nel

where {a,} C (0, 1) satisfy the following conditions:

(i) tan} C {0,€] forsomeewithQ<e < 1;
(ii) {6n}, |An} C [a,b] for some a, b withO <a < b < 2¢;
(iii) {rn} C [c,d] for some c,d with0 < ¢ <d < 2.

Then, {x,} and {u,} converge strongly to z = Paxyp.
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Proof. In Theorem 3.3 take M = 386¢ : H — 2H, where 6¢ : 0 — [0, 0] is the indicator
function of C, that is,

0, eC,
bc(x) = { * (3.78)
+o0, x¢C.

Then the variational inclusion problem (1.3) is equivalent to variational inequality problem
(1.14), that is, to find X € C such that

(B%,y-%)20, VyeC. (3.79)
Again, since M = §¢, then
IMa, = Ims, = Fe, (3.80)

and so we have

Yn = Pc(un — 6,Buy) = Ime,{Pc(un — 6,Buy)),
= PC(yn - -lnByn) = ]M,J\,. (PC(yn - AnByn))

(3.81)

We can obtain the desired conclusion from Theorem 3.3 immediately. O

Next, we consider another class of important nonlinear mappings: strict pseudocon-
tractions.

Definition 3.6. A mapping S : C — C is called strictly pseudocontraction if there exists a
constant 0 < x < 1 such that

ISx=Syl* < lx-y)P + x| - S)x- (I -S)y|’. Vx,yeC. (3.82)

If x = 0, then S is nonexpansive.
In this case, let S : C — C a x-strictly pseudocontraction. Putting B=1-5:C — H,
then Bis a (1 - x)/2-inverse-strongly monotone mapping. In fact, from (3.82) we have

(I -B)x - (I-By| < |lx-yl|* +x||Bx-By|>, V¥x,yeC. (3.83)
Observe that

(I -B)x - (I-B)y|)’ = ||x -yl -2(x - y.Bx - By) + ||Bx - By||>, V¥x,yeC. (3.84)
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Hence, we obtain

1

(x -y, Bx - By) > |Bx-By|>, vx,yeC. (3.85)

-K
2
This shows that B is (1 - x)/2-inverse-strongly monotone mapping.

Now, we get the following result.

Theorem 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H, let F be a bifunction
from C x C to R satisfying (A1)~(A4) and let ¢ : C — R U {+c0} be a proper lower semicontinuous
and convex function with assumption (B1) or (B2). Let {T; ), be a finite family of quasi-nonexpansive
and Ly-Lipschitz mappings of C into itself, let S  be a xp-strictly pseudocontraction mapping of C into
C and let Sp be a xy-strictly pseudocontraction mapping of C into C. Assume that

N
©:=(YF(T;) N\GMEP(F, ,1 - S4) N F(Sp) #0. (3.86)
i=1

Let K, be the K-mapping generated by T1,To, ..., Tn and Yu1, Yuz,- -, YuN- Let {xn), {ya), (val,
{zn} and {un} be sequences generated by xo € H, C1 = C,x1 = Pe,xo, uy € C and let

F(tn,y) + 9(y) — @(un) + (I = Sa)xn, ¥y — uy) + %(y ~Up, Uy —Xy) 20, VyeC,
Yn = (1= 6p)un + 6nSpun,
U = (1= Xu)Yn + MnSBYn, (3.87)
Zn = anXn + (1 = an)Kyoy,
Cun = {z€Cytlzn — 2|l < llxa - 2ll},

xnfl = pC,,,;xOr n E NI

where {a,} C (0,1) satisfy the following conditions:
(i) {an} C [0, €] for some e with0 < e < 1;
(i1) {8n), {An} C [a,b] for some a,bwithO<a<b<1- Ky
(iii) {r} C [c,d] forsomec,dwithO <c<d <1- Kp.
Then, {xy) and {u,) converge strongly to Poxp.
Proof. Taking A = I -S4 and B = I - Sp, respectively. Then we see that A is (1 - xp)/2-

inverse-strongly monotone and B is (1 - x;)/2-inverse-strongly monotone, respectively. We
have F(Sg) = VI(C, B) and

Yn = Pc(u, - 6,,31(,1) =Pc((1- 6,,)14,, + ‘SnSBun) =(1- (5,-,)11,, + 6,Spuy, € C,
Up = PC(yn - -'\nByn) = PC((l - An)yn + -/\nSByn) =(1- /‘-n)yn + -«\nSByn eC.

(3.88)

By using Theorem 3.5, it is easy to obtain the desired conclusion. O
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