CHAPTER 4 THE MAIN RESULTS

4.1 Owur Theorems

In this section, we will introduce an iterative scheme by using shrinking projec-
tion method for finding a common element of the set of solutions of generalized mixed
equilibrium problems, the set of fixed points of a finite family of quasi-nonexpansive
mappings and the set of solutions of variational inclusion problems in a real Hilbert
space.

Let {T;}Y, be a finite family of nonexpanxive mappings of C into itself, and let
1, .-, YN be real numbers such that 0 < ~; < 1 for every i = 1,..., N. We define a
mapping K : C — C as follows:

Uy = T+ (1 =m),
Uy = vThU + (1 —y),

Us = 73U+ (1 —y3)d,

Unvot = WnvaIvaUn—2+ (1 —yv-1)],
K = Uy=98vITnUn_1+ (1 - ')/N)I. (4.1.1)

Such a mapping K is called the K-mapping generated by Ti,....,Ty and v, ..., Yn;
see [57].

We have the following crucial Lemma 4.1.1 and Lemma 4.1.2 concerning K-
mapping which can be found in [67]. Now we only need the following similar version

in Hilbert spaces.

Lemma 4.1.1. Let C be a nonempty closed conver subset of a real Hilbert space
H. Let {T:}Y., be a finite family of quasi-nonerpanzive mappings and L;-Lipschitz
mappings of C into itself with ﬂ:il F(T;) # 0 and let yy, ..., yn be Teal numbers such
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that 0 <y, <1 foreveryi=1,..,N—1,0<yv <1 and Zfi, = 1. Let K be the
K-mapping generated by Ty, ....,Tx and v, ..., y~. Then, the followings hold:

(1) K 1is quasi-nonezpansive and Lipschitz,

(2) F(K) =L F(T)-
Lemma 4.1.2. Let C be a nonempty closed convexr subset of a real Hilbert space
H. Let {T;}Y, be a finite family of quasi-nonexpanzive mappings and L;-Lipschitz
mappings of C into itself and {v,;}iv., sequences in [0,1] such that y,; = v, asn —
oo, (i=1,2,...,N). Moreover, for every n € N, let K and K, be the K-mappings
generated by Ty, Ty, ..., Ty and v, 72, ..., In, and T4, 1o, ..., Tn and yn1, Y2, s Yn,N»

respectively. Then, for every x € C, we have lim,_, || Knz — Kz|| = 0.

Now we study the strong convergence theorem concerning the shrinking projec-

tion method.

Theorem 4.1.3. Let C be a nonempty closed conver subset of a real Hilbert space H,
let F be a bifunction from CxC to R satisfying (A1)-(A4) and let ¢ : C — RU{+o00}
be a proper lower semicontinuous and convex function with assumption (B1) or (B2).
Let {T;}Y., a finite family of quasi-nonexpansive and L;-Lipschitz mappings of C
into itself, let A be a [3-inverse-strongly monotone mapping of C into H, let B be a
&-inverse-strongly monotone mapping of C into H and M : H — 2 be a mazimal

monotone mapping. Assume that
O =n,F(T,))NGMEP(F,o,A)NI(B,M) # 0.

Let K,, be the K -mapping generated by Ty, Ta, ..., Ty and Yn 1, Yn2, - YN - Let {z5},
{n}, {vn}, {20} and {u,} be sequences generated by zo € H, Cy = C, =1 = Pc, o,
U, € C and let

( 1
F(un,y) +¢(y) — @(un) + (Azn,y — un) + ;—(y — Un,Un — Ty) 20, VyeCl,

n

Yn = Jhl,ﬁn(un - 5nBun)y
) Up = M.A"(yn - /\nByn)e

Zn = Ty + (1 — a,) Kpup,

Corr = {2 € Cut 120 = 2l 2w - 211}

. Tpipp = PC,,HI()-, n e N
(4.1.2)
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where {a,} C (0,1) satisfy the following conditions:
(i) {an} C [0,€] for some e with0 <e <1,
(it) {6}, {An} C la,b] for some a,b with 0 < a <b < 2,

(iii) {r.} C e, d] for some ¢,d with0 < c < d < 28.

Then, {z,} and {un} converge strongly to z = Pexo.

Proof. In the light of the definition of the resolvent, u, éan be rewritten as u, =
T, (2, — TaAz,). Let p € © := N, F(T;) NGMEP(F,p,A)N I(B, M) and using
the fact {T},} be a scquence of mappings defined as in Lamma 3.2.6, A be an f3-
inverse-strongly monotone and that p = T, (p — r,Ap), where {r,} C [c, d] for some

c,d with 0 < ¢ < d < 2(3, we can write

lun = pl? = T, (x0 — TaAzs) = T, (p — T AD)|?
< |l(@n = TaATs) = (p — TR AD)|
= |(znepl patdBn — Ap)|°
= ||zn — p||? — 2ra(an — p, Az, — Ap) + 72| Az, — Apl)?
< lwn = plI? = 2raBll Az, = Ap|® + r2|| Az, — Ap)?

= |lzn — plI* + ralrn — 28)|| Az, — Ap|® (4.1.3)

IA

llzn — pII*.

Next, we will divide the proof into six steps.
Step 1. We first show that {z,} is well defined and C, is closed and convex for any
n € N.

From the assumption, we see that C; = C is closed and convex. Suppose that
Cy is closed and convex for some k > 1. Next, we show that Cy,; is closed and

convex for some k. For any p € Ci, we obtain that
2 = pll < llzx = pll

is equivalent to

”Zk "Ik”2+2<3k'—1"k31'k ——p) <0. (414)
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Thus Cyx,, is closed and convex. Then, C,, is closed and convex for any n € N. This
implies that {z,} is well-defined.
Step 2. Next, we show by induction that © c C, for each n > 1.

Taking p € © and by condition (ii), we get that p = Ju 5, (p— 0k Bp) = I (P —
A Bp) is nonexpansive for all n > 1. From the assumption, we see that © C C = C}.

Suppose © C Cy for some k£ > 1. For any p € © = Cy, we have

“yk - PH = I|J1\1,5k (Uk - 5kBUk) - JM,rsk(P - JkBp) ”
< |[(ux — 0 Bug) — (p — 0 Bp)|
< (= & B)ux — (I — 6 B)p||
< lue = pll < llzw = pll
and
loe = ol = I (¥e — MeByk) — Ima (p — M Bp) ||
< |(yx — AeByx) — (p — M Bp)||
< N = MeB)yr — (I = A B)pl|
< e =2l < Nl — 2l (4.1.5)
Thus, we have
lzx =2l = llax(zx —p) + (1 — o) (Kivk — )|
< onllze — pll + (1 — )k — pll

IN

arllze — pll + (1 — aw)llze = pll = llze = pl|-

It follows that p € Ci,q. This implies that © C C,, for each n > 1.
Step 3. Next, we show that lim, , [|T,41 — Zn]| = 0 and lim,_, ||z, — 2.]| = 0.

From z, = P¢, x(, we have

<-T0 — Tn, Ty — ?J) Z 0

for each y € C,,. Using © C C,, we also have

(tg —xp. L, —p)>0. YVp€O and neN.
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So, for p € ©, we have
0 < (To— Tn,Tn—D)
= (To— ZTn,Tn — Lo+ To — P)
= —{(Top — Tn,To — Tn) + (To — Tn, To — P)
< —llzo = zall* + lzo — zallllzo — pIl-
This implies that
lwo — znll < lzo —pll, Vp€O and nel.
From z, = Pc,xo, and z,41 = Po,,, %0 € Cpy1 C Cp, we obtain
(0,7 e i (), (4.1.6)
From (4.1.6), we have, for n € N,
0 < (To— Zn,Tn — Tnt1)
= (T — T, Tn — To+ Lo — Tniy1)
= —(Tg— Tn,To — Tn) + {To — Tn, To — Tn+1)
< —llzo — @nl® + 20 ~ zallllzo — Tt -
It follows that
20 = )l < 70 — asall

Thus the sequence {||z,—||} is a bounded and nonincreasing sequence, so limp, e ||~
xp| exists, that is,

lim,, o0 |lzn — Tol| = m. (4.1.7)

Indeed, from (4.1.6), we get

lzn — $n+1||2 = |lzp —xo+ 30 — il?n+1||2
= |l&n — 2ol + 2(zn — 70, %0 — Tns1) + 170 ~ Tap1||
= |lzn = zol|* + 2(z0 — Lo, To — Tn + Tn — Tny1) + ||T0 — Tnpall?
= |l&tn — 20]|* = 2{xpn — T0. Tn — To) + 2(Tn — To, Tn — Tn41) + ||To — Tnpl?
= —|lzn — xol* + 2(x, — To, T — Tns1) + |20 — ol

< s - 350||2 + ||zo — In+1HQ-
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From (4.1.7). we obtain

Since zn41 = P,

limn—monxn - In-H” =0. (418)

€ Cry C C, we have

lzn — zall < ll2n — Togall + 1 Tng1 — Zn|l < 2||zn — Tosll-

By (4.1.8), we obtain

lim, oo ||Zn — 2a]| = 0. (4.1.9)

Step 4. Next, we show that lim,_, || Knvn — va]| = 0.

For any given p € ©, A, € (0,2¢]. It is easy to see that p = Jy,.(p — A\ Bp).

As p — A\, Bp is nonexpansive, we have

lva — 2l =

<

il

IA

<

M An W — M BYn) — Juira (p = A BD)|I?

1 (¥n = AnByn) — (p — ABp)|I®

1(n — ) = An(Byn — Bp)|®

I9n = P> = 220 {(¥n — P, By — Bp) + A2|| Byn — Bpl|®
IZs — plI* = 2An(Yn — P, Byn — Bp) + 2| By, — Bp||®

llzn = 2> + A — 26)]| Byn — Bp|*. (4.1.10)

Similarly, we can prove that

lyn = 21> < llzn — pII* + a(dn — 26)|| Bun — Bpl*. (4.1.11)

Observe that

lza = pI? < wllen = pl* + (1= an) [ Knva — p|®

< an”mn - p”2 + (1 - O‘n)“vn - p”2' (4~1'12)

Substituting (4.1.10) into (4.1.12), and using conditions (i) and (ii), we have

IA

lzn ~ pII?

an”l‘n - p”Z + (1 - an)”vn - p“2

< anllen = ol + (1= an){llzn = pI* + An(An ~ 26)]| Byn — Bpll*}

lx, - ])”2 + (1 = an) (A = 2{)”33/,, - B[)H2.
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It follows that

(1 - 6)0,(26 - b)“Byn - Bp”2 < (1 - (’n)/\n(Qé - )‘n)“Byn - Bp”2

< lzn =2l = llzn — I
= (lza — 2l = llza = D20 — Pl + llzn — 2l)
< Nlzn = zall(lzn — Pl + Iz — PII)-
Since lim,,_,||zn — zn]| = 0, we obtain
lim ||By, — Bp|| =0. (4.1.13)

Since the resolvent operator Jy, is l-inverse strongly monotone, we obtain

lon =PI = 1Iasp (¥ = AaByn) = Jaap(p = AnBp)II?
= v (I = 2aB)yn = Jua(I = AnB)plf?
< (U~ 2By — (I = MB)p,vn ~p)
= I = 2By — (= 2aBYpl? + o =
(T = AnBJgn = (I = MaB)p — (0 — P)I}
[ = 0l + lon = BI> = 15 = va) = M(Bya = Bo)I’}
L = B+ lom =PI = 1y = vnlf

- ’\illByn - BpH2 + 2)‘n<yn — Un, Byn — Bp>},

IA IN
[N NN

which yields that

on = pI® < llzn — PP = lgm — vall® + 22nllgn — vallll Byn — Bpll. - (4.1.14)
Similarly, we obtain

lyn =PI < llzn = PI* = llun = yall® + 20ullun — gl Bun — Bpll. - (4.1.15)

Substituting (4.1.14) into (4.1.12), and using condition (i), we have

“Zn - p”2 < Onlll’n - p”2 + (1 - an)an - P”2 ‘
S O,,”.E,, - P“2 + (l - 0‘11){”-77n - P”2 - Hyn - Un”2 + 2’\n”yn - vﬂ”“Byn - Bp“}

= |lr, - p”2 - (1= On)“yn - Un”? +2(1 - an))‘n”yn - Un“”Byn - Bp”.
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It follows that

(1 —an)lly. — Un”2 < lzn - sz —|lzn — p“2 + 2(1 = an)Anllyn — valll| By. — Bpl|

IA

lzn = 2all(lzn = Pl + 120 = pID) + 2(1 — @) Anllgn — vnlll| By — Bpl.

Applying ||z, — z,]| = 0 and ||By, — Bp|| — 0 as n — oo to the last inequality, we
get
lim |y, — vn]l = 0. (4.1.16)

Note that -

IN

”Zn —p||2 | zn —p[|2 + (1 ~ apn)|| Knvn — ]9”2

A

< anflen = pl® + (1 = ow)llvn — plI?

< aallzn = plI* + (1 = an)llyn — pII*. (4.1.17)
Substituting (4.1.11) into (4.1.17), and using conditions (i) and (ii), we have
lzn = plI* < anllzn = pl* + (1 = an)llgn — pl?

allzn =PI + (1 = an){llzn =PI + 6n(3n — 26))| Bun — Bp|*}
lzn — p||2 + (1 = ) 0n(0n — 26) || Buy, — BPHQ-

INA

It follows that

(1 —e)a(2§ — b)||Bun — Bp|? < (1= @n)6n(26 — 6,)||Bun — Bp]|2

IA

lzn = plI* = l2n = plI?

< Nz = zall(llzn = pll + 20 — pID)-
Since lim, ||z, — 2,|| = 0, we obtain
lim ||Bu, — Bp|| =0. (4.1.18)

Substituting (4.1.15) into (4.1.17), and using conditions (i) and (ii), we have

l2a = pII?
2 2
< agllz, —'P” + (1 - On)”.’ln -l
< a"”In —7)”2 + (1 - an){“-Tn - P“2 - ”“n - Un”2 + Q(Snuun - yn“”Bun - B[)”}

|z, — p”2 = (1 — ap)lJun — yn”2 +2(1 = an)dnllu, — ynH”Bun — Bp||.
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It follows that
(1 = an)llun = ynll? (4.1.19)

< lwn — p”2 —lzn — P||2 + 2(1 — ) dp )|t — ynl||| Bun — Bpl|

< lzn = zall(lzn — 2l + ll2n —2ll) +2(1 - ) Onfltn — Yn|||| Bun — Bpl|.

Applying ||z, — z,|| = 0 and ||Bu, — Bp|| — 0 as n — oo to the last inequality, we
get .
lim Jlu, — y,|| = 0. . (4.1.20)

From (4.1.16) and (4.1.20), we have
lim |lu, — v,|| = 0. (4.1.21)
e Amde el

From (4.1.17), (4.1.3) and condition (iii), we have

lzn “pHQ < anllzn — p”2 + (1 — )|y — p”2
< anllzn = I+ (1= an)llun — pIf 4 (41.22)
< anllon — ol + (1= a){ 2 = pIIP + ra(ra — 28) ]| Azs — ApI?}

“xn - p“2 + (1 Al an)rn(rn = 2/3)“A$n - Ap||2.

It follows that

(1 —e)e(28 - d)|| Az, — APH? < (1- an)rn(Qﬂ - Tn)”Al'n - Ap“?'
< lan = I = lza — lf?
< Nlzn = zall(llzn = pll + llzn = pl)-
Since limy, 00 ||Zn — za|| = 0, we obtain
lim ||Az, — Ap|| = 0. (4.1.23)

On the other hand, in the light of Lemma 3.2.6(3) 7, is firmly nonexpansie, so we
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have

lun = pI* = NIT (20 = Tadzn) = T (p = 7 AP)|I®
S {Toultn — 70AT) = Tro (0= 70 AD), tn — )
= (Tn —TnATn = (p — TnAp), Un — D)
= {1 radz) = (= D) + fun - I
~ll@n — rnAzy) = (p = aAp) — (Un — p)ll"’}
< S {llen = I+ Jum = pIP = llz = I = ra( Az — AP}

1
= 5{llen =PI+ lun = pI* = o = ual?

+27 (X — Up, Az, — Ap) — 12| Az, — Apnz},
which implies that
lun = pl? < 1z = plI* = 2 = unll® + 2rall@n — ual|| Az — Apl|.(4.1.24)
Using (4.1.22) again and (4.1.24), we have

len —pI? < nlln =Bl + (1 = ca)lln — I
< anllan = pl? + (1 = o) {llon = Bl = 120 = ][+ 2702 = wnl | A ~ APl }

= |lzn = pl> = (1 — en)|lzn - unll? + 2(1 = an)rnllTn — ua || Azs — Ap”. (4.1.25)
It follows that and condition (i), we have

(1 - e)nxn - UHHZ
< (1 - an)llzn "UHHQ
< lzn = Pl = ll2n =PI + 2(1 = an)7nllzn — unll| Az, — Apl]|

< lzn - Zn”(nln -l + “‘vn - pl) +2(1 - an)rnnxn - un"llA$n - Ap”.

Since lim,, o0 ||Tn — 2| = 0 and lim,_, || Az, — Ap|| = 0 implies that
lim,, ,oollzn — un]| = 0. (4.1.26)
From (4.1.20) and (4.1.26), we have

lim ||z, — ya|| = 0. (4.1.27)
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By (5.2.1), we get

zZn — T = (1 = an)(Kpv, — Tp).

Since {a,} C [0, €] for some e with 0 < e < 1, and ||z, — 2| = c0 as n — oo, we
also have

lim ||K,v, — @] = 0. (4.1.28)

From (4.1.21) and (4.1.26), we have
nh_)ngo lzn — vall = 0. . (4.1.29)
Furthermore, by the triangular inequality, we also have
[ Knvn = vnll < | Kntn = @nll + |20 — vall-
Applying (4.1.28) and (4.1.29), we obtain
nlgrgo | Kpvn — v, |l = 0. (4.1.30)

Let K be the mapping defined by (4.1.1). Since {v,} is bounded, applying Lemma
4.1.2 and (4.1.30), we have

| Kv, — v || < | Kvn — Knvnll + | Knvn — vn]l = 0 a3 n — oo.

Step 5. Next, we show that g € @ =N, F(T;) NGMEP(F, p, AyNI1(B, M).

Since {v,} is bounded, there exists a subsequence {vy,,} of {v,} which converges
weakly to g. Without loss of generality, we can assume that v,, — ¢. Since v,, C C
and C is closed and convex, C is weakly closed and hence ¢ € C. From | Kv,—v,| —
0, we obtain Kv,, — q. '

(a) First, we prove that ¢ € 1(B, M).

We observe that B is an 1/£-Lipschitz monotone mapping and D(B) = H. From
Lemma 3.2.2, we know that M + B is maximal monotone. Let (v, g) € G(M + B),
that is, g — Bv € M(v). Since v,, = Jysa,, (Yn, — An, Byn,), we have

Yn; — /\n. Byn,‘ € (1 + /\n.f\'{)(vn,)v

that is,
1

/\ (ynz - vn, - /\n, B‘Jn,) € ‘\[(Un,)' (4131)

1
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By virtue of the maximal monotonicity of M + B, we have

1
<v - Un,,g — Bv — )\—(y”" — Up, — )\niByni)>2 0, (4.1.32)

and so

1
<U - Un,»,g> > <U — Un;, Bv + ')‘"—(yni = Un; — AniByni)>

1
= <'v — Up,, Bu — Bz, + Bv,, — Byn, + ;\——(ym - Un,~)>4-1-33)

’ 1
>z 0+ (’U - U"i?ani - Byni) + <’U = Un;»s X_(ym - U’”i)>'
T

It follows from |y, — vn|| — 0, || Byn — Bva|| — 0 and v,; — ¢ that

lim ("2 uESh) = (us™g. g% 0. (4.1.34)

n—soc0
It follows from the maximal monotonicity of M + B that 8 € (M + B)(q), that is,
qgelI(B,M). ‘

(b) Next, we show that ¢ € GM EP(F,p, A). Since u, = T, (Tn — rhnAzy) €
dom ¢, we have

1
F(u'my) =+ (Aa:n,y - un> + tp(y) g So(un) " 7“—<y — Up, Un — mn) 2 Oa ‘v’y € C

n

From (A2), we also have

1 .
(A, y — un) + 0(y) — p(un) + ;"(y ~ Un,Un — Tp) = F(y,ua), VyeC.

n

and hence

un,- - ‘In,-
(A, y = tn,) +0(Y) = @(tn,) + (Y =ty ———) Z Fly,un;), Yy € C. (4.1.35)

Fort with0<t<landyeC, lety, =ty+ (1—t)g. Sincey € C and g € C, we
have y, € C. So, from (4.1.35), we have

Up, — T,
(yt - Uni,Ayf) > <yr, — Un;, A?/c) —(y) + <P(’U«n,-) - (3/: - unnAxni> - (yt — Un;, *—7——1) +
n;

= <]/t — Up,, A!/z - Aun,> + <y! - Up,, ‘Aum - AI":‘) - (P(yt) + (19(“71;')

u — T
~(ye = e, ——) + Flye, un,).

T,
Since ||u,, — xn, || — 0. we have ||Au,, — Ax,,|| = 0. Further, from the inverse

strongly monotonicity of A, we have (y; — w,,, Ays — Au,,) > 0. So, from (A4),(AS5),
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Un,

and the weak lower semicontinuity of ¢, r::r"’ — 0 and u,, — g¢. we have at the
limit
(e — a, Aye) = —p(wn) + () + F(ue, 9) (4.1.36)

as 1 — 0o. From (A1),(A4) and (4.1.36), we also get

0 = Flye,ye) + oy) — o(ue)
< tF(yy) + (1= )F (v, ) + t(y) — (1 = t)elq) — o(ue)
= t[F(ye,y) + o(y) — o(¥:)] + (1 = )[F (v, a) + () — (w)]
< HF (e y) + oY) = e(y)] + (1= ) — g, Ay
= HF(ye,y) +oy) — o)) + (1 = Oty — g, Ap),

0 F(y,,y) + o(y) — oy) + (1 = t){y — q, Aw)-

IN

Letting t — 0, we have, for each y € C,

F(q,y) +¢(y) —elq) +(y —q,Aq) = 0.

This implies that ¢ € GMEP(F, p, A).
(c) Now, we prove that g € F(K) = ﬂ;\il F(T;).
Assume ¢ ¢ F(K). Since ||z, — v,| — 0, we know that v,, — ¢ (¢ = co) and

q # Kq, it follows by the Opial’s condition (Lemma 3.3.5) that

A

lim inf ||v,, — q| lim inf ||v,, — Nql|
100 2300

IN

lil_’ll inf(||vm - Kvni” + ”K'Uni - KCI”)
100
< liminf ||v,, = qll,

which is a contradiction. Thus, we get g € F(K) = ﬂf’:l F(T;).

The conclusion is ¢ € © :=NY, F(T;) NGMEP(F,p, A) N I(B,M).

Step 6. Finally, we show that z,, — z and u,, = 2, where z = PgTp.

Since O is nonempty closed convex subsct of H, there exists a unique 2 e
such that 2/ = Pexy. Since 2/ € © C C,, and x,, = P¢,xg, we have

lzo — xnll < o — P, voll < llzo — 27| (4.1.37)

for all n € N. From (4.1.37). {x,} is bounded. so w,(z,) # 0. By the weak lower

semi-continuity of the norm. we have

llzo — z|| < liminf o |l = @0, ]l < Jlzo — 2|1 (4.1.38)
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However, Since z € wy(x,) C O, we have
lzo — 2'|| < llzo — Pe.zoll < llzo — 2.

Using (4.1.37) and (4.1.38), we obtain 2’ = z. Thus wy,(z,) = {z} and z, — z. So,

we have
llwo — 21| < llzo — 2| < liminfy o070 — Tl < limsup, o llo — 2all < iz — 2.
Thus, we obtain that

lzo — 2]l = lim [lzy — 2|l = llzo — 2'||

From z, — z, we obtain (zg — z,) — (9 — 2). Using the Kadec-Klee property

(Lemma 3.2.5) of H, we obtain that

len — 2] = I{zn — o) — (2 —2p)|| 20 as n— o0

and hence x, = z in norm. Finally, noticing ||u, — z|| = || T}, (zn —mnATs) = T, (2 —
raAz)|| < ||z, — z||. We also conclude that u, — z in norm. This completes the

proof. 0O

Corollary 4.1.4. Let C be a nonempty closed convexr subset of a real Hilbert space
H, let F be a bifunction from C x C to R satisfying (A1)-(A4) and let ¢ : C —
R U {+o0} be a proper lower semicontinuous and convez function with assumption
(B1) or (B2). Let {T;}Y, a finite family of nonezpansive mappings of C into itself,
let A be a B3-inverse-strongly monotone mapping of C into H, let B be a -inverse-
strongly monotone mapping of C into H and M : H — 2% be a mazximal monotone

mapping. Assume that
0 =N, F(T)NGMEP(F,p. A)NI(B,M) # 0.

Let K,, be the K -mapping generated by Ty, Ty, ..., Ty and vo1, Yn2, -, Yan- Let {xn},
{yn}, {vn}, {2} and {u,} be sequences generated by (5.2.1) satisfy the following

conditions in Theorem 5.2.1. Then, {z,} and {u,} converge strongly to z = Pgxy.

4.2 Applications

From Theorem 5.2.1, we can obtain the following results:
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Theorem 4.2.1. Let C be a nonempty closed convez subset of a real Hilbert space H,
let F be a bifunction from CxC to R satisfying (A1)-(A4) and let ¢ : C — RU{+o0}
be a proper lower semicontinuous and convex function with assumption (B1) or (B2).
Let {T;}Y., a finite family of quasi-nonezpansive and L;-Lipschitz mappings of C into
itself, let A be a B-inverse-strongly monotone mapping of C into H and let B be a

&-inverse-strongly monotone mapping of C into H. Assume that
0 := NN, F(T))NGMEP(F,p, A)NVI(C,B) # 0.

Let K, be the K-mapping generated by Ty, Ts, ..., Tn and Yn1,Vn2, s YaN- Let {Zn},
{yn}, {vn}, {2} and {u,} be sequences generated by zy € H, C; = C, x; = Pg, o,
u, € C and let

’

: 1
F(uruy) + (P(y) S (p(un) -+ (Amn,y ™ un> o ;"(?j = Up, Up — wn) 2 Oy ‘v’y € C;

n

Yn = PC(un 1 6nBun)7
Up = PC(yn — /\nByn)a
Zn = QpTy + (1 - an)Kn'vny

Cn—l—l = {Z € Cn : Hzn = Z“ < “xn e Z”}>

| Tnt1 = Pe,..z0, meN,

where {a,} C (0.1) satisfy the following conditions:

(i) {on} C[0,€] for some e with0 <e <1,

(it) {0n}, {Xn} C [a,b] for some a,b with 0 < a < b < 2¢,
(#ii) {rn} C [e,d] for some ¢,d with0 < ¢ < d < 2.
Then, {z,} and {u,} converge strongly to z = Pgxy.

Proof. In Theorem 5.2.1 take M = 86c : H — 2! where d¢ : 0 — [0, 00] is the

indicator function of C, that is,

) 0, x € C,
()C(.’E) =
+oo, x&C.

Then the variational inclusion problems (3.1.1) is equivalent to variational inequality

problem (3.2.5), that is, to find £ € C such that

(Bi,y—2) >0, VyeC.
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Again, since M = d¢. then

Jrarx, = Jars, = Fe,
and so we have

Yn = PC(un - 6nBun) = ']M',(S”(PC(un - (5nBun))

and

Up = PC(yn - )‘nByn) - JI\I,/\"(PC(yn - /\nByn))

We can obtain the desired conclusion from Theorem 5.2.1 immediately. 0

Next, we consider another class of important nonlinear mapping: strict pseudo-

contractions.

Definition 4.2.2. A mapping S : C — C is called strictly pseudo-contraction if

there exists a constant 0 < x < 1 such that
1Sz = Syl® < llz —yli> + sl(I = S)z = (I = S)yll®>, Vz,yeC.  (4.2.1)

If k =0, then S is nonexpansive.
In this case, let S : C — C is a k-strictly pseudo-contraction. Putting B =
I-S:C— H,then Bisa 1—5—’3-ilrxverse—strongly monotone mapping. In fact, from

(4.2.1) we have |
(I — B)z — (I - Byy|* < |lz —y|* + || Bz — By|*, Vz,yeC.
Observe that
I( = B)a— (I = Byl = lle — yll* - 2(x — y, Bz — By) + |Bz - Byll®, Va,y€C.

Hence, we obtain

L A
(v —y,Bx — By) > TKHB-T - By|®, Vz,yeC. (4.2.2)

This shows that B is 1;"'—inverse—strongly monotone mapping.

Now, we get the following result.
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Theorem 4.2.3. Let C be a nonempty closed convex subset of a real Hilbert space H,
let F be a bifunction from C x C to R satisfying (A1)-(A4)and let ¢ : C — RU{+00}
be a proper lower semicontinuous and convez function with assumption (B1) or (B2).
Let {T;}Y.| a finite family of quasi-nonezpansive and L;-Lipschitz mappings of C into
itself, let Sy be an rkg-strictly pseudo-contraction mapping of C into C and let Sp

be an k¢-strictly pseudo-contraction mapping of C into C. Assume that
O :=nY F(T)NGMEP(F,p,I —Sa) N F(Sg) #0.

Let K,, be the K -mapping generated by Ty, Ts, ..., Tn and Yn,1, Yn,2s - Tn,n- Let {z.},
{un}, {vn}, {22} and {u,} be sequences generated by xo € H, Cy = C, 71 = Pc,Zo,
u, € C and let

4 .

Fun,) + 9(0) = i) + (1 = 5a)my = tn) + 2-(y = st = 0) =0, WEC,
Yn = (1 — 6p)un + 0,Spun,
J vn= (1 = An)¥n + AuSBYn,
Zn = apTy + (1 — o) Ky v,

Cpy1 = {z € Ch: ”Zn - ZH < Hxn = Z!‘}r

L Tpyr = PC"+1:COa n e N)

~where {a,} C (0,1) satisfy the following conditions:
(i) {an} C [0,€] for some e with 0 < e < 1,
(17) {6n}, { M} C [a,b] for some a,b with 0 <a <b <1 — kg,
(115) {rn} C le,d] for some ¢,d with0 <c<d<1— Kg.
Then, {z,} and {u,} converge strongly to Pexy.

Proof. Taking A = I -S4 and B = [ — Sg, respectively. Then we see that A is 1—2—"@-—
inverse-strongly monotone and B is -1'2—"'5—i1werse~strongly monotone, respectively.

We have F(Sg) = VI(C, B) and

Yn = Pe(un — 0, Bu,) = Po((1 — 6n)u, + 0,Spun) = (1 = 6,)un + 6,Spu, € C
and

Un = Pe(n = AnBya) = Pe((1 = Ay + AaSnyn) = (1= M)t + AaSpum € C.

By using Theorem 5.2.3, it is easy to obtain the desired conclusion. a



