CHAPTER 3 PRELIMINARIES AND THEORY

3.1 Some Definitions

Throughout this paper, we assume that H be a real Hilbert space with inner
product (-,-) and norm || - ||, and let C be a nonempty closed convex subset of
H. We denote weak convergence and strong convergence by notations — and —,
respectively.

Recall that the following definitions.

(1) A mapping T': C — C is said to be nonezpansive if
[Tz —Tyl| < ||z —yll, Vz,y € C.
(2) A mapping T : C — C is said to be quasi-nonezpansive if
|Tz —p|| < ||z — pll, V2 € C and p € F(T).

We denote F(T') = {z € C : Tz = x} be the set of fixed points of T.
Let B : H — H be a single-valued nonlinear mapping and M : H — 29 be a

set-valued mapping. The variational inclusion problem is to find £ € H such that
0 € B(z) + M(z), (3.1.1)

where ¢ is the zero vecter in H. The set of solutions of problem (3.1.1) is denoted

by I(B, M).

Definition 3.1.1. A mapping B : H — H is said to be a £-inverse-strongly mono-

tone if there exists a constant & > 0 with the property
(Bz — By,x —y) > €||Bx — Byll*, Vz,yeC.

Remark 3.1.2. It is obvious that any £-inverse-strongly monotone mapping B is
monotone and %-Lipschitz’ continuous. It is easy to see that for any A constant is in

(0,2¢], then the mapping I — AB is nonexpansive, where I is the identity mapping

on H.
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A set-valued mapping M : H — 2% is called monotone if for all z,y € H, f €
M(z), and g € M(y) imply (z —y, f — g) > 0. A monotone mapping M is mazimal
if its graph G(M) := {(f,z) € Hx H : f € M(x)} of M is not properly contained in
the graph of any other monotone mapping. It is known that a monotone mapping M
is maximal if and only if for (z, f) € H x H,(x —y, f —g) > 0 for all (y,g9) € G(M)
imply f € M(x).

Definition 3.1.3. Let M : H — 2 be a set-valued maximal monotone mapping,

then the single-valued mapping Jys, : H — H defined by
Jux(@) =T +IM)"Y(2), 2€ H (3.1.2)

is called the resolvent operator associated with M, where A is any positive number

and [ is the identity mapping.

Remark 3.1.4. (R1) The resolvent operator Jy  is single-valued and nonexpansive

for all A > 0, that is,
HJM,)\(Q/') S JM,/\('!/)“ < Hﬂj = y”7 V:c,y € H and VX > 0.

(R2) The resolvent operator Jy » is 1-inverse strongly monotone; see([59]), that
is, ‘
1A (2) = s @I? < (Ja(@) = Jualw), @ — y), Yo,y € H.
(R3) The solution of problem (3.1.1) is a fixed point of the operator Jy (I —AB)
for all A > 0; see also ([74]), that is,

I(B,M) = F(Jyx(I - AB)), YA > 0.

(R4) If 0 < A < 2a, then the mapping Jy (I — AB) : H — H is nonexpansive.
(R5) I(B, M) is closed and convex.

3.2 Generalized mixed equilibrium problems

Let A : C — H be a nonlinear mapping, let ¢ : C —» R U {400} be a real-
valued function and F be a bifunction from C x C to R. We consider the following

generalized mired equilibrium problem.
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Finding z € C such that

The set of such z € C' is denoted by GM EP(F, p, A), that is,
GMEP(F,p,A) = {z € C: F(z,y) + (Az,y — z) + p(y) — p(z) >0, VyeC}.

It is easy to see that z is solution of problem (3.2.1) implies that z € dom ¢ = {z €
C: p(x) < +o0}.

1. In the case of A = 0(:the zero mapping), then the generalized mixed equi-
librium problem (3.2.1) is reduced to the mized equilibrium problem. Finding

z € C such that
Fz,y) + o(y) —p(x) 20, VyeC. (3.2.2)
The set of solution of (3.2.2) is denoted by MEP(F, ¢).

2. In the case of ¢ = 0, then the generalized mixed equilibrium problem (3.2.1)

is reduced to the generalized equilibrium problem. Finding z € C such that
F(z,y)+ (Az,y —z) >0, VyeC. (3.2.3)
The set of solution of (3.2.3) is denoted by GEP(F, A).

3. In the case of A = 0(:the zero mapping) and ¢ = 0, then the generalized mixed
equilibrium problem (3.2.1) is reduced to the equilibrium problem. Finding

z € C such that
F(z,y) >0, VyeC. (3.2.4)

The set of solution of (3.2.4) is denoted by EP(F).

4. In the case of F =0, ¢ = 0 and A = B then the generalized mixed equilibrium

problem (3.2.1) is reduced to the variational inequality problem.

(Br,y—-r)>0, VyeC. (3.2.5)

The set of solution of (3.2.5) is denoted by VI(C, B)[™
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Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Recall that the (nearest point) projection P; from H onto C assigns to each

x € H the unique point in Poz € C satisfying the property
— Pez|| = mi -yl
lz — Poz|| = min ||z -y
We recall some lemmas which will be needed in the rest of this paper.

Lemma 3.2.1. For a givenx € H and z € C,
z=Pex e (z—-2,2—y) >0, VyeC.
It is well known that Pc is o firmly nonezpansive mapping of H onto C and satisfies
|Pez — Poyl? < (Pex — Poy,z —y), Vz,y € H. (3.2.6)

Lemma 3.2.2. [59] Let M : H — 2" be a mazimal monotone mapping and let B :
H — H be a Lipshitz continuous mapping. Then the mapping S = M+B : H — 24

1s a mazimal monotone mapping.

Lemma 3.2.3. [56] Let C be a closed convex subset of H and let {z,} be a bounded

sequence in H. Assume that

(1) the weak w-limit set wy(x,) C C,

(2) for each z € C, lim,_,q, ||z, — z|| exists.
Then {z,} is weakly convergent to a point in C.

Lemma 3.2.4. [76] Fach Hilbert space H satisfies Opial’s condition, that is, for

any sequence {x,} C H with z, — z, the inequality
liminf ||z, — z|| < liminf ||z, — y]|
n—o00 n—o0
hold for eachy € H withy # .

Lemma 3.2.5. [81) Each Hilbert space H satisfies the Kadec-Klee property, that is,

for any sequence {r,} with z, — x and ||z,.|| — ||z| together imply ||z, — z|| — 0.

For solving the generalized equilibrium problems, let us give the following as-

sumptions for F, p, and the set C:
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(Al) F(z,z)=0for all z € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 forall z,y € C,
(A3) for each y € C,z — F(z,y) is weakly upper semicontinuous;
(A4) for each z € C,y — F(z,y) is convex and lower semicontinuous;

(B1) for each z € H and r > 0, there exists a bounded subset D, C C and
Yz € C Ndomeyp such that for any z € C \ D,,

F(2,30) + p4e) = 9(2) + (g — 2,2 7) 2 0 (3.2.7)

(B2) C is bounded set.

Lemma 3.2.6. [80] Let C be a nonempty closed convex subset of H and let F be
a bifunction of C x C into R satisfying (A1)-(A4). Let ¢ : H — RU {400} be a
proper lower semicontinuous and convez function such that CNdom # @. Forr >0

and x € H, defined a mapping T, : H — C as follows:

T.(z) = {z €C:F(z,y)+ely) —p(z)+ %(y —z,z—x) >0, Vy € C}. (3.2.8)
Assume that either (B1) or (B2) holds. Then, the following conclusions hold:

(1) for eachz € H, T,(z) # 0; |

(2) T, is single-valued;

(8) T, is firmly nonexpansive, that is, for any x,y € H,

IT:(z) = TWI? < (Tr(2) - To(y),z — y);
(4) F(T,) = GEP(F, p);
(5) GEP(F,p) is closed and convex.

Remark 3.2.7. Replacing « with z — rAz € H in (3.2.7), then there exists z €
C\ D,, such that

1 .
F(z,y:) + (Az,y, — 2) + o(yz) — o(2) + ;(yz —2,z2—1)>0, VyeC.
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3.2.1 Basic Concepts in Hilbert Spaces

Let C be a closed convex subset of a real Hilbert space H with inner product

and norm are denoted by (.,.) and ||.||, respectively. We have the following are hold:
e = ylI* = lel® = IylI* - 2(z — v, 9), (3.2.9)
Iz +yl* < llzll* + 2y, = + ), | (3.2.10)
lz +ylI* > zlf* + 2(y, z), (3.2.11)

and
Az + (1= Nyll* = Allzll* + (1 = Mligl® = 21 = W)l|z - y|f? (3.2.12)

for all z,y € H and X € R.

Lemma 3.2.8. [12] Let (E, (.,.)) be an inner product space. Then for allx,y,z € E
and a, B, € [0,1] with a + § + v = 1, we have

laz + By +vz)1* = alla|® + Bllyl* +yll2I* = ablle - yII* - avllz — 2||* - Bylly — 2|I*

Lemma 3.2.9. [13] A Hilbert space H satisfies the Opial condition that is, for any
sequence {x,{}-with T, — x, the mequality lim inf, o ||z, —z|| < liminf, o [lzo—vl,

holds for every y € H with y # .

Lemma 3.2.10. [14),[15] A Hilbert space H satisfies the Kadec-Klee property
that is, for any sequence {z,} with 2, — = and ||z,|| — ||z|| together imply ||z, —

x| — 0.

3.3 Nonlinear Mappings

3.3.1 Nonlinear Mappings in Hilbert Spaces

Let C be a closed convex subset of a real Hilbert space H with inner product
and norm are denoted by (.,.) and ||.||, respectively. Let T : C — C a nonlinear
mapping. We use F(T) to denote the set of fixed points of T, that is, F(T) = {z €
C:Tzx = z}.



17

Definition 3.3.1. A mapping T is called nonexpansive if
Tz — Tyl < llz —yll, Vz,yeC. (3.3.1)

Definition 3.3.2. A mapping f : C — C is called a contraction on C if there exists

a constant a € (0,1) and z,y € C such that

If(z) = F@W) < allz —yll. (3.3.2)

We use II¢ to denote the collection of all contractions on C. That is, IIg = {fIf :

C — C a contraction}. Note that each f € Il¢ has a unique fixed point in C.

Theorem 3.3.3. [9] (Banach Contraction Mapping Principle) Let (X, d) be a com-
plete metric space and f : X — X be a contraction. Then f has a unique fized

point, t.e. there exists a unique x* € X such that Txz* = z*.

Definition 3.3.4. Let A be a strongly positive bounded linear operator on H if

there exists a constant 4 > 0 with the property
(Az,z) > F||z||?>, Vz e H. (3.3.3)

A typical problem is that of minimizing a quadratic function over the set of the

fixed points of a nonexpansive mapping on a real Hilbert space H:

y :
in — — 3.4
xIGI}:}(I:lS) 2(Aa:,:1:) {x,b), (3.3.4)

where A is a nonexpansive mapping and b is a given point in H.

Optimization problem (for short, OP) as the following

1 .
min §<Aa:, 2) + gl —ul® - h(a), (3.3.5)
where F' = N2 ,C,, C,Cy,--- are infinitely closed convex subsets of H such that

Me2,Crn # 0, u € H, p > 0is a real number, A is a strongly positive linear bounded

operator on H and h is a potential function for vf (i.e., #'(z) = vf(z) for z € H).

Lemma 3.3.5. [16] Let C be a nonempty closed convex subset of a real Hilbert space
H, and g : C — RU {0} be a proper lower-semicontinuous differentiable conver

function. If = is a solution to the minimization problem

9(z) = Ilggg(:c),
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then
<g’(:c),:t — z> >0, zeC.

In particular, if z solves problem OP, then
<u+ [vf - I+ pA)zz - z> <0.

Lemma 3.3.6. [17] Assume A is a strongly positive linear bounded operator on a

Hilbert space H with coefficient 3 > 0 and 0 < p < ||A]|7!. Then ||[I — pA|| < 1-p7.

Definition 3.3.7. The metric (nearest point) projection Pc from a Hilbert space
H to a closed convex subset C of H is defined as follows: given z € H, Pez is the

only point in C with the property
& = Pez|| = inf{|le — gl : v € C}-

For every point © € H, there exists a unique nearest point in C, denoted by FPez,
such that
|z — Pez|| < |lz —y|| forallye C.

It is well known that Po is a nonexpansive mapping of H onto C and satisfies

(z — vy, Pox — Poy) > |Pex — Poylf®,  Vz,y € H; (3.3.6)
(x — Poz,Pcx —2) 20, VzeC; (3.3.7)
lz = ylI2> |z — Pez||® + ||y — Pesl)?, Vz e H,y€C; (3.3.8)

and
Iz — y) — (Pox — Pey)|* > |l — l* — |Pox = Poyll®, Vmye H.  (3.3.9)
Definition 3.3.8. A mapping A of C into H is called monotone if
(Au— Av,u —v) 20, VYu,veC. (3.3.10)

Definition 3.3.9. A is called a-inverse-strongly monotone if there exists a positive

real number a such that

(Au — Av,u —v) > af|Au— A||?, Vu,veC. (3.3.11)
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Lemma 3.3.10. Let A : H — H be a a-inverse-strongly monotone mapping. If
A < 2a, for any A > 0 and a > 0 then I — AA is a nonexpansive mapping from H
into tself.

Proof. Letu,v € H and A > 0,

I = XA — (I = AAp|® = l(u~v) = MAu — Av)||?
= Jlu—v))? - 2Mu — v, Au — Av) + | Au — Av||?

IA

lu — ]2 + A\ = 20)]|Au — Av||®.
O

Definition 3.3.11. A mapping A : C — C is called L-Lipschitz-continuous if there

exists a positive real number L such that
|Au — Av|| < Ljju —v||, VYu,veC. (3.3.12)

Remark 3.3.12. It is easy to see that if A is an a-inverse-strongly monotone map-

ping of C into H, then A is §~Lipschitz continuous.

Definition 3.3.13. The mapping S : C — C is called a k-strict pseudo-contraction

mapping if there exists a constant 0 < x < 1 such that
ISz — Syl* < lz =yl + =Il(J = S)a — (I = Syyl*, Vx,yel. (3313

Definition 3.3.14. Let n: C x C — H and B : C — H be two mappings. B is

said to be:

(1) monotone if

(Bx — By,n(z,y)) >0, Vz,y€ C;
(2) o-strongly monotone if there exists a positive real number o such that
(Bz — By,n(z,y)) > ollz —yl>, Vx,y€C;
(3) L-Lipschitz continuous if there exists a constant L > 0 such that
In(z, y)ll < Lllz —yll. Vr,yeC.

Definition 3.3.15. Let K : C — R be a differentiable functional on a convex set

C, which is called:
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(1) n-convez [18] if
K(y) - K(@) 2 (K'(2),n(3,2)), Yo,y € C,
where K'(z) is the Fréchet derivative of K at z;
(2) n-strongly convez [19] if there exists a constant £ > 0 such that
K@) - K(z) - (K@), 1(6,)) 2 Sha — oI, Yo,y € C.

In particular, if n(z,y) = z — y for all z,y € C, then K is said to be strongly

CONVET.

Lemma 3.3.16. [20]. Let V : C' — H be a k-strict pseudo-contraction, then

(1) the fized point set F(V') of V is closed convez so that the projection Preyy is well
defined;

(2) define a mapping T : C — H by

Tz =tz +(1—-t)Vz, Vz e C. (3.3.14)
Ift € [k,1), then T is a nonezpansive mapping such that F(V) = F(T).

Definition 3.3.17. A family of mappings {V; : C — H}$, is called a family of

uniformly k-strict pseudo-coniractions, if there exists a constant k € [0, 1) such that
Wiz — Vigll® < lle — ylI* + kIl(I = Vi)z — (I = Vi)yll?, Va,y e CVi>1.

Let {V; : C — C}22, be a countable family of uniformly k-strict pseudo-contractions
and {T; : C — C}$2, be the sequence of nonexpansive mappings defined by (3.3.14),
ie.,

Tix =t + (1 —t)Viz,Vz € C,Vi > 1,t € [k, 1). (3.3.15)

For the infinite family of nonexpansive mapping of T, T2, ... (see [21]), we define
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the mapping W, of C into itself as follows:

.

Un,n+1 = 17
Un,n = /\nTnUn,n+1 + (1 - )‘n)Ia

Un,n—l = /\n—lT —1Un,n + (1 - /\n—l)ly

< Un,k = )‘kaUn,lﬂ—l + (1 - )\k)I, ] (3316)

Unj—1 = M-1Tk-1Unj + (1 — Me1)1,

Una = XAToUns + (1 — A1,

Wy =Un1 = \TiUna + (1 — M),

\

where T3, T5, ... be an infinite family of nonexpansive mappings of C into itself and

A1, Ag, ... be real numbers such that 0 < A, < 1 for every n € N.

Lemma 3.3.18. [21] Let C be a nonempty closed convez subset of a real Hilbert space
H. Let Ty, Th, ... be nonexpansive mappings of C into itself such that N, F(T5,) is
nonempty, let py, pa, ... be real numbers such that 0 < p, < b <1 for everyn > 1.
Then,
(1) W, is nonezpansive and F(W,) = N2, F(T;), Yn > 1;
(2) for every x € C and k € N, the limit lim,,_,o, Un s exists;
(3) a mapping W : C — C defined by

Wz = lim Wyx = lim U, 12,V € C (3.3.17)

n—o0 n—o0

is a nonexpansive mapping satisfying F(W) = N2, F(T;) and it is called the W-
mapping generated by Ty,T5, ... and py, po, ...

Lemma 3.3.19. [22] Let C be a nonempty closed convex subset of a Hilbert space H,
{T; : C — C} be a countable family of nonexpansive mappings with N2, F(T;) # 0,
{ui} be a real sequence such that 0 < p; < b < 1,Vi > 1. If D is any bounded subset
of C, then

lim sup ||Wz — W, z| = 0.

n—oc IED



22

Definition 3.3.20. A family S = {S(s) : 0 < s < 0o} of mappings of C into itself

is called a nonexpansive semigroup on C if it satisfies the following conditions:
(i) S(0)z =z for all z € C;
(i) S(s+1t)=S5(s)S(t) for all s,t > 0;
(iii) |S(s)x — S(s)yll < llz — y|| for all z,y € C and s > 0;
(iv) for all z € C, s+ S(s)z is continuous.

We denote by F(S) the set of all common fized points of S = {S(s) : s > 0}, i.e.,
F(S) = Ny F(S(s)). It is known that F(S) is closed and convex.

Lemma 3.3.21. [23] Let C be a nonempty bounded closed convex subset of a Hilbert
space H and let S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on C, then

for any h > 0,

lim sup =0.

t—o00 zeC

: /0 T(s)eds — T(h)( /0 T(s)rds)

Lemma 3.3.22. [24] Let C be a nonempty bounded closed convex subset of H, {x,}
be a sequence in C and S = {S(s) : 0 < s < oo} be a nonezpansive semigroup on C.

If the following conditions are satisfied:
(i) z, — z;
(i) limsup,_, limsup, . ||S(s)z, — x,]| =0, then z € S.

Lemma 3.3.23. [25, Lemma 3.1] Let C be a nonempty bounded closed convex subset

of a Hilbert space H and {S,} a sequeﬁce of mappings of C into itself. Suppose that
Jim pF=0 (3.3.18)

where pf = sup{||Skz — Siz]| : 2 € C} < 00, Yk,l € N. Then for each x € C, {S,z}
converges strongly to some point of C. Moreover, let S be a mapping from C into
itself defined by

St = lim S,z, Vz € C.

n—o00

Then limsup,,, . {||Sz — S.z|| : 2 € C} =0.
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Lemma 3.3.24. [14] (Demi-closedness Principle) Assume that S is a nonexpansive
self-mapping of a nonempty closed convex subset C of a real Hilbert space H. If
S has a fixed point, the I — S is demi-closed: that is, whenever {z,} is a sequence
in C converging weakly to some z € C (for short, z, — = € C), and the sequence
{(I — S)z,} converges strongly to some y (for short, (I — S)z, — y), it follows that
(I — S)x = y. Here I is the identity operator of H.



