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ABSTRACT

Title of Dissertation Analysis of High Dimensional Multivariate Repeated

Measurements Designs

Author Miss Kannigar Hirunkasi
Degree Doctor of Philosophy (Statistics)
Year 2011

A multivariate repeated measurements design is a design applied to
measurements of p response variables observed repeatedly over ¢ times on each
subject in g groups. There are two different approaches for analyzing multivariate
repeated measurements, the Doubly Multivariate Model (DMM) and the Multivariate
Mixed Model (MMM). These analyses are based on a classical multivariate test which
requires the assumption of MANOVA in that the degrees of freedom of the sum of
squares and cross product matrix (SSCP) due to error are larger than its dimension. In
DMM analysis, the response matrix consists of pr response variables on each n subject
whereas MMM consists of p response variables on each nt subject. Corresponding to

the within subject contrast matrix of rank u <¢, the test statistic of DMM analysis is
based on the function of S,S." where S, and S, are the pux pu SSCP matrices
corresponding to error and the hypothesis and requires an assumption that n—g > pu .
In MMM analysis, the test statistic is the function of S, (S))™" where S_ and S, are
the px p SSCP matrices and requires that u(n—g)> p.

In studies such as DNA microarray time course experiments, gene expressions
are available on thousands of genes of an individual and can be measured several
times but there are only a few individuals in the data set. Therefore classical
multivariate tests of both cases are not valid to analyze these high dimensional data.

In this dissertation, multivariate tests for analyzing multivariate repeated

measurements designs in a high dimensional framework are proposed. These tests are



v

adapted from generalizations of Dempster’s test and Bai and Saranadasa’s test in two

approaches, DMM and MMM. In both analyses, the adapted tests from the

generalization of Dempster’s test, 7, and 7, , have an approximate F distribution with

degrees of freedom estimated by the trace function of the SSCP matrix due to error,

whereas the proposed tests adapted from the generalization of Bai and Saranadasa’s
test, 7, and 7,, are asymptotically distributed as standard normal when p and 7 tend

to infinity.
A comparison of the performances of the proposed tests was carried out using

a simulation study. The simulation results found that the attained significance levels
of the 7, and T, tests from the DMM and MMM analyses on the interaction, group
and time effects seemed to be similar and close to the nominal 0.05 level for all cases
of n and p, whereas the attained significance levels of the 7, and 7, tests are close to

the nominal 0.05 level when 7 is large but higher than 0.05 when # is small. In tests
of the interaction, group and time effects, the empirical powers of the four tests
increase as p and n increase. The empirical powers of proposed tests adapted from
Bai and Saranadasa’s test are slightly higher than those from the Dempster’s test
adaptation and the empirical powers of the two proposed tests in DMM analysis are
slightly higher than those in MMM analysis. In order to demonstrate a numerical
example, the proposed tests were applied to the analysis of DNA time course

microarray data.
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CHAPTER 1

INTRODUCTION

1.1 Repeated Measurements Designs

Repeated Measurements (RM) designs are one of the most frequently studied
and applied designs in a variety of applied fields, such as medicine, social sciences,
behavioral sciences, psychology and education. A design in which measurements on
a variable are made at several occasions or under different treatment conditions on the
same subject is called a Univariate Repeated Measurement Design. Models for the
analysis of RM designs are wide-spread and varied, and have been reviewed in a
number of publications, such as Hand and Taylor (1987: 56), Crowder and Hand
(1990: 25), and Vonesh and Chinchilli (1997: 75).

Typically, in many researches, the set of RM data is usually taken as one
response variable on n subjects forming g groups over ¢ occasions (time points). This
data is a type of split-plot design where subjects are randomly nested within a group
(whole plot) factor (A), which is crossed with a time (split-plot) factor (B). The
objectives of these designs are to test for the effect of the group (or treatment) factor,
the effect of the time factor and the interaction effect between the group and time
factors. The group factor is called as between-subject factor and the time factor is
called as within-subject factor. This type of RM design can be analyzed using two
models (methods of analysis): the Univariate Mixed Model and the Multivariate
Linear Model. These models are briefly reviewed in the next section.

In medical science and related fields, studies are often designed to investigate

changes in several variables, referred to as p variables, which are measured repeatedly

over time in the participating subjects. Many statistical models have been proposed

for the analysis of RM of one single outcome, although the analysis of multiple



outcomes measured repeatedly often restricts the separate analysis of each response.
However, the researchers’ interest may be addressed in the joint testing of a treatment
effect on a set of outcomes. This design requires a multivariate linear model analysis
for multivariate outcomes.

When p response variables are observed repeatedly over ¢ times on each
subject in g groups, the design is called a Multivariate Repeated Measurements
Design. Similar to the Univariate Repeated Measurements Design, there are two
different models for analyzing RM of multivariate outcomes. The first model is the
Doubly Multivariate Linear Model (DMM) which is a multivariate linear model of
multivariate data both in the direction of distinct p responses of ¢ repeated
measurements. The second model is the Multivariate Mixed Model (MMM) which is
a generalization of Scheffé’s Univariate Mixed Model for the multivariate case (Boik,

1991: 1235).
1.2 Classical Analysis of Repeated Measurements Designs

1.2.1 Univariate Repeated Measurements Designs
In Univariate Repeated Measurements Designs, a response variable is

repeatedly measured over ¢ time points on n subjects in g groups. Let y, be a

b

response variable observed on the i subject in the jth group at kP time, i=12,...,n ;

Zg, n.=n, j=1,2,...,g, k=12,...,t. The data layout of univariate repeated

j=1"")
measurements designs is shown in Table 1.1. The sample means y ,, y,,y, and
overall sample mean y are defined by
", n
> Vi 22 Vi
yjk:l:lTﬂ )7;2%: (1.1)

n

ZZm i im

Va=tr— and o= (12)
n nt



Table 1.1 The Data Layout for Univariate Repeated Measurements Designs

Treatment Group Subject Response Vector Condition (Time)
()] @ yl'1 1 2 . ¢ Mean
over Time
1 yl'l = (ym Y2 ym)
| 2 y;l = (y211 Y2 yzlt)
n y;ll = (ynlll Y12 e Vi)
Mean j).'l = (.)7.11 .)7.12 )7.1,) .)7.1.
1 y1'2 = N Y122 Tt N
) 2 yéz = (y221 Vo yzzz)
n, y;zz = (yn221 Y22 e Vi 21)
Mean Y, = (Va Vo e Va) Va
1 Yig = Mgt Nig2 Mgt
2 .)’;g = (y2g1 Vaog2 y2gt)
g . . . .
’
ng y"éé = (ynggl ynggZ ynggt)
Mean y'g = (Vg Vg2 e V) Ve
Mean over Group y’ = (y, YV, e y,) y

The method for analysis of a univariate repeated measurements design can use

either the Multivariate Linear Model or the Univariate Mixed Model.

1.2.1.1 Multivariate Linear Model Analysis

Because ¢ repeated measurements are taken on each subject, correlated
data which can be analyzed using a multivariate linear model analysis are
encountered. For a multivariate linear model, the ¢ correlated measurements
Vit Vija--o Yy, constitute vector y, = (v, ¥;,...v;;,)" - The Multivariate Linear Model
of the Univariate Repeated Measurements Design is identical to the one-way
Multivariate Analysis of Variance (MANOVA) model as follows:

y,=muta te;,

=M Tey

(1.3)



wherea  is the #x1 vector of main effects for the group factor and e;is the ¢x1

random error vector on the i subject within the /™ group. For a full rank model, the
cell means u, =p+e; and u, =(u,u,,...,1,), Whereu, = u+a;, are used. A

multivariate linear model (1.1) seems to include only group factors, but a profile

analysis to test on a time factor and a group x time interaction factor can be used.
Assume that e; is identically and independently distributed (i.i.d.)

according to a t-variate normal distribution with a zero mean vector and a ¢x¢

covariance matrix X, written as e, ~N,(0,X,,), for all i and j. This assumption

txt txt

allows ¢ repeated measurements to be correlated in any pattern.

Putting the vector y, = (y;,...¥;,.... v;) on each row, annxt response
matrix 'Y, =¥, W, ¥,,) in the multivariate linear model of Y, in

matrix form is constructed as

Ynxt = anngxt + Enxt > (14)
where
-, 9 r 1 . .

Iu Y Y o D e ey € .- ey

! '
ynll ynlll yn112 ynllt enll enlll en112 cee enllt

4 '
Vi Yoo Vi o Vi e, €n €y ... €y,

nxt ! > Xt ’ 5

yn22 yn221 yn222 yn22t " en22 en221 en222 oo en22t

4 '
ylg ylgl y1g2 ylgt elg elgl elg2 e elgt

: ! e e e

_yngg_ _ynggl yngg2 ynggtj _yngg_ L n.gl neg2 cee negt |
L 0 0 pl | B M My,
!
_ 01, .. 0 4B = My | | My Hy Hy,
mg Tl o . | an e« — | | 7|
0 0 .1 '
ng Mg _ugl Hqo /lg;_




The traditional inference of these kinds of data is as a test of the
equality of the group x time interaction effect (parallelism of profile), the equality of
the group effect (coincidence of profile) and the equality of the time effect (constancy
of profile), which can be written as:

Ho:: The profiles for the g groups are parallel

Hy,: There are no differences of mean vectors among the g groups

Hys: There are no differences of mean vectors among the ¢ times
With these three hypotheses described above, the Multivariate General Linear
Hypothesis can be written as

HO :CngtAZFO(vhxu)’ (15)
where C is a v, xg between-subject contrast matrix, rank(C)=v, <g, and A is a

txu within-subject contrast matrix with rank(A)=u<t. T, is a v, xu constant

0
matrix which, in general, is a zero matrix.
Thus, the first hypothesis is to test whether the profiles for each group

are parallel or if there is no interaction between group and time, and is stated as

Hy— Hy, Hyy = Hyy Hq —Hgy
H, - P T/JB _ Hy T/l23 o Hqr :_/lg3 (1.6)
gty — Hy Hoory = Hy, Hery “Hg

Representing H,, in terms of the elements of B, as H,:CB, A=I, , , the

matrices C, A and T are taken in the form

O(vy, xu)

10 0]

10 .. 0]-1 -l 0
|

0 1 ... 01 0 -1 0

C(g—l)ng :_1 aAzx(t—l)z : : 0 ’rO:[O](gfl)x(t—l)’ (17)

|

00 .. 1]-1 0 0 1

-1

leading to



(44, _ﬂlz)_(ﬂg1 _/lgz) (£, _uls)_(,ugz _ug3)
2o (£, _ﬂzz)_(ﬂg1 _ﬂgz) (£, _ﬂzs)_(ﬂgz _uga)
o1 - : :
(,U(g-l)l - ﬂ(g-l)z) - (ﬂg1 - /lgz) (ﬂ(g-l)z - /l(g-m) - (ﬂgz - ugS)
(/11(;_1) - /11;) - (/lg([—l) - /lg[)
(,Uz(z—l) — ) — (ﬂg(;—l) - ﬂg;) _ [0]
: T L g-x-n
(,U(g-n(t—l) - ,U(g-l)t) - (ﬂg(;-l) - ﬂg;)
To test Hy,, the differences in the group mean vectors, the hypothesis is stated
as
My Hoy Hg
ult /12; ugt

Representing the Multivariate General Linear Hypothesis, H,, :CB, A=T, . the

matrices C, Aand I'y, ., are

1 0 01-1
!
0 1 0i-1
Cone=| . 3 ,%_1 , where A=I and F0=[0](g71)xt,
|
0 0 1]-1
giving
Hy — Mgy L L e " 0 0 ... 0
| HamHg  Hp =My o My~ Hg | |00 000
Hy,: : : . : N I
Mg —Hg  Hgp = Hgo +o Hgyy —Hy 00 ..0 (g-D)xt

To test Hos, the differences in the time vectors, the hypothesis is stated as

Hiy Hiy Hy,

H. - !“21 _ /1‘22 o /{2; .

03

ugl ugZ ugt



Representing H,;:CB, , A=T the matrices C, A and L'y . are

O(v,xu) 2
1 0 ... 0]
0O 1 .. O
C I A _ . . o __I_(i__l_)___ d r
The Teep Tt T 1) o Oz[o]gx(t—l)’
0 0 . 1 “
-1 -1 -1
leading to
Hy =My Hp—Hy oo By — By, 00 ... 0
| Mo T My Hop m My e By T My 00 ..0
Hos : : : . : B R
/ng - /Jgt ugZ _ugt ot ug(t—l) _ugt O 0 gx(1-1)

For valid multivariate tests of differences in the group and time mean
vector, it was not assumed that the statistic for testing the hypothesis of parallelism or
the interaction effect between group and time had no significance, meaning that the
tests may be confounded by the interaction. If there is no interaction effect between
group and time, or if the possibility of an interaction effect between group and time is
ignored, alternative tests for differences in group and time means may be of interest in
the special case of the multivariate test (Timm, 1980: 52). These hypotheses, Hy ()
and Hos(,, are represented as follows:

Hp): There are no differences in the means (averaged over time)
among the g groups

Hos: There are no differences in the means (averaged over group)
among the ¢ times

In terms of the parameters in the matrix B, the hypothesis Hoo,

xt 2

becomes

t t t
Z Hi Z Hoy Z Hgi
k=1 _ k=l = .

H .
t t t

02(g) *

(1.8)

The matrices C, A and T, represented in H,, ,, :CB, A=T  are



10 .. 0]-1 11
0 0!-1 1/¢

Cie = A o (1.9)
0 0 11 1/1

resulting in

t t t t t t
Zlulk _Zlugk Z:uzk _Zﬂgk Zﬂ(g-nk _Zﬂgk
=l =l _ = = =

Hy = =.. =0.
) t t t
Representing Hos(,) in terms of the parameters in the matrix B, , if the
number of subjects in each group are equal, the hypothesis Hoz(, is stated as
g g g
Z Hij Z Hjs Z Hj
Hy, o—=— = =8, (1.10)
g g g
If there are unequal numbers of subjects in each group, Hoz 1s stated as
g g g
Z - Z il z it
Hy, = =L =..=L& (1.11)
n n n

In the expression for the Multivariate General Linear Hypothesis,

Hy, :CB_ A=T,  , the matrices C for equal numbers of subjects in each

group (1.10) and unequal numbers of subjects in each group (1.11) are, respectively,

n
Clxg:{lﬂlﬂ"'ﬂl} and Clxg:|:ﬁ7&7"')_g:|) (112)
g g g n n n
I 0 ... O]
o 1 ... 0
A= & i iland Ty=[0] . (1.13)
0O 0 . 1
-1 -1 ... -1

Given the matrices of C, A and L'y, » Hosw for equal numbers of subjects in each

group is stated as
g g g g g g
Zujl_zyjt Z/ljz_z#j; Z/lj(t—l)_z#jt
H Jj=1 Jj=1 j=l1 Jj=1 _J= Jj=1

03 - = =... =0,
g g g




and Hos() for unequal numbers of subjects in each group is stated as

g g g g g g
Z;”j/lﬂ _Z;”j/ljr Z;”j”jz _Z;”j/ljt Z;”j“m—l) —Z;”jﬂj,
LI J= _J= J= _ _J= J= —
Hy - == -0,
n n n

giving theu xu sum of square (SS) matrix due to the hypothesis and due to error,

denoted by S, .., and S respectively, for each hypothesis as follows:

e(uxu)

S, = (CB,, AY[C(X'X)"'CT'(CB,,,A) (1.14)
and Se(m) =AY [T -X(X'X)'X'lY, A, (1.15)
Wl (7w e
where ﬁgxtz(X'X)‘IX'YM— ?2 = )7‘:21 )_;22 )_/‘:ZZ ,
Vel (Ve Vo2 o Vg

is the Best Linear Unbiased Estimator (BLUE) of B _,, (Kim and Timm, 2007: 145).

To test for the effect of the group and time factors, and the interaction
effect of groupx time, one can use four popular multivariate test statistics, Wilks’
Lambda Criterion, the Lawley-Hotelling Trace Criterion, the Bartlett-Nanda-Pillai
Trace Criterion and Roy’s Largest Root Criterion. Each test of Hoi, Hoz, Hosz, Hoo)
and Hoz( is rejected at the significance level o (Kim and Timm, 2007: 150-151) if

(a) Wilks” Lambda Criterion

e(uxu)

A e ——————
Se(uxu) + Sh(uxu)

“T1A+4)" <U@v,.v,)

i=1

(b) Lawley-Hotelling Trace Criterion
IE)Z = tr(sh(uxu)sg(luxu)) = le > U(()Z (S’M’N)
i=1
(c) Bartlett-Nanda-Pillai Trace Criterion

s
V = tr[sh(uxu)(sh(uxu) + Se(uxu))il] = Z
i=1

A
>V (s,M,N
1+ A o (s )

(d) Roy’s Largest Root Criterion

j’1
1+ 4,

0=

> 0% (s,M,N)



10

: -1
where 4, >4,>...>A are non-zero eigenvalues of S, 'S

e(uxu)

s =min(u,v,),

vh—u|—1

—u-1
MZ'T’and o Yemu-l

2

The values U“, Uy, V*and 0” correspond to tabled upper (1-a)
100% critical values for the four test statistics provided in Rencher (2002: 566-586).
Alternatively, one may also use F approximations for these criteria (Timm, 2002: 103-
104, Rencher, 2002: 161-170).

Rao’s F Approximation of Wilks” Lambda A is given by

=~ F(v,v,),
Al/ :
1 1 2 R
p— j— u —
where v, =uv,, v, =— ve—u /iy A and a=|——5—-4| .
a 2 2 (uv,)

The F approximation of the Bartlett-Nanda-Pillai Trace Criterion is

given by
2 1
2N+s+1) ¥V CFOv),
QM +s+1) s=V
v, —u|-1 v,—u-1
where v, =s(2M +s+1), v, =s(2N +s+1), MzTand NZT
The F approximation of the Lawley-Hotelling Trace Criterion is given
by
M]}f ~ F(VI’VZ)’
ST2M +5+1)

|vh u—1

—ul=1 —
where v, =s(2M +s5+1), v, =2(sN +1), M=Tu|and N:"eT

Finally, the F approximation of Roy’s Largest Root Criterion is given
by
V.
=4 ~F(v,v,),
Y

wherev, = max(u,v,)and v, =v, —v, +v, .
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1.2.1.2 Univariate Mixed Model Analysis

The Univariate Mixed Model for the Univariate Repeated
Measurements Design assumes that the subjects are random and nested within the
group factor which is crossed with the time factor. This design is also called a
univariate split-plot design. Scheffé (1956 : 23) proposed the Univariate Mixed Model

for each response y,, as

yijk=:u+aj+ﬂk+(aﬂ)/‘k+s(/‘)i+eijk= (1.16)
for i = l,2,...,nj,2§:1nj =n,j=12,...,g, k=12,....t,
where p is the overall mean, o is the fixed effect of the ™ level of the between-
subject factor (or group), B, is the fixed effect of k™ level of the within-subject factor
(or time), (&), is the interaction effect between the /" group and A" time, s, is
the random effect of the i subject nested within the jth group and ¢, is the random

error on the i subject within the /" group at the & time. Note that the Univariate
] J group

Mixed Model can be represented as the Cell Mean Model
Vg = Hy +50 + e (1.17)
where p, =p+o,+p, +(@p),-
Assume that s, is i.i.d. normally distributed with zero mean and
covariance o, denoted by Sy~ N (0,02), e, is iid. normally distributed as

2
e, ~N(0,0,),and s ,, and ¢,

are independent.

From the Univariate Mixed Model (1.17), let y, = (y,, V;2,-.-,¥;,)" be
the 7x1 vector of repeated measurements and let p, = (u;, 4 ,5,..., 4;)" be the rx1
vector of cell means in the ;" group, where My =p+o,+ B +(ap),, for
j=L2,....,g, k=12,....t, then the Univariate Mixed Model for each vector y, is

V,=n;+1ls,, te;, (1.18)
where 1, is a #x1vector of ones.

Recall the assumptions that s, ~N(0,0;7)and e, ~ N(0,0;), then

the ¢£x¢ covariance matrix of y, in each group is obtained as
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):.U. =cov(y,) = cov(ltsim + elj)

=cJ,+o’l, (1.19)
where I, is a #x¢ identity matrix and J, is a #x¢ matrix of one’s. The covariance
matrix defined in (1.19) is called a compound symmetry structure. Thus y, is an
independently and identically distributed multivariate normal distribution denoted as

y; ~N,(u;,X,,). The matrix form of the Univariate Mixed Model (1.18) can be

defined as
yntxl = (ang ®Il)ﬂgt><1 +unt><1j (120)

where ® denotes the Kronecker product operator between matrices (A®B=[q,B]).

The layouts of vectors y ., B and u,, , and matrix ang are
y-ll Hiy ltsl(l) €,
y’i My, ltsl(n ) €.
1 0 0 P R - o
Y2 " M Iy, 1;S2(1) e,
0 1 0 u
— n 2
y= , X= . p= = , and u,, = +
Y2 : Har LSy || €2
_____ P 0 0 lng u, b i o
Yig Hg 1,5, e,
_yngg _:ugt _lth(n ) _engg_

Note that cov(y)=1, ®X .

In the Analysis of Variance (ANOVA) for the Univariate Mixed Model
(Scheffé, 1956: 24), the validity of the exact F test is based on the assumptions of
normality, independence of error variances and homogeneity of variances in each

group (or treatment levels), i.e. cov(y,;) =X, =X, foralliand;.
To test for differences in group x time, the hypothesis is stated as
Hy 1 (@) —(@P) s —(@B) o +(@B) o =0. (1.21)

or equivalently, in terms of a full rank model (1.14)
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Hy, (14, — ) _(:ugl _lugz) = (thy — t3) _(,ugz _,ug3) == (:u'l(H) _lult)_(:ug(t—l) _ﬂgz) =0
(L = py) _(,Ug1 _ll’ng) = (Hy = H3) _(,ugz _:ug3) =...= (lu2(t—1) _Iulz)_(/uza—l) —,)=0
(:u(g—l)l - lu(g—l)Z) - (:ngl - lLth) = (:Ll(g—l)Z - :Lt(g—l)_“a) - (,ugz _:ugs) =...= (/’l(g—l)(lfl) ~Hgay ) _(,ug(H) _,um) =0 )
To test for differences in groups, the hypothesis is stated as
Hy:a=a,="=a,, (1.22)

or equivalently,

To test for differences in time, the hypothesis has two representations
because of an equal or unequal number of subjects in each group, which are

respectively represented as H; and H;,,,

Hy:p=p=-=p, (1.23)

(1.24)

= -.:ﬂk

03(»1) ﬂ1 = ﬂ2

Jj=1
or equivalently, in terms of a full rank model (1.17),

g g g
Doy, Zlu,-z D,
' _ = _J=l

. J=l
H,:

g - g — e — g

g g g
Z;”j”ﬂ Z;”j”jz Z;”j/ljr
.= _J= — _J=
Hy, = =..= .

n n n

Tests of the group effect, time effects and the interaction effect have been

traditionally accomplished by the conventional Scheffé’s Univariate F Test. The null
hypotheses Hy1, Hy, and Hys respectively are rejected at significant level o if

_ SSer (g=D=1)
oSS, H(n—g)t-1)

_SSgM(g=D o
- SS, /(n— g)

Flo, (g =D(z=1),(n=g)(t=1)],

Fla,(g-1),(n—g)] and

_SS, K- Pl (D) (n )¢ -1
03 SSE/(n—g)(t—1)> [aa(t ),(l’l g)(t )]a
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where  SS, = tz;";l n(y,-3.),
SST = g22:1 (J_}k _)_}...)2 >
SSGXT = §:1 aniczl (yjk _J_}“k _J_}ij +J_}m)2 ’

SSE = z;il zzl Z;Zl (yijk _.)_}jk )2 5
and y ,, y,,y, and y _are as defined in (1.1) and (1.2).

1.2.1.3 The Relationship between the Analyses of the Univariate
Mixed Model and the Multivariate Linear Model
The Univariate Mixed Model analysis can be obtained from the

analysis of the Multivariate Linear Model (1.4) by orthogonalizing the #xu matrix
A in the Multivariate General Linear Hypothesis H,:CB, A=I,, , (Timm,

1980: 53-57). To obtain the Univariate test, the covariance matrix X in the
Multivariate Linear Model (1.4) takes the form specified in (1.19).
The test of the group X time interaction effect in (1.21) may be

recovered from the H,, test of parallelism stated in (1.6), where C and I are

O(vy, xu)
defined in (1.7), and by selecting the ¢x(t—1) orthogonal matrix A, such that

A’A =1, . In this case, the Univariate F Test is calculated using SS,, = 7(S,..,)

and SS, =r(S,,,,), where S, and S as defined by (1.14) and (1.15) are

e(u uxu) e(uxu)

(t—=1)x(¢—1) sum of squares matrices. The degrees of freedom of SS. , and SS, are
obtained from uv, =(¢t—1)(g—1) and uv, = (¢ —1)(n—g) , respectively.

Recall the Multivariate test H,, in (1.8) where matrices C and

02(g)

Ty, . are defined in (1.9). Selecting the #x1 matrix A that satisfies A’A=1, the

Univariate F Test of the group effect H, in (1.22) is identical to the multivariate test

H,,,,- In this situation, the dimension of S, (1.14) and S, (1.15) is IxI,

which is scalar, then SS, =S and SS, =S The degrees of freedom due to

h(uxu) e(uxu) *

the hypothesis and error are uv, =(1)(g—1)=v, and uv, =()(n—g)=v,.
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In the absence of the interaction effect in the multivariate test, the

univariate tests of differences in time, H,, for equal or unequal numbers of subjects

in (1.23) or (1.24) are respectively obtained from the multivariate tests H,, in (1.10)

03(1)

or (1.11) by using matrices C and T in (1.12) and (1.13) and providing the

O(vy, xu)

tx(t—1) matrix A satisfying A'A =1 To obtain the Univariate F Test,

(=0

SS; =tr(S, ) and SS, =2r(8S,,.,,), where S, =~ and S defined by (1.14)

e(uxu)
and (1.15) are (t—1)x(#—1) sum of squares matrices with uv, =(1)(+—1) and
uv, =(t—1)(n—g) degrees of freedom, respectively.

Huynh and Feldt (1970: 1587) showed that a necessary and sufficient
condition of the exact F test for the time factor and group x time is the assumption
concerning the structure of the covariance matrix, called the sphericity condition. In
the Univariate Repeated Measurement Design, the sphericity condition requires that

all of the variances of the differences for all pairs of repeated measurements are equal,
Le. var(y,, — ¥;,) = Var(y;, = yys) == var(y,, — y;,) = var(y,, — yys) ==
Var(yij2 _yijt) == Var(yij(t—l) - yijt) =o’.

Specifically, there exists a x(¢—1) orthogonal contrast matrix A such

that A'’A=1,, where A’E,_A =0l , so that the covariance matrix X, satisfies

(t-1)? t

the sphericity condition. A matrix which satisfies this structure is called a Type H
matrix (Scheffé, 1970: 1586). Furthermore, Huynh and Feldt (1970: 1587) indicated
that a sufficient but not necessary condition of the validity of the exact F test is that

Y, has a compound symmetry structure, X, =c’J,+o’l,. This means that all

‘
variances of each repeated measurement are equal and all covariances (off-diagonal
elements) among the two different repeated measurements are equal. Unfortunately,
in some repeated measurement designs, the covariance between two levels of the
repeated measurements will not conform to the sphericity requirement. McCall and
Appelbaum (1973: 401) illustrated an example in the area of developmental or
learning psychology showing that adjacent measurement occasions are more highly
correlated than non-adjacent measurement occasions, with the correlation between

these measurements decreasing the farther apart the measurements are in the series.
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Boik (1981: 241) showed that the Type I error rates of the mixed model test of the

within-subject effect and the interaction effect are greatly inflated when X, does not

satisty the sphericity condition, so the test for the Univariate Mixed Model should be
avoided.

To correct for the non-sphericity problem, Greenhouse and Geisser
(1959: 99) and Huynh and Feldt (1976: 71) proposed adjusted-df Univariate tests
which are robust alternatives to the conventional F test. Both works gave an
approximate-df procedure by reducing the numerator and denominator degrees of
freedom of the mixed model F test of the within-subject effect and the interaction
effect.

Whether the sphericity condition is met or not, one can use the
Multivariate Linear Model to analyze univariate repeated measurement designs. This
is because this analysis does not require the sphericity assumption but instead requires
the homogeneity of the covariance matrices at all levels of the group factor as well as
normality and independence of observations across subjects (Sahinler and Gorgulu,

2006: 453). However, if X is found to satisfy the sphericity assumption, univariate

mixed model exact F tests are more powerful than multivariate tests of the group x
time, group and time factors. The Univariate Mixed Model Exact F Test of mean
group differences is more powerful than the multivariate test of mean vector
differences since the F Test is one contrast of all possible contrasts for the
Multivariate test. The Univariate Exact F Test of the time factor is more powerful
than the more restrictive multivariate test and the Univariate Mixed Model F Test of
the interaction factor is more powerful than the multivariate test of parallelism since

the Univariate F Test has more degrees of freedom of error, uv, = (t —1)(n — g) , where
v, is the degrees of freedom for the corresponding multivariate test (Timm, 2002:

285).

1.2.2 Multivariate Repeated Measurement Design
When p response variables are repeated measurements at ¢ occasions on each
subject in g groups, this design is called the Multivariate Repeated Measurement

Design. From the data layout in Table 1.1, each scalar response y,, is replaced by
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o 2 (p)

Yir =i s Vi s Vi )'» @ px1 vector of the i™ subject in the /™ group at ™ time,

for i=12,...,n,, Zg n.=n, j=12,...,g, k=1,2,...,t. Analysis of such data is

j=1"7

further complicated by the existence of correlation both among the measurements
taken at different points in time and among the dependent variables. Similar to the
Univariate Repeated Measurement Design, there are two different models for
analyzing repeated measurements of multivariate outcomes, DMM and MMM. An
introduction of these models is briefly reviewed in the following section and the
details of these analyses are given in Chapter 2.

1.2.2.1 Doubly Multivariate Linear Model Analysis

Let Y, =(y,1,¥,20---¥;) bea txp matrix and let y, = vec(Y;) denote

a ptx1 response vector formed by stacking columns of Y, . Taking y;, in each row,

’

Yo =Yoo Y ¥i Yars s Yoo Yigs Yago--Y, ) 18 obtained.  The

matrix form of DMM is

Y, -X, B, +U (1.25)

nxpt gxpt nxpt 2

where Y is an nx pt response matrix, X is an n x g between subject design matrix
having rank(X) =g, B isa gx pt unknown parameter matrix and U is an nx pt

random error matrix.

Each row vector of U, denoted by u,;., is assumed to be identically

independently multivariate normally distributed with a zero mean vector and a pt x pt

covariance matrix X, denoted as u,; ~ N, (0,X ), where X is positive

definite. Subsequently, u =vec(U) is an nprx1 vector assumed to be distributed as

u=vec(U)~N_(0,X

npt

o1 ), (1.26)

prxpt

where ® denotes the Kronecker product operator between matrices (A®B=[4,B]).

According to DMM in (1.25) and under the normality assumption
(1.26), we obtain

ynptxl = vec(Ynxpt) ~ ant ((Ipt ® X)Vec(ngpt)’ Zpt><pt ® In ) * (1 27)

The maximum likelihood estimators of B, and X respectively are
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B =(XX)'XY,

gxpt

. (Y

nxpt

Xﬁgxpt )’(Ynxpt _X]A;
n-g

gxpt)

ptxpt

To test the time effect, group effect and interaction group x time effect,
multivariate general linear hypotheses are formulated in the form

H,:CB_ , (I, ®A)=T yor Ho:T' =T (1.28)

0(v),xpu V), X pu 0(v,xpu) >

where C is a v, x g matrix having rank(C)=v, < gand A isa ¢xu matrix having
rank(A) =u <t. The rows of C consist of the coefficients of v, estimable between

group functions. The columns of A consist of the coefficients of u linear functions
(e.g. contrasts) of 7 time periods. Without loss of generality, the matrix A is assumed

to satisfy A'’A =1 .

To obtain the DMM analysis, ¢ time periods in model (1.25) are first
reduced to u linear functions of the time periods by multiplying the post matrix

I,®A to obtain a reduced model
Y, I ®A)=XB,_,I,®A)+UI,®A).
Under assumption (1.28), we obtain
vec(Y,,,,(I,®A))~N,, (0, ®X)vec(B,, (I, ®A)). @RI, ),
where
O-(1I,0A)E (I, ®A).
When v, =n—g > pu, Wilks’ Lambda (or likelihood ratio statistic) to

test H:CB(I,® A)=T is given by

A — e(puxpu) ,
Se(puxpu) + Sh(puxpu)‘
where S, . ,and S, are the pux pu sum of squares and cross product

(SSCP) matrices corresponding respectively to the error and hypothesis defined by
S =(I,® A)Y! [T -X(X'X)"' X']th (I,®A),

e(puxpu) nx pt

S pum = (CB, (1, ®A)-T, ) [C(X'X)"'CT'(CB,.,,(I,®A)-T,).
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The null hypothesis #:CB,, (I, ® A) =T is rejected if A<U”(pu,v,,v,), where

gxpt
U“(pu,v,,v,) are upper (1-a)100% critical values of Wilks’ Lambda statistic with
parameters pu , where u =rank(A), v, = rank(C) and v,=n—g. The table of
U“(pu,v,,v,) at o =.05 is provided in Rencher (2002: 566-573).

1.2.2.2 Multivariate Mixed Model Analysis

According to the Univariate Mixed Model (1.16), the p-variate mixed

" subject in the ;™ group at the A" time,

model of a px1 vector p, on the i
i=l...,n;, j=L...,g,m+n+-+n,=n and k=1,...,¢ can be analyzed by MMM
defined as
y,.jk=p+uj+[5k+(a[3)jk+s(j)i+el.jk, (1.29)
where y,, is a px1lresponse vector on i"™ subject in ™ group at k™ time,
p is a px1overall mean vector,
@, isa px1vector of fixed effects for ™ group,
B, is a px1vector of fixed effects for Ko time,
(ap) , isa px1vector of interaction effects between ;" group and k™ time,
Sy is a px1vector of random deviation of i"™ subject within /™ group, and
e, isapxlrandom error on the i™ subject in the j™ group at the £™ time.
The model (1.29) can be written in the form of a mean model defined by
Yire = Py T80+ €5 (1.30)
wherep , =p+a;+B, +(ap), is a px1mean vector of the /™ group at the k™ occasion
and u, =s +e, is a pxl random vector. Assume that s and e, are
respectively normally distributed as
s ~N,(0,X)), (1.31)
e, ~N,(0,X,), (1.32)
where X is a p x p covariance matrix and X, is a p x p covariance matrix.
Let Y, =(y;.¥,55---»y;;) and E_ = (e

j1>€;25----€;,) D€ £ X p matrices

of responses and errors respectively for each subject and uj. = (ujl,ujz,...,uj,)’ be a
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tx p matrix of parameters for each group, then the MMM for the i™ subject in the ;™
group can be written as
Y =n, +1s,, +E;, (1.33)
or equivalently
Y, =p,+U,, (1.34)
where U, =1;s{,, +E,.
By wusing thevec(.) operator to stack the columns, and letting
u; =vec((U})") be ptx1 vectors, we obtain
cov(u) =X, =(11)®@X)+(I,®L,). (1.35)
This ptx pt covariance matrix X for each subject has a compound symmetrical

structure. It is clear that homegeneity of covariances is satisfied, i.e. X, =X for

all i=1,...,n,, j=1,...,g, which is a requirement for Scheff¢’s MMM. Assume that
u, ~N,(0,X), (1.36)
then, according to Scheffé’s MMM (1.34) and under the normality assumption (1.36),
=vec(Y,;)~ N, (vec(p)),X). (1.37)
By taking each #x p matrix Y,] in each column, where the columns of

Y; are ¢ times and the rows are p response variables, and similarly taking each U;, in

error matrix U’ _and B’ are obtained.

each column, the response matrix Y, , wtp e

Subsequently, MMM is defined by

=(X,,®1)B; (1.38)

nt><p gt><p nt><p ’

where Y "is an nfx p response matrix for n subjects, X is an nxg between subject
design matrix of rank(X)=g, B'is a gtxp unknown parameter matrix of fixed
effects and U is an ntx p random error matrix. The layouts of these matrices are

shown in Chapter 2. Assume that

vec(U,,,))~N,, 0, .1 ®X (1.39)

nptx1? ptxpt )
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which has a block diagonal structure of covariance matrix and X’ has a compound

symmetrical structure as defined in (1.35).
The reduced model to analyze contrast among the ¢ times is obtained

by multiplying the model by the post matrix M" =1 ® A’ ,i..

uxt

I, ®A )Y, =(1,®A. )X, ®1)B, +(1 A U

uxt ntxp uxt gtxp uxt ntxp

=(X,..,®A OB, +(1,®A! U, (1.40)

uxt gtxp uxt ntxp *

The MLE of B:,  from the reduced model (1.40) is B}, =[(X'X)"' X' ®1 ]Y,,

gtxp ntxp *
The MMM (1.38) is related to the DMM (1.25) and to show this

relationship, the response matrix Y,,

from (1.25) is rearranged by ordering the
elements in each column according to time and within each time according to the

dependent variables, leading to a rearranged DMM represented as

Ynxpt :angﬁgxpt +ﬁnxpt' (141)
Under the multivariate normality assumption,
vec(ﬁ;xpt) ~ ant (Onptxl’ In ® ipt><pt) 2 (1 42)

where the covariance matrix X is a ptx pt covariance matrix which is the

ptxpt

rearrangement of the covariance matrix X by reordering within each column

ptxpt

according to time and within time according to the response variables.

Note that vec((Y,, ) =vee((Y,,,)), vec((ﬁnx ) =vece((B,,)),

and vec((ﬁnxp,)')zvec((U* )’). The covariance matrix X

ntxp prxpt

from (1.35) is a

special structure of Y i (1.42).

pixpt

A reduced model of the rearranged DMM (1.41) is defined by

multiplying the post matrix A, ®1, as
Ynxpt (Atxu ® Ip) = ang gxpt (Atxu ® Ip) + Unxpt (Atxu ® Ip) ’
Y, =X,.B,+U,, (1.43)

Where ?M = ?nxpt(Atxu ®Ip) ’f;M = f;gxpt (Atxu ®Ip) and t~]M = I’jnxpt(‘Atxu ®Ip) ’

under the normality assumption (1.42). Subsequently,
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vec(U' )~ N, (0,1 @®

npu puxpu ) 2

where @ is a pu x pu covariance matrix, defined as

®=(A'®I)E, (A®I). (1.44)

ptxpt

rr, =% =(11®%X)+ (I, ®X,), the covariance matrix @

ptxpt prxpt
satisfies multivariate sphericity such that
®=1 QX . (1.45)
Given the multivariate sphericity condition (1.45) and the reduced
MMM (1.40), the Multivariate General Linear Hypothesis for testing for the effect of
the time and group factors and the interaction effect between the group and time
factors is

H:(C®A)B’, =T,

gtxp 0(uv,xp)

or H:I'" =T, (1.46)

O(uv,xp) °
where Cis a v, xg between group contrast matrix having rank(C)=v, <g and A

is a ¢xu within subject contrast matrix such that A'’A =1, and rank(A)=u<t.
Hypothesis (1.46) is identical to (1.28) in DMM analysis.

When wv, =u(n—g)> p, the classical Wilks’ Lambda statistic for

testing H:(C®A"B =T,

gxp 0(uvyxp)

using the reduced MMM (1.40) under the

multivariate sphericity condition (1.45) is given by

*

_ e(pxp) _ -1
A= S |I +SpenSepm|
e(pxp) h(pxp)
where S’ e(pp) a0d Sh( . are the px p sum of squares and cross product (SSCP)

matrices corresponding to error and the hypothesis respectively defined by

S = (Yo A, -X(XX) ' X)® AATY,, .

h(po) ( ntxp) {X(X,X)_ICI[C(X,X)_IC] C(XIX) 1)( ®AA’}Y

ntxp*

The hypothesis H:(C® A")B’ exp = | I is rejected if A <U*(p,uv,,uv,) where

=L owyxp)

U*(p,uv,,uv,) are the upper (1-a)100% critical values of Wilks’ Lambda statistic
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with parameters, p, u =rank(A), v, = rank(C) and v, =n—g. The values table of
U*(p,uv,,uv,) at a=.05 is provided by Rencher (2002: 566-573).

The DMM and MMM analyses require the multivariate normality
assumption, homogeneity of the group covariance matrices and independence of the
selected subjects. In addition, MMM analysis requires the multivariate sphericity
condition where the covariance matrix of the orthogonalized contrasts must be
proportional to an identity matrix for each dependent variable as defined in (1.45). If
the data do not satisfy the multivariate sphericity condition, then DMM is commonly

adopted in practice (Naik and Rao, 2001: 91-94; Timm, 2002: 400-404) .

1.3 Problems of High Dimensional Data

DMM analysis of multivariate repeated measurements is based on classical
multivariate tests which are a function of S,S_', where S, and S, are the pux pu
SSCP matrices corresponding respectively to error and the hypothesis. The
MANOVA of DMM requires an assumption that the degrees of freedom of the SSCP
error matrix S, is larger than the pu-dimensional of S, , ie. v,=n—g> pu. For
MMM analysis, classical multivariate tests are a function of S;(S))™', where S| and
S, are the px p SSCP matrices. Similar to DMM, the MANOVA of MMM requires
that the degrees of freedom of the error SSCP matrix S is larger than the dimension
of S, ie. uv, =u(n-g)>p.

In an example a study involving high dimensional data, deoxyribonucleic acid
(DNA) microarray time course experiments, gene expression is available on
thousands of genes of an individual which can be measured several times but there are
only a few individuals in the dataset. These experiments are of a high dimensional
multivariate repeated measurements design where the number of response variables
(or p genes) is much larger than the sample size (or individuals) . In the analysis of
these high dimensional data, the classical multivariate tests of the DMM and MMM

analyses are not suitable because the data fail the requirement that the degrees of

freedom of the SSCP matrix due to error are larger than its dimension. Therefore, the



24

development of test statistics of DMM and MMM applicable to the High Dimensional

Multivariate Repeated Measurements Design are of interest.

1.4 Objectives of the Study

This dissertation focuses on the analysis of the High Dimensional Multivariate
Repeated Measurements Design. The objective of this study is to propose tests for
analyzing multivariate repeated measurements data in a high dimension framework.
The proposed tests are modifications of MANOVA using two models: DMM and

Scheffé’s MMM under a high dimension framework, where p — o, n — oo and the
dimension of the SSCP matrix due to error is larger than its degrees of freedom, such

that pu >v, in the DMM analysis and p >uv, in the MMM analysis.

The approximate or asymptotic distributions of the proposed tests under the
null and non-null hypotheses are derived and used to compare the performances of the

proposed tests.

1.5 Scope of the Study

The scope of this study is as follows:
1. A multivariate repeated measurements design has p response variables

observed on 7 subjects in g groups over ¢ times when p — o ,n — oo, and 7 is fixed.

2. An analysis of the Multivariate Repeated Measurements Design is
considered under the assumptions of normality, independent subjects and
homogeneity of variances among the groups.

3. A set of multivariate repeated measurement data is complete and within-
subjects balanced. This means that there is no missing data and repeated
measurements on each subject are equal.

4. Multivariate tests for the Multivariate Linear Hypothesis are considered in
two models: DMM with an unstructured covariance matrix and Scheffé’s MMM with
a compound symmetry covariance matrix structure that satisfies the multivariate

sphericity condition.
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In this dissertation, the multivariate tests for analyzing multivariate repeated
measurements designs in a high dimensional framework are worked on. A literature
review concerning DMM and MMM analyses and some high dimensional MANOVA
tests is given in Chapter 2. The proposed tests of DMM and MMM analyses and their
null and non-null distributions are derived in Chapter 3. The approximate or
asymptotic distributions of the test statistics are derived and power comparisons of the
test statistics are evaluated using a simulation study provided in Chapter 4 and an
application of the analysis of the High Dimensional Multivariate Repeated
Measurement Design is given in Chapter 5. A summary and conclusions of this

dissertation’s work is discussed in Chapter 6.



CHAPTER 2

LITERATURE REVIEW
2.1 The Doubly Multivariate Linear Model (DMM)

In a univariate repeated measurements design having ¢ time periods, each
subject gives a z-repeated response. As described in section 1.2.1.2, the #x1 response

vector y, =(y ..y, for each i™ subject in the j™ group can be analyzed

i1 Vijao

according to the Multivariate Linear Model y, =p+a, +g, ory, =p, +¢

; 4» Where o,
is a vector of the main effect corresponding to ¢ repeated measures for the treatment or

group factor, ¢, is an error vector for each subject and p, = p +a ;. This model seems

to only include a treatment factor but it can be used in a profile analysis to obtain tests
on the time and interaction factors.

When p response variables are observed on n subjects at each ¢ occasion, each
subject gives a pt-dimensional response. The multivariate linear model analysis of

univariate repeated measurements designs of the 7-dimensional response vector y, is
extended to the DMM of a ¢x p response matrix Y, for each i™ subject in the ;™
group. Note that if the number of variables p =1, this is a multivariate linear model of
the repeated measurements of one response over ¢ occasions, as described in section

1.2.1.2.

Let y. be a pxlvector of p-variate responses on the i™ subject in the ;/*

ik

h . . .
group at the k" occasion, for i=1,...,n, j=L..,g&, m+n+-+n,=n and

s lls
k=1,....,t,and let Y, =(y,,,¥;,,---,¥;) be tx p response matrices on the im subject

in the /™ group, then the data layout of a multivariate repeated measurements design

are as shown in Table 2.1.
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Table 2.1 The Data Layout of a Multivariate Repeated Measurements Design

Treatment Group Subject Response Matrix Condition (Time)
) () Y, : 5 . )
1 Yl'l = (Y111 Yi Ym)
. 2 Y, = (yu Yo Vo)
n, Yr:ll = (Ynlll Y2 e Yo )
1 Y, = (Yin Y e Yia)
5 2 Y, = (Yu Yo e Yau)
n, Y;Zzz = (Y, Yi,2 e Vo)
!
1 Ylé = (Y1g1 Yig2 ylgt)
!’
o 2 ng = (Y2 Yoo Yau)
!
ng Yngg = (ynggl ynggZ cce ynggt)

According to the response data, let p, bea px1 population mean vector for
the jth group at the K™ occasion, for j=L...,g, k=1,...,t, and let
B, =(W;,N1,,,....0,)" bethe £x p population mean matrices for the jth group, then

the matrix of population means p, are as shown in Table 2.2.

Table 2.2 Population Mean Matrices

Treatment Cell Mean Condition (Time)
Group () Matrix 1 2 .. t
1 [ = 1 5P (199
2 [T = (ny Ha 1599

g p’:g = (p’gl p’g2 tet p’gt)
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The data setup shown in Table 2.1 is identical to the data of a one-way
multivariate repeated measurements design. The Multivariate Linear Model of the

t x p response matrix Y, is identical to a one-way MANOVA and can be written as
Y,=p, + U, fori=1,...n,, j=1....,g, (2.1)
where p isa 7xp cell mean matrix for the /™ group and U, is a ¢x p error matrix
th . - 1th -
for the i~ subject in the ;= group. The 7xpmatrices of Y,, p and U, are

respectively defined by

1) (2) (r)

Vit Vi i

1) (2) (r)

Yig o Vi 0 Vi
Y, = : : E

1) (2) (r)

Yiie Vi Vi

@) (2) (r)

Hj Hj o Hp

(6] (2) (r)

_ Hip Hiy o Hp
M= : N

@) (2) (r)

Hji Hji o Hy

1) (2) (p)

uijl uijl uijl

1) (2) (p)

and U, = oo i

B ) RN 00

ijt ijt ijt

2.1.1 The Matrix Form of the Doubly Multivariate Linear Model

Let y, =vec(Y;) denote the ptxl random response vector formed by

stacking the columns of #x p response matrices Y, , for i=1...,n;, j=1,...,g, such

that

) (2) (p)

Yt Yo Vi

) (2) (p)

_ Y = Yiz Yy 7 Vi

y; =vec(Y;) =vec| . : :

) (2) (p)

Yid Yy Vi

!
—(y® L0 M @ @ @) (7) 1,(P) ()
_(yijlﬂyl‘jQﬁ"'yijtﬁ yijlﬂyij2 5"'yl'j[ b MM yljl ﬁyij2 9"'yij[ )
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By taking each yj in each row, an nx pt response matrix for n subjects is

obtained, i.e. Y =(¥1,¥0--s Y01 Y120 ¥o2oe -5 ¥ 2505 Yigs Yagse-s ¥ o) giving the
DMM as

Y, =X,B,, +U (2.2)

nx pt axpt nxpt 2
where Y is an nx pr response matrix for n subjects, X is an nx g between subject

design matrix of rank(X)=g ,Bis a gx pr unknown parameter matrix of fixed

effects and U is an nx pt random error matrix. The layouts of these matrices are as

follows:
To' 1 L0 M @) @) » ]
Yu Yo Ve S Y 0 Yo b i i
/ (1) 1) (2) 2) (p) .. (p)
Y Yorr 0 Vo F Var v Vo i Vo Yot
4 (1) 1) (2) 2) (p) ()
Yo Yort 0 Yote 4 Va0 Va1 Vet T Mo
4 1) (1) 2) (2) (p) .. (p)
Yio Yior 0 Vi i Vi 0 Vi b Vi Mo
4 (1) 1) (2) (2) (p) .. (p)
Y Yor 0 Vo i Vo Vo i Vol Yo
Y, = =| : : : : : S,
4 1) 1) (2) (2) () .. (p)
Y2 Vot 7 Vo i Va2t 7 Vo i i Vit T Vi
4 1) (1) (2) (2) (p) (p)
Yi, Yigt " Vg 1 Vgt 7 Vg P Vet T N
4 1) 1) (2) (2) () (p)
Yo Yogt 77 Vog | Vogt 7 Vo 1 Vot T Vog
' () M @) @ P
_y”gg_ _ynggl T ynggt ynggl o ynggt ynggl ynggt |
lnl 0 0
0 1, 0
X"Xg - : : .. M
I 0 o0 lng
4 1) o i ,,@ [ i) (p)
B T T I Y VA B O VR T
' ) O RS NN 0N I B »)
B _ B> Hyy o o Hy, ! Hy Hy, ! ! Ha Hy,
expt | T R o . 0
4 1) o i, 2 2) | i, () (p)
Bg :ngl e ugt ! ugl T ugt ! T ! ugl ugt
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where B, =vec(p;)denotes the ptx1 unknown parameter vector formed by stacking

the columns of #x p parameter matrix W, and similarly,

M’ ] 1) 1) (2) (2) () (p)

uy, U Uy + U Uy, Uiy Uy,

4 1) 1) (2) (2) () (p)

Uy, Uz Upiy | Usn Uy, Uyn Uy,

4 1) 1) (2) (2) () ()

u,, U, Uy | Unni U, U, Uy

4 1) 1) (2) (2) () (p)

up, Uy Uy | Uy Uy, Ui Uy,

4 1) 1) (2) 2) () (p)

Uy, U Uy | Uy Upy, U Uy,

U -l ol . : : . .
nx pt

4 1) 1) (2) (2) (p) (p)
u,, U, Uy oe | Unyo U, o U, U, 2

4 1) 1) (2) (2) () (g)

u, Upg Ul | Upg Uy Ug Upgs

4 1) 1) (2) (2) (p) (p)

Uy, Uyer Uyg | Usg Uy gt Uyei Uyer

4 1) 1) (2) (2) () (p)
_ungg n,gl n,gt unggl unggt unggl unggt

Each row of the vectors of U , denoted by u, is assumed to be identically
independently multivariate normally distributed with a p¢x1 zero mean vector and a

ptx pt covariance matrix X,

uij N]vpt(()ptxl’Zptxpt)’ (23)
where X is a pt x pt positive definite matrix defined as
[ __a n__( n __(1 n__(2 n__(@2 n__(@2 1 1 1 ]
Gl( )Ul( ) o.l( )O'g ) o.l( )o.r( ) o.l( )o.l( ) o.l( )O'g ) o.l( )O-r( ) o.l( )Gl(/)) Gl( )62(/)) Gl( )Gr(l))
(1 n__( (1 n__(2 (2 (2 1 1 1
G; )Ul( ) 0‘; )O'g ) O'; )o.r( ) O‘é )o.l( ) O.; )O'g ) O‘i )O-r( ) o.; )Gl(/)) 65 )62(/)) CT; )Gr(l))
Gr(l)cl(l) o.r(l)o.gl) o.r(l)o.r(l) o.r(l)o.l(Z) o.r(l)O.EZ) O‘,(I)O',(z) o’,(l)dl(’)) Gfl)dé’)) Gr(l)gr(/))
61(2)61(1) 0‘1(2)0'£1) 0.1(2)0.:1) 0.1(2)0.1(2) 0.1(2)o.£2) 0-1(2)0':2) o.l(2>al(/)) 61(2)65”) 61(2)62(/))
622)61(1) 0‘52)69) 622)6,(1) 0.22)0.1(2) o.£2)o.2(2) o.£2)o.r(2> O.£2)o.l(/)> O';DO';”) 652)6,(”)
Y= : : : : : : : : :
2) (1 2) (1 2) (1 2) (2 2) (2 2) (2 2 2 2
Gr( )Ul() O-r( )O'é) o.r( )o.r() O-r( )o.l( ) o.r( )0.2( ) o.r( )o.r( ) 0',( )Gl(/)) CT,( )G;”) Gr( )Gr(/))
1 1 1 2 2 p)
c71(/))61( ) Ul(p)Ué) 0'1('))0',( ) O.1(/))0.1( ) o.l(/))o.g ) o.l(/))o.r( ) o.l(/))o.l(/)) O.l(/)>o.;/)> O.l(/ﬂar(/))
Gé”’crl“’ ng)O‘;l) ng)o',(l) o.é/))o.lﬁ) O';'))O'gz) 0.51))0.:2) O'ép)o'l(p) O';'»Cf;p) Ggwar(/))
_Gr(/))gl(l) U,(’))Uél) o.r(/))o.r(l) o.r(/))o.l(2) O',('))O'éz) O',('))O',(z) O',(P)O'l(p) O.r(/»o.g/)) o.r(/ﬂar(p)_

Note that the covariance matrix X

that

ptxpt

can be partitioned into sub-matrices X, such




211 E12 Elp

221 E22 E2
Eptxpt = ' ' ' >

2pl EpZ Epp

where X, = |:O',(CI)O',(€”:| is a txt covariance matrix of ¢ repeated measurements

between the /™ and /'™ response variables, where /=1,2,...,p and ['=1,2,...,p
By taking the standard vec(:) operator that stacks the columns of a matrix U,
the nptx1 error vector u = vec(U) is obtained,

unptxl = VeC(U) ~ ant(onptxl’ ptxpt ® In) * (24)

According to the DMM in (2.2) and under the normality assumption (2.3),
each row of the response matrix Y independently distributes as multivariate normal,

yt/ ~ Npt((lpt ®x[f)l3f’2pt><pt)7

leading to
ynptxl vec( nxpt) npt ((Ipt ® X)vec(B) Zptxpt Il ) * (25)

2.1.2 Estimation Theory
Recallthe DMM Y, =X B . (2.2), by taking the vec(-) operator

nxpt nxg gxpt nxp
on both sides, we obtain

vec(Y,,,)=vec(X,, B, +U

gxpt nxpt)
=vec(XB)+vec(U)
=(I,, ® X)vec(B) +vec(U). (2.6)
Let ynptxl = vec(Ynxpt) ’ ngtxl = VeC(ngpt) ’ unptxl = Vec(UnXpt) and

D =1, ®X,,, ,then model (2.6) can be written as

nptxgpt

+u (2.7)

antxl = antxgpthptxl nptx1 ?

which is a general linear model with an unknown X .

=vec(U) ~ X . ®IL), then

ASSume that u n pt nthl’ ptxpt

nptx1

ynptxl Vec( xpt) ant ((Ipt ® X)VeC(B) Ept><pt I n ) ’ (28)
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or equivalently,

(2.9)

ynptxl ~ ant (antxgpthptxl’ antxnpt) 4

where Q=% QI .

ptxpt

To estimate B, , or B, = vec(B,,,, ), the generalized least square theorem

gxpt

as below.

Theorem 2.1 Let y=XB+é&, E(y)=XB, cov(y)=c’V, where X is a full rank

matrix and Vis a known positive definite matrix, then the BLUE of B is
B=(XV'X)'XV'y and cov(P)=(XV'X)".
Proof. Sece Rencher (2000: 149).

Theorem 2.2 For the Doubly Multivariate Linear Model, Y, , =X B, +U

gxpt nxpt ?

where X, is a matrix of rank(X)=g,lety, ., =vec(Y,,), D

nx pt

=1,9X,,;

nptxgpt

B, =vec(B,,), then E(y)=DB and cov(y)=Q=X  ®I , where X is

ptxpt ptxpt

an unknown positive definite covariance matrix.

(i) The BLUE of B is

B=(XX)"'X'Y
(ii) The covariance of B =vec(B) is

cov(B) =Z®(X'X)"!
(iii) The unbiased estimator of #(X) is

1
n-g

(X)) =——t{(Y - XB)' (Y - XB)]

Proof. Since the DMMY =X B +U

e pt mgDaxy T U, can be expressed as the general

linear model (2.7), then y, =D +u where ynptxlzvec(YnXpt)’

nptx1?

=vec(U

nptxgpt B gptx1

Do =1,8X, . Bu= vec(B,, ) and u, ., wp) - From model (2.7),

E(y)=DpP and cov(y)=Q=X ®I ,asdescribed in (2.9).

ptxpt
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(i) First consider that the BLUE of B, =vec(B,, ) if Q=X  ®I is
known. By applying theorem 2.1 with a known €2, the BLUE of B is
B=(D'Q'D)'DQy. (2.10)

By substituting D=1, ® X in (2.10), we obtain
ﬁ = vec(B) = (D'Q'D)'D'Qy
=[(1,®X)(Ze1,)'(1,eX)]| (I,®X)(ZeL)"y

(I, X)X ' )I,eX)| (I, X)X ®l,)y

[
(@, eX)(Z'eX)] (Z'eX)y
[

(! @X’X)]‘1 (' eX)y

RXX)')(E'®X)y

(
X" X'X) ' X )y
1, ®XX)" Xy

(L, ®X'X)" X )vec(Y)

=vec [(X'X)‘1 X'Y] .
Hence, the BLUE of B is B= X'X)"'XY .
When € is unknown, (2.9) can be used because the estimator of B does not
depend on X, and so X drops out in the derivation of ﬁ
(i) From Theorem 2.1, the covariance matrix of ﬁ is obtained as
cov(p) = (D'Q'D)"
-[@,8X)(Zel,)'(1,eX)]
=[1, eX)Z'eX)]
-[(Z'eXX)[

—XR(X'X)".
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(iii) Using the General Linear Model y . =D, B . +u,, , where
E(y)=Dp and cov(y)=Q=X
(y-Dp)(y-DB)
=[y-@, ®X)1, *(XX)"'Xy)[[y-, @ X)(I, ®(X'X)"Xy)]

o ® 1, , the quadratic form is firstly considered,

=ly-(I, ®XXX)"'XY)[[y-(I, ®X(X'X)'Xy)]

~yIL,, -1, ®X(X'X) "X, - (1, @ X(X'X) "1 X")ly

npt
= y’[Inpt - (Ipt ® X(X’X)_1 X’)]y *
Using the expectation of the quadratic form (Rencher, 2000: 95), then
E[(y - DB),(y - DB)] = t}" |:(Inpt - (Ipt ® X(X,X)_IX’))(Z ® In):l

+(L, ®X)p)'[L,, -1, ®X(XX)" X)L, @ X)B.

Since,

tr [(Im —-(L, ®X(X'X)" X)) (ERI, )] =r(X,®1)-r(X, ®X(X'X)"'X)
=tr(X,)r(L,) - (X, )or(X(X'X) " X')
=tr(X, )(m)-1r(E,)(g)
=(n-g)r(E,),

and (I, ®X)B)[L,, (I, ®X(X'X)"' X1, ®X)p

=(1,eX)p)d, ®X)p)-1, @X)B)1, ® X(X'X)"X)I, ©X)p
=B, ®XX)B-B'(1, ® XX(X'X)'X'X)B
=p'(1, e XX)B-B'(1,, ®X'X)
=0,
we obtain

iE[(y—Dﬁ)'(y—Dﬁ)] -

n—

(n—g)r(X) =t(X).
g

Thus (y— Dﬁ)'(y - Dﬁ) is an unbiased estimator of #(X).
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Next, using the identity that vec(ABC) = (C'® A)vec(B), therefore
(y-DB)=vec(Y)-(I,,®X,,, )vec(B)
=vec(Y) —vec(XB)
= vec(Y - XB),

nxg

and subsequently
(y -DB)'(y -DP) =[vec(Y - XB)]'[vec(Y - XB)]
=tr[(Y - XB)'(Y - XB)].

Note that #(A'B) = [vec(A)]' [vec(B)].
1

n—g

Thus tr(ﬁ'.) = tr[(Y = XB)'(Y = XB)] is an unbiased estimator of #(X). O

Note that, using Theorem 2.2 and under the normality assumption,

B~ N, (vec(B),Z®(X'X)"). (2.11)

Theorem 2.3 Forthe DMMY =X B +U

nxpt nxg o gxpt nxpt >

where X is of full rank g and

under the normality assumption (2.4), where X is a ptx pt unknown nonsingular

covariance matrix, the maximum likelihood estimators (MLE) of B and X are

B=(X'X)"'X'Y, (2.12)

5 _ (Y-XB)(Y-XB)

)3 (2.13)

n
Proof. Using the general linear model (2.7) and the normality assumption (2.9) such

that

ynptxl = antxgpthptxl + unptxl ’

assume that
y ~ ant (DB’Q)’
where y =vec(Y), p=vec(B), u=vec(U), D=1,®X, and Q=XQI,

then the density of y = vec(Y) is

(271.)—npt/2

Q" exp[—%(y—DBm*(y—DB)} . (2.14)
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While (2.13) may be used to find the maximum likelihood estimators of § and €

and hence X, it is convenient to use a matrix normal distribution for the response

matrix Y, By using a simplification of (2.13), first observe that

nxpt *

‘Q‘—IQ :‘Z@Iﬂ‘_l/z :‘Z -n/2 —pt/2 :‘Z —n/2

In

(2.15)

n

(using the identity that |A, ®B, | =|A|"[B[").

Since (y—DP)=vec(Y —XB), the component of (2.13) can be written in

the form
(y-DB) Q" (y-DB) =[vec(Y -XB)][(E®1L,) '[vec(Y - XB)]
= [vec(Y — XB)] [vec(Y - XB)]Z"!
= {(Y -XB) (Y -XB)Z"]
= o{Z (Y -XB)(Y-XB)] . (2.16)
By substituting (2.15) and (2.16) into (2.14), the matrix form of the

multivariate normal distribution for Y, , is

L(Y)=(27) ™"

¥ et{—%z-l(Y—XB)'(Y —XB)} , (2.17)
then

In L(Y) = -npt In 2n+§ln‘2'l‘+t{—%2‘l(Y—XB)’(Y—XB)}.

By differentiating In L(Y') with respect to B, we obtain

2 o 1

O mr() =2 | - Ly (Y -XB)(Y-XB

L0 = | (Y- XBY(Y-XB)|
=a%t{—%z”(Y’Y—B’X’Y—Y’XB+2B’X’XB)}

- —% ¥(<2X'Y +2X'XB)
—0

ptxpt

(note that —0—#r(AX) =—t(AX) = A', and -2 t(A’X'XA) = 2X'XA ).
X X X
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Subsequently, the first normal equation is obtained;
Y N(X'Y+X'XB)=0
X'XB=X'Y
B=(XX)'XY.
Since X and X 'have a one-to-one correspondence, i.e. each covariance
matrix X can be matched to each of its inverse matrices, maximization with respect to
Y 'is the same as maximization with respect to X. It is also more convenient to take

the derivative of In L(Y) with respectto X™'.

It can be shown that (Muller and Stewart, 2006: 251), if A is symmetric and

nonsingular, then
0 Al S
a—Aln‘A‘—2A —diag(A™),
and if X is symmetric and A is fixed, then
iA'XA =2A'A -diag(A'A).
oX
The differentiation of In L(Y) with respect to X' can be expressed as
- 1
= 11 nL(Y)=—o5 { In|Z ﬂ——t { = (Y -XB)(Y - XB)}
- §[2E—diag(2)]—%tr{2(Y—XB)'(Y—XB)—diag[(Y—XB)'(Y—XB)}}

= g[zz—diag(z)]—%{2(Y—XB)'(Y—XB)—diag[(Y—XB)’(Y—XB)}}
=0

ptxpt *

After this, the second normal equation is obtained;

_[22 diag(X)]=~ {2(Y XB)'(Y - XB) - diag[ (Y - XB)'(Y - XB) ||

SNBSS NS S )|

n
Hence,

(Y-XB)'(Y-XB)

n

ﬁ:
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2.1.3 The Multivariate General Linear Hypothesis
For the analysis of the Multivariate Repeated Measurements Design using
DMM, the three multivariate hypotheses of interest are:
Hoi : The p-variate profiles for the g groups are parallel
Hyy : There are no p-variate differences among the g groups
Hys : There are no p-variate differences among the ¢ times
To test these three hypotheses of group differences (the effect of the group
factor), time differences (the effect of the time factor) and parallelism of the profiles
(the effect of interaction between the group and time factors) of p-variate responses,
the multivariate general linear hypothesis can be formulated in the form
H:CBI,®A)=T, (2.18)
where C is a v, xg between group contrast matrix having rank(C)=v, < gand A is
a txu within subject contrast matrix having rank(A)=u<¢. Without loss of
generality, it may be assumed that A'’A =1 .

The C matrix defines contrasts between groups or levels of predictors by
computing linear combinations of coefficients of predictor variables, such as the
mean. The C matrix implicitly computes and explicitly allows the testing of linear
combinations of the columns of X, the predictor variables.

The A matrix defines contrasts within levels of the response variables (times)
by computing linear combinations of coefficients of response variables, again such as
the mean. The A matrix implicitly computes and explicitly allows testing linear
combinations of the columns of Y, the response variable in the model Y =XB+U.

To test Hyi, the parallelism or interaction factor between group and time, the

hypothesis is stated as

@ @ i ») (p) @) @ i i () _ ,,(p)
Hiy = Hyp E E iy — Hyp Hei —Hgo E E Hew —Hgo
@) @ i r) (p) @) @ i (p) (p)
/112 _lLt13 Peee d lLtIZ _/u13 lLth_lug:i Peeed lugZ _Iug3
H,,: , L , == , T ,
: b : : bt :
| | | |
@) m i, (p) @) o, 02 I ¢ )]
By — By PGy T My Hoy —Hg | P Mgy — Mg

Equivalently, by representing H, in terms of the elements of B as

H, :CB(I,®A)=T,, the matrices C, A and I are taken in the form



1 0 0]
0 ... 0j-1 -1 0
1 0!-1 0 -1 0
C(g—l)xg = : : 10’ Azx(r—l) = 0 and T, =0<g—1>xp<r—1>'
00 11-1 0 0 1
L0 0 -1
Subsequently,

Hy: [T, (T, |...|T,]=0

(g=Dxpti-1)
where I'; is a (g—1)x(t—1) sub-matrix of I'= CB(I, ® A) for each I™ variable, for

[=1,2,..., p, such that

() =) = () = ) (s — ) = (uy — 1) (i) = 1)) = () = 1)
L= () - ) - () — 1) () =) =y =) e () = 1)) = (e — 1)

U]

) ) ) ) (O] ) ) O]
) (:u(g—l)(l—l) - :u(g—l)l)7 (:ug(l—l) ~ Hg )

(/"((271)1 7#((271)2)7(#5;1 7/'tg2) (:u(g—l)z 7/"((;)71)3)*(/{(;2 —Hgs

To test Hp,, the differences in group mean vectors, the hypothesis is stated as

(3] (2) (p) © (2) (p) ) (2) (p)
My My e Hy oy My e Hyy Hoy Mgy oo Hg
[63) (2) (p) © (2) (p) ) (2) (p)
H. - My Myt it | Hyy My e Hy | Hg2 Hgr eeo Mg
0 : S R : A N - : :
(O3] (2) (p) © (2) (p) ) (2) (p)
My, My, e My Hy, Hy, e My :ugt :ugt te :ugt

Equivalently, by representing it as H,, : CB(I, ® A)=T", the matrices C, A and

I, are
1 0 ... 0 ! -1
0 1 0!-1 ,
Cone = C : nt A=l and I'; =0, . leading to
0 0 .. 11-1
o _ 0 m_ ., L w_,W» » _
Hir —Hgr e My THg b b D THg e My T Hy
o _ 0 o_ ., i i ,W» » _
H - Hoy =Hgy oo oy —Hg bt My T Mg Hy™ — Hy ~0
02 * : : % % : : ~ Yg-Ixp”
0] 0) ) M | Lo (») (») (»)
Higoiy —Hgr -oo Hegony = Hg i i Higy — Hgi HigZrye — Hy
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To test Hys, the differences in time, the hypothesis is stated as

@) 2) () 1)
My Hy M Hyy
1) 2) () 1)
| Mo My Hy Hy
H03 . . . . = .
@) 2) () 1)
:ngl lLtgl lLtgl lngZ

(2) (»)
M Hi

(2) (»)
Hy Ha

(2) (»)
/Jg2 /JgZ

© 2) (p)

/Jlt /Jlt /Jlt
© (2) (p)

_ Ky, Hy, Hy,
© 2) (P)

:llgt lllgt lllgt

Equivalently, by representing it as H,,:CB(I, ® A) =T, the matrices C, A and

I',are
1 O 0
0 1 0
A - v | Lo . -0
C=I,, A,y=| + 1T Iy cand Iy =0, ),
Ix(r-1
0 0 1 A
-1 -1 -1
then
Q)] 1) 1) m | i) (p) (») (p)
My — By, Hig—y = My ¥ . ¥ My — Ky Mgy — By
Q)] 1 1) o i ) (p) (p) »)
H Hoy — Hy, ooy =My et My — My, Moy = Hy, ~0
03 * : : % % : : ~ Vexp(t-1)
_,,m ) VN N N 0") W %) ) )
Hq — Hy Haig—y — My i i Heiw — Hy Hogry = Hg

Alternatively, by selecting

the with-subject contrast matrix A such that

A'A =1, the three hypotheses are stated as follows.

To test the group X time interaction effect, the matrices C, I'j and A are

taken in the form

the orthogonal matrices A, ,

/42

}’ A3><2: 0
~1/\2

/32
Alez{
~1/\2

01{-1
|

0 -1

: : 1l Fo=00 0
|

1i-1

BYNA

0

~1/-/6
2/‘/6 » Ay =
~1//6

0

N2 -6 112 |

and

for t = 2, 3 and 4, are respectively

“1/J6  —1/412 ]
2/06  —1/412

0 3/412
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For example, if # =3, the following hypothesis is obtained;

H01 :[l"(l) l T® ! l

N l"(p)} 0

(g- 1)><2P

where I', is a (g—1)x2 sub-matrix of I'=CB(I, ® A) for each I™ variable such

g3

that
(u(l) é)) (u(l) (l)) ( u(l)+2u(l) é)) ( y(l)+2/l(l) (l))
N7 G
) =) = =) ) 208 — ) () + 20— )
I, = \/5 \/8
(u((;)—l)l u(gl;) (/1((;)-1)1 /1;[3)) (_u((?—l)l—"_zu((é)—lﬁ /1((;) 1)3) (- H”)+2u(” ;u(l)
I V2 NG

for [=1,2,....p

|

]

To test the Hy,, differences in the group means (averaged over time), the

matrices C, A and I'; are given by

Using the matrices C, A and T’

2#0)

Zy@)

7
Zy@)

JZ
2#0)

\ﬁ

t

2 H

— K= k=1

(2)
Hig ik

\ﬁ

Zlu(2)

N

7

1/ ]

1/t

G

» » it is possible to obtain the hypothesis

t
>l

and I') =0

(g-Dxp*

Zt:y(p)

k=1
\ﬁ ﬁ
ﬂ;i) Zu(p)
k=1 — 0
\/; \/; (g-Dxp*

Zt: (p)

=

Hig-nk

Z,u(p)

Ji

JZ
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To test Hos, differences in the time means (averaged over group) , the matrices

C andI'; are taken as

C= {l l l} for equal number of subjects in each group,
g & 8
n
C= {ﬂ Lo —g} for unequal number of subjects in each group,
n n n

I' = [0]1@(;-1) and the orthogonal matrices A, ), for =2, 3 and 4, are respectively

YN S VNS YNV
0 2/J6 -1/12
12 -6 —112 |
0 0 3/V12

For example, if # =3, the following hypothesis is obtained;

H,, :[r(l) ‘ re ‘ ‘ r(p)] :O(g-1>x2p=

/N2 —1/46
:l= A3><2: 0 2/\/6 > A4><3:
~1/\2 -1/46

1/42

A, =
2x1 |:_1/\/E

where I, is a 1x2 sub-matrix of I' = CB(I, ® A) for each "™ variable, [ = L2,....p.
If the number of subjects in each group are equal, then
DOy N0 W _ 0
Z(,Uﬂ _,Uﬂ) Z(_ﬂﬂ +20, — Mg
Jj=1

r, ==
!
(1x2) a2 g6

If there are an unequal number of subjects in each group, then

g g

0] ) ) ) )

an(:ujl _,Uﬂ) Z;nj(_ﬂﬂ + 24, —Hj;
=

r, =~
(1><2l) n\/i n\/g

2.1.4 Classical Test Statistics

To analyze contrasts among the ¢ time periods of p-variate responses, ptx pu ,
the post matrix M =1, ® A ,rank(M) = pu < pt, is multiplied into DMM (2.2) to

obtain a reduced model
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Y(I,®A)=XB(I, ®A)+U(I, ®A),
YM = XBM + UM,
Y, =XB,+U,, (2.19)
where Y, =Y(I, ® A), B, =B(I, ®A) and U,, =U(I, ®A).
Using the vec(.) operator into model (2.19), we obtain
vec(Y,,) = vec(XB,, ) +vec(U,,)
(1, ®X)vee(B,,)+vece(U,,). (2.20)

pu
Let y, =vec(Y,), B, =vec(B,), u, =vec(U,) and X, =1, X _,

then model (2.20) can be written as

Y, =X, B, +u, . (2.21)

(npuxl) (npuxgpu) (gpuxl) (npuxl)

Recall assumption (2.5) that y =vec(Y)~N,, ((Ip; ®X)vec(B),X &I ),

prxpt n
then from model (2.20), we obtain

yM = VeC(YM) ~ anu ((Ipu ® X)VeC(BM )’ quxpu ® In) ’ (222)

where o, . =0LeAE (IRA). (2.23)

pxpt
Using the notation of model (2.21), we obtain
Yy~ N, (X,B, . ®®L)). (2.24)
Thus the reduced model (2.21) of y,, is a generalized linear model with covariance
matrix PRI .
To test multivariate linear hypothesis (2.18), let I'=CB(I, ® A)=CB,, be a
v, x pu matrix of parameters. According to Theorem 2.2 and reduced model (2.19),

the BLUE of I' is
'=CB(I,®A)=CBM=CB,,, (2.25)

where B=(X'X)"X'Y.

The estimator I is also the MLE or minimum variance unbiased estimator of
I' and does not depend on X, i.e. the MLE is invariant to the assumed structure of

Y. (Kim and Timm, 2007: 225).
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From the multivariate normality assumption of primary estimator 8 defined in

(2.11), |§ ~N,, (vec(B), X® (X'X)'l) , the estimator ﬁM of reduce model (2.21) and

Y= vec(f‘) are assumed distributed as
B, =vec(B,)~N,, (vec(B, ). M'EM®(X'X)"), (2.26)
7 =vec(I") = vec(CB,, ) ~ N, . (vec(CBM), PR C(X'X)'IC') . (2.27)
Note that the distribution of f‘depends on X so that inferences about I' depend on

the structure of 2.

Using the estimator I' of I', a well known multivariate test statistic, Wilks’
Lambda Criterion, is derived to test the Multivariate General Linear Hypothesis (2.18)

given in Theorem 2.4.

Theorem 2.4. To test the Multivariate Linear Hypothesis H:CB,, =", where C is
a v,xg between group contrast matrix of rank(C)=v,<g, A is a ¢xu within
subject contrast matrix of rank(A)=u<t, A'A=1, and B, =B(I,®A),
consider the reduced DMM in (2.19), Y,, =XB,, +U,,, where X is a design matrix
of full rank g, Y, =Y(I, ® A), U, =U(I, ® A) and assume that y,, =vec(Y,,)
~N,, (I, ®X)vec(B,,),®®I,), where ®=(1, @A) L, ®A) is apuxpu
unknown nonsingular covariance matrix. When v, =n—g > pu, Wilks’ Lambda test

is given by

S
S, +S,|

A= =L, +8,8.[". (2.28)

where S, and S, are the puxpu sum of squares and product (SSCP) matrices

corresponding to error and the hypothesis defined by
S,.=(I,® A)YI, —X(X'X)'IX']Y(IP ®A) (2.29)

S, =(CB(I, ®A)-T,)[C(X'X)"'CT"(CB(I,®A)-T,). (2.30)

The null hypothesis H:CB,, =T, is rejected if A<c.
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Proof. First, the unrestricted and restricted maximum likelihood estimators of
B, =B, ®A) and @, which are the functions of primary parameters B and X,
are derived.

By applying Theorem 2.3 to reduced model (2.19) and under the multivariate

normality assumption (2.22), the unrestricted MLEs of B,, and @ are
B, =(XX)'X'Y,,,

_ (YM _X]A;M )’(YM _XﬁM )

n

)

M

The restricted MLEs of B, and @ under the restriction that CB,, =T, are

(Kim and Timm, 2007: 148)
B,., =B, - (XX)'C[C(XX)'CT'(CB, -T,),
=B, -W,
where W = (X'X)"C[C(X'’X)"'CT"(CB,, -T,), and

- (Y,-XB

M(w) —

i) (Y, —XB

n

M(co))

Next, the likelihood ratio test for # :CB(I, ® A) =T, is derived as

max L(Y,,)
 max L(Y,,)
(271')_@“/2 (i)w B eXp [tr(—;d);l (YM _XﬁM(w)),(YM _XEM(w)))jl
Q|| 2 exp{tr(-;(i)'l(YM _XB,)(Y, - XEM)H
~ d)w 2 exp [tr[-gj]

el

_|P
D |

‘d)

NS
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Thus,

A

(]
o,

(YM _XﬁM )'(YM _XﬁM ) |

AZ/n — ~ ~
(Y,,-XB,, (w))'(YM -XB

, (2.31)

i)
ie. the null hypothesis A :CB(I, ® A)=T, is rejected if A*" <¢, or A<c,
where ¢, =(c,)"” .
Denote the numerator term of the determinant in (2.31) by S, , then
S, =(Y,, -XB,,)(Y,, -XB,,)
=M'Y'(I-XB)(I-XB)YM
— (I, ® A)Y'L, - X(X'X) ' X'TY(I, ® A). (2.32)
Express the denominator term of determinant in (2.31) as
(Y, —XB,,,) (Y, -XB,,) =[(Y, -X(B, -W)[(Y, -X(B, -W)]
=1(Y,, —XB,,)-XWT[(Y, —XB,, ) - XW]
=(Y,, -XB,)(Y, -XB,,)-(Y,, -XB,, ) (XW)
—(XW)(Y,, —XB,,)+(XW)' (XW). (2.33)
Consider the second term of (2.33);
(Y, —-XB, ) (XW)=(Y, -XB,, )’{X(X’X)‘IC’[C(X’X)‘IC’]‘I(C]§M - ro)}
= (Y. X(X'X)" —1§'MX'X(X'X)-1){C'[C(X'X)-IC']-I(CﬁM —ro)}
- (B}, -B),){CIC(XX)"'CT'(CB,, -T,)|
=0

puxpu®

Consider the third term of (2.33);
(XW)(Y, - XB,,) = (X(XX)'C[C(XX)'CT'(CB, -T,)| (Y, ~XB,)
={(CB,, -T,)[C(XX) ' CT'CXX) "X} (Y, - XB,)

(

=0

A

CB, -I,)[C(X'’X)"CT'C|[B, -B,]

P
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Consider the fourth term of (2.33);
(XW) (XW) = WX'XW
- {(CﬁM - FO)’[C(X’X)‘IC’]‘IC(X’X)‘l} (X'X)
x{(X'X)-IC’[C(X'X)-IC']-I(C1§M —ro)}
=(CB,, -I,)[C(X'X)"'C'T'[C(X'X)" C'I[C(X'X)"'CT
x(CB,, -T,)
=(CB,, -T,)[C(X'X)"'C'T'(CB,, -T,).
Therefore, (2.32) becomes
(Y, -XB,)(XW)=(Y, -XB,,) (Y, -XB,,)
+(CB,, -T,)[C(X'X)"'CT'(CB,,-T,)

=S, +8S,,
where
S, =(CB, -T,)[C(XX)'CT'(CB, -T,)
= (I-T,)[C(XX)'CT'(I'-T,). (2.34)
Substitute S, and S,, defined by (2.32) and (2.34) respectively, into (2.31),
Wilks” Lambda (likelihood ratio statistic), to test H:CB(I,® A)=I'; when

v, > pu is given by

(2.35)
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Next it will be shown that the likelihood ratio statistic (2.35) is a function of
the eigenvalues of S,S7".

Let K be a pux pu orthogonal matrix whose columns are the eigenvectors

corresponding to eigenvalues d,,...,d

. of §,S.', KK'=1I, . Subsequently,
K(S,S.")K' =D, where D = diag(d,,...,d,) and s =rank(S,S.")=min(v,, pu) .

Thus

-1

A=|Ipu +S,S;

-1

-|K1, K'+KS,S, K’

=|r,, + D\’l

“[]a+d)". 0
i1
Under the multivariate normality assumption and v, > pu, the matrices S, and
S, have independent Wishart distributions (Boik, 1988: 472) defined by
S, ~W,,(@,v,), (2.36)
S, ~w,,(®, v, @A), (2.37)
where v, =n—rank(X)=n-g , v, = rank(C) and the noncentrality matrix is
A=T-T)[CXX)'CT('-T),). (2.38)
In order to find the p-value corresponding to the likelihood ratio statistic

(Wilks’ Lambda), the transformed F value of Rao’s F approximation is calculated as

below (Boik, 1988:472):

F =(A _1)(:_1)~ F,.. (2.39)
2

where

5 ) 1/2
u) +v, =5 -

cz[—(fviju)2h—4 j ,v=v,pu and v, =g '[v,— 1 (pu—v,+1)]-3(v,pu-2).
h
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2.2 The Multivariate Mixed Model (MMM)

2.2.1 Scheffé’s Mixed Model Specification

From the layout of the Multivariate Repeated Measurements Design in Table
2.1, one can analyze these data by using the MMM which is an extension of Scheffé’s
Univariate Mixed Model. First, the p-variate Scheffé Mixed Model of the px1 vector
¥, on the i" subject in the /" group at the K" time, where i=1,...,n,, j=L....g,

n+n,+---+n,=n and k=1,...,¢ is defined. The mixed-effect model for multivariate
repeated measurements is

Y =n+o, +p, +(ap), +s,, +e,;, (2.40)
where

Y isapxl response vector on i"™ subject in ;™ group at k™ occasion,
n is a px1 overall mean vector,
o, isapxl vector of fixed effects for group j,
B, 1isapxl1 vector of fixed effects for time £,
(aB); is a px1 vector of interaction effects between group j and time k,

S 1sapxl vector of random deviation of subject i within group j, and

e isapx1 random error on the i subject in the /™ group at the k™ occasion.

ijk
The model (2.40) can be written in the form of a mean model defined by

Vi =M+, +e,, (241)

where p, =p+a,+p, +(aB), isa px] mean vector of the ;" group at the "

occasion and u, =s +e, isa pxl random vector. Assume that s and e, are

normally distributed as

s, ~N,(0.X)) (2.42)

and e, ~N,(0,X,), (2.43)

where X and X, are the px p covariance matrices of s, and e, , respectively.

ijk 2
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Let Y, =(y,1,¥;20----¥;) and E, =(e;,,e;,,....e,) bethe x p matrices of

responses and errors for each subject and p: =(;51 ;5,51 ,) bea tx p matrix of

parameters for each group, then the MMM for the i" subject in the jth group can be

written as

or equivalently

where U} =1,s(,, + E;. The matrices Y,

* 12 *
Y, =, +1s, + B,

Yij lej+U,-j 9

(2.44)

y

(2.45)

n, and U are respectively defined by

ij°
) »
Vit Vi Yin
) »
= | Vg Vi Yij2
Yijz : : N
) »
Yiie Vi YVijt
O (2 (p)
/’ljl ujl ujl
) »
| Hp Hjp His
po=" |, and
) »
_/’ljt ujt ujt
M (2 (p)
uy) uf )
o @) »)
U - u,.{.2 u,.{.2 ui{2
g
O @ »
Ly g g
ORe) » ORNE)) »
Sit Sy Sij € G Tt G
ORe) » RRE)) »
Sit Sy Sij €p Cp Tt Gp
=l . . A I ol . .
ORe) » ORNE)) »
Sit Sy Sij € G T G

Using the vec(.) operator to stack the columns, let u; =vec((U})") be ptx1

1)

vectors, u;, = (u}),u

il

(2)
[ANERRRE Rt IR

u

(2]

u

@) » ORE) Py :
P VSN T u;”)". This leads to

ijt o0 Wit

u, =vec((U})") = vec(s 1)) +vec((E;))
=(1,®I )vec(s ;) + vec((E;)')
=(1,®1,)s,, + vec((E;)') ,
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then

X =cov(u,) = cov((lt ®I,))s ;) + vec((E;)'))

=(1,®I )cov(s )1, ®I,) +cov (vec((E; )'))

()i

=(1,®1 )X (1, ®Ip)’+(1t ®X,)

=11X)+(I,®X,) (2.46)
X +X, X X

R X +X, - X
X X e X+ X

The covariance matrix Z; has a compound symmetry structure and it is clear that the
homegeneity of covariance matrices is satisfied, i.e. ZU =X for all i=1,...,n :

j=1,...,g, which is a requirement for Scheffe’s MMM model. Under normality
assumptions (2.42) and (2.43),
N, (0 (2.47)

ot Zogispn)

According to Scheffe’s MMM model (3.6) and under normality assumption
(2.47),

. —vec( ) N, (vec(uj),f.;txpt). (2.48)

Taking each 7x p matrix Y, in each column, where the columns of Y are ¢

occasions and the rows are p response variables, and similarly taking each U} in each

column, the response matrix Y, uxp and error matrix UW are obtained and

represented as
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I Yl*l —‘ UTI
YZ*I U21
Y, U,
YI*Z UTZ
Y2*2 U22

Y:txp = . and U:txp = . N (249)

Y., U..
Y, U,
Y,, U,

_Y:ggj _U:gg

In a similar manner, by taking each p; in each column, an unknown

parameter matrix is obtained;

]
B, =" (2.50)
n,
Using the form of matrices Y, ,, U, ,,and B, , MMM is defined as
Y, =X,®L)B,  +U,_ . (2.51)

where Y "is an ntx p response matrix for n subjects, X isan nxg between subject
design matrix of rank(X)=g, B"is a gtx p unknown parameter matrix of fixed
effects and U is an n¢x p random error matrix. The layouts of these matrices are as

follows:



ntxp

gixp

M0 (2 ()
Y N i
1) (2) (»)
Vi Vi Y2
1) (2) (»)
P Yo TUT Nt
BNO NN N
Va1 Yunt Yn11
1) 2) (p)
Y2 Va2 Y12
1) (2) (p)
ynllt ynllt ynllt
O N E R ()
Vigt  Vigi Yigl
1) (2) ()
y1g2 y1g2 yng
1) (2) (»)
g Ve T Vigr_
IO RN N
ynggl ynggl ynggl
1) (2) (p)
yngg2 yngg2 yngg2
1) (2) ()
_ynggt ynggt ynggt
) (2) ()
Hy o My Hi
1) (2) ()
Hy  Hy Hys
1) (2) ()
Lo T o R o 2
1) (2) ()
Hy o Hyy i
1) (2) ()
Hy  Hy Hy
. 5
1) (2) ()
Lo T e R T2
o e T T W
:ngl lngl /ng
1) (2) ()
:ngZ lngZ /JgZ
1) (2) ()
_:ngt lngt /Jgt
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) (2) (p)
ul 11 ul 11 ul 11
1) (2) (p)
Uy U U,
[63) (2) (p)
A T il
oo T %)
unlll unlll unlll
() (2) (p)
unll2 un112 un112
© 2) (p)
unl 1t unllt unllt
oo T ¥
ulgl ulgl ulgl
© (2) (p)
u1g2 u1g2 ung
(O] (2) (p)
Mg e T M
o @ (»)
unggl n,gl nggl
©} 2) (p)
unggZ ungg2 n,g2
©} (2) (p)
n, gt n, gt n, gt J
1, 0
0 1
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According to normality assumption (3.8), for each subject, u, =vec(U))
~N,(0,X7), the distribution of an nprxl random error vector vec(U™)
=[(uy) (w5 () (u)  (u5,), () () (“;g)',---(“:gg)]' is obtained as

vec(U")~ N

npt

©,,...1, X, (2.52)

which has a covariance matrix with a block diagonal structure and X

pipi has a

compound symmetry structure as defined in (2.46).

2.2.2 Parameter Estimation
To find the estimator of B;XP from MMM in (2.51), Theorem 2.3 is applied.

By Theorem 2.3, from the DMM Y, =X B, +U

nxg gxpt

the MLE of B is

nxpt? gxpt
B- (X’X)"X'Y". By substituting X, by X, ®I,, the MLE of B is obtained as
B =[(X®L)(X®L)]'(X®L)Y’
=(X'X®I)'(X®I)Y"
=[(X'X)"'X'®L]Y" . (2.53)
The estimator of X° from the MMM in (2.51) is also obtained by applying

Theorem 2.3. By substituting Y, ,, X, and B, in 2.13)by Y, , X, ®I,

nxpt > nxg gxpt ntxp?

*

and l%;xp, respectively, the MLE of X is obtained as

g _ (Y -(X&l)BY(Y'~(X&I,)B")

n

Consider Y™ —(X ®1)B’,
Y -(XeL)B =Y -(XoL)[(XX)'X ®L]Y
Y -(X(X'X)'X' ®L)Y’

—[L, -X(X'X)"'X ®L]Y",



55

then

o _ YL -XX'X)"'X'®L] -X(XX)"'X'®]Y

n

YL -X(X'X)'X eI, ]Y

n

2.2.3 The Multivariate General Linear Hypothesis
The Multivariate General Linear Hypothesis for testing the effect of the time

and group factors, and the interaction effect between the group and time factors, is

H:(C®A"NB =T, or H:T', =T, (2.54)
where C is a v, xg between group contrast matrix having rank(C)=v, <g and A
is a ¢xu within subject contrast matrix having rank(A)=u <t, where Ais assumed
to be an orthogonal matrix satisfying A'A =1 .

To test the group x time interaction effect, the matrices C, A and I, are

taken in the form

0 0-1
0 1 0!-1

Cie = Do : —1l’ Lo =0 010
0 0 111

and the orthogonal matrices of A for += 2,3 and 4 are respectively

x(t-1)

i _ _ 1

UE e /2 —1/4J6 —1/:412

1/2 0 2/406  —1/12

A, = 5l A,=| 0 2/\6 |, A, = 5 N ol

—1/\2 “1/2 —1/4d6 —1/12
~1/2 -1/46

0 0 3/412 ]

For example, where ¢ = 3, the following hypothesis is obtained;
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() — ) = () — Y (= )= () — )
NG 2
() + ) — ) = (— ) + ) — ]+ = ) = () + 1y = )
J6 J6
H,: (o’ = a53) = (g = p1g3 (o’ = ) = (gt — 1)
2 2
(s + ptsy) = p15) = (— ) + 1y — ) () + 153 = i) = (1) + ) — %))
6 J6
(ﬂ&gn _ﬂ;s)) _(/‘((;1)1 _/‘;3) (ﬂ((£1)1 _ﬂ((gjl)s) _(/{(gf) - #;13)))
2 2
(_ﬂ&’)fm + ﬂ((;)fl)z _ﬂ((:ms) —(—#Sf +/‘;z) —,u;; (—ﬂ((Qm +:u((£1)2 —ﬂ&’lm) —(—#é’f) +1”;[2)) _1“;[3)))
L J6 J6 |
= O(g—n(z—l)xp :
To test the group effect averaged over time, the matrices C, A and I, for
H,,:(C® A)B" =T, are given by
1 0 0 ; -1 1/ \/;
|
0 0-1 1/t
Conme =)+ SIREE A : and 'y =0,,,.
| :

00 1= 1/t

Using matrices C, A and I',, the following hypothesis is obtained;

t t t t t t

VTS ST VD T oY N o
=l = =l = =1 =

N N

t t t t t t

1) (0] (2) (2) (p) (§2]

o ; 2k _kz:;tugk ;ﬂzk _kz:;#gk kz:; 2k & Hei o
I SN T e

t
k=1

t
1) 1
z:u(g—l)k Zﬂgk
=

t t
(2) (2)
Z Hig iy Z Hei
=1 =

t t
(p)
z:u(g—l)k Z Hei
= =

(p

)

N/ AN RN NN

To test Hys, the differences in time average over group, the matrices C, A

and I for H,,:(C®A")B =T, are

|

1

g £

} for an equal number of subjects in each group, and
g
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C= {ﬂ ) —g} for an unequal number of subjects in each group,
non n
I'=0,,,,, and the orthogonal matrices of A, _, for =2, 3 and 4 are
respectively

RN S TN SN
0 2/J6  —1/412

A | U2 A -
I PR VNC 142 —1/6 —1/12 ]|
0 0 3/412

For example, if =3 and the number of subjects in each group are equal, the

/42 —1/46
0 2/J6 |, A=
“1/\2 —1/46

following hypothesis is obtained;

Z(u“) uiy Z(u‘” ) Z(u(” 1)
. g\2 g\2 g\2
B g g g
2 + 20 =) Dy 2 — i) 2 + 20 — )
=1 j=1 j=1

g6 g6 g6

= 0<r—1>xp'
If there are an unequal number of subjects in each group, the hypothesis Ho; is
Z” (U — Z” (u? - Z” (U = u)
J
| 2 2 2
Hy:
Z” () +2u) - ) Z” (U +2u% - Y Z” (U2 + 202 — @0y
i n6 n6 n6 |

= Yi-nxp -

2.2.4 The Multivariate Sphericity Condition
The MMM defined in (2.51) is related to the DMM defined in (2.2). In order
Y . of DMM in (2.2) is rearranged by

to show this relationship, the response matrix Y, ,

ordering the elements in each column according to time and within each time

according to the dependent variables, to obtain a rearranged response matrix Y wpt
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1) (p) | 1) (p) | | 1) (p)
i Y : Yz 0 Vi Lo Yie 0 N
(O (P 1 4,0 ) | 14,0 (p)
Yo Yani ! Y1z Yaio ! e ! Yaus You
. | . . | | . .
o I '
@) (») 1) (») 1) (p)
ynlll ynlll : yn112 ynll2 : T : ynllt ynllt
——————————— Ao ————— e — e ——————————
1) (p) 1) (p) 1) (p)
Yoo v D Yt Vi Lt Ve Vi
M » | L0 @ |0 (»)
Yor ot Yaor | Yoo v Vo | Vo Yoo
~ . | . | | :
YnXp; = Do Dol :
(1) () 1 ., (p) | I, (p)
Yuor 0 Ypor | Vi V22 17701 Vi Y21
S O
Do Do | :
WIS T N T O @
P P P
Vgt 7 Vigi ! Viga 7 Vg2 Lo Vigt Vigt
1) ) 1 4,0 () 1 [ E)) (p)
Vgt 70 Vagi ! YVaga 70 Vg L Vg 0 Vg
. | . | | .
o o '
M T I E) » o »
_ynggl ynggl | ynggZ ynggZ | | ynggt ynggt

Corresponding to the rearranged response matrix, Y the columns of

nxpt 2

matrix U, and B, , are rearranged in the same manner, denoted by U, and
B, , respectively,
1 G i G
my ooy g uﬁ”%---!uﬂ) S
0 (» {0 (2 U (»)
O e AR A G S0 I A 4
A A A :
: S S .o
1 i 1 i i 1
T T T e B T RN A i
Thus the rearranged DMM is obtained and represented as
nxpt :ang gxpt +Un><pt' (255)
Under the normality assumption,
- ~
VeC(U ) ~ ant (Onptxl’ In ® Eptxpt) ° (256)

where ¥ isa rearranged ptx pt covariance matrix X obtained by ordering within
Xpt

pr
each column according to time and within time according to the response variables,

Le.



i11 i12 ilt
i: Z21 2.22 ZZt , (257)
_itl itz th

where X, is a pxp sub-covariance matrix of p variables at the K" and k'™

...,t and k'=1,2...,t, defined by

measurement (or time) , for k =1,2
M+ (p)

ool oco? ... oo
2
o O',i )0',(;) a,(cz)a,(f) O',(f)O',(f )
Zkk' = . . .
2
O-/(cp)o-/(;) O-/(cp)o-/(c’) O./(cp)o.[({’p)

' r* U r% -
Note that vec(Y,,,)=vec(Y,,,), vec(B,,,)=vec(B ) and vec(U,, )

* .
ntxp) 1S

*

=vec(U'Wp). Subsequently, the normality assumption (2.52) of vec(U’

o) » where vec(U', ) has

equivalent to the normality assumption (2.56) of vec(fj

the compound symmetry covariance matrix in (2.46) which is a special structure of

X ., in(2.57).
The reduced model of the rearranged DMM (2.55) is defined by multiplying

the post matrix A, ®I  as
Y, (A,®1)=X B, _ (A,®I)+U, (A, ®L),
Y, =X B, +U,, (2.58)
where Y, =Y, (A, ,®1).B, =B, (A, ®I)adU,=U, (A, SI).
Using the vec(.) operator into (2.58), the nx pu vector of vec(ﬁjw)

A, ®L)1=(A,, ®L )vec(ﬁ;xm) is obtained. Under the normality

= vec[(ﬁnX .
I ® iptxpt)’ then

assumption that vec(U], ) ~N, (0, ...

VeC(U;\/[) ~ ant (Onptxl s In ® quxpu ) >

where @ is a pux pu covariance matrix defined as

D, =-(A)E (ARL). (2.59)
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Since the within-subject contrast matrix A, is orthogonal, then A’A =1,

and A'l =0, and the covariance matrix X which is a special compound

®
ptxpt >

symmetry structure of X . The reduced covariance matrix ® _ (2.59) can be

wxpu
formed as
-0 =(A'®1 )X (A®I,)
=(A'9L)[AeZ)+(I,®%,)](A®I,)
=(A'QL )AL ®LX)AR]L)+(A'®L)(I,®%,)(A®I))
~(A11'A®X )+(A'A®X)
-1 QX . (2.60)

The covariance matrix (~Dpu><pu in (2.60) satisfies the multivariate sphericity

condition which is a necessary and sufficient condition for the SSCP matrices of S’

and S, to be distributed according to the Wishart distribution (Boik 1988: 475).

2.2.5 The Classic Test Statistic
To obtain the test statistic of (2.54), the MMM defined in (2.51) is reduced by
multiplying the model by the post matrix M" =1 ® A’ | i.e.

uxt ?

I,eA )Y,

uxt IXp

=1, ®A’ (X, RI)B, +(I, ®A U

uxt gtxp uxt ntxp

-(X,,®A B, +(1,®A] U, (2.61)

uxt gixXp uxt ntxp *

From the reduced MMM in (2.61), it can be seen that the design matrix, which

uxt ?

has the form X, ® A] , is separable, and that the hypothesis test matrix is also

separable in that it takes the required form C® A’ using the standard multivariate
linear models and the univariate mixed model. Establishing an expression for the

SSCP matrix due to error, say S, is only complicated by the fact that the design

matrix involves a Kronecker product. To find S, recall that in the DMM

S. =Y. [1,-X(XX)"'XTY,.,. (2.62)

nx pt
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and then by substituting Y, , and X,, in (2.62) by (I, ®A] )Y, and

ot
X, ®A,,, fromthe reduced MMM (2.61), we obtain
S’ =Y"(I @A) - (X®ANX®A)X®AN'(X®A')}I ®A")Y"
=Y'(I, oA, -X(XX)' X ®A'(AA)'AYI, ®A")Y”
=Y'(IL, ® AAY -Y'(I, @ A)[X(X'X)'X ®A'(AA) A1, ® AY”
=Y'(I @ AAY -Y'[X(X'X)'X ® AA(AA)'AA'TY
=Y'(I,®AAY - Y'[X(X'X)' X ® AA'TY"
=Y'[(I,-X(XX)'X)® AA'TY". (2.63)

A
*

Let [T =(C®A")B’, , where B’ is defined by (2.53), then the SSCP

uvyxp gtxp?

matrix due to the hypothesis becomes
S: = (f“* —l“f))[C(X’X)-lC’]1 (f* —r;)l . (2.64)

However, because one usually tests #, :(C®A')B* =0, S; from (2.64), this

reduces to
S! =B"(C'®A)[C(X'X)'CT'(C®A"B’

Y (XX)'X ®L) (C'®A)CXX)'CT(CRA)NXX)'X ®1)Y

— Y (X(X'X)'C ®A)CXX)'CT'(CXX)"'X ®A)Y

-Y” {X(X'X)‘lC’[C(X'X)‘IC’]‘IC(X’X)‘IX’ ® AA'}Y* . (2.65)

Since the MMM is related to the rearranged DMM, it is possible to rewrite S’
and S, as defined in (2.64) and (2.65) respectively, by using S, and S, in (2.29)
and (2.30) from the DMM analysis. Boik (1991: 1238) gave the forms of S’ and S

in the MMM analysis based on Thompson’s (1973: 545) Generalized Trace Operator
of S, and S, inthe DMM. Let D be a pux pu matrix and let D, be the u xu sub-

/h o response variables, [,/'=1,2,..., p. Subsequently, the

matrix of the and
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Generalized Trace Operator of D, denoted by 7,(D), is a px p matrix represented
as
T,(D)= [tr(D,,,)]W .
From the DMM, partitioning the pux pu sum of squares and cross product
matrices S,and S, in (2.29) and (2.30), and also partitioning the pu x pu covariance

matrix @ in (2.23) and the noncentrality matrix A in (2.38) into uxu submatrices,

ie. S,=[(S),]. S, =[(S), ] ®=[®,] and A=[A,], for L,I'=1,2,...,p, we

obtain
S.=T,8,), (2.66)
S, =T,S,), (2.67)
@ =7 (D), (2.68)
and A" =T, (A). (2.69)

If the multivariate sphericity condition (2.60) is satisfied, the error and

hypothesis SSCP matrices S. (2.66) and S, (2.67) are independently distributed as
S, ~W,(u'®",uv,), (2.70)
and S} ~ 7, (u”'®",uy,, @®)"A"). (2.71)
Therefore, when wuv, > p, the classical likelihood ratio statistic, or Wilks’
Lambda, for testing / : (C® A")B" =T, is given by
S,

e+Sh

A= +S,S;

=|1

pu

T o[1a+d) (2.72)
i=1

*—1

. * * .
where d|,...,d. are eigenvalues of S;S.™, s" =min(uv,,uv,).

e b

In the same way as with the DMM test, Wilks’ Lambda criterion of the MMM

test can be transformed to the F value of Rao’s F approximation such that

F.=((A)* —1)(:—1) ~F, . 2.73)

where
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> ) 1/2
c= p +uv,) -5
(puv,)’ =4 |~
v, = puv,,
and v2=g_1[uvg—%(p—uvh+1)]—%(puvh—2).
When multivariate sphericity is not satisfied, the MMM is not valid but the
DMM can be used. However, one does not want to assume a general structure. Boik
(1991: 1239), Galecki (1994: 3108-3112) and Naik and Rao (2001: 95-100) proposed
an alternative structure of the covariance matrix that is the Kronecker product

structure X, ®X  where X is a covariance of repeated measurements and

pxp? txt

X ., is a covariance of dependent response variables. Boik (1991: 1239) gave an -

adjustment MMM test to correct the degrees of freedom of the Wishart distribution
for tests of the time and interaction effects. He showed that the adjusted df MMM test
is more powerful than the DMM test when the sample size is very small. However, if
the sample size is large, the DMM test is preferred.

Vallejo, Fidalgo, and Fernandez (1981 quoted in Vallejo, Fidalgo, and
Fernandez, 2001: 2) studied the performance of an unadjusted MMM test, the &;-
adjusted MMM test based on the generalization of Greenhouse and Geisser’s (1959:
101) test proposed by Lopez and Ato (1994: 457), the &- adjusted MMM test
developed by Boik (1991: 1239) and a DMM test. They found that when multivariate
sphericity is not satisfied, the unadjusted MMM test was liberal, Greenhouse-
Geisser’s g1-adjusted test was conservative, and Boik’s g-adjusted test was robust if

and only if the covariance matrix has the Kronecker product structure X, ®X .

As the degree of the Kronecker product structure (X, ® X ) decreased, Boik’s

it
test became conservative. On the other hand, the DMM test maintained Type I error
rates at the nominal alpha level across the values of ¢ and showed a significant
increase in power over the other evaluated tests. Boik (1991: 1250) reported similar
results in that the g-adjusted MMM test is most accurate when the covariance matrix
has the Kronecker product structure and is more efficient than the DMM test when the
sample size is very small. If the sample size is reasonably large, there is no advantage

in using adjusted MMM tests.
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2.3 Tests of High Dimensional MANOVA

Some authors’ works have shown that dealing with high dimensional datasets
with fewer observations than dimensions is frequently encountered. Srivastava (2007:
55) has developed a multivariate theory for analyzing multivariate data sets that have
fewer observations than dimensions. He considered the problems of testing the
hypothesis concerning the mean vector in one sample, the equality of two sample
mean vectors in the two-sample case, as well as MANOVA issues.

Fujikoshi, Himmeno and Wakaki (2004: 21) derived an asymptotic expansion
of the Dempster test when both »n and p are large, and p/n— y €(0,0). They found

that Dempster’s test performs better than three classical test statistics when the
variation of the eigenvalues of the covariance matrix is small. Srivastava and
Fujikoshi (2006: 1929) proposed a high-dimensional test in the MANOVA model
with fewer observations than dimensions. They proposed two test statistics adapted
from Dempster’s and the likelihood ratio tests using the Moore-Penrose inverse
matrix of the sum of squares and products due to error (or ‘within’ matrix). The
asymptotic distributions of their statistics under the null hypothesis as well as under
the alternatives were given under certain mild conditions. A power comparison among
their statistics was made and the results show that the adapted version of the
likelihood ratio test appears to perform better for large p and small n. Scott (2007:
1827) proposed a number of high-dimensional tests for testing the equality of the
mean vectors in a one-way multivariate analysis of variance.

However, there have only been a few recent attempts on the issue of high
dimensionality for repeated measure data. Bathke (2002: 120) proved that the
classical ANOVA F-test is still asymptotically normal when the number of levels of a
factor converges to infinity but the number of replications is finite, assuming
independent observations. He proved asymptotic normality without relying on the
normality assumption for the model. Bathke and Harrar (2008: 590-598) derived
asymptotic distributions of different multivariate tests for a factorial structure when
the number of treatments tends to infinity while the number of replications is
relatively small. Their test statistics are nonparametric and do not require any special

structure of the covariance matrix.
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Ahmad, Werer and Bruner (2008: 417-421) derived one sample statistic for
the analysis of a repeated measurements design when the dimension of repeated
measurements, denoted by d, is large compared with the sample size n, i.e. d >n .
They gave a modified version of an ANOVA-type statistic based on Box’s
approximation (Box, 1954, quoted in Ahmad et al. 2008: 417). Ahmad (2008:11-58)
worked on his doctoral dissertation to develop one and two sample test statistics for
the analysis of repeated measurements designs when the dimensions d > n.

A summary of high-dimensional tests in MANOVA as described above are
reviewed as follows:

Let Y be an nxp observation matrix which is obtained by independently

observing a p dimensional variate y =(y,,...,y,)" for n objects. A multivariate linear
model for Y, , is expressed as

Y, =X.B,,tE,,.
where X is a known nxq design matrix of rank(X)=¢q, B is a gx p unknown
parameter matrix and E is an nx p error matrix. It is assumed that the row vectors
of E are i.i.d. as multivariate normal distributions with a zero mean vector and a

px p unknown nonsingular covariance matrix X, denoted by e, ~ N, (0,,,X ).

The maximum likelihood estimatorsof B, and X~ are

B, =(XX)'XY,

xp 2

2 — (Ynxp _XBqXp),(YnXp _XBqXp)
pxp
n
_ YL -X(XX)'XTY,, .
n

For testing the linear hypothesis

H,:CB,, =0 versus H,:CB_, #0, (2.72)
where C is a kxq matrix of rank(C)=k<g,let S, 5 and S, = bethepxp

matrices of the sums of squares and products due to error and the hypothesis defined
by

S, =Y. L, -X(X'X)'XTY,,

e(pxp) nxp
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S, = (CB,.,)[C(XX)"'CT'CB, , .

&xp

Under the assumption of normality, S and S are independently distributed

e(pxp) h(pxp)

as a central Wishart distribution W, (prp,m), where m=n—k, and a noncentral

Wishart distribution W (X, .k, DD’), where D isa pxk matrix such that

pxp?
DD'=(CB)[C(X'X)'C'T'CB.
Under the assumptions that m=n—k > p and X is nonsingular, the following four

well known classical statistics have been used:

(1) Wilks’ Lambda Criterion

A — SE(PXP) — i l,'

|Sh<pxp> +Sepp| A LIFL

(2) The Lawley — Hotelling Trace Criterion

]1)2 = tr(sh(pxp)sg(lpxp)) = le
i=1
(3) The Bartlett-Nanda-Pillai Trace Criterion

e
V=18, Setp) T Siipem) 1= ;1 ")

(4) The Roy Maximum Root Criterion
0=1/1+1)

S-!

where s =min(p,q) and /, >...>1 >0 are non-zero eigenvalues of S, S .

When m=n-k <p, S becomes singular of rank m < p, it will be

e(pxp)
impossible to use these classical statistics. For such cases, some tests which can be

used for testing the hypothesis when m < p are reviewed.

2.3.1 Dempster’s Test
Dempster (1958: 998, 1960: 42-44) first proposed a non-exact test for one and
two high dimensional samples cases. For testing (2.72), Srivastava and Fujikoshi

(2006: 1929) gave a generalization of Dempster’s test.



67
First, they defined o, =u(X' )/ p, for i=1,...,4 and b=a}/a,, and

assumed that 0 <lima, =a,, <o, for i=1,...,4. It has been shown in Srivastava

P

(2005: 252) that the consistent estimators of a,,a, and b as n — c« and p — o are

dl :tr(se(pxp))/mp ’

A 1

5 1 2
6 | o) e |

A

b=alla,.
The generalization of Dempster’s test proposed by Srivastava and Fujikoshi
(2006: 1929) is defined by

_m r(S, )
Pk (S, )

The exact distribution of 7)) even under the hypothesis is difficult to obtain. An
approximate distribution of 7, under the hypothesis is

T, ~F

[kd1[md] °
where F, denotes the F-distribution with a and b degrees of freedom, and \_xJ

denotes the largest integer < x. Srivastava (2007: 67) proposed estimating d using

A

d= pb.
Fujikoshi et al. (2004: 20) studied the asymptotic distribution of the

Dempster’s test under a high dimension framework:

p

(A1) Withk fixed, n >0, p—ow, —=—>ye(0,0).
n
(A2) Assume that, for the null case,
(X!
a, =(—W)=O(l) ,i=12.

(A3) For the non-null case, assume that

(X =
azLXp):O(l) i=12,
p

1

where 2=X *(CB,,,) (C(X'X)"'C')(CB,_ )X, .
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Under the null hypothesis, S and S are independently distributed

e(pxp) h(pxp)

as central Wishart distributions, W,(X  ,m) and W, (X

_\/’{ tr(Sh(pxp)) k}

tr(se(pxp))

k), respectively.

pxp?

Let

_\/_{ tr(Sh(W)) } tr(sh(pxp)) Vh\/;~ (2.73)
mpa, \/7‘11

Let Uand V' be defined by

_ r(Sypp) —ktr(E,,) . tr(S, ) —mtr(X,, )
2ktr(X3, ) 2mtr(X3, )

then, when considering the characteristic functions of U and V, it can be seen that U

and V' are asymptotically distributed as a normal distribution N(0,1). Using (2.73),

T, can be expanded as (Fujikoshi et al. 2004: 21-24)

U./2mpk /tr(Zixp)/p +pk\/atr():pxp)/p
v2p\er(E,,)  p+pmir(E,,,)/ p

T, =

Zktr( pxp)/p
r(X,.,) p

U +o(l).

Therefore, under assumptions (A1) and (A2), it holds that

oy,

O-D
where —%— denotes convergences in distribution, and
2ktr(E2 )/ p
TN E, )

Since X is usually unknown, it is necessary to use the consistent estimator

X

of o,, which is given by

\/Zk 11(S2 )/ 1 = (r(S, ) ) 110} p
tr(S,,.,))/ mp
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2.3.2 Bai and Saranadasa’s Test

Bai and Saranadasa (1996: 318-320) proposed a test for the two-sample high
dimensional problem. Srivastava and Fujikoshi (2006: 1930) gave a generalization of
Bai and Saranadasa’s test for the MANOVA problem with fewer observations than
dimensions.

In the same way as for the generalization of Dempster’s test, a, = tr(Z‘.fDx p)/ D,

for i=1,...,4,and b=(a’/a,) are defined, and it is assumed that

O<limag, =qg,<w, i=1,...,4, and (2.83)
po©
X =
O<lim(+”)<oo,i=1,2, (2.84)
pow© p

where E=X ’DD'Y "2

pxp pxp
The consistent estimators of a@,, a,and b as n—> o and p — oo are defined
by (2.79), (2.80) and (2.81).
The generalization of Bai and Saranadasa’s test proposed by Srivastava and
Fujikoshi (2006: 1930) is defined by

1
T o= pl; 2 tr(Sh(pxp)) — pka,
B 2k +n7"%) pa,

1

14 o -

e [ECRE
2

= [2k&2(1+vg'1vh)]% {tr(sh(mﬂ) __k tr(Se(po)):I'
Jo Am Jmp
Under the normality assumption (2.74), if (Srivastava and Fujikoshi, 2006:
1933)
max ., 4, /\/;
Jas

then the asymptotic distribution of 7, under the null hypothesis (2.75) is a standard

—>0 as p—>o,

normal distribution given by

lim lim [ B, (T, < 2)~N(2)] =0,

n—»0 p—o0
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where P, denotes that the probability is being calculated under the hypothesis and
N(z) is a cumulative standard normal distribution at z.
The asymptotic distribution of 7, under the non-null hypothesis is standard

normal given by

rx =
lim lim [ B(Tys > z)] = lim lim N —GLZ+—( 2 ) ,
e e o, o\P

where B denotes that the probability is being calculated under the local alternative

hypothesis, and o =2ka,(1+n'k) and 6> = +4tr(X* E)/p.

pxp

2.3.3 An Adapted Version of Wilks’ Lambda, Lawley-Hotelling’s and the
Bartlett-Nanda-Pillai Tests

Srivastava and Fujikoshi (2006: 1930) proposed test statistics for testing (2.72)
when m=n—k < p.  These statistics are adapted versions of Wilks’ Lambda

Criterion, Lawley-Hotelling’s Criterion and the Bartlett-Nanda-Pillai Criterion by
using the Moore-Penrose inverse of S,, say S_. The Moore-Penrose inverse of axb
matrix A is denoted by A which satisfies the four conditions: (i) AA*A = A, (ii)
A"AA" =A", (iii) (AA") =AA"and (iv) (A*A) =A"A. The Moore-Penrose
inverse is unique and is equal to the inverse of the nonsingular axa square matrix A.

In the same way as with Dempster’s test, define a, =(X' )/ p, i=1,...,4

and b=a/a, and assume that 0<lima, =a, <o, i=1,...,4. The consistent

P

estimators of @,,a, and b as n — o and p —> oo are

dl :tr(se(pxp))/mp ’

1 1
i, = ——————— | 1r(S;.,,)) —— (tr(S 2,
“ (m—l)(m+2)p{r etpp) = (0 E(po)))}
b=a’/a,.

The adapted versions of Wilks’ Lambda, Lawley-Hotelling’s and Bartlett-
Nanda-Pillai Criterions, as proposed by Srivastava and Fujikoshi (2006 : 1930), are
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S+

e(pxp)

T, :—p510g|1p +S

h(pxp) >

=—pl;10gli[(1+ci)_l,

i-1
Ty = _pézci )
im1

AS C.
Tov» =—pb L,
BNP p §1+ci

S+

where ¢, are the non-zero eigenvalues of S o(pxp)

h(pp) and s =min(p,k).

Srivastava and Fujikoshi (2006: 1931-1932) showed that, as p — o, the tests
T,, T, and T,,, are asymptotically equivalent when they only consider the null and
non-null distributions of 7,,. Under the null hypothesis, it can be shown that
(Srivastava and Fujikoshi, 2006: 1934)

T —mk
limlim| B| - <z |-N(2) |=0,
nﬁoopaoo|: 0[ /2mk j ( ):|

and, under the local alternative hypothesis (Srivastava and Fujikoshi, 2006: 1938),

o mr(X 2
limtim| 2| L2755 - |- (2,5
"o po® 2mk pa,N2mk




CHAPTER 3

TESTS FOR HIGH DIMENSIONAL MULTIVARIATE
REPEATED MEASUREMENTS DESIGN

3.1 High Dimensional DMM Tests
As described in section 2.1, the DMM is

Y =X

nxpt

ngxpt+Unxpt’ (31)

X

where Y is an nx pt response matrix for n subjects, X is an nxg between subject
design matrix of rank(X)=g, Bis a gx pt unknown parameter matrix of fixed
effects and U is an nx pr random error matrix. It is assumed that the nptx1 error

vector U =vec(U) is distributed as

u,., =vecU, )~N,,(©O

npt

Ept><pt ®In)7 (32)

npixl npix1>
where X isa ptx pt unknown positive definite covariance matrix.
From Theorem 2.2 and (2.12), the BLUE or MLE of B is given by
B=(XX)'X'Y,
and, from (2.13), the MLE of X is
_(Y-XB)(Y-XB)
n-g

z

The Multivariate General Linear Hypothesis of interest can be put into the

form
H:CBI,®A)=T, (3.3)
where C isa v, xg between group contrast matrix having rank(C)=v, < gand A

is a txu within-subject contrast matrix of rank(A)=u<t. Without loss of

generality, it can be assumed that A’A =1 .
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For testing the contrasts among the ¢ time periods of p-variate responses in

(3.3), the post M =1 ® A is multiplied into the DMM (3.1) to obtain
Y, -XB, +U,, (3.4)
where Y, =Y(I,®A), B, =B(I,®A) and U,, =U(I, ®A).
By assuming the multivariate normality assumption (3.2) and the reduced

DMM (3.4),

puxpu

vec(Y, )~ N, ((L, ®X)vec(B,). @, L), (3.5)

where

@, -1 OAYE (I, ®A). (3.6)

pixpt
Under the assumptions in (3.4) and (3.5), the test statistic for testing (3.3) is
obtained by performing a multivariate linear model analysis on the pu-dimensional
model in (3.4).
As shown in Theorem 2.4, from the reduced DMM (3.4), the pux pu sum of

squares and product (SSCP) matrices corresponding to error and the hypothesis, S,

and S,, are defined by
S, =Y/ [I -X(X'X)'X']Y,, (3.7)
and S,=(CB,)[C(X'X)"'C'] (CB,)). (3.8)

Assuming (3.5) is correct, the matrices S,and S, are independently
distributed as central and non-central Wishart distributions, as defined by (Boik,
1988:472),

S, ~W,,(®,v,) (3.9)

and S, ~W, (P, v, @A), (3.10)
where v, =n—rank(X)=n-g ,v, =rank(C) and the noncentrality matrix is

A=T-T)[CXX)'CT('-T,). (3.11)

If the degrees of freedom of the error SSCP matrix S, is fewer than its

dimensions, v, < pu, then the error SSCP matrix S, has rank(S,)=v, < pu, and so

S, is singular (Muller and Stewart, 2006: 194). Thus, in this particular high



74

dimensional situation, the classical Wilks” Lambda statistic (2.28) given in Theorem
2.4 does not exist.

To obtain a test statistic for high dimensional data in the DMM, Dempster’s
test and Bai and Saranadasa’s test, as proposed by Srivastava (2006: 1929-1930), can
be applied to DMM analysis when v, < pu by defining

a,:L(I)) , for i=1,...,4, (3.12)
pu

a2
and b=—L. (3.13)

a,

It is assumed that:
(1) p>o©, n—>ow ,tisfixed and v, < pu (3.14)
() lima, =a, ,fori=1...,4, and 0<a, <o (3.15)
po®©

(3) For the local alternative hypothesis,

0<tim™®E o fori-1...4. (3.16)
P pu

where E=® "’ A®"?and A=(T"-T')[CXX)'CT'T-T)

Lemma 3.1 Under assumptions (3.5) and (3.13), as n — o, consistent estimators of

a, and a, are respectively given by

PRLACA) (3.17)
v, pu
. 1 oy 1 2
and a, = o D0 ) {tr(se) n r(S,)) } (3.18)

Proof. See Appendix A.

Corollary 3.1 The consistent estimators of b are
h =-L, (3.19)

where @, and a, are given by (3.17) and (3.18), respectively.
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3.1.1 Generalization of Dempster’s Test

Dempster (1958: 998, 1960: 42-44) first proposed a non-exact test for the
difference between two population mean vectors in two high dimensional sample
cases. Srivastava and Fujikoshi (2006: 1929) gave a generalization of Dempster’s test
for high dimensional MANOVA which is adapted in this dissertation for testing the
Multivariate General Linear Hypothesis (3.3), H:CB(I,®A)=I';, in DMM
analysis as follows:

7V r(S,)

. 3.20
Yo, (S, (3.20)
Lemma 3.2 The proposed test 7, is invariant under the group of orthogonal linear

transformations Y,, — cY,, X', where c is a nonzero constantand Y €O,,, O, isa

pu?

group of pux pu orthogonal matrices such that YY' = L,

Proof. From the reduced DMM (3.4), let Y be a pux pu orthogonal matrix such
that YY' = I, , then the orthogonal linear transformation of the reduced DMM yields
Y, Y=XB,Y+U,Y (3.21)
and, under the multivariate normality assumption (3.5),
vec(Y, X)~N,, ((Ipu ® X)vec(B, Y),®, ®1 ) ,

where @ =Y'®Y. Using the orthogonal linear transformed model defined in
(3.21), the error SSCP and hypothesis matrices, S, (3.7) and S, (3.8), are transformed
as

Y'S,Y=(Y, V)T, - X(XX)"'X"](Y,,Y) (3.22)
and Y'S, Y =(CXX)'XY,\)[CXX)'CT'(CXX)'X'Y,Y). (323
Therefore, the proposed test 7, in (3.20) becomes

7V tr(X'S,Y) v r(S, YY) _v. tr(8S,)
v tr(XS,Y) v, (S YY) v, t1(S,)

Thus the proposed test 7, is invariant under the orthogonal linear transformation of

0
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Taking spectral decomposition, which is a particular case of orthogonal linear
transformation, let Y be a pux pu orthogonal eigenvector matrix corresponding to
eigenvalues 4,,...,4, of @. From the Orthogonal Linear Transformation Model
(3.21) and under the multivariate normality assumption (3.5),

vec(Y, X)~N,, ((Ipu ® X)vec(B,, Y),® 1, ) ,
where @ =Y'®Y = diag(4,,...,2,,) .

By applying Lemma 3.2, the proposed test 7; is invariant under this
orthogonal linear transformation. Thus, without loss of generality, it may assumed
that the covariance matrix in (3.6) is a diagonal matrix

D, .. =P =diag(h,....2,,), (3.24)
where A, > 4,...> 4, are eigenvalues of @ .

Next, an approximate distribution of 7, under the null hypothesis is derived by

assuming that the covariance matrix is diagonal, as defined in (3.24). The result is

given in Theorem 3.1.

Theorem 3.1. Under the null hypothesis (3.3) and assumption (3.15),
R(L<f)=F(f,|vd]|vd),
where P, denotes that the probability is being calculated under the null hypothesis

and F(f,v,,v,) denotes the cumulative F distribution at f* with v, and v, degrees of

freedom, | x | denotes the largest integer <x, and d is defined by

@) puat_
tr(q)i) a,

Since d is the function of unknown parameter @ _, it can be estimated by

Proof. Under the null hypothesis, S, and S, are independently distributed as central

Wishart distributions, W, (®,v,) and W, (D,v,), respectively (Boik, 1988: 472).
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Glueck and Muller (1988: 2139) reported that the trace of a central Wishart
matrix is equal to a weighted sum of central chi-squared random variables. Thus
traces of S, and S, can be written in the form

pu

r(S,) =Y Au, (3.25)

pu

and r(S,) =Y Aty (3.26)
k=1

where u,, and u,, are independently distributed as chi-squared random variables with
v, and v, degrees of freedom, respectively.

Muller and Barton (1989: 554) explained that the distribution of the weighted
sum (finite positive weights) of a set of independent central chi-squared random
variables may be approximated by a single scaled central chi-squared distribution,

denoted by wy’. The approximation always produces at least the first correct

moment and special cases are sufficient to at least insure the correct first and second
moments. To choose an approximating central chi-squared distribution, one must
solve for degrees of freedom and a positive weight, say » and w, to define the
approximate distribution by equating moments to those of the approximated random
variable.

From (3.25) and (3.26), the first and second moments of #(S,) and #(S,)are

E[n(S,)]= veiik , var[tr(S,)]= 2v€§,1,§ (3.27)
and  E[1r(S,)]= vhiik , var[tr(S,)]= 2vhi,1,f . (3.28)

To find the approximate central chi-squared distributions of #(S,)and #(S,),
denoted by #(S,)~w, )(f and r(S,)~w, )(j , respectively, the degrees of freedom
r, and positive weight w, can be solved by equating the moments defined in (3.27)
and the moment of the approximate central chi-squared distribution of #(S,) and,

similarly, the degrees of freedom 7, and positive weight w, can be solved by

equating moments defined in (3.28) and the moment of the approximate central chi-

squared distribution of #(S,). Since S and S, are independent, #(S,) and #(S,)
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are also independent, and the first and second moments of the approximate central

chi-squared distribution of #(S,) and #(S,) are
E[r(S,)]=w,r,, var[r(S,)]=2wlr, (3.29)
and E[o(S,)]=w,r,, var[r(S,)]=2w;r,. (3.30)
By equating the first and second moments of #(S,) from (3.27) and (3.29), the

following two equations are obtained to solve for w, and r,:

wr,=v,> A, (3.31)
k=1
and 2w, =205 22 (332)
k=1

When dividing equation (3.32) by (3.31), the solution for w, is

pu

2

2
— k=1 _

=R Y
e pu s
a
DA
k=1
and, when substituting the solution for w,in (3.31), the solution for 7, is
pu 2
(Z0A) | a
r=v, =v,pu—=v,pub .
pu 22
k=1 A %

Similarly, by equating the first and second moments of #(S,) from (3.28) and

(3.30), the following two equations are obtained to solve for w, and 7, :

pu

w,r, =V, A (3.33)
k=1
and 2w, Yr, =20, S A2 (3.34)
k=1

When solving (3.33) and (3.34) in the same manner, it can be seen that

2" _a
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pu 2
( k:l/lk) a12
~————=v,pu—=v,pub.

and r, =V, TBF »
k=1"% 2

To simplify the notation of the degrees of freedom of 7, and 7, , the notation d,
where d = pub, can be used and then », and 7 can be written as r, =v,d and

r, =v,d . Under the null hypothesis, the distribution of 7, is approximated by

r(S,) /v,

P(T1<f)zp(tr(s )/ v

</

2
Wi Xy,d v,

=P
(Wex\id /ve

<f)
szhd/vh
Z\id /ve

iP(F'vhd,ved < f)

Since d consists of an unknown parameter b, then by using Lemma 3.1, d is

=P( <f) o ow,=w,)

estimated by d = puZ;. (]
By applying Theorem 3.1, the null hypothesis (3.3), #:CB(I,® A)=T", is

rejected at significance level o if 71>fL |[vd] where f, s the upper
a,lv,d || v, V15V2

(1-)100 critical value of the F random variable with v, and v, degrees of freedom,
v, =rank(C),v,=n-g, d= puZ; and b is given in Corollary 3.1.
Next, the approximate non-null distribution of 7] is derived to find the power

of the test. The approximate non-null distribution of 7] is given in Theorem 3.2.

Theorem 3.2 Under the local alternative hypothesis and assumption (3.16) ,
B(L<f)=F(f.n]ln].6).

where w,,w, , r, , r,and § are respectively defined by

e

3 vhtr((I)i) + 2tr((I)iE) 3 r(®3)

w, = — , W, = ,
vtr(®,)+2tr(D,E) tr(®,)
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7, :M , r= ve[tr(q)zr)]z and = Ir((I)YE) .
Wi tr(q)r) w,

Note that P, denotes that the probability is being calculated under the local alternative
hypothesis and F (f,v,,v,,0) denotes the cumulative probability of a non-central F
distribution at f with v, and v, degrees of freedom and a non-centrality parameter o,

and | x | denotes the largest integer <x.

Proof. Under the local alternative hypothesis, S, and S, are independently

distributed as central and non-central Wishart distributions, W, (®,v,) and

w,, (@,v,,D'A), respectively (Boik, 1988: 472), then the traces of S, and S, can be

written in the form (Glueck and Muller, 1988: 2139)

pu

r(S,) =5 A, (3.35)
and r(S,) = iikqu , (3.36)
k=1

where u,, is a central chi-squared random variable with v,degrees of freedom and
u,, is a non-central chi-squared random variable with v, degrees of freedom and non-
centrality parameter &,, which are diagonal elements of @®'A. The first two

moments of #(S,) and #(S,) from (3.17) and (3.18) are

E[(S,)]=v.3 4, var[tr(8,)]=2v,5 2] (3.37)
and  E[0r(S)]= 85 2, +8,), var[ir(S,)]= 3 A2 (2v, +45,). (3.38)

To find the approximate central and noncentral chi-squared distribution of
tr(S,) and #(S,), denoted by #(S,)~w,x; and #(S,)~Ww,x, ;, the degrees of
freedom 7, and positive weight w, can be solved by equating moments defined in
(3.37) and the moment of the approximate central chi-squared distribution of #(S,).
The degrees of freedom 7, , positive weight w, and noncentrality parameter & can be

solved by equating moments defined in (3.38) and the moment of the approximate
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noncentral chi-squared distribution of #(S,) (Muller and Barton, 1989: 554). Since
S,and S, are independent, #(S,) and #(S,) are also independent and the first and
second moments of the approximate central chi-squared distribution of #(S,)and
r(S,) are

(3.39)

e'e?

E[tr(Se)] =wr, Var[tr(Se)] =2w'r
E[1r(S,)]=w,(r,+5), var[n(S,)]=w;(2r, +45). (3.40)
By equating the first and second moments of #(S,) from (3.37) and (3.39) so

as to solve w, and r,, it is found that their solutions are

pu

2
2
k=1

a
w = = -2
e pu a
1
hI
k=1
pu 2
(24 2
_ k=1 _ al _ b
and r,=v, 5 = Vepu—=v,pub.
k=1 ik %

To find w, ,r, and &, the first and second moments of #(S,) from (3.38)

and (3.40) are equaled , and the two equations are obtained as

pu pu
w,(r, +8)=v,5 2, +$ 4,8, (3.41)
k=1 k=1
pu pu
and w, (2r, +48)=2v, > A} +4v,> 1,5, . (3.42)
k=1 k=1

Using the notation S, and S, for the two terms on the right hand side of

(3.41) and S, and S, for the two terms on the right hand side of (3.42), equations
(3.41) and (3.42) become

w,(r,+6)=38+S, (3.43)

and w2 (2r, +45) = 28, +48S, , (3.44)

pu pu pu pu
where S, =v,> 4., S8, =Y 46,, S,=v,> 4 and S, => %5, .
k=1 k=1 k=1 k=1
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To find w,, equation (3.44) is divided by (3.43), leading to

pu pu
2 2
S, +28, vh Z{ A+ 2; Ac0 _ v pua, + 2tr(DLE))

Wh pu pu - )
S, +28, thlk 28 a5, Pua +2tr(PE)
S
v
;o= S, _ =i _ vtr (@)
' Wi Wi Wi
S A6
and S :i: o r®@E

Therefore, under the local alternative hypothesis, the non-null distribution of

T, is approximated by

_plrB)v,
P <f)_P{tr(S€)/v€ <f}

2
w /v
= p thhz,ﬁ h <f
WX, /v,
T We Vule
ae,|
Zr /r Wh verh

Vv, [V pu J
We _

w, vrh alwh vhpualj

W,

since

(fLth LrJ5) (]

3.1.2 Generalization of Bai and Saranadasa’s Test

Bai and Saranadasa (1996: 318-320) proposed test statistics for testing the
difference between two population mean vectors of the two-sample high dimensional
problem. Srivastava and Fujikoshi (2006: 1930) gave a generalization of Bai and

Saranadasa’s test for MANOVA problems with fewer observations than dimensions.
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Accordingly, an adaption of the generalization of Bai and Saranadasa’s test for testing

hypothesis (3.3) provided in this dissertation is given by

T,= {2vha2 [1+:—hj} ﬁ{tr(sh)—:—’:tr(se)} (3.45)

Next, the asymptotic distribution of 7, is derived under the null hypothesis

e

given in Theroem 3.3. The following Lemma 3.2 is an asymptotic standard normal

distribution theory for a large p which is given for use in the proof of Theorem 3.3.

Lemma 3.3 If z,z,... are independent identically distributed random variables,
each with mean 0 and variance 1, and if ¢,, i=L2,...,p, for p=12,..., is a fixed

array of constants with
P
=1, for p=12,...,
i=1

then, if

max|ck| —0 as p—>oo
1<k<p s

P
lim P(} ) c,z, <z)=N(z).
poo© =]

Proof. Refer to Gnedenko and Kolmogorov (1954: 103).

Theorem 3.3 Under the null hypothesis (3.3) and assumption (3.15)
limlim (7, < z) = N(z),
p—>©

H—>0

where P, denotes the probability of being calculated under the local null hypothesis

and N(z) denotes the cumulative standard normal distribution.

Proof. Under the null hypothesis, S,and S, are independently distributed as central
Wishart distributions, W, (®,v,) and W, (®,v,), respectively. Subsequently, #(S,)
and t(S,) equal a weighted sum of central chi-squared random variables (Glueck

and Muller, 1988: 2139) defined by
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pu

r(S,) =Y. Au,
k=1

pu

and r(S,) = Aty
k=1

where u,, and u,, are independently distributed as chi-square random variables with

v,and v, degrees of freedom, denoted by u,, ~ )(Vz and u,, ~ )(5 .

From (3.45), let
1

N

1 [ v, &
= Zﬂ'kuﬂc __zik”uc
k=1 V, k=1

T, = {tr(sh) —V—htr(Se)}
VE

- )
Z}“k (y ——uy)
s

: . . v
Since the expectation and variance of u,, ——"u, are
v

e

\% A% \%
E(”Zk _v_hulkj zE(u2k)_v_hE(u1k) =V, _v_h‘ve =0

e e e

2
v v
and Var[u% - v—"ulkj =var(u,, )+ [v—"j var(u,, )
e

e

v 1%

e e

2 2
=2v, +[v—"j 2v, =2y, +2ﬁ.

Subsequently, we obtain

| - v,
E(T) = —zj’kE(”zk ——uy,)=0

\/p7 k=1 v,

pu
and Var(TO)zLZ}Lk2 var| u,, —v—hulk
PU k=1 Ve
u 2
_ L S a2 2y, 2
PU k=1 Ve

(3.46)

(3.47)
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v, 2
=2v,a, (1+v—j=00 <00,

e

Writing the test statistic 7, defined by (3.45) in terms of 7, gives
-1/2 1
T={2va|1+2 |0 | (S, -2 (S,)
Ve \ pu Ve

-1/2
= {2vha2 [1+V—hj} T, (3.48)
VE

Using the expectation and variance of 7, the expectation and variance of 7, are

obtained in (3.48) as follows:
E(T,)=0,

-1
and var(T,) = {2vha2 (1 + V—hJ} var(T)
A%

e

-1
= {2vha2 (1 + V—hJ} 2v,a, (1 + v—hJ =1.
Ve ve

Correspondingly from Lemma 3.3, it is deemed that 7, from (3.48) can be

pu
written as 7, = Y c,z, , where
k=1

-1/2
1 v v
c, = A and z ={2v |1+-2% u,, ——2u, |.
k 'puaz k k { h ( Ve J} ( 2k Ve lkJ

Subsequently ,
pu
Sl 1§ ay
k=1 a2 PU k=1 a2

and, from (3.26) and (3.27),
E(z,)=0 and var(z,)=1.
Therefore, if

max|ck| =max

1
1<k<p 1<k<p [pua2

T, is asymptotically standard normally distributed as p —>o0.

A >0, aspowo, (3.49)
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From assumption (3.15), a, is assumed to be constant as p —o0, so ¢,
converges in probability to a constant, and it is additionally assumed that 4, = O(p"),

for 0<m <% , to satisfy condition (3.49). Hence, from Slutsky’s Theorem and Lemma

32,
lim lim P,(7, < z) = N(z).
p—®

This completes the proof. 0
By Theorem 3.3, the null hypothesis (3.3), H:CB(I, ® A) =T, is rejected

at significance level o if 7, > z_, where z_ denotes the upper (1-a ) 100% .

Next, the asymptotic non-null distribution of 7, is derived so as to find the
power of the test. Recall that under the local alternative hypothesis, S, and S, are
independently distributed and are, respectively,

S, ~W,,(®,v,)
and S, ~W,(®,v,, ®A) ,
with a non-centrality matrix
A=T-T)[CXX)'CT(I'-T,).

Subsequently, we obtain

pu

tr(Se) = z/lkulk
=1

pu
and r(S,)=> Ay,
k=1

where u,, are central chi-squared random variables with v, degrees of freedom and

u,, are non-central chi-squared random variables with v, degrees of freedom and

non-centrality parameter &, , which is comprised of diagonal elements of @A .

Define
P
1 /_pu

and u, = \/vj% [tr(S,)—v,tr(D,)].

[tr(Sh)—vhtr((I)Y)—tr((I)YE)]
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The following Lemma 3.4 gives the asymptotic distributions of u, and u,

(Srivastrava, 2006: 1935).

Lemma 3.4 As p — 0 and, under assumptions (3.5) and (3.6),
u,— N{0,2v,a, + 4tr(DE)/ pu
and U, AN N(Oa 2(12) D

where — denotes ‘converges in distribution’.

Proof. The characteristic function of u, is given by

¥, (1) = E(exp(itu,))

-E {exp (ﬁ (S, )J} xE {exp [—ﬁ[vhtr((l)j() + tr((I)YE)]J}

s
2it 2"

pu_ﬁ

2it -

-1
it
exp| - @, |1~ | =
(pu Y[ P [pu Y

1

D,

xexp(—ﬁ[vhﬂ"(@r)+tr((I)YE)]j.

Now, by expanding,

1

2ir o | 2it
log|l ——® =——vy log|l ———®
g pu lpu Y 2 h g pu [pu Y
1 2 2 ’
it it
=—y, | —tr (D) +| — | tr(D?2) |+0(1
2,1[% @,) {EJ @) |+ott)
2
it it )
=—v,ir(®,)+| — | 2vir(D®})+0(1),
\ pu \ pu
. . -1
and Ly q){lpu—ﬂmYJ =

Jpu Jpu



2
it 2it 2it
= r| @, |, +——D, + D E+o(l
(pu r Y{ pu (pu Y [ (—puj } 0( ):|

2it J <I>§:+o(1)]

2it

it ’
= [() O D= .
Jpjtr( . )J{\/piu} tr(@IE)+o(1)

Hence,

=V
2it 2 it
1, ———®

Jou | e

L v, (®,) + 1r(D,E)]

1
N

—— v, ir(D®,)+

log E(exp(itu,)) = log tr

-1
@Y[lw—ith =

20, tr(P3) +—tr(® )

o) e

2it ’ it
—— | r(PE) ——=Lyr(®@,)+ (@ E)]+
+£ pu} tr( - ” [vhtr( Y)+tr( . )] o(l)

2 2v,tr(D% ) ) 4tr(DLE)
o ( ) o +o(l)

=(i)
Therefore,

¥, (1) = E(exp(itu,))

_ exp[(. iy 20 (@) 2v,r(®}) (i) 4r(®E) (l)j

pu pu
B 1.2 20,r(@Y) ” 2 4tr(DIE
= exp{2 [( t) U ( ) o j}
L2 20, (@) ) ) 4tr(DE)
xexp{g{(lt) o ( ) o j}

=exp [% (lt) {2vhtr(q) ) 4tr(q) =) }j x(1+o(1)).

pu pu
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As p — 0, this function is in the form of a characteristic function of a normal

o . v, ir(®3 .
distribution with mean parameter ( )—2\/,1012 and covariance parameter
pu
4tr (D i
( ) Thus, as p =0,
pu

=)
~ N[O, 2v,a, +wj

pu

The characteristic function of u, is given by

¥, (1) = E[exp(itu, )]

el o)
v, pu VePU

1

. X .
=1, —LQY exp[— 4 vgtr((I)Y)j.
v, pu \Jv.pu
As before, we have
_1,
2it S| 2it
log|1, —f(l)r =—§velog Ipu——(I)r‘
v, pu v, pu
2
1 2it 21t
=—v,| —=tr(P,)+ r(®@3) [+o(1
&, Vepu P”
Hence,
log E[exp(itu,)] =|1 21t () B 5y r(®,)
2= _T Y _f e Y
. pu v, pu
. 2 .
L S r(®,) +(it)2 20r(®y) it vir(®,)+o(l)

Jv.pu pu \/vepu
(it 2tr((I) )
-y 2@
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Therefore, we obtain

¥, () = E[exp(itu,)]

I 2r(®3) | 0(1)j

pu
B l . 22tr((1)]2() y y 22tr((1))
=exp 2(zt) o j ep[z( 1) o j
= exp %(it)2 %‘fi)jxmo(n).

As p =00, this characteristic function is in the form of a characteristic
function of a normal distribution with a zero mean parameter and covariance

2tr (D7)
pu

=2a,. Thus,as p >0,

~N(0,2a,). O

Theorem 3.4 Under the local alternative hypothesis and assumption (3.16),

lim R (T, >z)—11mN( 2, Mj,
0-2

where P, denotes the probability as being calculated under the local alternative

hypothesis and N(z) denotes the cumulative standard normal distribution.

Proof. Consider

b= = L[S, ) v (@, ) — (@ Z)] - [(S,) —v.1r(®, )]

U ol
{tr(sh)—vhtr(fbr)—tr(flha)—z—”[tr(se)—vetr(fpy)]}

1
e

\/L,u{tr(S) (@, Z) tr(S )}

o E
:O_OZ'Vz_tr( Y )

N
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Note that u, and u, are independently distributed. From Lemma 3.4,

EL”l _%”2} ZE(”1)_%E(”2) =0,

2

v, v,
var| u, — \/_ u, |=var(u)+—=- , var(u, )
v, e

2m= 2
4tr(DE) +V—h2a2

=2v,a, +
o,
L Ar(@E
2y, (14 2y 2 (PE)
v, pu

Thus, by Lemma 3.4, as p -0,

D
U — \/v_ u, HN{O 2v,a,(1+ 2k W 4”((DY“)}
v, pu
Let
4r(D22
o; =2v,a,(1+ :}/—h) + —tr(puY ,

P 4tr(¢ —i)

:O'O
pu

Hence, as p —> o,

1 v, 1 r(®.2) ) ,
S|y - =—/| o, ——L—= |“5N(0,].
2(”1 } i (0'0 2 \/ﬁ J (0,1)

Thus,
Pl(]; > Za) =P1 (0-0]; > O-OZa)

r(®,E) r(® . E)
=P 7 ————==> -
1(0-0 2 ’_pu 0yZ, ’_pu

A\ pu

:R{bﬁz M}

N

0,

_ Pl{ 1 L%Tz _tr((I)Y.:.)}> 1 Lo_oza_tr((I)Y:.)
O

)
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) D =
lim P(T, > z,) = hmPl{Z >% —M}
po® po®

N

_lim{1-N| %o T ®E)
P> 0'2 0-2 pu

| I A G
P 0-2 0-2 pu

=1imN[—ﬁza+Mj. 0

0, 0'2@

3.2 High Dimensional MMM Tests

As described in Section 2.2, MMM is defined by
Y,., =(X,,®L)B  +U, (3.50)

ntxp gtxp ntxp >

where Y'is an ntx p response matrix for n subjects, X is an nxg between subject
design matrix of rank(X)=g, B'is a gfx p unknown parameter matrix of fixed

effects and Uis an nrx p random error matrix. Assume that

vec(U")~ N,

npt

(0 In ®Z;t><pt)’ (351)

nptx1?

whose covariance matrix has a block diagonal structure and X° has compound

symmetry structures defined as
X =1L )+(I,®L,). (3.52)
The MLE of B" and X are
B =[(X'X)'X ®L]Y’ (3.53)
YL -X(X'X)'X QLY

n

and Y

(3.54)

The general multivariate linear hypothesis for testing the effects of the time

and group factors, and the interaction effect between the group and time factors, is

H:(C®A"B' =I', or H:I' =T, (3.55)

Vyuxp
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where C isa v, x g between group contrast matrix having rank(C)=v, <g and A
isa ¢xu within subject contrast matrix such that A’A =1 and rank(A)=u<t.

To obtain the test statistic of (3.55), the MMM defined in (3.50) is reduced to

I,®A))Y,., =X, ,®A B, +1,®A U, . (3.56)

uxt ntxp uxt gtxp uxt ntxp
It is assumed that the multivariate sphericity condition (2.61) holds, i.e.
* 12 *
O =(A ®IP)Z (A®Ip) =1 ®X,. (3.57)
The pux pu error and hypothesis SSCP matrices corresponding to error and

hypothesis, S, and S, are defined by

S =Y"[d,-XXX)"'X)®AA'TY" (3.58)
and S =Y" {X(X'X)‘lC’[C(X’X)*C’]‘lC(X’X)*X' ® AA} Y. (3.59)
Alternatively, using Thompson’s (1973: 545) Generalized Trace Operator, we

obtain (Boik, 1991: 1238)
S:=T/S.),S,=T,(S,), ® =T,(®) and A =T,(A),  (3.60)
where 7,(D)=[tr(D,)] : D, isa uxu submatrix of the ™ and '™ response

variables, for 1,I'=1,2,....,p. S,, S,, ® and A are defined by (3.7), (3.8), (3.67)

and (3.11) respectively in the DMM analysis.
Under assumption (3.51) and if multivariate sphericity (3.57) is satisfied, the

matrices S, and S are independently distributed as central and non-central Wishart
distributions as defined by (Boik, 1998: 474-475);
S, ~W, (u'® ,uv,) (3.61)
and S, ~ w, (u_l(I)*,uvh, (u(I)*)_IA*) , (3.62)
where v, =n—rank(X)=n-g, v, =rank(C), u=rank(A) and the noncentrality
matrix is A" =T ,(A), where A= -T ) )[C(X'X)'C'T'(I'-T'y)is as in (3.11).
For the high dimensional problem of MMM, if uv, < p, the error SSCP matrix

S is singular with rank(S))=uv, < p. Thus a classic multivariate test, such as

e
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Wilks’ Lambda criterion defined in (2.72), is not available for high dimensional
MMM analysis.

In the same manner as in high dimensional DMM, this dissertation proposes
modifications of Dempster’s and Bai and Saranadasa’s tests to analyze the MMM

when v,u < p.

Define
. (@)
o=@V i (363)
P
*\2
and p = @) (3.64)
a,

For MMM analysis, it is assumed that:

(1) p—>oo, n—>ow, tisfixed and vu<p (3.65)
() })iirolcafzafo ,for i=1,...,4, and 0<a, <o (3.66)

(3) For the local alternative hypothesis,

0<limM<

P p

o ,fori=1...,4, (3.67)

where E =(®")"?A"(®")™"? and A" is as defined in (3.60)

Lemma 3.5 Under assumptions (3.51) and (3.66), and as n — o, the consistent

estimators of @, and a, are respectively given by

@ = o ’ (3.68)
uv,p

At 1 o _L o

“ T w — D, +2)p ((82)7) o (r(SD) |- (3.69)

Proof. This is similar to the proof of Lemma 3.2 given in Appendix A by substituting

S’ instead of S, p instead of pu, and uv, instead of v, .
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Corollary 3.2 The consistent estimator of b" is given by

A%\2
P _(‘2*) , (3.70)
2

where a, and a, are given by (3.68) and (3.69), respectively.

3.2.1 Generalization of Dempster’s Test
Correspondingly, the generalization of Dempster’s test in DMM analysis as

defined by (3.20), the generalization of Dempster’s test in MMM analysis, denoted by
T, for testing hypothesis (3.55) is

L r(S,)

= . 3.71
: uv, tr(S.) G71)

The approximate distribution of 7 under the null hypothesis is derived and

given in Theorem 3.5.

Theorem 3.5. Under the null hypothesis (3.55) and assumption (3.51) and (3.66), if

multivariate sphericity (3.57) is satisfied,

BT < f)=F(f.|un,d" |.|uv,d" ),
where P, denotes that the probability is being calculated under the null hypothesis
and F(f,v,,v,) denotes the cumulative F distribution at /' with v, and v, degrees of

freedom, and | x | denotes the largest integer < x. d" is defined by

g @OF _ pla)
v(®))  q

Since dis the function of unknown parameter @, d” can be estimated by

pb’.

A%\D
i =Par_ g
a,

Proof. Under the null hypothesis and if multivariate sphericity (3.57) is satisfied, S,

and S, are independently distributed as central Wishart distributions, w, (D, uv,)
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and Wp(q)?,uvh), respectively (Boik, 1988: 474-475). Subsequently, traces of S and

S’ can be written in the form (Glueck and Muller, 1988: 2139)

(S =3 A, (3.72)
k=1

and r(S)) =3 A, . (3.73)
k=1

where ul* cand u;k are independently distributed as chi-squared random variables with

uv,and uv, degrees of freedom, respectively.

tr(S))and #(S,) are the finite positive weighted sums of a set of

independent central chi-squared random variables which can be approximated by a
single scaled central chi-squared distribution (Muller and Barton, 1989: 554). To
define the approximate distribution, the first and second moments of (3.72) and (3.73)

are equated to those of the approximated single scaled central chi-squared

distribution. The first and second moments #(S.)and #(S,), defined by (3.72) and

(3.73), are
E[tr(S:)J = uvei/"t,: : Var[tr(S:)J = 2uvei(/"t,:)2 (3.74)
and E[tr(Sj1 )J = uvhi/"t,: , var [tr(SZ)J = 2uvhi(}t;)2 . (3.75)

Defining the approximate central chi-squared distributions of #(S,)and
r(S,)as 1(S))~w, x> and 1(S;)~w, x>, the degrees of freedom 7, and positive
weight w. can be solved by equating the moments defined in (3.74) and the moment

of the approximate w;(f* distribution. Similarly, the degrees of freedom 7, and

positive weight w, can be solved by equating the moments defined in (3.75) and the

moments of the approximate w, x> distribution of #(S,). The first and second

moments of the approximate central chi-squared distributions of #(S.)and #(S,)

are

E[(S))]=w'r,, var[tr(S)) |=2(w')"r] (3.76)
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and E[tr(S})|=w'r, . var[ 1r(S}) |=2(w")r; . (3.77)
Equating the first and second moments of #(S.) from (3.74) and (3.76) and
the first and second of tr(SZ) from (3.75) and (3.77), the two following equations are

obtained to solve for w", 7. and 7, as follows:

ko

P P
wr, =uv, > A, and 2(w))’r =2uv,> (1),
= pt

p * * p *
w,r, =uv, Y. A, and 2(w,)’r =2uv, Y. (4;)*.
k=1 k=1

The solutions of the above four equations are

p *\2 *
% i () _9
Wg = Wh —p—ﬂl*_ a* ]
k=1""k 1
2
p * N
o (Zk:lﬂ’k) _ (Cll) _ b*
le =W, &Sy v WP SW.p
kzl(j’k) a,
2
p * #\2
o (ZLE) (a) :
and v, =uv,—————=uv,p——=uv,pb .
h h P BN h h
kzl(j’k) @

Using notation d, where d = pb’, to simplify the notation of the degrees of
freedom, 7, =uv,d” and 7, =uv,d", then, under the null hypothesis, the distribution of
T is approximated by

. tr(S.)/uv,
P <f)=P] —+—"=<
& <7) (tr(Sh)/uve 4

* 2
. Wi Z i /uv,
=P| ;
WX g/ UVe

. p Zjv,ld* /uvhd*

> d*<
Ko Ve

= P(F:tv,,d*,uved* < f) :

Since d' consists of an unknown parameter b , by Corollary 3.2, d'is

estimated by d” = pb".
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By Theorem 3.5, the null hypothesis (3.55), H:(C® A")B" =T, is rejected
at significance level o if Tl* > F(l—a,tuvhd*J,Luved*J), where v, =rank(C),

v.=n—g, d" = pub and b"is defined by Corollary 3.2.
Next, the approximate non-null distribution of 7" is derived so as to find the
power of the test. The approximate non-null distribution of 7, is given in Theorem

1

3.6.

Theorem 3.6 Under the local alternative hypothesis and assumptions (3.51), (3.66)
and (3.67), if multivariate sphericity (3.57) is satisfied, then

R <) =F(r ] 7))

where w,, w. , 7, , r.and & are respectively defined by

e

o Wt (@) +2r(PDE)) . (D))
! uv, tr (D7) + 2r(DE") tr(®)

b b

o uv, tr(®) o wv, (tr(®,))? and 5 = tr((®@)E") '

' w, (@) w'ir(®@)
Note that P, denotes that the probability is being calculated under the local alternative
hypothesis and F (f,v,,v,,0)denotes the cumulative non-central F distribution with
v, and v, degrees of freedom and non-centrality parameter &, and [x]denotes the

largest integer < x.

Proof. Under the local alternative hypothesis, if multivariate sphericity (3.57) is

satisfied, S, and S, are independently distributed as central and non-central Wishart
distributions, W, (®",uv,) and W, ((I)*,uvh,(l)*‘lA*), respectively. Subsequently,

traces of S, and S, can be written in the form
* I * *
(S =3 A, (3.78)
k=1

and r(S)) =3 A, (3.79)
k=1
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where u;, are central chi-squared random variables with uv,_degrees of freedom and
u,, are non-central chi-squared random variables with uv, degrees of freedom and
non-centrality parameter &, , which is comprised of diagonal elements of (®})"'A".

To approximate the distributions of #(S,)and #(S,), their first and second

moments are derived as

E[tr(S)]=w, X0, var[ir(S])]=2un, 3 (3" (3.80)

and E[tr(S’;)}iz,j(uvh +5)), var[tr(S’;)}i(A,j)z(zuvh +457).  (3.81)

To find the approximate central and noncentral chi-squared distributions of
tr(S.) and #(S)), denoted by #(S.)~w ;(f and #(S,)~w, ;(j 5> the first and
second moments of #(S.) and #(S,) of the approximated chi-squared distributions
are defined by

E[tr(S:)J =wr , Var[tr(S:)J =2(w.)’r, (3.82)
and  E[0r(S})]=w(r; +87), var[tr(S})]= (') (25, +45").  (3.83)

By equating the first and second moments of #(S.) from (3.80) and (3.82)

. * * .
and solving for w, and 7, , the solutions are

W: = Zf;:l (A;*)z
p ﬂlk

k=1

L (ZLE) @y
YAy (@)

By equating the first and second moments of #(S,) from (3.81) and (3.83),

and

we obtain

P P
W +8 ) =uv, > A, + D A5, (3.84)

k=1 k=1

and WY Q2 +457) = 2un, 3 (A 445 (1)5; . (3.85)
k=1 k=1
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Using the notations S, and S, for the two terms on the right hand side of
(3.84) and S, and S, for the two terms on right hand side of (3.85) to solve for w;,

% * .
r, and O , the solutions are

P P
« I 7AY 2V +2Y ()6 « . -
. S;+28, h;( ) Z;( o) O _ uv, pa, + 2tr(@})*E"))

w,

* 9

T p p * el
S, +28, w, 32423 26! uv,pa, +2tr(PLE")

k=1 k=1

_ =1
rh - * *
W, W, W,

P
.S w2, _ uv,tr(®)

P
. 2.6, -
and 5*=S2=; kkztr(q)r.:.)'

w, w, w,

Therefore, under the local alternative hypothesis, the non-null distribution of

T is approximated by

tr(S;)/uv,
tr(S.)/uv, </

w, x> . luv

. hAp 5 h

=P *'2—/ <f
WX, luv,
2 * * *

Zos't w ouvr

- h > h

- P /2 / * < _i‘ E* f
Zr: re Wh uverh

P2l | :

P(T;‘<f)=P{

3.2.2 Generalization of Bai and Saranadasa’s Test
Similarly to Section 2.1.2, the generalization of Bai and Saranadasa’s test is

adapted for testing hypothesis (3.55) in MMM analysis. The test statistic is given by

T - {zuvha;‘ (Hz_hj} ﬁ{tr(SZ)—:—’:tr(SZ)} (3.86)

e



101

Next, the asymptotic distribution of 7, is derived under the null hypothesis

given in Theorem 3.7.

Theorem 3.7 Under the null hypothesis (3.55) and assumptions (3.51) and (3.66), if

multivariate sphericity (3.57) is satisfied, then

limlim B(T} <z)=N(z),
PO

n—>0

where P, denotes that the probability is being calculated under the local null

hypothesis and N(z) denotes the cumulative standard normal distribution.

Proof. Under the null hypothesis, if multivariate sphericity (3.57) is satisfied, then
S, ~W,(®",uv,) and S, ~W (@ ,uv,),

P P
and  (S))=> Au, and r(S;)=> Lu, ,
(= pi

* 2 * 2
where u, ~ X, and u,, ~ y...

Va

Let
e tr(S’;,)—V—hrr(sa}
pPL Ve
1 [ p * * Vh *
=——=| 2 Ay =) | (3.87)
\/; _k:l ve
Consider that
Elu,, —*u, |=0, (3.88)
sV 2uv;
and var| u,, ——u,, |=2uv, + (3.89)
vE ve
Therefore,

E(T))=0

o1&, e 2uv,
and var(Ty) =—Y (A4)*| 2uv, +
P k=1 v
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. 2uv?
=a, [Zuvh + . §

e

e

=2uvha;[1+v—hj=(0';)2 <. (3.90)
A%

From (3.86) and (3.87), T, can be written in the form of 7 as

-1/2
* * 1 * *
T, ={2uvha2 [1+:—hj} ﬁ{tr(sh)—:—htr(se)}

-1/2
= {2uvha;[1+v—hj} T, (3.91)
VE

and the expectation and variance of 7, are

e e

E(T,)=0 and var(T,)=1.

Correspondingly from Lemma 3.3, it is possible that 7, from (3.91) can be

P
written as 7, =Y. c,z; , where
k=1

-1/2
. 1 . . v A
¢, = =2, and  z, =12uv, |1+ Uy, ——2u, |,
pa, Ve Ve

after which we get
2, . 11
Z(Ck)z ==
k=1 a, p

and, from (3.88) and (3.89), we obtain

Lo, a,
Z (ﬂ’k ) = _i =1
k=1 612

E(z))=0 and var(z))=1.

Therefore, if

¢;|=max ! A =0 as p—oo, (3.92)

1<k<p ’pa;

T, is asymptotically standard normally distributed as p —> 0.

max
1<k<p

From assumption (3.66), a, is assumed to be constant as p —>, ¢,

converges in probability to a constant, and it is additionally assumed that A, = O(p"),
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for 0<m < =, satisfies condition (3.92). Hence, from Slutsky’s Theorem and Lemma

3.3,
lim lim P(T} < z)=N(z). O

n—0 p—0
By applying Theorem 3.7, the null hypothesis (3.55), H:(C® A"B" =T, is
rejected at significance level o if T, > z_, where z, denotes the upper (1-a ) 100%.
To derive the asymptotic distribution of 7, under the local alternative hypothesis, u,

and u, are defined as shown below and the asymptotic distribution of #, and u, are

stated in Lemma 3.6.
Let

u = | [t(S},) —uv,tr(®}) —tr (D E)]

N

and ! [tr(S)) —uv,tr(®)].

2= Jorp |

Lemma 3.6 As p — 0 and under assumptions (3.51), (3.66) and (3.67),
u, LN{O, 2uv,a, +4tr(((I):)2E*)/p}
and u, > N(0,2a,),

where —<, denotes ‘converges in distribution’ .

Proof. The characteristic function of u, is given by

¥, (1) = Elexp(itu, )]

= E(exp(\/i; (S, ))j X E[exp( \/; [uv, tr(®}) +tr(DE ]J

1
——uv,

It 2it

pu_ﬁ

@’

-1
|- q%(lp__q)rj z
P Jr

X exp {_T[”"h”(@r) +ir(OE )]} .
p
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Now, by expansion,

2it

"

= %uvh [\2/2 tr(q)r) +[TJ t’"(((I)Y) )

2

——=uv,tr(®)+ [\/; 2uv, tr((®7))* +o(l),

2. * *
log IP—TZ;(I)jr (O

——uv, log|/
P g

+o(1)

it

I
-1
and - 4| @ [1 —ﬂcp*J =
\/}; { Y P \/}; Y

- @ [1 +j%<I>Y [j%} (@, )2}'*+0(1)}

2it 2it

EE [J?

it *
=——1r (I)Yhd

\/; J ((I)Y)3—* +0(1)

S

it

Z%fr((l) VL@} (@) E)+o(l).

Hence,

1
——uv,

it

R

L [, tr( @) + (@ E)]

p
\/;uvhtr((I)Y)%-L\/;} 2uv,tr((®)’ )+\/;tr(q)

L\z/%} (@ )E thp [uv,tor(@) +tr(DLE") ] +o(1)

2 2uvhtr((q)’;)2)
p

2it @

p_ﬁ Y

log E(¢™ ) =1log|I tr

+o(l).

= (it) +(it)

 dor(@)E
p
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Therefore,

¥, (6) = E(exp(itu; )

=exp {(it)2 —2uvhtr(p((l)’;)2) + (it)2 —4tr(((1)j &) + o(l)}

=exp {%((i;y MJF(#): MJ}

p p

X exp {% [(it)2 —2u"h”(1§(p*r)2_) + (it)2 _4”(((12;)2 E) j} xo(1)

= exp {%(it)2 [2”‘%”(;(1)’;)2) n 4”(((12; ) j}x (1+o(1)).

As p — 00, this function is in the form of a characteristic function of a normal

o . 2uv, tr(@})) ,
distribution with mean parameter 2un,r( @) and covariance parameter
p
M. Thus’ as p_)cxj’
P

i N[zuvhtr(@;))z ,4tr(((I)”;)E*)j.
p p

The characteristic function of u, is given by

¥, (1) = E(exp(ins,))

= E{exp [%p tr(S:)}}xE{exp[—%puvetr(d);)}}
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As before, we have

2it |71 2it .
log|l, — L) =——uv, log|l ——®
g P (uvgp Y 2 e g P 'uvep Y
2
1 2it . 2it .
=—uy, | —=tr(®,)+| — | tr(P}))* |+0(1)
2 \/@ ( Y) {m} ( Y))
* * 2
= ituv, (@) +(it)2 2o (@) +o(l).
uv,p
Hence,
log E(expliti)) = |1, ——2"— @' S, (@)
T e T e T

tr(q);)%-(it)z 2”’(((1);))2 _ it uvetr(q);)JrO(l)

Juv,p p \/uvep

= (it)’ —2”((3)2)2) +o(l).

=1tuv,

Therefore, we have

W, (1) = Eexpling))

= exp (it)2 %?Y)z)

+0(1)j

—exp % (i 2tr((j);)2)j><exp£ % (ir) 2tr((1;i:§})2)JX o)

= exp %(it)z %ﬁmjx(bro(l)) .

As p — o0, the characteristic function of u; is the same as the characteristic

function of a normal distribution with a zero mean parameter and covariance

20r((P,)")
p

=2a,. Thus,as p—>oo,

u;~N(O,2a;). 0
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Theorem 3.8 Under the local alternative hypothesis and assumptions (3.51) and

(3.67), if multivariate sphericity (3.57) is satisfied, then

11mP(T >Z)—11mN( o, , r(@E )j

e o, w O\ P

Proof. Consider

u:— Wy {tr<s;>—uvhtr<<1>;>—rr<<1> )]—”Vh [er(S)) - uvrr@m}

E

{tr(S) (@5 -2 tr(SZ)}

p

where T, and o, are defined as in (3.91) and (3.87), respectively.

Note that u, and u, are independently distributed and, from Lemma 3.5, we

obtain
E(ul* /e uzlzo
.
. Ar((DL)ED vh 20

* V *
and  var|u, ——=u, |=2uv,a, + ————
N p v,

2—*
- 2uvha;(l+ :’} ) w

_ (0';)2 4””(((1)1()2—*
=(0,)’ <>.

Thus, from Lemma 3.6, as p —> 0,

Yy N{O, 2uvha;(1+v—h)+—4tr((q)‘f) = )}
v p

.
U ———=U, —
v@

e
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Hence, as p >,

L* U ——= Y u, |=—| o,, —r(—Y)J%N(O,l).
0, \/Z ) \/;
Thus,
R(Ty >z,)= P (0T, >0,2,)
ow r(@E . r(DE
_p[or MGQJ
7 7
ow tr(DFE 1 . w(@F
_pl g @ED) 1 G<_>]}
0, \/; 0, \/;
; D E
=P Z>O-fiza r(®, )},
0, 0'2\/;
and lim B(T, >za)=11mPl{ ¥z, (@2 }
P e 0, 0'2\/;




CHAPTER 4

SIMULATION STUDY

4.1 Simulation Design

In this chapter, the performance of the proposed tests, 7; and 7, for the high

dimensional DMM and 7, and 7, for the high dimensional MMM, are evaluated

using simulation studies. Both under the null and local alternate hypotheses and using
the upper 5% limit, the powers of the test statistics are evaluated using a Monte Carlo

simulation and are calculated based on 5,000 iterations.

4.1.1 Multivariate Repeated Measurements Design

Multivariate repeated measurements were simulated using three groups (g =
3) and repeated three times (#=3). The number of observations were set for four
cases as 15, 30, 60 and 90 (n=15,30,60,90). There were two cases of an equal
number of subjects in each group, n=15 (n,=n, =n,=5) and n=60 (n, =n, =n,
=20), and two cases of an unequal number of subjects in each group,n =30(n, =8,
n,=10, ny=12)and n=90(n, =25, n, =30, n, =35).

The dimensions of the response variables were chosen for each case of
observations. For n =15, the dimensions were set at 30, 45, 60 and 75, for n=30,
the dimensions were set at 60, 90, 120 and 150, for n =60, the dimensions were set
at 120, 180, 240 and 300 and, for n =90, the dimensions were set at 180, 270, 360
and 450.

Using the DMM Y, =X B __ +U . an nxpt error matrix U was

nx pt nxg - gxpt nxpt >
firstly generated for each group by using a multivariate normal distribution with a

zero mean matrix and a positive definited covariance matrix X =X =X =X.
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The simulation was studied in two cases of X: X =1  and X =151  +0.5J . After

this, the nxpt response matrix Y was constructed using the DMM

Y,,=X,.B,,+U,,, where X is a nxg constant design matrix and B is a

g x pt parameter matrix. The design matrix X and parameter matrix B are defined

lnl 0 0
X,;=[0 1 0 |,wherel,isan mx1 vector of ones, and 4.1)
0 0 ln3
1) 1) (OIS (2) @) | ) (p) ()
My g Hhy o By Mo Myt Ha Hyp o His
_ 1) 1) m i, (2) ) i ) (p) ()
B3><3p =\ My My Hyy | My Hyy o Mo ; ; Hap Mo Mz’ |- (4.2)
1) 1) @ @) (2) (2) i (p) (p) ()
Hyp My Hay f M3 Hap Haz i H31” Mz Hiy

For testing the null hypothesis (2.18), H:CB(I, ® A)=T"j, the parameter

matrix B (4.2) was set so that B =B, and for testing the local alternative hypothesis,

B =B,, as follows:

Boz[ﬂ(l)J3x3 H(Z)J3x3 u(p)J3x3]3x3p
RO iu(z) u® @ ! ! u? gy
_ ﬂ(l) ﬂ(l) u(l) %ua) #(2) /1(2) = = /l(p) /l(p) /l(p) (4.3)
g " uO i u® u® u® ey g g
where u” ~U(5,6), for [=1,2,...,p.
B1 = Bo +6[D3><3 D3><3 D3><3] ) (4.4)
where
1 05 025
D,,=/05 025 0 |and 6§=0.1,0.2,0.3,0.4,0.5,
0 0 0
uV+68 w4056 pu"+0258 |l u”+8 u? +0.55  u”+0255
= u"+056 pu"+0255 u® } } u?+0.55 u”+0255 u'”
e e e L e u?
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4.1.2 Between- and Within-Subjects Contrast Matrices
To test the Multivariate General Linear Hypothesis (2.18),

H:CB,(I, ®A)=T, the v,xg between-subjects contrast matrix C of
rank(C)=v, < g and the rxu within-subjects contrast matrix A of rank(A)=u <t
were set for testing the group X time interaction effect , and the group and time

effects, as follows:

/N2 -1/46

1 0 -1
C,,= and A,,;=| 0 2/+/6 | for the group xtime effect (4.5)
01 -1
~1/42 -1/46
1/43
1 0 -1
C,,= {0 | J and A, =1/ V3 | for the group effect (4.6)
1/43
1N2 -1/46
C.= [1 1 1] and A,,=| 0 2/~J6 | for the time effect (4.7)

~1/2 -1/6

From the contrast matrices C and A as defined above, the mean matrix

B=B,, defined in (4.3), was used to test the null hypothesis H :CB,(I, ® A)=0

as follows:

For testing the group xtime effect, the null hypothesis is

Hy: [TV {T® | [ T”]=0,,,, (4.8)
where
() =) = () = 1)) (=) + 203 — ) — (=) + 20485 — 153)

() = ) = () — 1)) (=) + 205 — 1)) — (=) + 20485 — 3)

72 o

for /=12,....p.
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For testing the group eftect, the null hypothesis is

Zlu(l)

zy(l)

3
2) (2)
kZ:] I Z 75

zu(p)

zu(p)

\/,
ilu(l)

NG
Z#(l)

B f
3
2) (2)
kZ 1 Z 75

5
zu(p)

3
k=1

5
zu(p)

O

N

5

=0, . (4.9)
For testing the time effect, the null hypothesis is
Hy: [TV IT® [T ]=0,,,, (4.10)

where I'; isa 1x2 sub-matrix of I'=CB(I, ® A) for each I™ variable such that

> () - ) z< w42~ p?)

r,=| -
’ V2 Jo

(1x2)

,for I=1,2,...,p.
To test the local alternative hypothesis, the mean matrix B=B,, defined in
(4.4), was used for testing H :CB(I, ® A) =T for the group x time interaction

effect , and the group and time effects, as follows:

For testing the group xtime effect, the local alternative hypothesis is

H, [T [T® .. {1"]
0.756 0 | 0 ! ! 0.756 0
_| 2 | ) B (@.11)
0.55 0255 | 0.55 0256 | 055 0255| °
N-RN R BN RN R BN SN
where
() =) = () = ) (=) + 203 — ) = (=) + 208 — 113
r(l)_ \/E \/g
() = ) = () = 1)) (=) + 248 = ) = (=) + 241 — sy

72 N3

for/=1,2,...,p
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For  testing the group effect , the local alternative hypothesis is

(T -] (Tu -2 ) (S-S

k=1

HEw-sw) H{ue-sar) . (S -Sur)

k=1

H

a2'

QI

156 1.55 1.55
NEN] 3 . (4.12)
0.55 0.55 0.55

R A

For testing the time effect, the local alternative hypothesis is

H,: [TV [T® .. i1"]

(4.13)

{155 055'155 055l '1.55 0.55}
x2p

NI N 3 Rl VR

where I'; isa 1x2 sub-matrix of I'=CB(I, ® A) for each I"™ variable such that

L/—Z(u(” ) \/—Z( —u) +2py) - ) } for /=1,2,....p
(1><2)

4.1.3 Computation of the Test Statistics
To test the Multivariate General Linear Hypothesis (2.18), the four proposed

test statistics, 7, (3.20) and T} (3.45) in DMM analysis, and T, (3.71) and 7, (3.86) in
MMM analysis, were computed from the generated response matrix described in
section (4.1.1). The hypothesis (2.18) is rejected at significance level a if

_ ve tr(Sh)
b vh tr(Se)

-1/2
. 1
T, = {2vha2 [1+z—hj} T {tr(sh) —z—itr(se)} >z, (4.15)

7= W r(S;)
" wv, 1r(S)

-1/2
and T, = {2uvhd; [1 + v—"j} L{tr(S:) —v—”tr(S:)} >Z s (4.17)
v )l e V.

>F(f., ,Lvh&J,Lve&J) , (4.14)

>F(ﬁ_a,tuvhd*J,Luv€d*J), (4.16)
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where v, =n—g, v, =rank(C). The pux pu error and hypothesis SSCP matrices,

S,and S, in the DMM analysis, are computed by

S, =(I,® A YL, -X(X'X)"'X'IY(I, ® A)

and S, =(CB(I, ® A)Y[C(X'X)'C'T'CB(I, ®A),

where B=(X'X)"'X'Y, and similarly, the pxp error and hypothesis SSCP

matrices, S, and S,, are obtained using Thompson’s Generalized Trace Operator of

S,and S, such that

S.=T,8.)=

SZ :Tp(sh) =

(S0 (S
tr(S(:l)) tr(S(:z))

_tr(S(fl)) tr(S(epz))

u u

Sar S

| k= k=1

r(SI)  r(S1)
r(S2) (S

#(SU") (S

B u u
an (12)
Zshu Z Shy
k=1 k=1
2D N ()
Z Shy Z Shy
k=1 k=1

u u
(pl) (p2)
Z Shu Z ShAk
| k=1 k=1

r(S807) |
tr(S(:p))

tr(s(epp))_

1p)

=, (4.18)

Ckk
k=1

tr(S") |
(S}

(SY)

" ()

P
2.5
k=1

(4.19)

L (2D)

P
2 S
k=1

()
pp

25

k=1 i
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where S and SU" are the uxu sub-matrices of S, and S, of the /™ and /"

response variables, for /=1,2,...,p and I'=1,2,..., p, such that

S(ll') any . " ary aury aur

ell el2 Selu mt o Spz 7 Shi
) r ur «ur U8} U8
Siﬂ’) _ Se‘21 Se.22 Se.zlf and S;ﬂ’) _ Sh‘21 Sh.22 Sh.Zu .
ary iy o ary ry
Seul SeuZ e euu Shul Sth e Shuu

The matrices C and A taken in the form of (4.5), (4.6), and (4.7) were used

to compute S, and S, for testing the group x time interaction effect , and the group
time effects. The degrees of freedom (df) of S, and S, are v,=n—g and

v, =rank(C) and the degrees of freedom (df) of S” and S, are uv, and uv,.

P u
Note that, in the DMM, #(S,)=> s, tr(S7)=> > (s"), (S,) =

P u
I=1 k=1 I=1 k=1

u

P P u
Y5 and  #(S;) =Y (s;) . In the MMM, it was shown that #(S;)=

=1 k I=1 k=1

=

P P u 2 P u )4 u 2
3350, zr((s:y):z(zsgpj () =335 and zr((s;y):z(zs,gjpj .

I=1 k=1 I=1 \ k=1 I=1 k=1 =1 \ k=1

Thus, we obtain
tr(S,)=tr(S)) and #(S,)=t(S,), (4.20)
tr(S2)<tr((S))*) and (S;)<tr((S})*). (4.21)
The consistent estimators 4, and 4, defined in Lemma 3.1 and 4 and 4, in

Lemma 3.5 were used to analyze the DMM and MMM tests:

&lztr(Se),

v, pu
Q, = ! tr(Sz)—i(tr(S )’
-, +2pul T v, ]

i r(S.)

1
uv,p

. 1 ey 1
and “= (uv, -D(uv,+2)p {tr((SE) ) uv

e

(tr(S:))z} .
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A A¥ . . * A A A%
a,and a, were used to compute the test statistics 7, and 7, . 4, , a,, 4, and

a, were used to compute the degrees of freedom of the approximate F distributions

A2 AFND
of 7} and 7, in the forms d =plf;‘1 and d” =@. Note that, from (4.20) and
a, a,

(4.21), a,=a, but a,#4a, .

To test the interaction or time effects, the dimensions of the SSCP matrices S,
and S, are puxpu and the dimensions of the SSCP matrices S and S, are
pxp. When comparing the test statistics 7, with 7]* (3.45) and T, with T;, it was
found that 7, =7, and T, =T, since 4, #4, .

To test the group effect, rank(A)=u=1 and S, and S, are pxp SSCP
matrices which are the same as S’ and S,. From (4.21), #(S?)=#((S.)?) and
r(83)=1r((S;)*), then 4, =4 and a,=d,. Therefore T, =T and T, =T, , this

implies that the results of the DMM test are the same as for the MMM test.

4.1.4 Attained Significance Levels
To compare the four test statistics, 7; (4.8) and 7, (4.9) for DMM and T
(4.10) and T, (4.11) for MMM, it was necessary to define the attained significance

levels. Let f and f .. be 100(1-a)% quantiles of the approximated null

-0,V .y

distribution of the test statistics 7, and 7, , where vlszhc;’J, V2=LV66;'J=
vszuvhc;’*J and vzzLuveé’*J. Let z_, be the 100(1-)% quantile of the

asymptotic null distribution of the test statistics 7, and T,. With m =5,000

replications of the data set simulated under the null hypothesis at nominal significance

level a =.05, the attained significance levels of 7;, T,, T, and 7, were computed as

Hof T > o HofT > f . )
G - ( 1> o950, , & = L~ 095w (4.22)
m m

dz — (# Of]—'2 > ZOA‘)S) and a"; — (# Of]; > ZOA95) ) (423)
m m
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4.1.5 Empirical Power of Tests

To compute the empirical power of the tests, critical points f and

—a,vy,v,

for 7, and T, respectively and critical point z, , for 7, and T, were used at

A

l—oc,v]*,v2
significance level a =.05. With m =5,000 replications of the data set simulated
under the local alternative hypothesis with given choice of CBM = 0, the empirical

powers of the tests, using 7;, 7,, T, and T, respectively, are

[’; _ (# szl > f95,vl,v2) S* _ (# Of T{* > ‘f;)A95,vl*,vl*)

! , ) , (4.24)
m m
Bz — (# Of 712’/}/l> ZOA‘)S) and B; — (# Of 712’/}/l> ZOA‘)S) . (425)

4.2 Attained Significance Levels

The simulation results of the attained significance levels of 7, 7,, 71* and T;,
respectively denoted by @,, &,, & and &, in (4.18) and (4.19), for testing the
interaction effect, and the group and time effects, were calculated in each case of the
number of variables (p) and number of subjects (n). The dimension (dim) of the error
SSCP matrix S,, degrees of freedom (df) of S, and the ratio of dimension and
degrees of freedom S,, r=dim/df, were computed in each case of p and n to

indicate the high dimensional framework such that dim > df or » > 1.

42.1 Case X, =X, =X, =1,
The simulation results of the attained significance levels of the four proposed
tests, 7, and 7, from the high dimensional DMM analysis and 7, and 7, from the

high dimensional MMM analysis, to test the interaction effect, and the group and time
effects, are respectively shown in Tables 4.1 to 4.3.

The results in Table 4.1 can be summarized in that the attained significance

levels of the 7, and 7 tests of interaction effect range from 0.0468 to 0.0572 and

0.0480 to 0.0564, respectively, which are reasonably close to the nominal level
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a =.05 for all cases of n and p. The attained significance levels of the 7, and T,

tests of the interaction effect respectively range from 0.0522 to 0.0652 and 0.0516 to
0.0650, close to the nominal 0.05 level, when n =60 and »=90. Unfortunately,

when n is small, the attained significance levels of the 7, and 7, tests range from

0.0598 to 0.0762 and 0.0596 to 0.0742 which, in some cases, is not close to the

nominal .05 level, especially when n =15.
Figure 4.1 shows that the attained significance levels of the 7, and T, tests

from the DMM and MMM analyses seem to behave in a similar manner and close to

the nominal .05 level for all cases of » and p. The attained significance levels of the
T, and T, tests also have similar results but they are larger than those of the 7; and
T, tests for all cases of n and p. When n increases, the gap between the graphs of
the two types of tests decreases and the attained significance levels of the 7, and T,
tests are close to those of the 7, and 7, tests when  is large.

For testing the group effect, the test results for DMM and MMM were the

same. Table 4.2 shows that the attained significance levels of the 7,(=T;") test range
from 0.0442 to 0.0544, close to the nominal .05 level, for all cases of #n and p. The
attained significance levels of the 7,(=T7, ) test range from 0.0496 to 0.0598 which

are close to the nominal .05 level when n = 60 to 90, but they range from 0.0598 to
0.0806 when n = 10 to 30 which, in some cases, is not close to the nominal 0.05 level,

especially when n = 15.

Figure 4.2 shows that the attained significance levels of the 7,(=T,") tests
from the DMM and MMM analyses are close to the .05 level for all cases of n and p .
The attained significance levels of the T, (=T, ) tests are larger than those of the 7
(=T) tests for all cases of n and p. When n increases, the gap between the graphs
of the two types of tests decreases and the attained significance levels of the 7, (=T, )

tests are close to those of the 7, and 7; tests when n is large.
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Table 4.1 The Attained Significance Levels of the 7;, T,, T,'and T, Tests of the

Interaction Effect under the Null Hypothesis when X, =X, =X, =1

DMM MMM
Attained
p n dim  df Attained dim df Significance
@2p) W) r Significance Level (p) (@v) r Level

& a, & &
30 15 60 12 5.00 0.0524 0.0756 30 24 1.25 0.0512 0.0724
45 15 90 12 7.50 0.0500 0.0744 40 24  1.88 0.0492 0.0688
60 15 120 12 10.00 0.0558 0.0762 60 24 250 0.0532 0.0742
75 15 150 12 12,50 0.0498  0.0720 70 24 313 0.0518 0.0708
60 30 120 27 444 0.0512 0.0658 60 54 1.11 0.0524 0.0644
90 30 180 27 6.67 0.0510 0.0614 90 54  1.67 0.0486 0.0606

120 30 240 27 8.89 0.0502  0.0620 120 54 222 0.0506 0.0604
150 30 300 27 11.11 0.0508 0.0598 150 54 278 0.0488  0.0596

120 60 240 57 421 0.0572  0.0652 120 114 1.05 0.0564 0.0650
180 60 360 57 632 0.0522  0.0584 180 114 1.58 0.0526 0.0596
240 60 480 57 8.42 0.0510 0.0550 240 114 211 0.0510 0.0556
300 60 600 57 10.53 0.0498 0.0570 300 114 2.63 0.0496 0.0572

180 90 360 87 4.14 0.0522  0.0566 180 174 230 0.0520 0.0562
270 90 540 &7 6.21 0.0500  0.0548 270 174 235 0.0504 0.0550
360 90 720 87 8.28 0.0492  0.0538 360 174 236 0.0492  0.0532
450 90 900 &7 10.34 0.0468  0.0522 450 174 236 0.0480 0.0516
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Figure 4.1 The Attained Significance Levels of the 7, 7,, T and 7, Tests of the

Interaction Effect under the Null Hypothesis when X, =X, =X, =1
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*

and 7, Tests of the

Group Effect under the Null Hypothesis when X, =2, =X, =1 ,

DMM*

p n dim dfr Attained Significance Level

(p) ) g &, =a &, =a,
30 15 30 12 2.50 0.0544 0.0806
45 15 45 12 3.75 0.0502 0.0764
60 15 60 12 5.00 0.0528 0.0740
75 15 75 12 6.25 0.0482 0.0726
60 30 60 27 2.22 0.0496 0.0644
90 30 90 27 3.33 0.0498 0.0632
120 30 120 27 4.44 0.0470 0.0606
150 30 150 27 5.56 0.0480 0.0598
120 60 120 57 2.11 0.0500 0.0568
180 60 180 57 3.16 0.0484 0.0548
240 60 240 57 421 0.0456 0.0522
360 60 360 57 6.32 0.0536 0.0598
180 90 180 87 2.07 0.0468 0.0522
270 90 270 87 3.10 0.0454 0.0512
360 90 360 87 4.14 0.0442 0.0496
450 90 450 87 5.17 0.0520 0.0562

Note: * The results of the 71* and T;tests from MMM are the same as those of the ]I and ]; tests
from DMM, as described in Section 4.1.3
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Figure 4.2 The Attained Significance Levels of the 7, 7,, T, and 7, Tests of the

Group Effect under the Null Hypothesis when X, =X, =X, =1 |
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Table 4.3 can be summarized as the attained significance levels of the 7] and
T tests of the time effect respectively range from 0.0444 to 0.0568 and 0.0436 to
0.0560, which are reasonably close to the nominal .05 level, for all cases of n and p.
The attained significance levels of the 7, and 7, tests of the time effect range from

0.0510 to 0.0604 and 0.0516 to 0.0600, respectively, close to the nominal 0.05 level,

when n= 60 and n= 90. Unfortunately, when »n is small, the attained significance

levels of the 7, and T, tests range from 0.0564 to 0.0780 and 0.0562 to 0.0762

which, in some cases, are not close to the nominal .05 level, especially when n = 15.

The plots of the attained significance levels of the four tests for the time effect
in Figure 4.3 show that the two lines of attained significance levels of the 7, and T,
tests are similar and close to the nominal .05 level for all cases of n and p. The two
lines of attained significance levels of the 7, and 7, tests are also similar but those of
T, and T, are larger than those of the 7, and 7, tests for all cases of n and p. When
n increases, the gap between the graphs of the two types of tests decreases and the

attained significance levels of the 7, and 7, tests are close to those of the 7, and T,

tests when 7 is large.
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Table 4.3 The Attained Significance Levels of the 7, T,, T, and T, Tests of the

Time Effect under the Null Hypothesis when X, =X, =X, =1

DMM MMM
Attained Attained
p n dim df Significance dim df Significance
e o) Level » @ 7 Level
& &, & &

30 15 60 12 5.00 0.0568 0.0780 30 24 125 0.0560 0.0762
45 15 90 12 7.50 0.0520 0.0694 45 24 1.88 0.0522 0.0686
60 15 120 12 10.00 0.0566 0.0762 60 24 250 0.0556 0.0734
75 15 150 12 12,50 0.0496 0.0630 75 24 3.13 0.0476 0.0614
60 30 120 27 444 0.0444 0.0564 60 54  1.11 0.0436 0.0562
90 30 180 27 6.67 0.0486 0.0588 90 54  1.67 0.0480 0.0582
120 30 240 27 8.89 0.0520 0.0622 120 54 222 0.0520 0.0624
150 30 300 27 11.11 0.0516 0.0584 150 54 278 0.0518 0.0592
120 60 240 57 421 0.0464 0.0542 120 114 1.05 0.0458 0.0542
180 60 360 57 6.32 0.0482 0.0538 180 114 1.58 0.0482 0.0538
240 60 480 57 8.42 0.0518 0.0574 240 114 2.11 0.0508 0.0576
300 60 600 57 10.53 0.0540 0.0604 300 114 2.63 0.0540 0.0600
180 90 360 87 4.14 0.0500 0.0546 180 174 1.03 0.0506 0.0550
270 90 540 87 6.21 0.0496 0.0522 270 174 1.55 0.0486 0.0524
360 90 720 87 8.28 0.0514 0.0550 360 174 2.07 0.0516 0.0554

450 90 900 87 10.34 0.0468 0.0510 450 174 259 0.0466 0.0516
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Figure 4.3 The Attained Significance Levels of the 7}, 7,, T and T, Tests of the

Time Effect under the Null Hypothesis when X, =%, =X, =1



126

4.2.2 Case X =151 ,+0.5J
The simulation results of the attained significance levels of 7} and 7, for the
DMM analysis, and 7, and 7, for the MMM analysis, for testing the interaction

effect, and the group and time effects, when X =1.51 , +0.5J , are shown in Tables

4.41t04.6.

The results in Table 4.4 can be summarized as the attained significance levels

ofthe 7, and T, tests of the interaction effect range from 0.0444 to 0.0574 and 0.0416

to 0.0556, respectively, which are reasonably close to the nominal .05 level, for all

cases of n and p. The attained significance levels of the 7, and 7, tests of the

interaction effect respectively range from 0.0528 to 0.0624 and 0.0524 to 0.0610,

close to the nominal 0.05 level, when n =60 to n =90. However, when n =15to n
= 30, the attained significance levels of the 7, and T; tests range from 0.0572 to

0.818 and 0.0576 to 0.0772 which, in some cases, are not close to the nominal 0.05
level.

Figure 4.4 shows that the two plots of the attained significance levels of the 7
and T tests from the DMM and MMM analyses are similar and close to the nominal
.05 level for all cases of n and p. The two plots of the attained significance levels of
the 7, and 7, tests are similar but larger than those of the 7} and T, tests for all cases
of n and p. When n increases, the gap between the graphs of two types of tests
decreases and the attained significance levels of the 7, and 7, tests are close to those

of the 7; and 7, tests when n is large.
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Table 4.4 The Attained Significance Levels of the 7, T,, T, and T, Tests of the

Interaction Effect under the Null Hypothesis when X =1.51 , +0.5J ,

DMM MMM
Attained Attained
p n  dim df Significance dim  df Significance
ep o) " Level (» @y F Level

é é, a a,
30 15 60 12 5.00 0.0444 0.0652 30 24 1.25 0.0416 0.0630
45 15 90 12 7.50 0.0538 0.0778 45 24 1.88 0.0518 0.0754
60 15 120 12 10.00 0.0500 0.0716 60 24 250 0.0498 0.0692
75 15 150 12 12.50 0.0574 0.0818 75 24 3.13 0.0556 0.0772
60 30 120 27 444 0.0512 0.0622 60 54 1.11 0.0514 0.0630
90 30 180 27 6.67 0.0494 0.0628 90 54 1.67 0.0492 0.0616
120 30 240 27 889 0.0528 0.0644 120 54 222 0.0532 0.0648
150 30 300 27 11.11 0.0476 0.0572 150 54 278 0.0476  0.0576
120 60 240 57 421 0.0488 0.0562 120 114 1.05 0.0480 0.0564
180 60 360 57 632 0.0490 0.0542 180 114 1.58 0.0484 0.0542
240 60 480 57 842 0.0556 0.0624 240 114 2.11 0.0552 0.0610

300 60 600 57 10.53 0.0510 0.0562 300 114 2.63 0.0518 0.0552

180 90 360 &7 4.14 0.0470 0.0528 180 174 1.03 0.0464 0.0528
270 90 540 &7 6.21 0.0510 0.0582 270 174 1.55 0.0520 0.0578
360 90 720 87  8.28 0.0494 0.0532 360 174 2.07 0.0492 0.0524
450 90 900 &7 10.34 0.0516 0.0556 450 174 259 0.0522  0.0550
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Figure 4.4 The Attained Significance Levels of the 7, T,, T, and T, Tests of the

Interaction Effect under the Null Hypothesis when X =1.51 , +0.5J ,
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For testing the group effect, the performance of the tests for DMM and MMM

are the same. Table 4.5 shows that the attained significance levels of the 7, (=T,")

test range from 0.0466 to 0.0544, reasonably close to the nominal 0.05 level, for all

cases of n and p. The attained significance levels of the 7, (=T, ) test range from

0.0530 to 0.0610, reasonably close to the nominal 0.05 level, when n = 60 and 90, but
the range broadened to 0.0590 to 0.0820 when » = 15 and 30, which is outside the

nominal .05 level.

Figure 4.5 shows that the attained significance levels of the 7,(=T") tests
from the DMM and MMM analyses are close to the .05 level for all cases of n and p
. The attained significance levels of 7,(=T7, ) are larger than those of the 7,(=T,)
tests for all cases of » and p. When n increases, the gap between the graphs of the
two types of tests decreases and the attained significance levels of the 7, (=T, ) tests
are close to those of the 7; and T} tests when 7 is large.

The results in Table 4.6 can be summarized as the attained significance levels

of the 7, and T, tests of the time effect respectively range from 0.0458 to 0.0548 and

0.0452 to 0.0546, which are reasonably close to the nominal .05 level, for all cases of

n and p. The attained significance levels of the 7, and T; tests of the time effect

range from 0.0498 to 0.0594 and 0.0498 to 0.592, respectively, close to the nominal

.05 level, when n = 60 and n = 90. Nevertheless, when #n is small, the attained
significance levels of the T, and 7, tests range from 0.0556 to 0.0704 and 0.0552 to

0.0698, respectively, which, in some cases, are not close to the nominal 0.05 level.

Figure 4.6 shows the plots of the attained significance levels of the four tests

for the time effect. The two plots of the attained significance levels of the 7, and T
tests are similar and close to the 0.05 level for all cases of n and p. The two plots of
attained significance levels of the 7, and T, tests are also similar but the attained
significance levels of 7, and T, are larger than those of the 7, and T} tests for all

cases of n and p. When n increases, the gap between the graphs of the two types of
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tests decreases and the attained significance levels of the 7, and T, tests are close to

those of the 7, and T tests when n is large.

Table 4.5 The Attained Significance Levels of the T, T;, T, and T, Tests of the

Group Effect under the Null Hypothesis when X =1.51 , +0.5J

DMM*

p n dim dar . .

(p) 3) r % = =%
30 15 30 12 2.50 0.0530 0.0820
45 15 45 12 3.75 0.0486 0.0748
60 15 60 12 5.00 0.0508 0.0724
75 15 75 12 6.25 0.0506 0.0724
60 30 60 27 2.22 0.0514 0.0644
90 30 90 27 3.33 0.0496 0.0640
120 30 120 27 4.44 0.0544 0.0644
150 30 150 27 5.56 0.0486 0.0590
120 60 120 57 2.11 0.0520 0.0610
180 60 180 57 3.16 0.0488 0.0566
240 60 240 57 4.21 0.0494 0.0582
360 60 360 57 6.32 0.0500 0.0566
180 90 180 87 2.07 0.0516 0.058
270 90 270 87 3.10 0.0466 0.0542
360 90 360 87 4.14 0.0516 0.0572
450 90 450 87 5.17 0.0502 0.0530

Note: * The results of the ]I* and ];*tests from MMM are the same as those of the 7] and T, tests

from DMM, as described in Section 4.1.3
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Figure 4.5 The Attained Significance Levels of the 7;, 7,, 7, and T, Tests of the

Group Effect under the Null Hypothesis when X =1.51 , +0.5J ,
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The results in Table 4.6 can be summarized as the attained significance levels
of the 7; and T, tests of the time effect respectively range from 0.0458 to 0.0548 and
0.0452 to 0.0546, which are reasonably close to the nominal .05 level for all cases of
n and p. The attained significance levels of the 7,and T, tests of the time effect

range from 0.0498 to 0.0594 and 0.0498 to 0.592, respectively, again close to the

nominal .05 level, when n = 60 and n = 90. Nevertheless, when #n is small, the
attained significance levels of the 7, and 7, tests range from 0.0556 to 0.0704 and

0.0552 to 0.0698 which, in some cases, are not close to the nominal 0.05 level.

Figure 4.6 shows the plots of the attained significance levels of the four tests

for the time effect. The two plots of the attained significance levels of the 7, and T
tests are similar and close to the 0.05 level for all cases of n and p . The two plots of
the attained significance levels of the 7, and 7, tests are also similar but larger than
those of the 7, and T} tests for all cases of n and p. When n increases, the gap

between the graphs of the two types of tests decreases and the attained significance

levels of the 7, and 7, tests are close to those of the 7 and 7 tests when 7 is large.
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Table 4.6 The Attained Significance Levels of the 7, T,, T, and T, Tests of the

Time Effect under the Null Hypothesis when X =1.51 , +0.5J ,

DMM MMM
Attained Attained
P n dim df Significance dim  df Significance
en o) " Level (» @) F Level

&, &, & &
30 15 60 12 5.00 0.0492 0.0668 30 24 1.25 0.0492  0.0658
45 15 90 12 7.50 0.0520 0.0704 45 24 1.88 0.0516  0.0698
60 15 120 12 10.00 0.0500 0.0654 60 24 250 0.0500 0.0646
75 15 150 12 1250 0.0512 0.0672 75 24 3.13 0.0514 0.0672
60 30 120 27 444 0.0458 0.0556 60 54  1.11 0.0452 0.0552
90 30 180 27 6.67 0.0538 0.0646 90 54  1.67 0.0546 0.0636
120 30 240 27 889 0.0548 0.0612 120 54 222 0.0542 0.0612
150 30 300 27 11.11 0.0490 0.0566 150 54 278 0.0492  0.0558
120 60 240 57 421 0.0510 0.0592 120 114 1.05 0.0514 0.0588
180 60 360 57 632 0.0520 0.0562 180 114 1.58 0.0514 0.0564

240 60 480 57 842 0.0534 0.0582 240 114 211 0.0522  0.0590
300 60 600 57 10.53 0.0476 0.0544 300 114 2.63 0.0470 0.0538

180 90 360 87 4.14 0.0544 0.0594 180 174 1.03 0.0540 0.0592
270 90 540 87 621 0.0494 0.0526 270 174 1.55 0.0492  0.0528
360 90 720 87  8.28 0.0492 0.0534 360 174 2.07 0.0492 0.0528
450 90 900 87 10.34 0.0460 0.0498 450 174 259 0.0456  0.0498
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Figure 4.6 The Attained Significance Levels of the 7;, T,, T, and 7, Tests of the

Time Effect under the Null Hypothesis when X =1.51 , +0.5J ,
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4.3 The Empirical Powers of the Test Statistics

The simulation results of the empirical powers of the 7;, T,, T, and T, tests,

repectively denoted by S, f,, Band S, in (4.20) and (4.21), for testing the

interaction effect, and the group and time effects, were calculated for each case of p

and n.

43.1 Case X, =X, =%, =1

4.3.1.1 The Interaction Effect
The empirical powers of the interaction effect tests under the local

alternative hypothesis (4.11) when n=15, 30, 60, 90 and X =X, =%, =1 are

shown in Tables 4.7 to 4.10, respectively.
The results in Tables 4.7 to 4.10 can be summarized as follows. In

each table, which shows the results of the empirical powers of the interaction effect

tests for each case of n, the empirical powers of the 7,, 7,, T, and T, tests increase as
p increases. For both the DMM and MMM analyses, the empirical powers of the 7,
tests are higher than the empirical powers of the T, test and likewise for the 7, test
when compared to the 7, test. Additionally, the empirical powers of the tests from the
DMM and MMM are similar but those of the 7, and 7, tests from DMM are slightly
higher than those of the 7, and 7} tests from MMM.

From Figures 4.7 to 4.10, each figure gives two plots of the empirical

powers between the T, and 7, tests and between the 7, and 7, tests for each case of

n, and both plots from the DMM and MMM analyses in each figure are similar. From

the DMM analysis, the empirical powers of the 7] and 7, tests vary directly in

relation to the values of the constant & given in the local alternative hypothesis, and

increase when p increases for all cases of n. The empirical powers of 7, are higher
than 7, for all cases of & and p. From the MMM analysis, the variations of the

empirical powers of 7, and 7, tests are the same as those of DMM. When comparing
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the four cases of n, the plots show that the empirical powers of the 7;, T,, T, and T,

tests increase when n increases.

1

. . £ .
Table 4.7 The Empirical Powers of the 7,, 7,, T, and 7, Tests of the Interaction
Effect under the Local Alternative Hypothesis when X =X, =3 =1
and n=15
DMM
dim  df A B
P
() (v §5=0.1 5=02 5=03 5=04 5=05 5=0.1 =02 5=03 5=04 5=05
30 60 12 0.0448 00526 0.0648 0.0902 0.1278 0.0756  0.0642 0.0744 0.0952  0.1266
45 90 12 0.0566 0.0664 0.0858 0.1188 0.1654 0.0744  0.0802 0.0936 0.1156  0.1540
60 120 12 0.0534 00644 0.0870 0.1262 0.1934 0.0762 0.0754 0.0880 0.1186  0.1706
75 150 12 0.0626 00766 0.1056 0.1556 02312 0.0720 0.0858 0.1032 0.1362  0.1926
MMM
) dim  df B B,
(P W) §5=01 5=02 5=03 5=04 5=05 5=0.1 =02 5=03 5=04 5=05
30 30 24 00434 00514 0.0628 0.0856 0.1246 0.0638 0.0716 0.0924 0.1256  0.1752
45 45 24 00542 0.0644 0.0830 0.1142 0.1632 0.0774 0.0890 0.1114 0.1542 02168
60 60 24 00498 00608 0.0834 0.1250 0.1986 0.0726  0.0868 0.1158 0.1710  0.2408
75 75 24 00594 00738 0.1028 0.1522  0.2288 0.0826 0.1014 0.1356 0.1920 0.2830
Empirical DMM; n=15 Embpirical MMM ; n=15
Power Power
1.00 1.00
0.80 0.80
0.60 0.60
0.40 0.40
- - - .
0.20 —— =2 0.20 ———=—2
[ ==§= === =
0.00 0.00
0.0 0.1 0.2 03 0.4 05 5 0.0 0.1 0.2 03 04 05
—4&—T1,p=30 —e—Tl,p=75 —4&—TI1* p=30 ——TI*p=75
= & = T2,p=30 - ® =T2,p=75 = & = T2%p=30 = ® = T2%p=75

Figure 4.7 The Empirical Powers of the 7, T,,

2

T and T, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X, =2, =X, =1

and n=15
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Table 4.8 The Empirical Powers of the 7,, 7,, T, and 7, Tests of the Interaction
Effect under the Local Alternative Hypothesis when X, =X, =3 =1
and n =30
DMM
dim  df A B
p
(pu)  (v) §=0.1 5=02 5=03 5=04 5=05 5=0.1 =02 5=03 5=04 5=0.5
60 120 27  0.0572 0.0856 0.1496 0.2616 0.4452 0.0696 0.1030 0.1722  0.2964 0.4894
90 180 27  0.0618 0.0958 0.1800 0.3490 0.5966 0.0762 0.1128 0.2090 0.3844  0.6362
120 240 27 00652 0.1120 0.2140 0.4218  0.7000 0.0780 0.1326 0.2382  0.4602 0.7358
150 300 27 00582 0.1068 0.2316 0.4710 0.7870 0.0682 0.1272  0.2620 0.5080  0.8088
MMM
dim  df B B,
p
() () §=01 5=02 5=03 5=04 5=05 5=0.1 =02 5=03 5=04 5=0.5
60 60 54 0.0434 00514 00628 0.0856 0.1246 0.0638 0.0716 0.0924 0.1256  0.1752
90 90 54  0.0542 0.0644 0.0830 0.1142 0.1632 0.0774 0.0890 0.1114 0.1542  0.2168
120 120 54 00498 0.0608 0.0834 0.1250 0.1986 0.0726 0.0868 0.1158 0.1710  0.2408
150 150 54  0.0594 0.0738 0.1028 0.1522  0.2288 0.0826 0.1014 0.1356  0.1920  0.2830
Empirical DMM ; n=30 Empirical MMM ; n=30
Power Power
1.00 1.00
0.80 0.80
0.60 0.60
0.40 0.40
0.20 0.20
) y
0.00 0.00

0.

0

—4&—Tl,p=60
— & —T2,p=60

0.1 02

0.3

0.4

——T1,p=150
— * = T2,p=150

0.0

—— T1* p=60
— & — T2* p=60

0.1

0.2

03

0.4

—— TI* p=150
- @ = T2*p=150

Figure 4.8 The Empirical Powers of the 7, 7,, T, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X, =X, =X, =1

and n =30
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Table 4.9 The Empirical Powers of the 7,, 7,, T, and 7, Tests of the Interaction
Effect under the Local Alternative Hypothesis when X, =X, =3 =1
and n =60
DMM
dim  df A B
p
() (v) 5=0.1 5=02 5=03 5=04 5=05 5=0.1 =02 5=03 5=04 5=05
120 240 57  0.0760 0.1884 0.5108 0.8758 0.9936 0.0830 02044 0.5332  0.8888 0.9936
180 360 57 0.0800 02376 0.6362 0.9638 0.9998 0.0890 0.2566 0.6572 0.9617 0.9998
240 480 57  0.0948 02988 0.7582 0.9912  1.0000 0.1016 03184 0.7726  0.9926  1.0000
300 600 57 0.0914 03202 0.8218 0.9966 1.0000 0.0994 03412 0.8344 0.9972  1.0000
MMM
dim  df B B,
p
() (ve) §=0.1 5=02 5=03 5§=04 5=0.5 5=0.1 =02 5=03 35=04 5=05
120 120 114 0.0752 0.1878 05092 0.8758 0.9936 0.0838 0.2040 0.5342 0.8882  0.9946
180 180 114 0.0794 02390 0.6356 0.9646 0.9998 0.0878 0.2578 0.6560 0.9682  0.9998
240 240 114 0.0938 02980 0.7554 0.9914 1.0000 0.1018 03182 0.7742  0.9926  1.0000
300 300 114 0.0908 03204 0.8224 0.9968  1.0000 0.0996 0.3410 0.8340 0.9972  1.0000
Empirical DMM ; n=60 Empirical MMM ; n=60
Power Power
1.00 '/;/: 1.00 /;/=
0.80 / / 0.80 / /
0.60 0.60
040 // 040 ///
0.20 0.20
lP/ »/
0.00 0.00
0.0 0.1 0.2 0.3 0.4 05 5 0.0 0.1 0.2 03 0.4 05
—a—Tl,p=120 ——a—T1,p=300 —a——TI1% p=120 ——e— T1* p=300
— & —T2,p=120 — =+ —T2,p=300 — &« —T2%p=120 — * — T2% p=300

Figure 4.9 The Empirical Powers of the 7, 7,, T, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X, =2, =X, =1

and n =60



139

Table 4.10 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X, =2, =X, =1

and n=90
DMM
dim  df A B
p
(pu) (V) 5=0.1 5=02 5=03 §=04 5=0.5 5=0.1 5=02 5=03 5=04 8=0.5
180 360 87  0.1006 0.3930 0.9016 0.9996 1.0000 0.1074  0.4104 0.9082 0.9996 1.0000
270 540 87  0.1146 0.5004 0.9732  1.0000 1.0000 0.1232  0.5168 0.9744 1.0000 1.0000
360 720 87  0.1296 0.6068 0.9912 1.0000 1.0000 0.1380  0.6204 0.9916 1.0000 1.0000
450 900 87  0.1368 0.6900 0.9981 1.0000 1.0000 0.1448  0.7034 0.9977 1.0000 1.0000
MMM
dim  df B B,
p
) (wve) §=0.1 §=02 $=03 5=04 5=05 5=0.1 5=02 5=03 5=04 8=0.5
180 180 174 0.0752 0.1878 0.5092 0.8758  0.9936 0.0838  0.2040 0.5342  0.8882  0.9946
270 270 174 0.0794 0.2390 0.6356 0.9646  0.9998 0.0878 0.2578 0.6560 0.9682  0.9998
360 360 174 0.0938 0.2980 0.7554 0.9914  1.0000 0.1018  0.3182 0.7742  0.9926  1.0000
450 450 174 0.0908 0.3204 0.8224 0.9968  1.0000 0.0996 0.3410 0.8340 0.9972 1.0000
Empirical DMM ; n=90 Empirical MMM ; n=90
Power Power
1.00 ”/= 2 1.00 ”/= ]
0.80 // 0.80 //
0.60 / / 0.60 / /
0.40 // 0.40 //,
0.20 0.20
) I/{
0.00 0.00
0.0 0.1 0.2 0.3 0.4 05 5 0.0 0.1 0.2 03 0.4 05
——t——T1,p=180  =——o—T1,p=450 —a—— T1* p=180 ——o—— T1* p=450
— & — T2,p=180 — ® — T2,p=450 — & — T2%p=180 ~— ® — T2*% p=450

Figure 4.10 The Empirical Powers of the 7, T,, T,

and T, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X, =%, =X, =1

and n =90
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4.3.1.2 The Group Effect
The empirical powers of the group effect tests under the local

alternative hypothesis (4.12) when n=15, 30, 60, 90 and X, =X, =X, =1 are

respectively shown in Tables 4.11 to 4.14.

The results in Tables 4.11 to 4.14 can be summarized as follows. In
each table, which shows the results of the empirical powers of the group effect tests
for n=15, 30, 60, 90, respectively, the test statistics from MMM are the same as
those from DMM, as described in Section 4.1.3, so tables only show the results of the
empirical powers of the 7, and 7, tests from DMM. They show that the empirical

powers of the 7/ and 7, tests increase as p increases and that the empirical powers of
the 7, test are higher than those of the 7, test. As previously mentioned, these results

are the same as for the MMM analysis.
From Figures 4.11 to 4.14, each of these figures gives the plot of the
empirical powers of the 7 and 7, tests of the group effect from the DMM for

n=15,30, 60, 90, respectively. The plots in each of the four figures are similar and
can be described as follows. From the DMM (or MMM) analysis, the empirical
powers of T (or 7) and T, (or T,) tests are directly related to the values of constant
S given in the local alternative hypothesis I',, and increase when p increases for all
cases of n. The empirical powers of the 7, test are higher than those of the 7] test for

all cases of o and p. When comparing the four cases of n, the plots show that the

empirical powers of the 7] and 7, tests increase when n increases.
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Table 4.11 The Empirical Powers of the 7} and 7, Tests of the Group Effect under

the Local Alternative Hypothesis when X =X, =2 =1 and n=15

DMM*

dim  df B B
P

@ ) 5-01 5=02 5=03 5=04 5=05 5=0.1 =02 5=03 5=04 5=05
30 30 12 0.0448 0.0526 0.0648 0.0902 0.1278 0.0756  0.0642 0.0744 0.0952  0.1266
45 45 12 00566 0.0664 0.0858 0.1188 0.1654 0.0744  0.0802 0.0936 0.1156  0.1540
60 60 12 00534 00644 0.0870 0.1262 0.1934 00762 0.0754 0.0880 0.1186 0.1706
75 75 12 00626 0.0766 0.1056 0.1556 0.2312 0.0720 0.0858 0.1032 0.1362 0.1926

Note: * The results of the Tf and T;tests from MMM are the same as those of the T1 and T2 tests

from DMM, as described in Section 4.1.3

Empirical DMM; n=15
Power
1.00
0.80
0.60
0.40
_ .
= e ®
0.20 — i =
0.00
0.0 0.1 0.2 03 0.4 0.5

et T1,p =30
— % = T2,p=30

—t—T],p=75
- ® = T2,p=75

Figure 4.11 The Empirical Powers of the 7, and 7, Tests of the Group Effect under

the Local Alternative Hypothesis when X, =X, =%, =1 and n=15
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Table 4.12 The Empirical Powers of the 7] and 7, Tests of the Group Effect under

the Local Alternative Hypothesis when X, =2, =2, =1  and n=30

DMM*
dim  df B B
p

) () §5-01 5=02 §=03 5=04 5=05 §=0.1 5=02 §=03 5=04 §=0.5
60 120 27 0.0668 0.1436 0.3222 0.6314  0.8900 0.0876  0.1722 0.3706 0.6760 0.9106
90 180 27 0.0720  0.1712  0.4170 0.7720  0.9692 0.0892 0.1994 0.4602 0.8050 0.9754
120 240 27 0.0770  0.1916 0.4866 0.8560 0.9908 0.0928 0.2194 0.5298 0.8806 0.9930
150 300 27 0.0760  0.2153 0.5698 0.9218 0.9979 0.0912 0.2315 0.6096 0.9348 0.9971

£ £
Note: * The results of the ]} and T2 tests from MMM are the same as those of the

from DMM, as described in Section 4.1.3

Empirical DMM ; n=30
Power
1.00
S
0.80
J ¥

0.60 7

7, /
0.40 4 3

z

z
0.20
-
0.00 |
0.0 0.1 0.2 0.3 0.4

e T1,p = 60
— & —T2,p=60

——— T1,p=150
— @ —T2,p=150

0.5

8

T, and T, tests

2

Figure 4.12 The Empirical Powers of the 7, and 7, Tests for the Group Effect under

the Local Alternative Hypothesis when X =X, =X, =1

pt

and n =30
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Table 4.13 The Empirical Powers of the 7] and 7, Tests of the Group Effect under

the Local Alternative Hypothesis when X, =X, =2, =1  and n=60

DMM*
dim  df B B
P
®) () 5-=0.1 5=02 §=03 5=04 5§=0.5 §=0.1 5=02 §=03 5=04 §=0.5
120 120 57 0.1134 0.4546  0.9344 0.9998 1.0000 0.1258 0.4826 0.9458 0.9998 1.0000
180 180 57 0.1296  0.5994 0.9856 1.0000 1.0000 0.1480 0.6206 0.9882 1.0000 1.0000
240 240 57 0.1330 0.6914 0.9978 1.0000 1.0000 0.1484 0.7146  0.9978 1.0000 1.0000
300 300 57 0.1614 0.7752 0.9994 1.0000 1.0000 0.1830 0.7896 0.9998 1.0000 1.0000
£ £
Note: * The results of the 7] and T, tests from MMM are the same as those of the 7] and 7, tests

from DMM, as described in Section 4.1.3

Empirical DMM ; n=60
Power
1.00 //-/—
0.80 / /
0.60 / /
0.40 //
0.20
=

[
0.00

0.0 0.1 0.2 03

—a—T1,p=120
— & = T2,p=120

0.5

—e—T1,p=300
— ® = T2,p=300

8

Figure 4.13 The Empirical Powers of the 7 and 7, Tests of the Group Effect under

the Local Alternative Hypothesis when X, =%, =X, =1  and n =60
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Table 4.14 The Empirical Powers of the 7] and 7, Tests of the Group Effect under

the Local Alternative Hypothesis when X, =2, =2, =1 and n=90

DMM*
dim  df By B
P
®) (V) 5-01 5=02 5=03 5=04 5=05 5=0.1 5=02 5=03 5=04 5=0.5
180 180 87  0.1806 0.8540 1.0000 1.0000  1.0000 0.1966 0.8666 1.0000 1.0000 1.0000
270 270 87 02218 0.9476 1.0000 1.0000  1.0000 0.2388  0.9540 1.0000 1.0000 1.0000
360 360 87 02750 0.9832 1.0000 1.0000 1.0000 0.2868 0.9844 1.0000 1.0000 1.0000
450 450 87 03066 0.9942 1.0000 1.0000  1.0000 03224 0.9946 1.0000 1.0000 1.0000

Note: * The results of the ]1* and T;tests from MMM are the same as those of the 7] and T, tests

from DMM, as described in Section 4.1.3

Empirical
Power

1.00

DMM ; n=90

0.80

=

0.60

//

0.40

//

0.20

0.00

0.0

0.1

0.2

—a—T1,p=180
— & = T2,p=180

0.3

0.4

0.5

—e—T1,p=450
— ® = T2,p=450

8

Figure 4.14 The Empirical Powers of the 7, and 7, Tests of the Group Effect under

the Local Alternative Hypothesis when X, =%, =%, =1 , and n=90
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4.3.1.3 The Time Effect
The empirical powers of the time effect tests under the local alternative

hypothesis (4.13) when n=15, 30, 60, 90 and X, =X, =X =1 are respectively

shown in Tables 4.15 to 4.18.
The results in Tables 4.15 to 4.18 can be summarized as follows. In

each table, which shows the results of the empirical powers of the time effect tests for
n=15, 30, 60, 90, respectively, the empirical powers of the 7, T,, Tl* and T; tests
increase as p increases. For both the DMM and MMM analyses, the empirical powers
of the T, tests are higher than those of the 7 test, and those of the 7, test are higher
than those of the T the test. Additionally, the empirical powers of the tests from
DMM and MMM are similar, but those of the 7} and 7, tests from DMM are slightly
higher than those of the 7" and 7, tests for MMM.

From Figures 4.15 to 4.18, each of these figures gives plots of the

empirical powers of the 7] and 7, tests of the interaction effect from DMM and the
empirical powers of the I;* and T; tests from MMM, for n=15, 30, 60, 90. Both

plots from the DMM and MMM analyses in each of the four figures are similar and

can be described as follows. From the DMM analysis, the empirical powers of the 7,
and 7, tests vary directly with O, the constants given in the local alternative
hypothesis I'|, and increase when p increases for all cases of n. The empirical
powers of 7, are higher than 7; for all cases of 6 and p. From the MMM analysis,

the variations of the empirical powers of the 7 and T, tests are the same as for

DMM. When comparing the four cases of 7, the plots show that the empirical powers

of T, T.

£ k. .
', T,, T, and 7, increase when n increases.
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Table 4.15 The Empirical Powers of the 7}, T,, 7, and T, Tests of the Time Effect

under the Local Alternative Hypothesis when X, =X, =%, =1 and

n=15
DMM
dim  df B, B,
p
) (v 5-01 5=02 5=03 5=04 5=0.5 5=0.1 5=02 §=03 5=04 5=0.5
30 60 12 0.0550 0.0750 0.1150 0.1890  0.3090 0.0752  0.0974 0.1460 0.2338  0.3660
45 90 12 0.0594 0.0806 0.1310 0.2402  0.4084 0.0768 0.1042  0.1646 0.2856 0.4616
60 120 12 0.0606 0.0876 0.1562 0.2866 0.4922 0.0748  0.1134 0.1876 03318  0.5456
75 150 12 0.0592  0.0882 0.1756 0.3304 0.5588 0.0738  0.1132  0.2082  0.3740  0.6050
MMM
dim  df By B
p
) @) 5-01 §=02 §=03 5=04 5=05 5=0.1 5=02 =03 §=04 5=05
30 30 24 0.0530 0.0750 0.1152  0.1856  0.3058 0.0742  0.0950 0.1438 02314  0.3638
45 45 24 00594 0.0792 0.1316 0.2362 0.4028 0.0746  0.1016 0.1650 0.2874  0.4618
60 60 24  0.0582 0.0872 0.1542 0.2854  0.4940 0.0760 0.1110  0.1892  0.3290  0.5466
75 75 24 0.0576 0.0854 0.1692 0.3298  0.5568 0.0724 0.1108 0.2068 0.3712  0.6030
Empirical DMM ; n=15 Empirical MMM ; n=15
Power Power
1.00 1.00
0.80 0.80
0.60 3 0.60 »
/, /,
// /
0.40 Py ~ a 0.40 oY _ Py
> Z .‘/ - Z 4/
0.20 > 0.20 >
- = = - - -
0.00 0.00
0.0 0.1 0.2 0.3 04 05 0.0 0.1 0.2 0.3 04 05
—a—T1,p=30 —e—Tl,p=75 ——A——T1* p=30 ——e—TI* p=75
- & = T2,p=30 - ® =T2,p=75 — & = T2%p=30 = ® = T2%*p=75

Figure 4.15 The Empirical Powers of the 7;, T;, T, and T, Tests of the Time Effect

under the Local Alternative Hypothesis when X, =%, =X, =1 and

n=15
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7' and

T, Tests of the Time Effect

under the Local Alternative Hypothesis when X, =X, =%, =1 and

n=230
DMM
dim  df B, B,
p
) () 5-01 5=02 5=03 5=04 5=05 5=0.1 5=02 §=03 5=04 5=0.5
60 120 27  0.0642 0.1372 0.3398 0.6572  0.9068 0.0768 0.1612  0.3728  0.6894  0.9234
90 180 27  0.0742 0.1704 0.4220 0.7842  0.9738 0.0850 0.1964 0.4544 0.8040 0.9782
120 240 27 00786 0.1890 0.5066 0.8726 0.9920 0.0882  0.2092 0.5392  0.8880  0.9932
150 300 27 00754 02290 0.5944 0.9292 0.9992 0.0876 0.2470 0.6186 0.9378  0.9994
MMM
dim  df By B
p
) @) 5-01 §=02 §=03 5=04 5=05 5=0.1 5=02 =03 §=04 5=05
60 60 54 00632 0.1366 0.3390 0.6572  0.9060 0.0764 0.1580 0.3748 0.6874 0.9232
90 90 54  0.0742 0.1684 0.4216 0.7850 0.9750 0.0844 0.1944 0.4528 0.8060 0.9786
120 120 54 00786 0.1916 0.5086 0.8728 0.9926 0.0880  0.2098 0.5396 0.8892  0.9934
150 150 54 00742 02274 05936  0.9292  0.9994 0.0872 02474 0.6182 09384  0.9994
Empirical DMM ; n=30 Empirical MMM ; n=30
Power Power
1.00 1.00
ﬁ //-/
0.80 2% 0.80 r
4 4
0.60 2, 0.60 2
/ , / /
040 7 040 4
L p
0.20 Z 0.20 = z
| j ’ 4
0.00 | 0.00 |
0.0 0.1 0.2 0.3 04 05 0.0 0.1 0.2 0.3 04 05
——t— T1,p =60 ——e—T1,p= 150 —d——T1* p=60 =8 TI* p=150
- & = T2,p=60 - @ = T2,p=150 — & =T2*p=60 = @ = T2% p=150

Table 4.16 The Empirical Powers of the 7, 7;, 7, and 7, Tests of the Time Effect

under the Local Alternative Hypothesis when X, =X, =%, =1, and

n=30
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1

T and

T, Tests of the Time Effect

under the Local Alternative Hypothesis when X, =X, =%, =1 and

n=60
DMM
dim  df B, B,
p

() () 5-01 5=02 5=03 5=04 5=0.5 5=0.1 5=02 5=03 5=04 5=0.5
120 240 27  0.1128 0.4650 0.9364 0.9998  1.0000 0.1220  0.4870 0.9440 0.9998  1.0000
180 360 27 0.1314 0.5938 0.9860 1.0000 1.0000 0.1424  0.6142 0.9876 1.0000 1.0000
240 480 27  0.1360 0.7012  0.9978 1.0000  1.0000 0.1452  0.7166 0.9984 1.0000  1.0000
300 600 27  0.1584 0.7818  0.9996 1.0000  1.0000 0.1676  0.7968 0.9996 1.0000 1.0000

MMM
dim  df By B
p

) @) 5-01 §=02 §=03 5=04 5=05 =01 &=02 6=03 =04 5=05
120 120 54  0.1118 0.4662 09368 0.9998  1.0000 0.1218  0.4878 0.9448 0.9998  1.0000
180 180 54  0.1314 0.5942 0.9864 1.0000 1.0000 0.1432  0.6134 0.9872  1.0000 1.0000
240 240 54 0.1358 0.7012  0.9982 1.0000  1.0000 0.1476  0.7170  0.9982  1.0000  1.0000
300 300 54 0.1574 0.7820 0.9996 1.0000  1.0000 0.1674 0.7960  0.9996 1.0000 1.0000

Empirical DMM ; n=60 Empirical MMM ; n=60
Power Power
1.00 //-/- ] 1.00 ///- ]
0.80 / / 0.80 / /
0.60 / / 0.60 / /
0.40 // 0.40 [/
0.20 0.20
- /’
0.00 0.00
0.0 0.1 0.2 0.3 0.4 0.5 5 0.0 0.1 0.2 03 0.4 0.5 5
——t——T1,p=120  =—#=——T1,p =300 e T1#,p= 120 == T1*, p =300
= & = T2,p=120 = ® = T2,p=300 = & = T2%p=120 = ® = T2%p=300

Figure 4.17 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Time Effect

under the Local Alternative Hypothesis when X, =X, =%, =1  and

n=:60
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149

1

*

T and

T, Tests of the Time Effect

under the Local Alternative Hypothesis when X, =X, =%, =1 and

n=90
DMM
dim  df B, B,
p

) () 5-01 5=02 5=03 5=04 5=05 5=0.1 5=02 5=03 5=04 5=0.5
180 360 27 0.1842 0.8612 1.0000 1.0000 1.0000 0.2004 0.8698 1.0000 1.0000 1.0000
270 540 27 02242 09542 1.0000 1.0000 1.0000 0.2362  0.9582  1.0000 1.0000 1.0000
360 720 27 02690 0.9826 1.0000 1.0000 1.0000 0.2832  0.9836  1.0000 1.0000 1.0000
450 900 27 03146 0.9942 1.0000 1.0000 1.0000 03292 0.9950  1.0000 1.0000 1.0000

MMM
dim  df By B
p

) @) 5-01 §=02 §=03 5=04 5=05 =01 &=02 6=03 =04 5=05
180 180 54  0.1842 0.8604 1.0000 1.0000 1.0000 0.1996 0.8692  1.0000 1.0000 1.0000
270 270 54 02250 0.9542 1.0000 1.0000 1.0000 0.2376  0.9578  1.0000 1.0000 1.0000
360 360 54 02684 0.9837 1.0000 1.0000 1.0000 0.2840  0.9823  1.0000 1.0000 1.0000
450 450 54 03138 0.9942  1.0000 1.0000 1.0000 03292 0.9952  1.0000 1.0000 1.0000

Empirical DMM ; n=90 Empirical MMM ; n=90
Power Power
1.00 /’7= & ) 1.00 V & )
0.80 // 0.80 //
0.60 // 0.60 //
0.40 0.40
0.20 0.20
[ L
0.00 0.00
0.0 0.1 0.2 0.3 0.4 0.5 5 0.0 0.1 0.2 0.3 0.4 0.5 5
e T1,p = 180 et T1, p = 450 et T1* p=180 =—#=—— T1* p=450
— & — T2,p=180 — @ — T2,p=450 = & = T2% p=180 = -® = T2* p=450

Figure 4.18 The Empirical Powers of the 7;, T,, T, and 7, Tests of the Time Effect

under the Local Alternative Hypothesis when X, =X, =%, =1  and

n=90
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43.2 Case X =1.51 ,+0.5J ,

4.3.2.1 The Interaction Effect
The empirical powers of the interaction effect tests under the local

alternative hypothesis (4.11) when n=15, 30, 60, 90, and Ezl.SIp, +0.5th, are

respectively shown in Tables 4.19 to 4.22.
The results in Tables 4.19 to 4.22 can be summarized as follows. In

each table showing the results of the empirical powers of the interaction effect tests in

each case of n=15, 30, 60, 90, respectively, the empirical powers of the 7,, T,, T’
and T, tests increase as p increases. For both the DMM and MMM analyses, the
empirical powers of the 7, test are higher than those of the T, test, and those of the 7,
test are higher than those of the 7" test. Additionally, the empirical powers of the tests
from DMM and MMM are similar but those of the 7, and 7, tests from DMM are

slightly higher than the 7, and T, tests for MMM.

From Figures 4.19 to 4.22, each of these figures gives one plot of the
empirical powers of the 7, and 7, tests for the interaction effect from DMM and the
other plot of the empirical powers for the ]I* and T; tests from MMM, for n=15, 30,

60, 90. Both plots from the DMM and MMM analyses in each of the four figures are
similar and can be described as follows. From the DMM analysis, the empirical

powers of the 7 and 7, tests vary directly with o, the constants given in local
alternative hypothesis I'|, and increase when p increases for all cases of n. The
empirical powers of 7, are higher than 7, for all cases of 6 and p. From the MMM
analysis, the variations of empirical powers of the 7 and 7, tests are the same as for
DMM. When comparing the four cases of 7, the plots show that the empirical powers

of T, T.

£ * . .
', T,, T, and T, increase when n increases.
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Table 4.19 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X =1.51 , +0.5J ,

and n=15
DMM
dim  df A B
p
(pu) (V) §5=0.1 $=02 §=03 5=04 5=05 5=01 8=02 8=03 58=04 58=0.5
30 60 12 0.0454 0.0514 0.0606 0.0760 0.0956 0.0684  0.0744 0.0862 0.1032 0.1288
45 90 12 0.0570 0.0636 0.0746 0.0950  0.1250 0.0830 0.0902 0.1048 0.1282 0.1614
60 120 12 0.0530  0.0596 0.0750 0.0968 0.1338 0.0762  0.0870 0.1026  0.1294 0.1766
75 150 12 0.0612 0.0702 0.0878 0.1170  0.1622 0.0846  0.0980 0.1176 0.1512  0.2036
MMM
dim  df B B,
p
) (W) §=0.1 $=02 5=03 5=04 5=05 5=01 8=02 8=03 58=04 58=05
30 30 24 0.0428 0.0490 0.0576 0.0706 0.0912 0.0660 0.0712  0.0830 0.1008 0.1276
45 45 24 0.0560 0.0622 0.0730  0.0900 0.1190 0.0790 0.0862 0.1014 0.1240  0.1592
60 60 24  0.0508 0.0554 0.0710 0.0940 0.1324 0.0722  0.0826 0.0996 0.1298 0.1748
75 75 24 0.0592 0.0680 0.0878 0.1134 0.1584 0.0804 0.0940 0.1154 0.1490  0.2038
Empirical DMM ; n=15 Empirical MMM ; n=15
Power Power
1.00 1.00
0.80 0.80
0.60 0.60
0.40 0.40
0.20 ———= 0.20 ———=
0.00 0.00
0.0 0.1 0.2 03 0.4 05 0.0 0.1 0.2 03 0.4 05
—t—Tl,p=30 —o—TI1,p=75 —4——T1* p=30 ———T1* p=T75
- & = T2,p=30 - ® = T2,p=75 - & = T2* p=30 = ® = T2%p=75

Figure 4.19 The Empirical Powers of the 7;, T,, 7, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X =1.51 , +0.5J ,

and n =15
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Table 4.20 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X=1.51 , +0.5J ,

and n =30
DMM
dim  df A B
p
(pu) (V) §=0.1 $=02 §=03 5=04 5=05 5=01 8=02 8=03 58=04 58=0.5
60 120 27 0.0562 0.0714 0.1064 0.1722  0.2702 0.0684 0.0880 0.1264 0.1986  0.3042
90 180 27  0.0552 0.0826 0.1288 0.2124  0.3680 0.0724  0.0992  0.1482 0.2426  0.4046
120 240 27  0.0612 0.0856 0.1456 0.2586 0.4464 0.0740  0.1026  0.1670 0.2918  0.4810
150 300 27  0.0554 0.0822 0.1520 0.2842 0.4988 0.0660 0.0974 0.1734 0.3156  0.5348
MMM
dim  df B B,
p
) (W) §=0.1 $=02 5=03 5=04 5=05 5=01 8=02 8=03 58=04 58=05
60 60 54 0.0574 0.0734 0.1054 0.1706  0.2680 0.0678 0.0878 0.1274 0.1970  0.3028
90 90 54  0.0570 0.0810 0.1258 0.2118 0.3664 0.0714  0.0982 0.1472  0.2438  0.4080
120 120 54 0.0618 0.0886 0.1448 0.2588  0.4456 0.0742  0.1024 0.1658 0.2898  0.4814
150 150 54 0.0552 0.0810 0.1513 0.2852 0.5026 0.0658 0.0956 0.1583  0.3150 0.5356
Empirical DMM ; n=30 Embpirical MMM ; n=30
Power Power
1.00 1.00
0.80 0.80
0.60 0.60
/
0.40 0.40 /
— -
0.20 020 "M/
0.00 | 0.00 |
0.0 0.1 0.2 0.3 04 05 5 0.0 0.1 0.2 03 0.4 05
e T1, p = 60 et T1,p = 150 e TI*,p= 60 == T1* p=150
— & = T2,p=60 — @ — T2,p=150 — & — T2%¥p=60 — ® — T2%p=150

Figure 4.20 The Empirical Powers of the 7;, T,

T

1

and T, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X=1.51 ,+0.5J ,

and n =30
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Table 4.21 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X =1.51  +0.5J ,

and n =60
DMM
dim  df B, B,
p

() (v 5-01 5=02 5=03 5=04 5=0.5 5=0.1 5=02 5=03 5=04 5=0.5
120 240 27  0.0656 0.1244 03058 0.6198  0.8960 0.0738  0.1378 0.3268 0.6420  0.9082
180 360 27 0.0672 0.1556 0.3994 0.7620 0.9704 0.0738  0.1658 0.4206 0.7792  0.9736
240 480 27  0.0778 0.1900 0.4962 0.8644 0.9936 0.0862 0.2054 0.5132  0.8756 0.9152
300 600 27  0.0768 02004 0.5360 0.9154 0.9978 0.0840 0.2152  0.5554 0.9258  0.9982

MMM
dim df ﬁ1 ﬁz
p

) @) 5-01 §=02 §=03 5=04 5=05 =01 &=02 6=03 =04 5=05
120 120 54  0.0654 0.1232 03034 0.6190 0.8962 0.0736  0.1364 0.3246 0.6404  0.9062
180 180 54  0.0660 0.1550 0.3992 0.7610 0.9702 0.0740  0.1660 0.4206 0.7804 0.9738
240 240 54 0.0782 0.1900 0.4952 0.8658 0.9938 0.0860 0.2050 0.5140 0.8758  0.9948
300 300 54  0.0776 02152 0.5340 0.9160 0.9982 0.0840 0.2168 0.5550 0.9232  0.9978

Empirical DMM ; n=60 Empirical MMM ; n=60
Power Power
1.00 //v 1.00 //v
0.80 / // 0.80 / //
0.60 // 0.60 //
0.40 //{ 0.40 //{
0.20 j 0.20 Fj/
0.00 f 0.00 f
0.0 0.1 0.2 0.3 04 05 5 0.0 0.1 0.2 0.3 0.4 05
—4——Tl,p=120 —*=—TI1,p=300 ——t—— T1* p=120 == T1* p=300
= & — T2,p=120 - ® — T2,p=300 = & — T2¥p=120 =— ® — T2* p=300

Figure 4.21 The Empirical Powers of the 7, T,

T

1

and T, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X =1.51 , +0.5J ,

and n =60
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Table 4.22 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X =1.51 , +0.5J ,

and n =90
DMM
dim  df B, B,
p

() () 5-01 5=02 5=03 5=04 5=0.5 5=0.1 5=02 5=03 5=04 5=0.5
180 360 27 00770 02354 0.6416 0.9638 0.9996 0.0850 0.2500 0.6594 0.9674  0.9996
270 540 27 0.0918 02966 0.7768 0.9940  1.0000 0.0996 0.3138 0.7896 0.9942  1.0000
360 720 27 0.0962 03600 0.8774 0.9996  1.0000 0.1032  0.3748 0.8854  0.9998  1.0000
450 900 27  0.1042 04252  0.9266 1.0000 1.0000 0.1114  0.4410 0.9318  1.0000  1.0000

MMM
dim  df By B
p

) @) 5-01 §=02 §=03 5=04 5=05 =01 &=02 6=03 =04 5=05
180 180 54 00780 02364 0.6426 0.9640 0.9996 0.0856 0.2496 0.6578 0.9670  0.9998
270 270 54 0.0912 02970 0.7766  0.9940  1.0000 0.0988 0.3128 0.7894 0.9944  1.0000
360 360 54 0.0968 03612 0.8770  0.9996  1.0000 0.1034 0.3764 0.8856 0.9998  1.0000
450 450 54 0.1042 04252 0.9268 1.0000 1.0000 01112 0.4396 0.9324  1.0000  1.0000

Empirical DMM ; n=90 Embpirical MMM ; n=90
Power Power
1.00 /7‘" . 1.00 /7‘, .
0.80 / / 0.80 / /
0.60 // 0.60 //
0.40 // 0.40 //
0.20 : > 0.20 : 2
0.00 L 0.00 .
0.0 0.1 0.2 0.3 04 05 5 0.0 0.1 0.2 0.3 0.4 05
——te—T1,p=180 == T1,p =450 —a—TI% p=180 —— T1* p=450
— & — T2,p=180 — ® — T2, p=450 = & — T2¥p=180 — ® — T2¥ p=450

Figure 4.22 The Empirical Powers of the 7;, T,, 7, and 7, Tests of the Interaction

Effect under the Local Alternative Hypothesis when X =1.51 , +0.5J ,

and n=

90
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4.3.2.2 The Group effect
The empirical powers of the group effect tests under the local

alternative hypothesis (4.12) when n=15, 30, 60, 90, and X =1.51pt +0.5th, are

respectively shown in Tables 4.23 to 4.26.

The results in Tables 4.23 to 4.26 can be summarized as follows. In
each table, the results of the empirical powers of the group effect tests in each case of
n =15, 30, 60, 90, respectively, the same pattern of results was obtained as in Section
4.3.1.2. The DMM and MMM test statistics are the same as shown in Section 4.1.3, so

only the results of the empirical powers of the 7, and 7, tests from the DMM analysis
are discussed here. The results show that the empirical powers of the 7] and 7, tests
increase as p increases. The empirical powers of the 7, test are higher than those of
the 7; test. These results are the same as in the MMM analysis.

From Figures 4.23 to 4.26, each of them shows a plot of the empirical
powers of the 7 and 7, tests of the group effect from the DMM for each case of

n=15,30, 60, 90, respectively. The plots in each of the four figures are similar and
can be described as follows. From the DMM (or MMM) analysis, the empirical
powers of the 7; (or T) and 7, (or T,) tests vary directly with the & constants given
in the local alternative hypothesis I';, and increase when p increases for all cases of
n. The empirical powers of the 7, test are higher than those of the 7, test for all cases

of 6 and p. When comparing the four cases of n, the plots show that the empirical

powers of the 7} and 7, tests increase when n increases.
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Table 4.23 The Empirical Powers of the 7, 7,, T, and T, Tests of the Group Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J , and

n=15
DMM*

dim  df B, B
p

@ () 5-01 §=02 §=03 5=04 5=05 =01 §=02 §=03 =04 5=05
30 30 12 0.0562 0.0632 0.0714 0.0862 0.1086 0.0862  0.0944 0.1076 0.1278  0.1570
45 45 12 00514 0.0584 0.0722 0.0932 0.1286 0.0772  0.0884 0.1074 0.1374 0.1726
60 60 12 0.0516 0.0594 0.0730 0.0964 0.1404 0.0762  0.0868 0.1052 0.1386  0.1910
75 75 12 0.0534  0.0620 0.0808 0.1134  0.1576 0.0756  0.0916 0.1136 0.1510  0.2062

Note: * The results of the ]I* and T;tests from MMM are the same as those of the 7] and T, tests
from DMM, as described in Section 4.1.3

Empirical DMM; n=15
Power
1.00
0.80
0.60
0.40
0.20 e
- - =
- am = -
0.00
0.0 0.1 0.2 0.3 0.4 05 5§
——a——T1,p=30 ——Tl,p=75
— & =T2,p=30 = * = T2,p=75

Figure 4.23 The Empirical Powers of the 7,, 7,, 7" and T, Tests of the Group Effect
under the Local Alternative Hypothesis when X =1.51 +0.5J , and
n=15
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Table 4.24 The Empirical Powers of the 7}, 7,

1

T and T,

2

Tests of the Group Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J , and

n=230
DMM*
dim  df B, B
P
P ) §-01 5-02 5=03 5-04 =05 §=0.1 §=02 5=03 5=04 =05
60 60 27 0.0568 0.0756 0.1134 0.1810 0.2924 0.0708 0.0936 0.1378 0.2156 0.3360
90 90 27 0.0574 0.0772 0.1302 0.2272 0.3796 0.0682 0.0972 0.1568 0.2640 0.4258
120 120 27 0.0622 0.0864 0.1454 0.2540 0.4448 0.0718 0.1068 0.1712 0.2908 0.4884
150 150 27 0.0578 0.0876 0.1558 0.2956 0.5196 0.0702 0.1058 0.1798 0.3310 0.5592
£ £
Note: * The results of the 7] and T, tests from MMM are the same as those of the 7 and T, tests

from DMM, as described in Section 4.1.3

Empirical

Power

DMM ; n=30

1.00

0.80

0.60

0.40

,/

0.20

0.00

4/:’/‘
=
=

0.0

0.1

02

et T1,p = 60
— & —T2,p=60

0.3

0.4 0.5

——t—T1,p= 150
— @ — T2,p=150

8

Figure 4.24 The Empirical Powers of the 7, 7,, T, and T, Tests of the Group Effect

under the Local Alternative Hypothesis when X =1.5I , +0.5J , and

n=30
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T and T,

2

Tests of the Group Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J , and

n=60
DMM*

dim  df By B
p

@ () 5-01 §=02 §=03 5=04 5=05 =01 §=02 §=03 =04 5=05
120 120 57  0.0684 0.1384 0.3156 0.6280  0.9004 0.0800 0.1528 0.3404 0.6554 09116
180 180 57  0.0722 0.1688 0.4172 0.7786 0.9738 0.0824 0.1846 0.4416 0.7970  0.9770
240 240 57 0.0686 0.1802 0.4952 0.8740 0.9952 0.0770  0.1948 0.5178 0.8870  0.9948
300 300 57 00772 02172 0.5846  0.9326  0.9990 0.0862 0.2372  0.6058 0.9384  0.9992

Note: * The results of the Tf and T;tests from MMM are the same as those of the ]; and ]; tests

from DMM, as described in Section 4.1.3

Empirical DMM ; n=60
Power
1.00
0.80 /
J
0.60 7
4
0.40 ¥
L
0.20
.P_ﬂ
0.00
0.0 0.1 0.2 03 0.4 0.5
—a—T1,p=120 —+—TI,p=300
- & =T2,p=60 = @ = T2,p=300

8

Figure 4.25 The Empirical Powers of the 7;, T;, T, and 7, Tests of the Group Effect

under the Local Alternative Hypothesis when X =1.51 ,+0.5J, and

n=:60
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Table 4.26 The Empirical Powers of the 7}, T,

1

T and T,

2

Tests of the Group Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J , and

n=90
DMM*
dim  df By B
p

@ () 5-01 §=02 §=03 5=04 5=05 =01 §=02 §=03 =04 5=05
180 180 87  0.0816 02500 0.6702 0.9644  0.9998 0.0898 0.2678 0.6902  0.9694  1.0000
270 270 87  0.0856 03208 0.8116 0.9952  1.0000 0.0934 03412 0.8212  0.9958  1.0000
360 360 87  0.0990 03856 0.8928 0.9994  1.0000 0.1090  0.4010  0.9006 0.9994  1.0000
450 450 87  0.1016 04386 0.9472 1.0000  1.0000 0.1098  0.4580 0.9508 1.0000  1.0000

Note: * The results of the ]I* and T;tests from MMM are the same as those of the 7} and 7, tests
from DMM, as described in Section 4.1.3

Empirical
Power

1.00

DMM ; n=90

0.80

0.60

0.40

0.20

0.00
0.0

0.1

02

—4&—Tl,p=180
— & = T2,p=180

0.3

0.4 0.5

——T1,p=450
— @ — T2,p=450

8

Figure 4.26 The Empirical Powers of the 7;, 7,, T and 7, Tests of the Group Effect

under the Local Alternative Hypothesis when X =1.51 ,+0.5J, and

n=90
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4.3.2.3 The Time Effect
The empirical powers of the time effect tests under the local alternative

hypothesis (4.13) when n=15, 30, 60, 90, and X =1.51 ,+0.5J ,, are respectively

shown in Tables 4.27 to 4.30.
The results in Tables 4.27 to 4.30 can be summarized as follows. In

each table showing the results of the empirical powers of the time effect tests in each
case of n=15, 30, 60, 90, respectively, the empirical powers of the 7, 7,, T, and T,
tests increase as p increases. For both the DMM and MMM analyses, the empirical

powers of the 7, test are higher than those of the 7] test, and those of the T} test are
higher than those of the 7]* test. Additionally, the empirical powers of the tests from

DMM and MMM are similar but those of the 7] and 7, tests for DMM are slightly

higher than the 7, and 7, tests for MMM.
From Figures 4.27 to 4.30, each of them gives one plot of the empirical

powers of the 7, and 7, tests of the time effect from DMM and the other plot of the

empirical powers for the 7  and T;tests from MMM, for n=15, 30, 60, 90,

1
respectively. Both plots from the DMM and MMM analyses in each of the four

figures are similar and can be described as follows. From the DMM analysis, the
empirical powers of the 7, and 7, tests vary directly with &, the constants given in
local alternative hypothesis I';, and increase when p increases for all cases of n. The

empirical powers of 7, are higher than those of 7, for all cases of & and p. From the

MMM analysis, the variations of the empirical powers of the 7;"and T, tests are the

same as for DMM. When comparing the four cases of n, the plots show that the

empirical powers of 7, 7,, T, and T, increase when n increases.
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*

1

and

T, Tests of the Time Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J , and

n=15
DMM
dim  df A B
p
(pu) (V) §5=0.1 $=02 §=03 5=04 5=05 5=01 8=02 8=03 58=04 58=0.5
30 60 12 0.0526 0.0658 0.0892 0.1292  0.1982 0.0706  0.0866 0.1164 0.1640 0.2426
45 90 12 0.0568 0.0712 0.0990 0.1540 0.2506 0.0736  0.0914 0.1260 0.1916  0.2954
60 120 12 0.0572  0.0772 0.1130 0.1814 0.2994 0.0734  0.0952  0.1406 0.2198  0.3464
75 150 12 0.0570 0.0774 0.1196 0.2070  0.3470 0.0704  0.0976  0.1496 0.2406  0.3906
MMM
) dim  df B B,
(P) () §5=01 §=02 §=03 5=04 5=05 5=01 8=02 8=03 38=04 58=05
30 30 24 0.0512  0.0624 0.0888 0.1298  0.1940 0.0706  0.0848 0.1156 0.1616 0.2388
45 45 24 0.0556 0.0710 0.1000 0.1548 0.2472 0.0726  0.0900 0.1266 0.1900  0.2954
60 60 24 0.0564 0.0748 0.1118 0.1816 0.2994 0.0726  0.0940 0.1398 0.2174  0.3470
75 75 24 0.0562 0.0738 0.1160 0.2044 0.3446 0.0696  0.0940 0.1472 0.2276 0.3916
Empirical DMM ; n=15 Empirical MMM ; n=15
Power Power
1.00 1.00
0.80 0.80
0.60 0.60
0.40 —® 0.40
> ”,
0.20 — — =2 0.20
0.00 0.00
0.0 0.1 0.2 0.3 0.4 0.5 5 0.0 0.1 0.2 03 0.4 5
e T1,p =30 et T1,p =75 e T %, p=30 == T1* p=75
— & = T2,p=30 - ® — T2,p=75 — & = T2%¥p=30 — ® — T2%p=75

Figure 4.27 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Time Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J  and

n

=15
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Table 4.28 The Empirical Powers of the 7;, T,

*

T and

| T, Tests of the Time Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J , and

n=230
DMM
dim  df A B
P
(pu) (V) 5=0.1 $=02 §=03 5=04 5=05 5=0.1 8§=02 5=03 5=04 5=0.5
60 120 27 0.0566 0.1012 0.2068 0.4132  0.6830 0.0718 0.1178 0.2356 0.4454 0.7144
90 180 27 0.0676 0.1154 0.2620 0.5178 0.8134 0.0764 0.1312  0.2900 0.5472  0.8334
120 240 27 0.0710 0.1304 03122 0.6166 0.8950 0.0786  0.1478 0.3368 0.6450  0.9064
150 300 27 0.0660 0.1466 0.3652 0.7054 0.9468 0.0748  0.1638 0.3916 0.7282  0.9522
MMM
dim  df B B,
P
() () §=01 5=02 5=03 5=04 5=05 5=0.1 5=02 5=03 5=04 5=05
60 60 54 0.0570 0.1012 0.2044 0.4124 0.6814 0.0704 0.1184 0.2346  0.4444 0.7136
90 90 54 0.0662 0.1156 0.2597 0.5194 0.8148 0.0754 0.1312  0.2850 0.5446  0.8342
120 120 54  0.0694 0.1290 0.3080 0.6148 0.8944 0.0780 0.1468 0.3376 0.6474  0.9062
150 150 54  0.0650 0.1454 0.3650 0.7048 0.9464 0.0732  0.1638 0.3930 0.7266 0.9518
Empirical DMM ; n=30 Empirical MMM ; n=30
Power Power
1.00 1.00
0.80 0.80
0.60 0.60
0.40 0.40
0.20 0.20
- -
0.00 L 0.00 |
0.0 0.1 0.2 0.3 0.4 0.5 5 0.0 0.1 0.2 03 0.4 0.5 5
= T1,p = 60 ——t—T1,p =150 et T1* p=60 == TI1* p=150
= & = T2,p=60 - ® = T2,p=150 — & = T2*% p=60 = ® = T2%* p=150

Figure 4.28 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Time Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J, and

n=30
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Table 4.29 The Empirical Powers of the 7;, T,

*

T and

1

T, Tests of the Time Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J , and

n=60
DMM

dim  df A B
p

(pu) (V) 5=0.1 $=02 §=03 5=04 5=05 5=01 8=02 8=03 58=04 58=0.5
120 240 27 0.0876 0.2824 0.7148 0.9776  1.0000 0.0976  0.3030 0.7332  0.9820  1.0000
180 360 27 0.0982 03698 0.8570 0.9976 1.0000 0.1098  0.3882 0.8686 0.9978  1.0000
240 480 27  0.1006 0.4360 0.9328 0.9998  1.0000 0.1084 0.4582 0.9374 0.9998  1.0000
300 600 27  0.1090 0.5062 0.9704 1.0000 1.0000 0.1174  0.5256  0.9730  1.0000  1.0000

MMM

dim  df B B,
p

(P) (W) §=0.1 $=02 5=03 5=04 5=05 5=01 8=02 8=03 38=04 58=05
120 120 54  0.0868 0.2804 0.7152 0.9782  1.0000 0.0974 0.3020 0.7328 0.9810  1.0000
180 180 54  0.0992 03702 0.8574 0.9974  1.0000 0.1094 0.3880 0.8686 0.9980  1.0000
240 240 54 0.1000 0.4358 0.9328 0.9998  1.0000 0.1088  0.4572  0.9382  0.9998  1.0000
300 300 54 0.1092 0.5064 0.9708 1.0000 1.0000 0.1176  0.5252  0.9730  1.0000  1.0000
Empirical DMM ; n=60 Empirical MMM ; n=60

Power Power
1.00 /,, 1.00 //_/.
0.80 / //—' 0.80 / /
0.60 // 0.60 / /
0.40 // 0.40 z/
0.20 0.20
‘P‘/ /!
0.00 0.00
0.0 0.1 0.2 0.3 0.4 0.5 5 0.0 0.1 0.2 03 0.4 0.5 5
—a—Tl,p=120 ——TI1,p=300 —4—TI1* p=120 —e—TI* p=300
— & — T2,p=120 =— ® = T2,p=300 — & — T2% p=120 = ® = T2*% p=300

Figure 4.29 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Time Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J  and

n=:60
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Table 4.30 The Empirical Powers of the 7;, T,

*

T and

1

T, Tests of the Time Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J , and

n=90
DMM
dim  df B B
p

) () 5-01 5=02 5=03 5=04 5=05 5=0.1 5=02 5=03 5=04 5=0.5
180 360 27 0.1216 0.5888 0.9864 1.0000 1.0000 0.1334  0.6048 0.9880 1.0000  1.0000
270 540 27 0.1170 0.5858 0.9888 1.0000  1.0000 0.1262  0.6012  0.9896 1.0000  1.0000
360 720 27 0.1404 0.6918 0.9972  1.0000  1.0000 0.1494  0.7056 0.9976  1.0000  1.0000
450 900 27  0.1558 0.7684 0.9994  1.0000 1.0000 0.1636  0.7778  0.9994  1.0000  1.0000

MMM
dim  df By B
p

) @) 5-01 §=02 §=03 5=04 5=05 =01 &=02 6=03 =04 5=05
180 180 54  0.1214 05876 0.9864 1.0000 1.0000 0.1314  0.6052 0.9880 1.0000  1.0000
270 270 54 0.1160 0.5858 0.9890 1.0000  1.0000 0.1254  0.6024 0.9894 1.0000  1.0000
360 360 54 0.1408  0.6910 0.9972  1.0000  1.0000 0.1490  0.7054 0.9976 1.0000  1.0000
450 450 54 0.1552  0.7668 0.9994  1.0000 1.0000 0.1648  0.7764  0.9994 1.0000  1.0000

Empirical DMM ; n=90 Empirical MMM ; n=90
Power Power
1.00 /———.—n 1.00 V & .
0.80 // 0.80 //
0.60 // 0.60 //
0.40 0.40
0.20 0.20
[ [
0.00 0.00
0.0 0.1 0.2 0.3 0.4 0.5 5 0.0 0.1 0.2 0.3 0.4 0.5 5
e T1,p= 180 ==t T1, p = 450 e T1#,p= 180 et T1% p= 450
— & — T2,p=180 — ® — T2, p=450 — & — T2%p=180 — -® — T2* p=450

Figure 4.30 The Empirical Powers of the 7;, 7,, T, and 7, Tests of the Time Effect

under the Local Alternative Hypothesis when X =1.51  +0.5J, and

n=90



CHAPTER 5

APPLICATION TO MICROARRAY TIME COURSE
EXPERIMENTS

5.1 Microarray Time Course Experiments

Microarray time course experiments typically involve gene expression
measurements for thousands of genes over relatively few time points under one or
more biological conditions. The time points at which samples are taken are usually
determined by the investigator’s judgment concerning the biological events of interest
and are frequently irregularly spaced for periodic time course experiments.
Microarray time course studies usefully provide the ability to monitor the temporal
behavior of a biological process of interest through the measurement of expression

levels of thousands of genes simultaneously (Tai and Speed, 2005: 1).

5.1.1 Experiment Design

Time course experiments can be classified based on different criteria: the
number of time points, the number of biological conditions and the independence
between time points. First, the number of time points can be 3-6 for short time courses
and more than 6 for long ones. From the second criteria, time course data can be
divided into single or multiple series data depending on whether one experimental
group or more are evaluated. Finally, time course experiments can be classified into
longitudinal and cross-sectional data. In longitudinal time courses, individuals are
sampled at different time points whereas in cross-sectional experiments samples at

different times are from different and independent individuals (Roldan, 2009: 8).
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There are three major types of biological question in the study of microarray
time course experiments. One type of experiment aims at understanding the gene-
expression basis of physiological phenomena or the developmental process which are
related to long, longitudinal and single time course data. Another type of experiment
tries to determine the gene expression response to treatments and frequently uses short
and multiple time series. Finally, time course experiments are also designed to study
gene regulatory networks or interaction between genes which associate with a single

series of time course data (Roldan, 2009: 9).

5.1.2 Gene expression microarray data

The gene expression microarray is the one technique for measuring gene
expression. Microarrays quantify gene expression by measuring the hybridization of
DNA immobilized on a small glass matrix to mRNA representation from the sample
under study. This microarray technology can measure the expression of all of the
genes of an organism. There are two main microarray transcriptomic techniques,
cDNA arrays and oligonucleotide arrays, which can be used in combination with one
or two dye labeling strategies. Traditionally, cDNA arrays are coupled to two color
arrays whereas the use of oligonucleotide arrays of either one or two colors were
commercially imposed in the last few years. The most popular oligonucleotide chip is
commercialized by the Affymetrix company, with trademark name GeneChip, which
uses probe sets along with one color technology (Roldan, 2009: 5).

The gene expression information obtained from a microarray is organized into
a data matrix where the rows represent the genes and the columns the different
situations or arrays. This data matrix is called a gene expression profile at the
different expression values that one gene has for different conditions, treatments or
tissues (row of the data matrix). Before applying data analysis to find responses to the
biological questions of interest, data pre-processing steps, which are usually logarithm
transformations, the treatment of missing values and outliers, replicate handling and
normalization, are required to prepare the gene expression microarray data for

posterior statistical analysis (Roldan, 2009: 16).
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5.1.3 Statistical Analysis of Microarray Time Course Data

5.1.3.1 Identifying Differentially Expressed Genes

One of the main goals in microarray studies is to identify genes with
different expression under the experimental condition of the study or, in other words,
to analyze if the different experimental conditions have an influence on gene
expression. This main purpose usually involves hypothesis testing methods, which
implies as many statistical tests as variables and the appearance of a multiple testing
scenario that demands adjustment of the single test p-values. To identify a
differentially expressed gene for a single gene, classical statistical univariate methods,
such as the student t-test, the ANOVA-F test or mixed models, have been applied. In
recent genetic research, detecting sets of genes which are significant with respect to
treatment is the point of focus and many researchers have proposed newly developed
multivariate methods to analyze microarray time course experiments, such as the
multivariate two-sample test (Chen and Qin, 2010:5), MANOVA (Tsai and Chen,
2009:1), robustified MANOVA (Xu and Cui, 2008: 2) or the unified mixed effect
model (Wang, Chen and Wolfinger, 2009: 1).

5.1.3.2 Multiple Testing Correction

Performing more than one statistical inference procedure on the same
data set is called multiple inference or multiple testing. In microarray experiments,
several thousand genes or gene sets are simultaneously measured across different
conditions. When detecting differentially expressed genes or gene sets across those
conditions, each gene or gene set is considered independently from one another.
Incidences of false positives are genes that are found to be statistically different
between conditions but are not in reality. A false positive is proportional to the
number of tests performed and the critical significance level (p-value cutoff) (Agilent
Technologies, 2005: 2).

Consider the problem of testing m null hypotheses simultaneously, of
which my are true and R is the number of hypotheses rejected. Table 5.1 defines some
of the random variables related to the m hypothesis tests. The specific m hypotheses
are assumed to be known in advance. R is an observable random variable and U, V, S
and T are unobservable random variables. If each individual null hypothesis is tested

separately at level o, then R = R(a) is increasing in o.
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Table 5.1 Number of Errors committed when testing m Null Hypotheses

Declared Non Declared Significant Total
Significant
True Null Hypothesis U \Y% m
Untrue Null Hypothesis T S m—m,
m-R R m

The family-wise type I error rate (FWER) is the probability of making
one or more false discoveries, or type I errors, among the hypotheses when
performing multiple testing. In other words, the procedure will almost definitely
wrongly conclude that there is at least a difference in one test. From Table 5.1, FWER

= PV =1)=1-(1-a)". In spite of selecting a very low significance level, FWER

increases considerably. For instance, in an experiment with 1,000 genes or gene sets
and two conditions, there are 1,000 statistical tests; taking o = 0.05, the FWER =
1.000.

Multiple testing correction is a procedure to adjust p-values derived from
multiple statistical tests to correct for the occurrence of false positives. A simple
procedure is the Bonferroni correction that consists of choosing a global significance
level and working for each comparison at the FWER/q level. The Bonferroni

corrected p-value is the g-p-value and the null hypothesis is rejected when it is less

than the global significance at level .. Unfortunately, this correction is very strong for
gene expression analysis due to the large number of comparisons needed. The
required significance level for each contrast will be so small that almost no
statistically significant gene would be found in the results, yielding many false
negatives (Roldan, 2009: 33). For instance, if testing 1,000 genes or gene sets with a
control family-wise error rate at most 0.05, the highest accepted individual p-value is
0.00005, making the correction very stringent. Another procedure to control the
FWER is the Holm-Bonferroni step-down correction, which is less stringent than the
Bonferroni correction. However, the control of the FWER is conservative.

An alternative to controlling false positives, called false discovery rate
(FDR), was introduced by Benjamini and Hochberg (1995: 290). The FDR of a group

of tests is the expected value of the ratio of falsely rejected hypotheses to all rejected
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hypotheses, i.e. the expected value of /R in Table 5.1. If the null hypotheses are
true, the FDR is equivalent to the FWER, therefore control of the FDR implies control

of the FWER in a weak sense. When m, <m, the FDR is smaller than or equal to the

FWER. If a procedure controls the FDR only, it can be less stringent and a gain in
power may be expected (Benjamini and Hochberg, 1995: 291).

Benjamini and Hochberg’s false discovery rate procedure firstly orders
the p-values associated with the employed statistics for m null hypotheses

Piy» Pays+ > Py @0d, secondarily, the largest p-value remains as is after which the

second largest p-value is multiplied by the total number of genes or gene sets in the
gene list divided by its rank. The corrected p-value is the m/(m—1)-p-value and, if
less than 0.05, is significant. After this, the third p-value is multiplied as was the
second one, the corrected p-value is the m/(m—2)-p-value which, if less than 0.05, is

significant, and so on.

5.2 Analysis of the Clinical Study of the Burn Injury Time Course

Experiment

A large-scale clinical study of burn patients was analyzed to characterize the
gene expression impact of demographic factors important to patients’ outcome after
injury. This clinical study by the National Institute of General Medical Sciences in the
US, called the Inflammation and Host Response to Injury (Burns) program, includes
gene expression data of blood samples from pediatric and adult patients measured at
different times after severe burn injury and from healthy controls. The data set was
analyzed by Zhou et al. (2010a: 1) using a time course ANOVA (TANOVA)
methodology on the effect of age on a patient’s genomic response to burn injury. This
statistical analysis is a univariate test detecting differentially expressed genes (DEG)
at each gene level. Since each gene does not function individually in isolation and
tends to work with other genes to achieve certain biological tasks, the multivariate
approach is used to identify sets of burn injury patients’ expressed genes which are

significant with respect to the age factor.
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To test whether different expressed gene sets in the burn injury data are
significant with respect to the interaction, age and time effects, the proposed tests in
this dissertation for the high dimensional DMM and MMM were applied. The burn
injury time course data was retrieved from the Gene Expression Omnibus GEO)

database, www.ncbi.nlm.nih.gov/geo (accession no. GSE19743).

5.2.1 Clinical Study Information
5.2.1.1 Patients
Zhou et al. (2010b: 1) gave details of the patients’ enrollment in the

burn injury microarray time course experiment:

One hundred and eighty six burn patients with burns over 20% of the
total body surface area (TBSA) and 101 healthy controls were enrolled in a
prospective longitudinal study. Patients were enrolled by the participating burn
centers: Loyola University, Massachusetts General Hospital, Parkland Memorial
Hospital, Shriners Hospital for Children—Galveston, University of Texas Medical
Branch and the University of Washington. Criteria for enrollment included hospital
admission within 96 hours of injury with a burn size >20% of TBSA requiring
surgical treatment. The study was reviewed and approved by the Institutional Review
Board at each clinical site; genomic analyses were performed at the University of
Florida—Gainesville, and permission for these studies was also obtained from their
Institutional Review Board. Prior to study, each patient, parent, or child’s legal
guardian signed a written informed consent form. Blood was drawn within 10 days of
burning and then at subsequent times throughout the first 3 years following injury.
Non-burned volunteers, or patients more than three years post burn, were enrolled as
control patients. Control samples were obtained at a single time point from volunteers
or from individuals undergoing elective operative interventions. Demographics and
clinical data were recorded in the trial database.

5.2.1.2 Sample Collection and Microarray Processing

Zhou et al. (2010b: 1) gave details of sample collection and microarray
processing of burn injury microarray time course experiment:

Blood was drawn within 10 days of burning (early stage) and again

11-49 days post burn (middle stage). Non-burned volunteers, or patients more than
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three years post burn, were enrolled as controls. Control samples were obtained at a
single time point from volunteers or from individuals undergoing elective operative
interventions. Peripheral blood was collected and lysis buffer (bicarbonate-buffered
ammonium chloride solution, 0.826% NH4Cl, 0.1% KHCOs3, 0.0037% Na4sEDTA in
H,0) was added at a ratio of 20:1 (lysis buffer:blood). Samples were then incubated at
room temperature until erythrocyte lysis was complete (5—7 min). Leukocytes were
recovered by centrifugation (400 g, 48 C) and washed once in ice-cold phosphate
buffered saline. Leukocyte pellets were then resuspended in 8 ml buffer RLT
(Qiagen) and the samples sheared 10 times with an 18-gauge needle attached to a 10-
ml syringe. Samples were then immediately frozen and kept at —80°C until RNA
extraction was required. Total cellular RNA was isolated from the leukocyte pellets
using a commercial kit (RNeasy, Qiagen). Purity was confirmed by
spectrophotometry (A260/A280 ratio) and capillary electrophoresis (Agilent 2100
Bioanalyser, Agilent Inc). cRNA synthesis was performed using 4-mg total cellular
RNA, hybridized onto Hul33 plus 2.0 oligonucleotide arrays (Affymetrix), and
processed according to the protocol outlined by Affymetrix, with a few modifications.

A total of 54,675 probe sets on the Hul33 plus 2.0 arrays were
analyzed. Normalization of signal intensity was performed using dChip (Li and
Wong, 2001:31) and the expression level was modeled using the perfect-match-only

option.

5.2.2 Gene Set Mapping

Gene sets are technically defined in the Gene Ontology (GO) system that
provides the structured and controlled vocabularies producing names of gene sets
(also called GO terms). There are three groups of Gene Ontology of interest:
Biological Processes (BP), Cellular Components (CC) and Molecular Functions (MF).
There are 29,230 genes functionally defined based on the biological process of GO
and are mapped to unique GO terms in the BP categories. There are 1108 GO terms in
the BP parent-categories, 247 in the CC parent-categories and 471 in MF parent-
categories. Within three parent-categories, there are 191 gene sets in BP, 40 gene sets
in CC and 146 gene sets in MF containing only single genes and the largest gene set

contains 3049 genes in BP, 7729 genes in CC and 4440 genes in MF.
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From a high dimensional framework perspective, the number of genes must be
larger than the sample size. Analysis of the burn injury time course data is focused on
the size of the GO categories: 70 to 2000 genes. In order to reduce the redundancy in
GO, all child-categories, if the corresponding parent-category was within the size
limitation, were removed. If the parent-category exceeded the size limitation, the
child-categories were considered for the mapping of the GO categories. After the
mapping process, the gene expression levels were left with 70 gene sets in BP, 76

gene sets in CC and 64 gene sets in MF for analysis.

5.2.3 Testing of the Interaction, Age and Time Effects in Burn Injuries
for each Gene Set

As described in Section 5.2.2, the gene expression levels of blood samples
from the 26 pediatric and 31 adult patients were repeatedly measured at two time
points after severe burn injury: the early stage (0-10 days) and the middle stage (11-49
days). For each patient, the gene expression levels were mapped into 70 gene sets in
the BP category, 76 gene sets in the CC category and 64 gene sets in the MF category.
The total gene sets in the three categories was 210. In each gene set, the number of
genes (p), which ranged from 70 to 2000, was larger than the number of patients (or
subjects, n = 57).

Each set of gene expressions from the burn injury time course experiment is of
the high dimensional multivariate repeated measurement design, i.e. p gene
expressions in each gene set are repeatedly measured in blood sampled from each

patient in two age groups (g =2) at two time periods (¢ =2). The numbers of subjects
in each age group are unequal: »n, =26 and n, =31.
Let Y, =(¥,,,,,) bea tx p matrix of gene expression levels measured on

the /" pediatric patient, for i=1,...,n, and Y,, = (p,,,¥,,) bea tx p matrix of gene

1
expression levels measured on the i adult patient, for i =1,...,n,. The layout of data
is shown in Table 5.2.

Since there are two time-point measurements, the within-subject contrast

matrix A is of rank(A)=1. Therefore, the proposed tests of DMM and MMM
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analyses are the same, i.e. 7, =7, and T, =T, . To analyze the burn injury time course

data, only the two proposed tests in DMM analysis, 7] and 7, , were applied to detect

the different expression levels of the gene sets affected by the age, time and

interaction factors for each of the 210 gene sets in the three categories.

Table 5.2 Burn Injury Time Course Data

Treatment Group Subject Response Matrix Condition (Time)
j) @ Y,
G v 1 2
1 Yl'l = (y 111 Vi)
) 2 Y2'1 = (Yo Yar2)
n, (=26) Y;;l = ( Yun1 Y12
1 K'z = (y 121 Yin)
5 2 Y2'2 = (Y Vo)
n, (=31) Y,:22 = (yn121 yn222)

The DMM in (2.2) for the nx pt matrix of gene expression levels, denoted by
Y , for each gene set consisting of p genes is
Y=XB+U. (5.1

The layouts of the Y, X and B matrices of each gene set are as follows:

' M o |, (2) N0 (»)
Y Yin i ! Y N ! Y i
4 Q)] 1) (2) (2) (p) ()
Yo Yar o Yo | Yai Yan Vo Yo
. . Lo . .o .
: : Do : P :
| |
4 Q)] 1) : (2) (2) . : (p) (p)
| |

ynll ynlll ynll2 yn,ll yn,lZ yn,ll yn,12

Y(n><2p): ———|=| —=c———=—= F——sm—————t—- - ,

' ) 0) ) [6) P »)
Y2 Yior Vi | Vi i Yo in
4 Q)] 1) (2) (2) () (pr)

Y Yor o Voo UV Vo Vo Y1 Vom

4 1) 1) (2) (2) (p) (p)
[ Ym2 ] | Vw2t Vo | Yyt Vo Yot Vo2 |
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4 (1) (O 2) 2) | | (r) (p)

Bo.: )_{”1}_{%1 H : Hy o By Lo Hyo o By
T T, M1, @0 0 ,,0m m |

M, Hoy o Hyy f Ho Hoy' ) Hor Hyy

Three null hypotheses for testing the interaction, age and time effects are as
follows:

Hy: : the p average gene expressions of each gene set in each GO category are
parallel

Hy, : the p average gene expressions of each gene set in each GO category
are not differentially expressed among the age groups

Hos : the p average gene expressions of each gene set in each GO category are
not differentially expressed over time

The Multivariate General Linear Hypothesis for testing the age x time
interaction, age and time effects for each gene set is

H:CB(I,®A)=0, (5.2)
and the contrast matrices C and A | satisfying A’A =1 are defined as

142
-1/\2

/42

C=[1 -1, A= , for the Hy,, age effect test, and
142

C=[1 —1], A= :l, for the Ho1, age x time effect test ,

1/42
Cz{nl na} ={26 31} A= V2 , for the Hys, time effect test.
non 57 57 142

Therefore, the multivariate hypotheses (5.2) for Hy;, Hpa, Hos are stated as

o =) — () — ) (uff)—uff))—(uif)—uiﬁ))}zo
01 *

7 7

[ 2 2 2 2 2 2
(@) 1) (2) 2) (») (p)
Zﬂlk _Zﬂzk Zﬂlk _Zﬂzk Zﬂlk _Zﬂzk
H. | = k=1 k=1 k=1 =1 k=1 -0
0o -

5 2 %

Ixp
’
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YV I WD B W
Hy,:| & - S B

. 7 N N o

The pxp SSCP matrices due to error and the hypothesis, S and S,, for

each gene set, are calculated by

S, =(I,® A)Y'[I, - X(X'X)"'X']Y(I,®A) (5.3)
and S, =(CB(I, ® A))[C(X'X)'C'T'CB(I, ® A), (5.4)

where B =(X'X)"X'Y . Using the S, and S, matrices, the proposed tests 7, and 7,
for testing hypothesis (5.2) are calculated as

v, (S,
"= s, -2

A Vh -1/2 L _v_h
and T, = {2\/,1512 [1 + V—J} 7 {tr(sh) ) tr(Se)} , (5.6)

where v, =n—g=55,v,=1 and

PRLACAY (5.7)
V.P
i, - ! (S?) - (er(S. )’ (5.8)
R IR ) 1 R T '
ho G 5.9
@) 62

At the 5% significance level, the unadjusted p-values of the proposed test 7,

are calculated using the upper cumulative F distribution with Lvhc;’J and LveaA’J

degrees of freedom, l—F(Y],Lvhc;’J,LveciJ), where d = pa’/a,, and those of the

proposed test T, are calculated by 1-N(7,), where N(z) is a cumulative standard

normal distribution. The adjusted p-values for multiple testing corrections are derived
from 70 statistical tests in the BP category, 76 statistical tests in the CC category and
64 statistical tests in the MF category to control FDR at the 5% level. If the FDR
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adjusted p-value of each gene set is less than 0.05, the null hypothesis (5.2) is

rejected.

5.2.4 Numerical Example of analysis of each gene set

Each gene set in the three GO categories was analyzed by DMM analysis. To
give an example of the data analysis, the first set of genes in the BP category, defined
in GO terms as GO:0000079 (regulation of cyclin-dependent protein kinase activity),
were selected. The data of this example are 71 gene expression levels of blood
samples from the 26 pediatric and 31 adult patients at two time points after severe
burn injury.

The three null hypotheses of testing the interaction, age and time effects are as
follows:

Hyi: 71 average gene expression profiles of the regulation of cyclin-dependent
protein kinase activity gene set in the BP category are parallel.

Hoy: 71 average gene expressions of the regulation of cyclin-dependent protein
kinase activity gene set in the BP category are not differentially expressed between
age groups.

Hy: 71 average gene expressions of the regulation of cyclin-dependent
protein kinase activity gene set in the BP category are not differentially expressed
over time.

For each test for effect, the 71x71 SSCP matrices due to error and the

hypothesis, S, and S,, of this gene set were calculated by (5.3) and (5.4) and the

A

traces of these matrices obtained. The consistent estimators, 4,, d, and b, are
respectively calculated by (5.7), (5.8) and (5.9). The proposed tests, 7; and 7,, and the

p-values of the tests were calculated in the testing of the interaction, age and time
effect matrices defined in (5.5) and (5.6).
To test Hyi (the age x time effect), #(S,) = 64,157,238, (S,) = 297,221.27,

a, =16,429.5103, a, = 6,809,442,590 and b= 0.03964 were calculated, followed by

v, r(S,)
T — e
1 v, tr(S,)
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_(55)(297,221.27) _
~(1)(64,157,238)

A Vh -1/2 L _V_h
T, = {2\/,;12 [1 + V—J} \/; {tr(sh) N tr(Se)} ,

-1/2
={2(1)(6,809,442,590)[1+%}} L{(297,221.27)—5—15(64,157,238)}

V71
__ 1 86927397 o
117,745.59  8.426

0.25,

The p-value of 7, is l—F(I;,Lvhc?J,LvﬂJ) , where d = pb = (71)(0.039640)
=2.814. The degrees of freedom are vhc?= 2.814 and vecfi =(55)(2.814) =154.77 , and
then P(7, > 0.25) =1-F(0.25,8,154) =0.8458 > 0.05. Therefore, the null hypothesis
Hy, is not rejected.

The p-value of T,is P(T, >—0.876) =1-N(-0.876)= 0.8095 > 0.05, so the
null hypothesis Hy; is not rejected.

To test Ho» (the age effect), #(S,)=127,792,271, tr(S,)=2,172,514.2, a, =
32,725.294, a, = 26,770,108,472 and b= 0.040005 were calculated, followed by

v, r(S,)
T — e
1 v, tr(S,)

(55)(2,172,514.2)
(1)(127,792,271)

Tzz{zvhdz[nz—’:j}_ ﬁ{tr(sh)—:—’:tr(sg)}

=0.935,

-1/2
= {2(1)(26,770,108,472)[1 + %j} L {(2,172,5 14.2) —%(127,792,271)}

J71

1 —-150,981.64 —_0.076.

T 233.460.79  8.426




178

The p-value of T, is l—F(ﬂ,Lvhc:lJ,ijJ) , where d = pb = (71)(0.040005)

=2.840. The degrees of freedom are vhc?= 2.840 and vecfi =(55)(2.840)=156.2, and
then P(7, >0.94) =1-F(0.94,2,156) =0.4214> 0.05. Therefore, the null hypothesis

Hy, is not rejected.

The p-value of 7, is P(7, >—0.076) =1-N(-0.076)= 0.5306 > 0.05, so the
null hypothesis Hy; is not rejected.

To test Hys (the time effect), #(S,)= 64,157,238, t(S,)= 376,028.56,
a,=16,429.5103, a, = 6,809,442,590 and b= 0.03964 were calculated, followed by

v, tr(S,)
T — e
1 Vi tr(Se)

_ (55)(376,028.56)
(1)(64,157,238)

Tzz{zvhdz[nz—’:j}_ ﬁ{tr(sh)—:—’:tr(se)}

-1/2

1 1 1
=42(1)(6,809,442,590)| 1+— |t —=| (376,028.56) —— (64,157,238
{()( )[ 55}} \/ﬂ[( )=55¢ )}

0.32,

1 —790,466.676

= —0.80.
117,745.59 8.426

The p-value of 7, is l—F(ﬂ,LvhdJ,LvedJ), where d = pb = (71)(0.039640)

=2.814. The degrees of freedom are vhc? =2.814 and vecfi =(55)(2.814) =154.77 , and
then P(7, >0.32) =1-F(0.32,8,154) =0.7965 > 0.05. Therefore, the null hypothesis

Hys is not rejected.

The p-value of 7, is P(7, >—0.80) =1-N(-0.80)= 0.7872 > 0.05, so the null

hypothesis Hos is not rejected.

From the results of the three hypotheses tests on one gene set, 71 average gene
expression profiles of the regulation of cyclin-dependent protein kinase activity gene
set in the BP category are parallel and are not differentially expressed between age

groups or over time.
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The other gene sets were analogously analyzed using the DMM analysis. The
results of the DMM analyses for each of the 70 gene sets in the BP category, 76 gene
sets in the CC category and 64 gene sets in the MF category are shown in the next
section. The adjusted p-values for multiple testing corrections were derived to control

FDR at 5% level.

5.3 The Results of the Multiple Tests in the Analysis of Burn Injury Data

5.3.1 Significant Differential Gene Expressions in the BP Categories

The results of testing the age X time, age and time effects for each of the 70

gene sets in the BP category are shown in Tables 5.3 - 5.5. From both of the 7] and

T, tests, it was found that there were 10 gene sets in the BP group that were

significantly differentially expressed over the age x time effect, 49 gene sets
differentially expressed by the age group and 54 gene sets differentially expressed
over time.

The gene sets in the BP category which were significantly differentially
expressed over the age x time interaction are classified as follows: regulation
(including regulation of cell growth), transcription (including transcription--
regulation of transcription, DNA-dependent), metabolic processes (including lipid
metabolic process, metabolic process, ATP biosynthetic process) and transport
(including transport, transport--transport, negative regulation of transcription from
RNA polymerase Il promoter, intracellular protein transport,  transport--ion
transport).

The gene sets in the BP category which were significantly differentially
expressed by the age effect are classified as follows: transport (including transport--
transport, transport—ion transport, transport--intracellular protein transport),
metabolic and cellular processes (including cell adhesion, angiogenesis, carbohydrate
metabolic process, metabolic process), transcription (including negative regulation of
transcription from RNA polymerase Il promoter, regulation of transcription,
transcription, DNA-dependent) and genetic information (including protein folding,

mRNA processing).
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The gene sets in the BP category which were significantly differentially
expressed over time are classified as follows: transduction (including transduction,
small GTPase mediated signal transduction), metabolic process (including /lipid
metabolic process, metabolic process), transport (including intracellular protein
transport, transport-- transport, transport--ion transport), transcription (including
transcription--regulation of transcription, DNA-dependent), cell proliferation and
genetic information (including multicellular organismal development, cell cycle,
nuclear mRNA splicing, via spliceosome), and stress response (including immune

response, chemotaxis).
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Table 5.3 Significant Differential Gene Expression in the BP Category over the Age

x Time Effect Test in Burn Injury Patients

Age x Time Effect

Size

BP Category Description raw fdr raw fdr
®» 7 L
p-value p-value p-value p-value
GO0:0000079  regulation of cyclin-dependent 71 0.25 0.8458 0.9109 -0.88 0.8095 0.8586
protein kinase activity
GO:0000082  G1/8S transition of mitotic cell 101 0.18 0.8502 0.8883 -0.85 0.8012 0.8628
cycle
GO:0000122  negative regulation of 463 1.91* 0.0002 0.0012  4.48* 3.80E-06 2.95E-05
transcription from RNA
polymerase 1l promoter
GO:0000165 MAPKKK cascade 93 1.79 0.1122 0.2619 1.26 0.1039 0.2424
GO:0000187  activation of MAPK activity 100 1.37 0.2547 0.4245 0.29 0.3852 0.5737
GO0:0000226  microtubule cytoskeleton 75 0.46 0.8481 0.8995 -0.96 0.8302 0.8674
organization
GO0:0000398  nuclear mRNA splicing, via 289 1.20 0.2723 0.4236  0.51 0.3034 0.4827
spliceosome
GO:0001501  skeletal system development 275 1.67 0.1397 0.2963 1.07 0.1432 0.3038
GO:0001503  ossification 98 0.11 0.8009 0.8899 -0.70 0.7588 0.8431
GO:0001525  angiogenesis 211 1.37 0.1351 0.2956 1.11 0.1325 0.2898
GO:0001558  regulation of cell growth 231  16.59*  5.23E-12  1.83E-10 21.97* 2.67E-107 1.87E-105
GO:0001666  response to hypoxia 142 0.41 0.6158 0.7184 -0.52 0.6977 0.8140
GO:0001701  in utero embryonic development 110 1.43 0.1779 0.3366 0.87 0.1916 0.3626
GO:0005975  carbohydrate metabolic process 423 0.74 0.8800 0.9059 -1.13 0.8712 0.8968
GO:0006091  generation of precursor 82 0.92 0.4876 0.6321 -0.14 0.5563 0.7347
metabolites and energy
GO:0006139  nucleobase-containing 128 0.84 0.5265 0.6465 -0.25 0.6000 0.7499
compound metabolic process
GO:0006260  DNA replication 212 1.18 0.3053 0.4547 0.17 0.4323 0.6304
GO:0006281  DNA repair 228 2.06 0.0740 0.2466 1.62 0.0522 0.1739
GO0:0006333  chromatin assembly or 85 0.60 0.5569 0.6721 -0.40 0.6572 0.7932
disassembly
GO0:0006334  nucleosome assembly 135 0.90 0.5255 0.6568 -0.21 0.5846 0.7578
GO0:0006350 // transcription // regulation of 1183 5.08*  7.47E-16 5.23E-14 1487* 2.61E-50 9.14E-49
GO:0006355  transcription, DNA-dependent //
regulation of transcription,
DNA-dependent
GO:0006350 // transcription // regulation of 416 1.75 0.0441 0.1716  1.94 0.0263 0.1024
GO:0006355 // transcription, DNA-dependent //
GO:0006355
GO0:0006350 // transcription // regulation of 208 1.85 0.0288 0.1439 222 0.0131 0.0573

GO0:0006355 // transcription, DNA-dependent //
GO:0006357  regulation of transcription from
RNA polymerase II promoter

GO0:0006350 // transcription // regulation of 163 2.02*  7.12E-07 1.25E-05 6.15%  3.81E-10 5.33E-09
GO:0006355 // transcription, DNA-dependent //
GO:0006366  transcription from RNA

polymerase Il promoter

GO0:0006350 // transcription // regulation of 158  2.63 0.0100 0.0635 3.11* 0.0009 0.0060
GO:0006355 // transcription, DNA-dependent //
GO:0007275  multicellular organismal

development

GO0:0006350 // transcription // regulation of 77 2.02 0.0295 0.1379  2.26 0.0120 0.0558
GO:0006355 // transcription, DNA-dependent //
GO:0016578  chromatin modification

GO0:0006350 // transcription // regulation of 90 1.77 0.0705 0.2466  1.63 0.0517 0.1808
GO0:0006355 // transcription, DNA-dependent //
G0:0045449
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Age x Time Effect

BP Category Description S(;Z)e T raw fdr T, raw fdr
p-value p-value p-value p-value
GO:0006355 regulation of transcription, 309 1.28 0.1681 0.3361  0.95 0.1720 0.3541
DNA-dependent
GO:0006364 rRNA processing 156 0.73 0.4688 0.6192 -0.25 0.6001 0.7370
GO0:0006396 RNA processing 125 1.79 0.1619 0.3333 087 0.1913 0.3720
GO0:0006397 mRNA processing 232 1.16 0.2976 0.4528  0.44 0.3301 0.5135
GO:0006412 translation 616 0.71 0.5961 0.7073  -0.42 0.6639 0.7877
GO:0006457 protein folding 277 1.25 0.2582 0.4203 054 0.2943 0.4905
GO:0006461 protein complex assembly 138 0.52 0.6932 0.7955 -0.62 0.7333 0.8280
GO:0006464 protein modification process 365 231 0.0978 0.2632 137 0.0857 0.2306
GO:0006468 protein phosphorylation 945 1.77 0.0137 0.0800  2.59 0.0048 0.0279
GO:0006470 protein dephosphorylation 218 0.79 0.7125 0.8044 -0.62 0.7330 0.8411
GO:0006486 protein glycosylation 93 0.32 0.8057 0.8812 -0.81 0.7923 0.8666
GO0:0006508 proteolysis 748  1.56 0.0970 0.2828  1.37 0.0850 0.2379
GO:0006511 ubiquitin-dependent protein 750 1.13 0.3343 0.4875  0.30 0.3835 0.5835
catabolic process
G0O:0006629 lipid metabolic process 428 1.80 NaN NaN NaN NaN NaN
GO:0006694 steroid biosynthetic process 72 1.97 0.0211 0.1137  2.44* 0.0074 0.0397
GO:0006754 ATP biosynthetic process 127 2.79% 0.0001 0.0009  528* 6.36E-08 7.42E-07
GO:0006810 transport 244 1.86 0.0036 0.0252  3.26* 0.0006 0.0039
GO:0006810 //  transport // transport 314 1.76%* 0.0000 0.0001  521* 9.65E-08 9.65E-07
GO:0006810
GO:0006810 //  transport // ion transport 696 1.53 0.0000 0.0002  4.71* 1.26E-06 1.10E-05
GO:0006811
GO:0006810 //  transport // intracellular 213 1.04 0.4019 0.5742  0.16 0.4346 0.6208
GO:0006886 protein transport
GO:0006810 //  transport // protein transport 259 1.25 0.2102 0.3679  0.76 0.2239 0.4019
GO:0015031
GO:0006886 intracellular protein transport 73 5.77*  4.29E-06 6.01E-05 8.57* 5.35E-18 1.25E-16
GO:0006897 endocytosis 130 1.63 0.0983 0.2548 137 0.0858 0.2224
GO0:0006915 apoptosis 353 1.30 0.1773 0.3448  0.90 0.1843 0.3685
GO0:0006928 apoptosis 133 0.89 0.4409 0.6052 -0.13 0.5520 0.7576
GO0:0006935 chemotaxis 93 175 0.1312 0.2962 1.12 0.1320 0.2981
GO:0006950 response to stress 81 2.18 0.0789 0.2403  1.58 0.0574 0.1828
GO0:0006952 defense response 120 1.84 0.1023 0.2470 1.34 0.0900 0.2251
GO:0006954 inflammatory response 89 0.87 0.5237 0.6665 -0.23 0.5917 0.7531
GO0:0006955 immune response 430 1.20 0.2347 0.4006  0.67 0.2512 0.4289
G0O:0007010 cytoskeleton organization 102 2.04 0.0439 0.1808  2.01 0.0223 0.0920
GO:0007018 microtubule-based movement 89 2.57 0.0347 0.1519  2.28 0.0112 0.0558
GO0:0007049 cell cycle 340 1.23 0.2628 0.4181 053 0.2966 0.4828
GO:0007155 cell adhesion 735 1.24 0.1009 0.2523  1.31 0.0945 0.2282
GO:0007165 signal transduction 1305  2.60* NaN NaN  NaN NaN NaN
GO:0007186 G-protein coupled receptor 77 0.87 0.4392 0.6149  -0.14 0.5562 0.7487
protein signaling pathway
G0:0007242 intracellular signaling cascade 129 1.90 0.0636 0.2344  1.72 0.0427 0.1572
GO0:0007264 small GTPase mediated signal 149 0.98 0.4683 0.6304 -0.05 0.5195 0.7273
transduction
GO0:0007275 multicellular organismal 380 1.23 0.2052 0.3780  0.79 0.2161 0.3980
development
GO0:0007601 visual perception 77 178 0.0784 0.2495  1.55 0.0604 0.1838
GO:0008152 metabolic process 457 2.99*  2.08E-07 4.84E-06  7.50* 3.31E-14 5.79E-13
GO0:0032313 regulation of Rab GTPase 84 1.39 0.2081 0.3736  0.72 0.2355 0.4121
activity
G0:0055114 oxidation-reduction process 120 1.75 0.0973 0.2726  1.38 0.0837 0.2442

*significant at the FDR 0.05 level
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Table 5.4 Significant Differential Gene Expression in the BP Category by the Age

Effect Test in Burn Injury Patients

. Age Effect
. Size
BP Category Description ) T raw fdr T raw fdr
! p-value p-value 2 p-value  p-value
GO0:0000079  regulation of cyclin-dependent 71 0.94 0.4214 0.4469 -0.08 0.5306 0.5543
protein kinase activity
GO:0000082  G1/S transition of mitotic cell 101 2.76* 0.0444 0.0597 2.13% 0.0167 0.0238
cycle
GO:0000122  negative regulation of 463 4.02* 2.19E-18  2.55E-17 14.64* 7.79E-49  6.82E-48
transcription from RNA
polymerase Il promoter
GO0:0000165 MAPKKK cascade 93 1.97 0.0836 0.1009 1.52 0.0647 0.0781
GO:0000187  activation of MAPK activity 100 3.11 0.0697 0.0903 1.71 0.0433 0.0561
GO0:0000226  microtubule cytoskeleton 75 1.95 0.0631 0.0834 1.73 0.0415 0.0548
organization
GO0:0000398  nuclear mRNA splicing, via 289  4.24* 3.47E-08 1.35E-07 9.22* 1.54E-20 5.98E-20
spliceosome
GO:0001501  skeletal system development 275 2.18 0.0411 0.0587 2.08 0.0187 0.0256
GO:0001503  ossification 98 221 0.1350 0.1575 0.97 0.1669 0.1947
GO:0001525  angiogenesis 211 11.66* 1.34E-30 2.35E-29  31.42* 6.21E-217 2.17E-215
GO:0001558  regulation of cell growth 231 097 0.4309 0.4502 -0.05 0.5194 0.5509
GO:0001666  response to hypoxia 142 4.97* 0.0135 0.0210 3.56* 0.0002 0.0003
GO:0001701  in utero embryonic development 110 6.23*  3.18E-07 1.06E-06 9.98*% 9.18E-24 4.02E-23
GO:0005975  carbohydrate metabolic process 423 5.76*% 4.14E-29 5.79E-28 22.02* 9.59E-108 1.34E-106
GO:0006091  generation of precursor 82  5.59% 0.0002 0.0004 6.66* 1.33E-11 3.32E-11
metabolites and energy
GO:0006139  nucleobase-containing 128 2.26 0.0412 0.0577 2.10%* 0.0179 0.0251
compound metabolic process
GO:0006260  DNA replication 212 259 0.0704 0.0896 1.70 0.0446 0.0567
GO:0006281  DNA repair 228  2.59* 0.0293 0.0437 2.41% 0.0080 0.0119
GO:0006333  chromatin assembly or 85  5.28% 0.0044 0.0074 4.53%  2.98E-06 5.34E-06
disassembly
GO0:0006334  nucleosome assembly 135 1.79 0.0428 0.0588 1.97* 0.0247 0.0332
GO0:0006350//  transcription // regulation of 1183 2.19* 0.0003 0.0007 4.41* 5.25E-06 9.18E-06
GO:0006355  transcription, DNA-dependent //
regulation of transcription,
DNA-dependent
GO0:0006350//  transcription // regulation of 416 2.87* 0.0003 0.0006 4.93*  4.16E-07 8.32E-07
GO0:0006355//  transcription, DNA-dependent //
GO:0006355
GO0:0006350//  transcription // regulation of 208 3.06* 0.0002 0.0004 5.27*%  6.96E-08 1.43E-07
GO:0006355//  transcription, DNA-dependent //
GO:0006357  regulation of transcription from
RNA polymerase II promoter
GO0:0006350//  transcription // regulation of 163 3.26* 4.45E-17 3.89E-16  12.88*% 2.75E-38 2.14E-37
GO0:0006355//  transcription, DNA-dependent //
GO:0006366  transcription from RNA
polymerase Il promoter
GO0:0006350//  transcription // regulation of 158 3.32%* 0.0002 0.0004 5.41* 3.23E-08 7.07E-08
GO:0006355//  transcription, DNA-dependent //
GO:0007275  multicellular organismal
development
GO0:0006350//  transcription // regulation of 77 3.90* 3.16E-08 1.30E-07 8.93*  2.19E-19 8.06E-19
GO0:0006355//  transcription, DNA-dependent //
GO:0016578  chromatin modification
GO0:0006350//  transcription // regulation of 90 1.51 0.1242 0.1474 1.18 0.1192 0.1414

GO:0006355//
GO:0045449

transcription, DNA-dependent //
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Si Age Effect
BP Category Description (;Z)e T raw fdr T raw fdr
p-value p-value p-value p-value
GO:0006355 regulation of transcription, 309 3.80* 7.62E-14 5.76E-13 12.15* 2.82E-34  1.75E-33
DNA-dependent
GO0:0006364 rRNA processing 156 7.06* 0.0010 0.0017  6.22 2.48E-10  5.63E-10
G0:0006396 RNA processing 125 1.19* 0.3163 0.3309  0.23* 0.4090 0.4278
GO0:0006397 mRNA processing 232 491* 1.32E-11 8.17E-11 12.19% 1.78E-34  1.21E-33
GO:0006412 translation 616 2.85% 0.0077 0.0119  3.34* 0.0004 0.0006
GO0:0006457 protein folding 277 9.17*  4.40E-12  299E-11 16.51* 1.51E-61  1.71E-60
GO:0006461 protein complex assembly 138 3.91* 0.0052 0.0082  3.96* 3.69E-05  5.83E-05
GO:0006464 protein modification process 365 10.87*  1.58E-05 3.99E-05 10.54* 2.83E-26  1.48E-25
GO0:0006468 protein phosphorylation 945 3.31*%  3.68E-11 1.93E-10 10.11* 2.56E-24  1.16E-23
GO0:0006470 protein dephosphorylation 218 3.37*  6.10E-07 1.89E-06  7.52% 2.67E-14  7.89E-14
GO0:0006486 protein glycosylation 93 4.08* 0.0017 0.0029  4.71* 1.25E-06  2.30E-06
GO0:0006508 proteolysis 748 3.96* 7.75E-08 2.77E-07  8.71* 1.52E-18  5.15E-18
GO:0006511 ubiquitin-dependent protein 750 2.51%* 0.0004 0.0007  4.60* 2.16E-06  3.86E-06
catabolic process
G0O:0006629 lipid metabolic process 428 3.75 NaN NaN NaN NaN NaN
GO:0006694 steroid biosynthetic process 72 4.19*  1.95E-07 6.63E-07  8.60* 3.93E-18 1.22E-17
GO:0006754 ATP biosynthetic process 127 3.10%  2.31E-06 6.82E-06 6.86* 3.53E-12  9.24E-12
GO0:0006810 transport 244 3.38% 1.47E-08 6.23E-08  8.64* 2.76E-18  8.95E-18
GO:0006810//  transport // transport 314 4.28*  8.10E-94 2.75E-92 35.76%  1.99E-280 1.35E-278
GO0:0006810
GO:0006810//  transport // ion transport 696 2.87* 2.86E-98 1.94E-96 31.02* 1.41E-211 3.20E-210
GO:0006811
GO:0006810//  transport // intracellular 213 3.87* 1.36E-11 7.69E-11 11.02* 1.46E-28  8.29E-28
GO:0006886 protein transport
GO:0006810//  transport // protein transport 259 4.04*  3.13E-09 1.42E-08 9.75% 9.29E-23  3.71E-22
GO:0015031
GO:0006886 intracellular protein transport 73 3.08* 0.0021 0.0034  4.15*% 1.64E-05  2.66E-05
GO0:0006897 endocytosis 130 4.08* 3.93E-06 1.07E-05  7.46* 447E-14 1.27E-13
GO:0006915 apoptosis 353 2.45% 0.0006 0.0011  4.36* 6.45E-06  1.07E-05
GO0:0006928 apoptosis 133 2.39 0.0706 0.0858  1.69 0.0458 0.0556
GO0:0006935 chemotaxis 93 1.54 0.1811 0.1986  0.82 0.2048 0.2246
GO:0006950 response to stress 81 1.62 0.1672 0.1864  0.89 0.1871 0.2086
GO0:0006952 defense response 120 5.41%* 0.0001 0.0003  6.70* 1.06E-11  2.67E-11
GO:0006954 inflammatory response 89 1.42 0.2247 0.2388  0.61 0.2696 0.2864
GO:0006955 immune response 430 327 3.39E-06 9.60E-06  6.87* 3.14E-12  8.53E-12
G0O:0007010 cytoskeleton organization 102 3.49 0.0007 0.0012  4.90* 4.77E-07  9.02E-07
GO:0007018 microtubule-based movement 89 2.11 0.0770 0.0919  1.59 0.0555 0.0662
GO0:0007049 cell cycle 340 3.45% 1.18E-05 3.10E-05 6.57* 2.47E-11  5.79E-11
GO:0007155 cell adhesion 735 5.50* 5.61E-47 1.27E-45 27.86* 4.35E-171 7.39E-170
GO:0007165 signal transduction 1305 3.38 NaN NaN NaN NaN NaN
GO:0007186 G-protein coupled receptor 77 0.62 0.5962  0.5962 -0.45 0.6742 0.6742
protein signaling pathway
G0:0007242 intracellular signaling cascade 129 1.33 0.2134  0.2304 0.72 0.2360 0.2547
GO0:0007264 small GTPase mediated signal 149 3.14* 0.0001  0.0003 5.40% 3.29E-08 6.78E-08
transduction
GO0:0007275 multicellular organismal 389 3.68% 1.16E-10 5.65E-10  10.26* 5.23E-25 2.54E-24
development
GO0:0007601 visual perception 77 3.93* 0.0002  0.0004 5.78% 3.69E-09  8.09E-09
GO:0008152 metabolic process 457 4.73*  3.18E-17 3.09E-16  15.11% 6.89E-52  6.70E-51
GO0:0032313 regulation of Rab GTPase 84 2.59* 0.0165  0.0244 2.79% 0.0026 0.0039
activity
GO:0055114 oxidation-reduction process 120 2.10%* 0.0344  0.0488 2.18* 0.0145 0.0205

*significant at the FDR 0.05 level
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Table 5.5 Significant Differential Gene Expression in the BP Category over the

Time Effect Test in Burn Injury Patients

Time Effect

BP Category Description S(;z)e T raw fdr T raw fdr
! p-value  p-value 2 p-value p-value
GO0:0000079  regulation of cyclin-dependent 71 0.33 0.7965 0.8199  -0.80 0.7872 0.8103
protein kinase activity
GO:0000082  G1/S transition of mitotic cell 101 7.52% 0.0005 0.0009  6.84* 3.89E-12 8.78E-12
cycle
GO:0000122  negative regulation of 463 2.77*  6.40E-11 2.64E-10  9.52* 8.77E-22  2.46E-21
transcription from RNA
polymerase Il promoter
GO0:0000165 MAPKKK cascade 93 0.47 0.7799 0.8149 -0.79 0.7859 0.8211
GO:0000187  activation of MAPK activity 100 2.71 0.0748 0.0988  1.63 0.0515 0.0680
GO0:0000226  microtubule cytoskeleton 75 2.02 0.0761 0.0986  1.59 0.0563 0.0729
organization
GO0:0000398  nuclear mRNA splicing, via 289 6.38%  4.76E-12 2.08E-11 14.01* 6.65E-45 2.74E-44
spliceosome
GO:0001501  skeletal system development 275 3.04* 0.0080 0.0116  3.43* 0.0003 0.0005
GO:0001503  ossification 98 2.15 0.1367 0.1679 095 0.1717 0.2073
GO:0001525  angiogenesis 211 2.03 0.0037 0.0057  3.38* 0.0004 0.0005
GO:0001558  regulation of cell growth 231 10.36*  2.15E-09 7.17E-09 16.48* 2.54E-61 1.27E-60
GO:0001666  response to hypoxia 142 0.70 0.4607 0.4886 -0.25 0.5984 0.6347
GO:0001701  in utero embryonic development 110 1.24 0.1839 0.2182 0.84 0.1997 0.2369
GO:0005975  carbohydrate metabolic process 423 2.99*  1.00E-09 3.69E-09  9.05* 6.97E-20 1.88E-19
GO:0006091  generation of precursor 82 1.48* 0.1569 0.1894  0.97 0.1650 0.2026
metabolites and energy
GO:0006139  nucleobase-containing 128 0.96 0.4064 0.4377  0.04 0.4845 0.5383
compound metabolic process
GO:0006260  DNA replication 212 1.18 0.3550 0.3945  0.02 0.4923 0.5385
GO:0006281  DNA repair 228 3.16* 0.0044 0.0066  3.94* 4.04E-05 6.42E-05
GO0:0006333  chromatin assembly or 85 1.08 0.3755 0.4107 -0.01 0.5024 0.5411
disassembly
GO0:0006334  nucleosome assembly 135 4.23*  3.87E-05 8.47E-05  6.62* 1.79E-11 3.92E-11
GO0:0006350 // transcription // regulation of 1183 7.27%  2.24E-28 2.24E-27 25.02* 1.96E-138 1.96E-137
GO:0006355  transcription, DNA-dependent //
regulation of transcription,
DNA-dependent
GO:0006350 // transcription // regulation of 416 2.54* 0.0004 0.0008  4.73* 1.12E-06 2.06E-06
GO:0006355 // transcription, DNA-dependent //
GO:0006355
GO:0006350 // transcription // regulation of 208 5.27*  2.38E-09 7.58E-09 10.92* 4.85E-28 1.62E-27
GO:0006355 // transcription, DNA-dependent //
GO:0006357  regulation of transcription from
RNA polymerase II promoter
GO0:0006350 // transcription // regulation of 163 3.58*  3.92E-21 3.05E-20 14.90* 1.54E-50 7.20E-50
GO0:0006355 // transcription, DNA-dependent //
GO:0006366  transcription from RNA
polymerase Il promoter
GO0:0006350 // transcription // regulation of 158 5.07*  6.49E-06 1.57E-05  8.04* 4.43E-16 1.07E-15
GO:0006355 // transcription, DNA-dependent //
GO:0007275  multicellular organismal
development
GO:0006350 // transcription // regulation of 77 4.62*  5.36E-07 1.50E-06  8.91* 2.58E-19 6.70E-19
GO0:0006355 // transcription, DNA-dependent //
GO:0016578  chromatin modification
GO0:0006350 // transcription // regulation of 90 8.96% 1.53E-13 7.66E-13 18.05* 4.20E-73 2.26E-72

GO:0006355 //
GO:0045449

transcription, DNA-dependent //
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Time Effect

BP Category Description S(;Z)e T raw fdr raw fdr
' p-value p-value p-value p-value
GO:0006355 regulation of transcription, 309 3.69% 2.73E-09  8.30E-09 9.60*  3.84E-22  1.12E-21
DNA-dependent
GO0:0006364 rRNA processing 156 1.63 0.2151 0.2510 0.53  0.2985 0.3483
G0:0006396 RNA processing 125 12.01*  2.23E-06 5.79E-06 12.37* 1.84E-35 6.79E-35
GO0:0006397 mRNA processing 232 2.60* 0.0002 0.0004 5.00%  2.89E-07 5.47E-07
GO:0006412 translation 616 2.58* 0.0328 0.0442 2.34*  0.0097 0.0134
GO0:0006457 protein folding 277 2.61% 0.0044 0.0066 3.58*  0.0002 0.0003
GO:0006461 protein complex assembly 138 1.97 0.0944 0.1180 1.41 0.0789 0.0986
GO:0006464 protein modification process 365 4.53*% 0.0133 0.0190 3.41*  0.0003 0.0005
GO0:0006468 protein phosphorylation 945 2.54% 2.20E-05 5.14E-05 5.78*  3.64E-09  7.50E-09
GO:0006470 protein dephosphorylation 218 2.33% 0.0012 0.0021 4.01*  3.04E-05 5.07E-05
GO0:0006486 protein glycosylation 93 7.78% 0.0001 0.0002 8.00%  6.39E-16  1.49E-15
GO0:0006508 proteolysis 748 2.42% 0.0027 0.0043 3.75*  0.0001 0.0001
GO:0006511 ubiquitin-dependent protein 750 1.98 0.0265 0.0364 2.33*%  0.0098 0.0132
catabolic process
G0O:0006629 lipid metabolic process 428 3.79*
GO:0006694 steroid biosynthetic process 72 2.81% 0.0003 0.0005 5.08%* 1.89E-07  3.68E-07
GO0:0006754 ATP biosynthetic process 127 2.90* 2.26E-05 5.11E-05 6.03*  8.06E-10  1.71E-09
GO0:0006810 transport 244 9.09* 1.67E-35  2.34E-34 29.98* 8.34E-198 1.95E-196
GO:0006810 //  transport // transport 314 4.32% 7.40E-43  2.59E-41 24.42% 5.56E-132 4.86E-131
GO0:0006810
GO:0006810 //  transport // ion transport 696 3.22% 1.06E-40  2.48E-39 20.99* 3.96E-98 3.08E-97
GO:0006811
GO:0006810 //  transport // intracellular 213 1.98* 0.0009 0.0015 3.96*  3.70E-05  6.02E-05
GO:0006886 protein transport
GO:0006810 //  transport // protein transport 259 2.51% 0.0004 0.0008 4.54*  279E-06 5.00E-06
GO:0015031
GO:0006886 intracellular protein transport 73 14.19*  3.38E-17 2.15E-16 26.46* 1.32E-154 1.54E-153
GO0:0006897 endocytosis 130 4.73* 1.03E-06 2.78E-06 8.64*  2.79E-18 6.96E-18
GO:0006915 apoptosis 353 16.82 1.95E-46  1.37E-44 46.87* 0.00E+00 0.00E+00
GO0:0006928 apoptosis 133 1.15 0.3073 0.3469 0.24  0.4045 0.4567
GO0:0006935 chemotaxis 93 19.26*%  4.46E-15 2.40E-14 27.21* 2.18E-163 3.06E-162
GO:0006950 response to stress 81 2.01 0.0814 0.1036 1.55  0.0608 0.0773
GO0:0006952 defense response 120 3.69% 0.0034 0.0054 4.10%  2.06E-05 3.51E-05
GO0:0006954 inflammatory response 89 7.25% 4.12E-08  1.20E-07 11.78*% 2.34E-32 8.18E-32
GO:0006955 immune response 430 9.64* 1.10E-31  1.29E-30 29.15*% 4.05E-187 7.09E-186
GO0:0007010 cytoskeleton organization 102 8.04* 1.03E-09 3.60E-09 13.59* 2.33E-42 9.06E-42
GO0:0007018 microtubule-based movement 89 8.07* 3.17E-06  7.91E-06 9.93*  1.56E-23  4.76E-23
GO0:0007049 cell cycle 340 8.78* 3.48E-15 2.03E-14 19.00* 8.53E-81 5.43E-80
GO:0007155 cell adhesion 735 2.90% 3.66E-13  1.71E-12 10.71* 4.79E-27 1.52E-26
GO:0007165 signal transduction 1305 4.04*
GO:0007186 G-protein coupled receptor 71 1.45 0.2326 0.2669 0.51 0.3064 0.3516
protein signaling pathway
G0:0007242 intracellular signaling cascade 129 7.68* 4.80E-10 1.87E-09 14.12* 1.41E-45 6.17E-45
GO0:0007264 small GTPase mediated signal 149 18.15*  1.53E-36  2.69E-35 43.37* 0.00E+00 0.00E+00
transduction
GO0:0007275 multicellular organismal 389 6.30% 6.16E-20 4.31E-19 18.79* 4.69E-79  2.74E-78
development
GO0:0007601 visual perception 77 3.66* 0.0003 0.0005 5.49*  1.98E-08 3.95E-08
GO:0008152 metabolic process 457 5.90% 1.45E-23  1.27E-22 20.69* 2.35E-95 1.64E-94
GO0:0032313 regulation of Rab GTPase 84 2.14 0.0253 0.0354 2.44*  0.0073 0.0102
activity
GO:0055114 oxidation-reduction process 120 3.13% 0.0024 0.0040 4.16* 1.58E-05 2.77E-05

*significant at the FDR 0.05 level
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5.3.2 Significant Differential Gene Expressions in the CC Category

Tables 5.6 - 5.8 show the results of testing of the interaction, age and time
effects for each of the gene sets in the CC category. The two proposed tests gave the
number of gene sets in the CC category which were significantly differentially
expressed over the age x time, age and time factors as 23, 55 and 69, respectively.

The gene sets in the CC category which were significant differentially
expressed over age x time are classified as follows: membrane (including
membrane—integral to membrane, plasma membrane—integral to plasma, Golgi
membrane, plasma membrane—membrane), intracellular (including intracellular—
cytosol, endoplasmic reticulum, lysosome, cytoplasm—membrane, microtubule,
nucleus, intermediate filament, cytoplasm—cytosol, nucleus—nucleus—transcription
factor complex, nucleus—cytoplasm, cytoplasm—endosome, cytoplasm—
cytosleleton, chromatin, intracellular—nucleus, proteasome complex, nucleus—
transcription factor complex) and cell fraction (including membrane fraction, soluble
fraction).

The gene sets in the CC category which were significantly differentially
expressed by age group are classified as follows: membrane (including plasma
membrane—membrane, integral to plasma membrane, Golgi membrane),
intracellular (including cytoplasm—cytoplasm, cytoplasm—cytosol, intracellular—
nucleus, mitochondrion, cytoplasm—cytoskeleton, cytoplasm—plasma membrane,
nucleus—nucleus—nucleus, nucleosome, endoplasmic  reticulum, nucleus—
transcription factor complex, mitochodrion—mitochodrion, nucleus—cytoplasm) and
extracellular (including extracellular—region-non-traceable author statement,
extracellular—proteinaceous  extracellular  matrix, extracellular—plasma
membrane).

The gene sets in CC category which were significantly differentially expressed
over time are classified as follows: membrane (including membrane, plasma
membrane—integral to plasma membrane, plasma membrane—plasma membrane),
intracellular (including nucleus—nucleus—nucleolus, nucleus—nucleolus, nucleus—
transcription factor complex, nucleus—spliceosome, nucleus, nucleus—nucleus pore,
endosome, nucleus—nucleus—nucleoplasm, peroxisome, Golgi apparatus, nucleus—

cytoplasm, cytoplasm—cytoplasm, mitochondrion—mitochondrion, chromosome,
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centromeric region) and cell fraction (including soluble fraction, membrane

fraction).

Table 5.6 Significant Differential Gene Expressions in the CC Category over Age X

Time Effect Test in Burn Injury Patients

Age x Time Effect

CC Category Description S(;Z)e T raw fdr T, raw fdr
p-value p-value p-value p-value
GO:0000119  mediator complex 75 0.67 0.5630 0.6209  -0.39 0.6511 0.7182
GO:0000139  Golgi membrane 739 1.97* 0.0071 0.0294 3.01*  0.0013 0.0055
GO:0000151  ubiquitin ligase complex 136 0.46 0.8312 0.8540  -0.91 0.8185 0.8296
GO:0000502  proteasome complex 76 3.55 0.0188 0.0565 2.96*  0.0015 0.0057
GO:0000775  chromosome, centromeric region 91 1.49 0.0893 0.1915 1.43 0.0771 0.1651
GO:0000785  chromatin 143 2.75% 0.0143 0.0466 2.93*  0.0017 0.0060
GO:0000786  nucleosome 130 1.22 0.2808 0.4129 0.46 0.3217 0.4731
GO:0001726  ruffle 124 0.05 0.8591 0.8707  -0.72 0.7634 0.7952
GO:0005576  extracellular region 659  0.95 0.4907 0.5662  -0.11 0.5444 0.6379

GO:0005576//  extracellular region//non-traceable 684  1.03 0.4157 0.5111 0.14 0.4458 0.5765
GO:0005576  author statement

GO:0005576//  extracellular region//proteinaceous 489  1.19 0.2659 0.4155 0.55 0.2929 0.4673
GO:0005578  extracellular matrix

GO:0005576//  extracellular region//extracellular 495  1.05 0.3827 0.4865 0.07 0.4702 0.5782
GO:0005615  space

GO:0005576//  extracellular region//membrane 90 0.58 0.5627 0.6299  -0.42 0.6617 0.7192
GO:0005624  fraction

GO:0005576//  extracellular region//cytoplasm 138 1.21 0.3037 0.4218 0.23 0.4096 0.5390
GO:0005737

GO:0005576//  extracellular region// plasma 227  0.85 0.6108 0.6639  -0.39 0.6503 0.7280
GO:0005886  membrane

GO:0005576//  extracellular region//membrane 74 0.35 0.7113 0.7514  -0.65 0.7431 0.7850
GO0:0016020

GO:0005615  extracellular space 162 0.96 0.4551 0.5417 -0.07 0.5274 0.6279
GO:0005622  intracellular 636 2.44 0.0221 0.0637 2.56 0.0052 0.0150
GO0:0005622// Intracellular//intracellular 78 0.72 0.6354 0.6808 -0.48 0.6858 0.7348
GO0:0005622

GO0:0005622// Intracellular/membrane fraction 79 1.15 NaN NaN NaN NaN NaN
GO0:0005624

GO0:0005622// Intracellular//nucleus 1095  2.02 0.0175 0.0547 2.57*  0.0052 0.0155
GO0:0005634

GO0:0005622//  Intracellular//nucleus//nucleus 715 1.01 0.4377 0.5295 0.03 0.4880 0.5903
GO:0005634//

GO:0005634

GO:0005622//  Intracellular//nucleus//cytoplasm 209 1.63 0.1544 0.2968 0.97 0.1655 0.3182
GO:0005634//

GO:0005737
GO:0005622//  Intracellular//cytoplasm 516 1.40 0.2215 0.3955 0.64 0.2602 0.4539
GO:0005737
GO0:0005622// Intracellular//mitochondrion 108 0.82 0.4614 0.5407 -0.20 0.5773 0.6661
GO:0005739
GO:0005622// Intracellular//cytosol 131  1.82* 2.95E-64 221E-62  20.89* 3.51E-97 1.32E-95

GO:0005829
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Table 5.6 (Continued)

Age x Time Effect

Size

CC Category Description raw fdr raw fdr
®» T T

p-value p-value p-value p-value
GO:0005622//  Intracellular//plasma membrane 88 0.53 0.8622 0.8622 -1.02  0.8455 0.8455
GO0:0005886
GO:0005624  membrane fraction 764 1.87* 1.03E-10  1.29E-09 7.91* 1.25E-15 1.17E-14
GO:0005625  soluble fraction 224 1.56 0.0270 0.0723 2.16*  0.0153 0.0397
GO:0005634  nucleus 1782  1.81* 4.99E-08 4.68E-07  6.54* 3.16E-11  2.63E-10
GO0:0005634// nucleus//nucleus 636  1.75* 0.0071 0.0281 2.89% 0.0019 0.0065
GO0:0005634
GO:0005634// nucleus//nucleus//nucleus 489  1.04 0.4126 0.5157 0.13 0.4500 0.5721
GO0:0005634//
GO0:0005634
GO:0005634// nucleus//nucleus//nucleoplasm 210 1.25 0.2489 0.4148 0.59 0.2779 0.4632
GO0:0005634//
GO:0005654
GO0:0005634// nucleus//nucleus//transcription 81  4.56* 0.0001 0.0007 6.40* 8.00E-11  6.00E-10
GO0:0005634// factor complex
GO0:0005667
GO0:0005634// nucleus//nucleus//spliceosome 107 1.94 0.0606 0.1420 1.76 0.0389 0.0913
GO:0005634//
GO:0005681
GO:0005634// nucleus//nucleus//nucleolus 180 1.53 0.1016 0.2117 1.34 0.0908 0.1892
GO0:0005634//
GO0:0005730
GO:0005634// nucleus//nucleus//cytoplasm 627 1.26 0.2048 0.3746 0.78 0.2175 0.4079
GO:0005634//
GO0:0005737
GO0:0005634// nucleus//nuclear pore 103 1.18 0.3165 0.4239 0.32 0.3762 0.5225
GO:0005643
GO0:0005634// nucleus//nucleoplasm 271 1.24 0.2663 0.4076 0.52 0.3032 0.4738
GO0:0005654
GO0:0005634// nucleus//transcription factor 98 2.29 0.0351 0.0908 2.21% 0.0134 0.0358
GO:0005667  complex
GO0:0005634// nucleus//spliceosome 140 1.63 0.1053 0.2135 1.31 0.0946 0.1918
GO:0005681
GO0:0005634// nucleus//nucleolus 344 174 0.0807 0.1833 1.53 0.0636 0.1445
GO0:0005730
GO0:0005634// nucleus//cytoplasm 1625 1.66* 0.0001 0.0008 4.31* 0.0000  4.02E-05
GO0:0005737
GO:0005737  cytoplasm 1090 1.23 0.2516 0.4015 0.59 0.2786 0.4543
GO:0005737//  cytoplasm//cytoplasm 702 1.67* 0.0054 0.0240 2.97* 0.0015 0.0059
GO0:0005737
GO0:0005737//  cytoplasm//mitochondrion 249  3.69* 0.0002 0.0012 5.55* 1.41E-08 8.79E-08
GO0:0005739
GO:0005737//  cytoplasm//endosome 84 3.95% 0.0002 0.0009 5.83* 2.79E-09 1.90E-08
GO:0005768
GO0:0005737//  cytoplasm//endoplasmic 94  0.54 0.7720 0.8042  -0.78 0.7814 0.8028
GO:0005783  reticulum
GO0:0005737//  cytoplasm//Golgi apparatus 108 1.21 0.2909 0.4195 0.42 0.3363 0.4850
GO0:0005794
GO:0005737//  cytoplasm//cytosol 234 2.32% 0.0001 0.0005 5.12* 1.53E-07  8.80E-07
GO0:0005829
GO:0005737//  cytoplasm//cytoskeleton 488  1.62* 0.0123 0.0419 2.58* 0.0049 0.0154

GO:0005856
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Table 5.6 (Continued)

Age x Time Effect

CC Category Description S(;Z)e T raw fdr T, raw fdr

p-value p-value p-value p-value

GO:0005737//  cytoplasm//plasma membrane 340 1.75 0.0426 0.1066  1.96 0.0250 0.0626

GO:0005886

GO:0005737//  cytoplasm//membrane 150  7.47* 1.17E-11 1.75E-10 14.71* 2.89E-49 3.61E-48

G0:0016020

GO:0005739  mitochondrion 208  2.63* 0.0003 0.0014  4.80* 8.13E-07 4.36E-06

GO:0005739  mitochondrion 208 2.63* 0.0003 0.0014 4.80*  8.13E-07 4.36E-06

GO0:0005739//  mitochondrion//mitochondrion 338 1.23 0.2278 0.3884 0.69 0.2458 0.4390

GO:0005739

GO0:0005739//  mitochondrion//mitochondrial 73 1.18 0.3131 0.4269 0.34 0.3663 0.5183

GO:0005741  outer membrane

GO0:0005739//  mitochondrion//mitochondrial 279 1.21 0.2774 0.4161 0.48 0.3140 0.4709

GO:0005743  inner membrane

GO0:0005739//  mitochondrion//mitochondrial 77  0.74 0.5241 0.5955  -0.31 0.6217 0.7065

GO:0005759  matrix

GO:0005764  lysosome 192 13.35% 3.13E-12 5.87E-11 19.93*  1.09E-88 2.04E-87

GO:0005768  endosome 109 3.21%* 0.0106 0.0399 3.27* 0.0005 0.0024

GO:0005777  peroxisome 82 245 0.0243 0.0675 2.50% 0.0062 0.0171

GO:0005783  endoplasmic reticulum 904  8.23* 1.81E-19 4.53E-18  20.73* 8.72E-96 2.18E-94

GO:0005794  Golgi apparatus 273 1.26 0.2910 0.4118 0.31 0.3781 0.5155

GO:0005813  centrosome 97 1.10 0.3354 0.4337 0.10 0.4595 0.5744

GO:0005829  cytosol 297  1.88 0.0847 0.1869 1.50 0.0668 0.1474

GO:0005856  cytoskeleton 85 149 0.2276 0.3970 0.51 0.3060 0.4683

GO:0005874  microtubule 108 21.29*  3.24E-08 3.47E-07 19.59* 1.02E-85 1.53E-84

GO:0005882  intermediate filament 111 5.99* 1.68E-07 1.40E-06  10.07* 3.89E-24 4.17E-23

GO:0005886// plasma membrane//plasma 330  1.50 0.1415 0.2793 1.07 0.1421 0.2804

GO:0005886  membrane

GO:0005886// plasma membrane//integral to 492 1.71* 0.0008 0.0037 3.75% 0.0001 0.0004

GO:0005887  plasma

GO:0005886// plasma membrane//membrane 965 1.56* 0.0109 0.0389 2.61% 0.0046 0.0149

G0:0016020

GO:0005887  integral to plasma membrane 409  1.20 0.2506 0.4086 0.61 0.2722 0.4640

GO:0008076  voltage-gated potassium channel 98  1.53 0.1896 0.3556 0.77 0.2196 0.4017

complex

GO:0016020  membrane 121 2.20 0.0598 0.1447 1.81* 0.0352 0.0852

GO:0016020// membrane//integral to membrane 2239  5.75*  2.11E-35 7.92E-34  24.45*% 2.63E-132 1.97E-130

G0O:0016021

GO:0016020// membrane//integral to membrane// 204 1.17 0.3216 0.4232 0.31 0.3796 0.5084

GO:0016021//  integral to membrane

G0O:0016021

*significant at the FDR 0.05 level
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Table 5.7 Significant Differential Gene Expressions in the CC Category by Age

Effect Test in Burn Injury Patients

Si Age Effect
CC Category Description (;z)e T raw fdr T raw fdr

p-value  p-value p-value p-value
GO:0000119  mediator complex 75 3.48* 0.0371  0.0497  2.39* 0.0085 0.0114
GO:0000139  Golgi membrane 739  2.94* 5.25E-07 1.77E-06  7.18%* 3.56E-13  9.71E-13
GO:0000151  ubiquitin ligase complex 136 1.97 0.0581  0.0750  1.80* 0.0361 0.0466
GO:0000502  proteasome complex 76 0.74 0.4675 0.4675 -0.24 0.5962 0.5962
GO:0000775  chromosome, centromeric region 91 1.44 0.0629  0.0797  1.65 0.0499 0.0633
GO:0000785  chromatin 143 3.88* 0.0001  0.0003  5.85* 2.51E-09  5.40E-09
GO:0000786  nucleosome 130 5.85% 2.24E-08 9.34E-08 10.71%* 4.37E-27  2.39E-26
GO:0001726  ruffle 124 1.08 0.3188  0.3328  0.06 0.4760 0.4898
GO:0005576  extracellular region 659  3.18*% 3.66E-05  0.0001  5.96% 1.29E-09  2.86E-09
GO:0005576//  extracellular region//non-traceable 684  5.20%  6.12E-62 1.45E-60 31.40* 1.08E-216 7.68E-215
GO:0005576  author statement
GO:0005576//  extracellular region//proteinaceous 489  5.43*  5.20E-17 4.11E-16 15.93* 2.11E-57  2.50E-56
GO:0005578  extracellular matrix
GO:0005576//  extracellular region//extracellular 495 2.02 0.0756  0.0941 1.60 0.0545 0.0679
GO:0005615  space
GO:0005576//  extracellular region//membrane 90  5.05* 0.0102  0.0144  3.82* 0.0001 0.0001
GO:0005624  fraction
GO:0005576//  extracellular region//cytoplasm 138 4.01* 0.0041 0.0067  4.16* 1.61E-05  2.73E-05
GO0:0005737
GO:0005576//  extracellular region// plasma 227  4.65% 3.65E-10 1.99E-09 10.99* 2.17E-28  1.28E-27
GO:0005886  membrane
GO:0005576//  extracellular region//membrane 74 1.98 0.1180  0.1374 1.20 0.1154 0.1343
GO0:0016020
GO:0005615  extracellular space 162 4.49* 0.0002  0.0004  6.03* 8.35E-10  1.91E-09
GO0:0005622  intracellular 636  5.71*  3.30E-06 9.03E-06  8.64* 2.75E-18  9.78E-18
GO0:0005622// Intracellular/intracellular 78  3.57* 0.0025  0.0043  4.28* 9.39E-06  1.71E-05
GO0:0005622
GO0:0005622// Intracellular//membrane fraction 79  4.51* 0.0021 0.0039  4.74* 1.05E-06  2.01E-06
GO0:0005624
GO0:0005622// Intracellular//nucleus 1095  6.56*  2.57E-18 2.61E-17 18.07* 2.89E-73  4.11E-72
GO0:0005634
GO0:0005622// Intracellular//nucleus//nucleus 715 4.93*  446E-11 2.64E-10 11.87* 8.02E-33  5.69E-32
GO:0005634//
GO0:0005634
GO0:0005622// Intracellular//nucleus//cytoplasm 209  6.53*  1.15E-06 3.72E-06  9.63* 291E-22 1.22E-21
GO:0005634//
GO0:0005737
GO0:0005622// Intracellular/cytoplasm 516  3.77%* 1.28E-05 3.14E-05  6.78%* 6.18E-12  1.62E-11
GO0:0005737
GO0:0005622// Intracellular//mitochondrion 108 097 0.4018  0.4075 -0.03 0.5124 0.5197
GO0:0005739
GO0:0005622//  Intracellular//cytosol 131 2.37* 0.0241  0.0328  2.49* 0.0065 0.0088
GO0:0005829
GO:0005622//  Intracellular//plasma membrane 88  5.15% 0.0002  0.0004  6.37* 9.73E-11  2.38E-10
GO0:0005886
GO:0005624  membrane fraction 764 3.23 NaN NaN  NaN NaN NaN
GO:0005625  soluble fraction 224 3.23*% 4.59E-22 6.52E-21 14.80%* 7.37E-50  6.54E-49
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Si Age Effect

CC Category Description (;Z)e T raw fdr T, raw fdr

p-value  p-value p-value p-value
GO:0005634  nucleus 1782 3.28 NaN NaN  NaN NaN NaN
GO0:0005634// nucleus//nucleus 636  4.50* 8.85E-49 1.57E-47 26.03* 1.14E-149 2.02E-148
GO0:0005634
GO0:0005634// nucleus//nucleus//nucleus 489  2.87*  2.75E-09 1.39E-08  8.53* 7.29E-18  2.46E-17
GO0:0005634//
GO0:0005634
GO:0005634// nucleus//nucleus//nucleoplasm 210 2.00%* 0.0044  0.0071  3.24* 0.0006 0.0009
GO:0005634//
GO:0005654
GO0:0005634// nucleus//nucleus//transcription 81 2.58% 0.0089  0.0129  3.15* 0.0008 0.0012
GO0:0005634// factor complex
GO0:0005667
GO0:0005634// nucleus//nucleus//spliceosome 107 3.96% 2.63E-06 7.48E-06  7.51% 3.00E-14  8.53E-14
GO:0005634//
GO:0005681
GO:0005634// nucleus//nucleus//nucleolus 180 1.40 0.1132  0.1362  1.25 0.1059 0.1274
GO:0005634//
GO0:0005730
GO:0005634// nucleus//nucleus//cytoplasm 627  2.75*% 1.75E-06 5.19E-06  6.64* 1.62E-11  4.10E-11
GO0:0005634//
GO0:0005737
GO0:0005634// nucleus//nuclear pore 103 1.78 8.33E-02  0.1020 150 0.0662 0.0810
GO:0005643
GO0:0005634// nucleus//nucleoplasm 271 2.44* 0.0059  0.0091  3.32% 0.0005 0.0007
GO:0005654
GO0:0005634// nucleus//transcription factor 98  7.44*  4.40E-08 1.64E-07 11.64* 1.30E-31  8.41E-31
GO:0005667  complex
GO0:0005634// nucleus//spliceosome 140  435* 1.43E-06 4.41E-06 8.03* 4.69E-16  1.51E-15
GO:0005681
GO:0005634// nucleus//nucleolus 344 3.46* 8.65E-05  0.0002  5.81%* 3.14E-09  6.56E-09
GO0:0005730
GO:0005634//  nucleus//cytoplasm 1625  3.28 NaN NaN  NaN NaN NaN
GO0:0005737
GO:0005737  cytoplasm 1090  2.40*  3.44E-06 9.06E-06  6.10* 5.31E-10  1.26E-09
GO:0005737//  cytoplasm//cytoplasm 702 4.65* 7.87E-67 2.79E-65 31.10* 1.03E-212 3.67E-211
GO0:0005737
GO:0005737//  cytoplasm//mitochondrion 249 2.35* 0.0064  0.0096  3.23* 0.0006 0.0009
GO0:0005739
GO:0005737//  cytoplasm//endosome 84  3.33* 0.0003  0.0005  5.26* 7.40E-08  1.46E-07
GO:0005768
GO:0005737//  cytoplasm//endoplasmic reticulum 94 1.50 0.1744  0.1935 0.88 0.1904 0.2112
GO:0005783
GO:0005737//  cytoplasm//Golgi apparatus 108 2.45* 0.0067  0.0100  3.25* 0.0006 0.0009
GO0:0005794
GO:0005737//  cytoplasm//cytosol 234 3.03* 8.38E-19 9.92E-18 13.20%* 4.20E-40 3.31E-39
GO0:0005829
GO:0005737//  cytoplasm//cytoskeleton 488  2.46* 1.40E-14 9.91E-14 10.53* 3.17E-26  1.61E-25
GO0:0005856
GO:0005737//  cytoplasm//plasma membrane 340  431* 7.56E-09 3.35E-08  9.75% 8.98E-23  3.98E-22
GO:0005886
GO:0005737//  cytoplasm//membrane 150  1.51 0.0498  0.0655  1.80* 0.0357 0.0470

G0O:0016020
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Table 5.7 (Continued)

. Age Effect
CC Category Description S(;Z)e T raw fdr T, raw fdr

p-value  p-value p-value p-value
GO:0005739  mitochondrion 208  4.71* 8.04E-18 7.14E-17 15.38%* 1.19E-53  1.21E-52
GO0:0005739//  mitochondrion//mitochondrion 338  3.20% 1.99E-07 7.07E-07  7.71% 6.24E-15 1.93E-14
GO0:0005739
GO:0005739//  mitochondrion//mitochondrial 73 3.27* 0.0022  0.0039 4.21* 1.29E-05  2.29E-05
GO:0005741  outer membrane
GO0:0005739//  mitochondrion//mitochondrial 279  4.21*% 3.74E-08 1.47E-07 9.17* 2.46E-20  9.69E-20
GO:0005743  inner membrane
GO:0005739//  mitochondrion//mitochondrial 77 198 0.1167  0.1381 1.21 0.1133 0.1340
GO:0005759  matrix
GO:0005764  lysosome 192 5.10% 1.27E-05  0.0000 7.67* 8.85E-15 2.62E-14
GO:0005768  endosome 109 3.45% 0.0018  0.0034  4.39* 5.60E-06  1.05E-05
GO:0005777  peroxisome 82 3.10 0.0033  0.0055  3.92* 4.48E-05 0.0001
GO:0005783  endoplasmic reticulum 904  3.37* 6.76E-09 3.20E-08  8.85* 4.50E-19  1.68E-18
GO:0005794  Golgi apparatus 273 1.59 0.1843  0.2013  0.78 0.2164 0.2363
GO:0005813  centrosome 97 146 0.2340  0.2517  0.49 0.3135 0.3372
GO:0005829  cytosol 297  2.40% 0.0236  0.0328  2.51* 0.0061 0.0084
GO:0005856  cytoskeleton 85 135 0.2639  0.2797  0.37 0.3562 0.3774
GO:0005874  microtubule 108  2.00 0.1445  0.1655 0.95 0.1715 0.1933
GO:0005882  intermediate filament 111 2.40%* 0.0050  0.0079  3.38* 0.0004 0.0006
GO:0005886  plasma membrane 330  2.74% 0.0014  0.0027 4.16* 1.61E-05  2.79E-05
GO:0005886// plasma membrane//plasma 492 2.95 NaN NaN  NaN NaN NaN

GO:0005886  membrane
GO:0005886// plasma membrane//integral to 965 2.58*  6.05E-84 4.30E-82 27.44*  4.40E-166 1.04E-164
GO:0005887  plasma

GO:0005886// plasma membrane//membrane 409  2.99* 9.78E-13 6.31E-12 10.50* 4.26E-26  2.02E-25
G0:0016020

GO:0005887  integral to plasma membrane 98 1.63 0.1515 0.1707  0.99 0.1606 0.1839
GO:0008076  voltage-gated potassium channel 121 4.17* 0.0005  0.0010  5.42* 2.93E-08  5.94E-08

complex

GO:0016020  membrane 2239 3.11 NaN NaN  NaN NaN NaN
GO0:0016020// membrane//integral to membrane 204 1.13 0.3366  0.3464 0.29 0.3874 0.4045
G0O:0016021

GO:0016020// membrane//integral to membrane// 75 3.48% 0.0371 0.0497  2.39% 0.0085 0.0114
GO0:0016021//  integral to membrane

G0O:0016021

*significant at the FDR 0.05 level
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Table 5.8 Significant Differential Gene Expressions in the CC Category over Time
Effect Test in Burn Injury Patients

Time Effect

Size
CC Category Description raw fdr raw fdr

@ h p-value  p-value b p-value p-value
GO:0000119  mediator complex 75 8.17*  0.0001  0.0001 8.46* 1.39E-17 3.15E-17
GO:0000139  Golgi membrane 739 2.70*  0.0001  0.0001 5.30% 5.92E-08 9.25E-08
GO:0000151  ubiquitin ligase complex 136 2.03 0.0638  0.0714 1.74* 0.0412 0.0461
GO:0000502  proteasome complex 76 3.85*  0.0131 0.0175 3.32% 0.0005 0.0006
GO:0000775  chromosome, centromeric region 91 5.06* 1.30E-10 4.89E-10 11.69*  7.00E-32  2.10E-31
GO:0000785  chromatin 143 2.15 0.0502  0.0588 1.94* 0.0265 0.0310
GO0:0000786  nucleosome 130 1.40 0.1819  0.1921 0.86 0.1955 0.2066
GO:0001726  ruffle 124 0.27 0.6400  0.6486 -0.55 0.7092 0.7188
GO:0005576  extracellular region 659 2.46*  0.0045  0.0063 3.46* 0.0003 0.0004

GO:0005576// extracellular region//non-traceable 684 3.17* 2.30E-09 7.20E-09 8.92* 2.23E-19 5.23E-19
GO:0005576  author statement

GO:0005576//  extracellular region//proteinaceous 489 3.77* 7.00E-07 1.42E-06 7.82*% 2.57E-15 4.82E-15
GO:0005578  extracellular matrix

GO:0005576// extracellular region//extracellular 495 1.25 0.2880  0.3000 0.37 0.3574 0.3723
GO:0005615  space

GO:0005576// extracellular  region//membrane 90 4.34%  0.0149  0.0193 3.33% 0.0004 0.0006
GO:0005624  fraction

GO:0005576//  extracellular region//cytoplasm 138 6.89*  0.0008  0.0013 6.28*% 1.64E-10 2.73E-10
GO:0005737

GO:0005576// extracellular ~ region//  plasma 227 2.48*  0.0021  0.0030 3.85% 0.0001 0.0001
GO:0005886  membrane

GO:0005576//  extracellular region//membrane 74 3.76%  0.0254  0.0312 2.77* 0.0028 0.0036
GO0:0016020

GO:0005615  extracellular space 162 2.45*  0.0216  0.0270 2.58* 0.0050 0.0061
GO0:0005622  intracellular 636 3.54*  0.0016  0.0023 4.51* 3.25E-06 4.87E-06
GO0:0005622// Intracellular//intracellular 78 6.96* 5.26E-07 1.13E-06 10.26*  5.54E-25 1.54E-24
GO0:0005622

GO0:0005622// Intracellular/membrane fraction 1095 2.25*%  0.0071 0.0098 3.14* 0.0008 0.0011
GO0:0005624

GO0:0005622// Intracellular//nucleus 715 2.68*  0.0010 0.0016 4.27%  9.69E-06 1.43E-05
GO0:0005634

GO0:0005622//  Intracellular//nucleus//nucleus 209 2.20 0.0570 0.0647 1.85* 0.0324 0.0374
GO0:0005634//

GO0:0005634

GO:0005622//  Intracellular//nucleus//cytoplasm 516 2.47*  0.0308  0.0373 2.35% 0.0094 0.0114
GO:0005634//

GO:0005737

G0O:0005622//  Intracellular//cytoplasm 108 0.68 0.5326  0.5472 -0.34 0.6349 0.6523
GO:0005737

GO0:0005622// Intracellular//mitochondrion 131 0.94 0.9499  0.9499 -1.62 0.9474 0.9474
GO:0005739

GO:0005622//  Intracellular//cytosol 88 5.29* 3.78E-07 8.34E-07 9.23* 1.33E-20 3.21E-20
GO:0005829

GO:0005622//  Intracellular//plasma membrane 764 3.20% 1.17E-38 1.75E-37 19.96* 6.00E-89 4.09E-88
GO:0005886

GO:0005624  membrane fraction 224 3.97* 3.63E-12 1.70E-11 11.47* 9.83E-31 2.83E-30
GO:0005625  soluble fraction 1782 4.74*% 2.18E-62 1.63E-60 30.29* 8.98E-202 1.68E-200
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Time Effect

CC Category Description S(;Z)e T raw fdr T, raw fdr
p-value  p-value p-value p-value

GO:0005634  nucleus 636 5.04* 1.60E-17 1.34E-16 15.69* 9.06E-56  5.23E-55

GO0:0005634// nucleus//nucleus 489 3.55*% 5.18E-08 1.30E-07 8.45% 147E-17 3.23E-17

GO0:0005634

GO0:0005634// nucleus//nucleus//nucleus 210 4.93* 1.18E-07 2.76E-07 9.38* 3.19E-21 8.26E-21

GO0:0005634//

GO0:0005634

GO:0005634// nucleus//nucleus//nucleoplasm 81 12.53* 1.06E-13 6.10E-13 20.68* 2.73E-95 2.05E-94

GO:0005634//

GO:0005654

GO:0005634// nucleus//nucleus//transcription 107 5.07* 1.36E-05 2.43E-05 7.62* 1.29E-14 2.36E-14

GO0:0005634// factor complex

GO0:0005667

GO0:0005634// nucleus//nucleus//spliceosome 180 4.72% 8.55E-08 2.07E-07 9.33*% 529E-21 1.32E-20

GO:0005634//

GO:0005681

GO0:0005634// nucleus//nucleus//nucleolus 627 16.07* 3.31E-46 1.24E-44  45.98* 0.00E+00 0.00E+00

GO0:0005634//

GO0:0005730

GO0:0005634// nucleus//nucleus//cytoplasm 103 8.67* 3.03E-09 8.74E-09 13.62* 1.61E-42 6.35E-42

GO0:0005634//

GO0:0005737

GO0:0005634// nucleus//nuclear pore 271 10.82* 2.36E-16 1.77E-15 21.37* 1.41E-101 1.18E-100

GO:0005643

GO0:0005634// nucleus//nucleoplasm 98 7.98* 4.42E-08 1.14E-07 12.01* 1.54E-33  5.24E-33

GO:0005654

GO0:0005634// nucleus//transcription factor 140 22.71* 3.49E-32 4.37E-31 45.47* 0.00E+00 0.00E+00

GO:0005667  complex

GO0:0005634// nucleus//spliceosome 344 12.64* 1.11E-17 1.04E-16 24.10*% 1.37E-128 1.28E-127

GO:0005681

GO0:0005634// nucleus//nucleolus 1625 4.73*% 3.85E-41 7.23E-40 24.32* 5.50E-131 5.89E-130

GO0:0005730

GO0:0005634// nucleus//cytoplasm 1090 6.49* 3.67E-12 1.62E-11 14.16% 7.74E-46 3.41E-45

GO0:0005737

GO:0005737  cytoplasm 702 2.78* 1.98E-08 5.51E-08 7.93* 1.11E-15 2.14E-15

GO0:0005737//  cytoplasm//cytoplasm 249 8.26* 3.86E-11 1.61E-10 14.97* S5.71E-51 2.86E-50

GO0:0005737

GO:0005737//  cytoplasm//mitochondrion 84 8.13* 3.41E-10 1.22E-09 14.06* 3.16E-45 1.32E-44

GO0:0005739

GO:0005737//  cytoplasm//endosome 94 4.16%*  0.0005  0.0008 5.37* 3.83E-08 6.11E-08

GO:0005768

GO:0005737//  cytoplasm//endoplasmic reticulum 108 1.89 0.0539  0.0622 1.84* 0.0331 0.0376

GO0:0005783

GO:0005737//  cytoplasm//Golgi apparatus 234 3.14* 2.33E-08 6.24E-08 8.27* 6.97E-17 1.45E-16

GO0:0005794

GO:0005737//  cytoplasm//cytosol 488 2.66* 5.99E-07 1.25E-06 6.87*  3.32E-12  5.65E-12

GO0:0005829

GO:0005737//  cytoplasm//cytoskeleton 340 5.51* 5.09E-10 1.66E-09 11.70*  6.11E-32  1.91E-31

GO0:0005856

GO:0005737//  cytoplasm//plasma membrane 150 6.15% 2.72E-09 8.15E-09 11.71*  536E-32  1.75E-31

GO0:0005886

GO:0005737//  cytoplasm//membrane 208 3.44* 2.20E-06 4.13E-06 7.16% 4.02E-13  7.02E-13

G0O:0016020
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Table 5.8 (Continued)

Time Effect

CC Category Description S(;Z)e T raw fdr T, raw fdr

p-value  p-value p-value p-value

GO:0005739  mitochondrion 338 3.71* 2.66E-07 6.05E-07 8.09* 291E-16 5.75E-16

GO0:0005739//  mitochondrion//mitochondrion 73 8.95% 5.07E-11 2.00E-10 15.44* 4.55E-54 2.44E-53

GO0:0005739

GO0:0005739//  mitochondrion//mitochondrial 279 6.38* 5.04E-10 1.72E-09 12.48* 4.67E-36  1.67E-35

GO:0005741  outer membrane

GO0:0005739//  mitochondrion//mitochondrial 77 2.07 0.1100  0.1179 1.26 0.1035 0.1109

GO:0005743  inner membrane

GO0:0005739//  mitochondrion//mitochondrial 192 7.36* 9.17E-07 1.76E-06 10.26* 5.55E-25 1.49E-24

GO:0005759  matrix

GO:0005764  lysosome 109 3.05%  0.0142  0.0187 3.03* 0.0012 0.0016

GO:0005768  endosome 82 15.13* 2.13E-15 1.33E-14 24.33* 4.43E-131 5.54E-130

GO:0005777  peroxisome 904 6.16% 1.24E-13 6.65E-13 14.82* 5.76E-50  2.70E-49

GO:0005783  endoplasmic reticulum 273 2.73 0.0459  0.0546 2.10%* 0.0180 0.0214

GO:0005794  Golgi apparatus 97 35.62* 1.33E-12 6.67E-12 34.22* 6.26E-257 1.56E-255

GO:0005813  centrosome 297 2.58*  0.0191  0.0243 2.70%* 0.0035 0.0044

GO:0005829  cytosol 85 2.39 0.0927  0.1008 1.42 0.0777 0.0845

GO:0005856  cytoskeleton 108 9.43*  0.0002  0.0004 8.14* 2.06E-16 4.17E-16

GO:0005874  microtubule 111 5.13* 2.83E-06 5.18E-06 8.32*%  4.24E-17 9.08E-17

GO:0005882  intermediate filament 330 2.40*  0.0105  0.0144 2.99%* 0.0014 0.0018

GO:0005886  plasma membrane 492 3.40* 2.61E-16 1.78E-15 12.77*  1.24E-37 4.66E-37

GO:0005886// plasma membrane//plasma 965 5.18* 3.60E-25 3.85E-24 19.43* 2.32E-84 1.45E-83

GO:0005886  membrane

GO:0005886// plasma membrane//integral to 409 3.42* 8.72E-07 1.72E-06 7.45*% 4.52E-14 8.07E-14

GO:0005887  plasma

GO:0005886// plasma membrane//membrane 98 4.24*  0.0018  0.0027 4.73* 1.13E-06 1.73E-06

GO0:0016020

GO:0005887  integral to plasma membrane 121 1.96 0.0907  0.1001 1.45 0.0740 0.0816

GO:0008076  voltage-gated potassium channel ~ 2239 6.41* 2.90E-41 7.24E-40 27.84* 6.58E-171 9.88E-170

complex
GO0:0016020  membrane 204 3.91*  0.0004  0.0007 5.38*%  3.69E-08 6.01E-08

GO0:0016020// membrane//integral to membrane 75 8.17*  0.0001 0.0001 8.46% 1.39E-17 3.15E-17
GO:0016021

GO:0016020// membrane//integral to membrane// 739 2.70%  0.0001 0.0001 5.30* 5.92E-08 9.25E-08
GO0:0016021//  integral to membrane

GO0:0016021
*significant at the FDR 0.05 level

5.3.3 Significant Differential Gene Expressions in the MF Category

The results of testing the interaction, age and time effects for each of the gene
sets in the MF category are shown in Tables 5.9 to 5.11. From both the 7] and 7,
tests, the results show that there were 21 gene sets in the MF group significantly

differentially expressed by the age x time factor, 52 gene sets differentially expressed

by the age factor and 56 gene sets differentially expressed by the time factor.
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The gene sets in the MF category which were significantly differentially
expressed over age x time effect are in the following classifications: binding
(including binding, iron ion binding, protein binding, receptor binding, RNA binding,
DNA binding— protein binding, DNA binding— zinc ion binding, chromatin binding,
antigen binding), transcription regulator activity (including transcription corepressor
factor activity, transcription coactivator factor activity, transcription factor activity),
catalytic activity (including catalytic activity, guanyl-nucleotide exchange factor
activity, ubiquitin-protein ligase activity, hormone activity, signal transducer activity,
peptidase activity, transferase activity) and structural molecular activity (including
structural constituent of ribosome).

The MF gene sets which were significantly differentially expressed by the age
effect are in the following classifications: binding (including nucleotide binding—
magnesium ion binding, DNA binding—zinc ion binding, nucleotide binding—
aminoacyl-tRNA ligase activity, DNA binding—DNA binding, iron ion binding,
chromatin binding, magnesium ion binding, binding, zinc ion binding, protein
binding), catalytic activity (including catalytic activity, methyltransferase activity,
ion channel activity, monooxygenase activity, cytokine activity), structural molecular
activity (including, structural constituent of ribosome, extracellular matrix structural
constituent), transcription regulator activity (including transcription coactivator
activity, tranmscription factor activity, transcription corepressor activity), and
translation regulator activity (including translation initiation factor activity).

The MF gene sets which were significantly differentially expressed over the
time factor are in the following classifications: binding (including nucleotide
binding—magnesium ion binding, iron ion binding, protein binding—zinc iron ion
binding, antigen binding, chromatin binding, DNA binding—:zinc iron ion binding),
catalytic activity (including aminopeptiase activity, receptor activity, catalytic
activity, phosphoprotein  phosphatase activity, GTPase activator activity,
metalloendopeptidase activity, hydrolase activity, cytokine activity, ion channel
activity, methyltrasferase activity), structural molecular activity (including structural
constituent of ribosome, guanyl-nucleotide exchange factor activity, structural

molecular activity, extracellular matrix structural constituent) and transcription and
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translation regulator activity (including transcription factor activity, translation

initiation factor activity).

Table 5.9 Significant Differential Gene Expressions in the MF Category over Age X

Time Effect in Burn Injury Patients

i Age x Time Effect
ize
MF Category Description T raw fdr T raw fdr

p-value  p-value : p-value p-value
GO:0000166// nucleotide binding//magnesium 563 1.96 0.0300  0.0787 2.23% 0.0128 0.0336
GO0:0000287 ion binding

GO0:0000166// nucleotide binding//nucleic acid 975 0.75 0.6741  0.6962 -0.55 0.7083 0.7437
GO0:0003676 binding

GO0:0000166// nucleotide binding/DNA binding 136 0.75 0.4599  0.5268 -0.23 0.5918 0.6779
GO0:0003677

GO0:0000166// nucleotide binding//motor activity ~ 219 0.38 0.6642  0.6974 -0.58 0.7207 0.7443
GO0:0003774

GO0:0000166// nucleotide binding/catalytic 151 0.51 0.7501  0.7501 -0.73 0.7670 0.7670
GO0:0003824  activity

GO0:0000166// nucleotide binding/GTPase 344 1.43 0.1863  0.3172 0.83 0.2039 0.3381
GO0:0003924  activity

GO0:0000166// nucleotide binding//protein kinase 777 1.10 0.3546  0.4468 0.26 0.3964 0.4995
GO:0004672  activity

GO0:0000166// nucleotide binding//aminoacyl- 81 0.58 0.5637  0.6122 -0.42 0.6618 0.7189
GO:0004812 tRNA ligase activity

GO0:0000166// nucleotide binding//protein 205 1.39 0.2543  0.3641 0.37 0.3563 0.4581
GO:0005515  binding

GO0:0000166// nucleotide binding//ATP binding 158 0.70 0.5086  0.5722 -0.31 0.6212 0.6989
GO0:0005524

GO0:0000166// nucleotide binding/GTP binding 137 1.08 0.3637  0.4492 0.26 0.3989 0.4928
GO0:0005525

GO0:0000287 magnesium ion binding 457 1.30 0.2582  0.3615 0.51 0.3059 0.4282
GO0:0003676 magnesium ion binding 72 0.76 0.7476  0.7596 -0.71 0.7615 0.7738
GO0:0003676// magnesium ion binding/DNA 1383 1.70 0.0732  0.1707 1.59 0.0557 0.1300
GO0:0003677 binding

GO0:0003676// magnesium ion binding/RNA 122 0.95 0.4346  0.5167 -0.07 0.5293 0.6176
GO0:0003723  binding

GO0:0003676// magnesium ion binding//protein 120 1.84 0.1511  0.2800 0.94 0.1730 0.3114
GO:0005515  binding

GO0:0003676// magnesium ion binding//zinc ion 142 1.39 0.2418  0.3543 0.52 0.3019 0.4322
GO0:0008270 binding

GO0:0003677 DNA binding 232 1.51 0.1890  0.3133 0.78 0.2164 0.3496
GO0:0003677// DNA binding// 1027 1.29 0.1900  0.3069 0.84 0.2004 0.3413
GO0:0000037

GO0:0003677// DNA binding// DNA binding 682 1.22 0.2866  0.3842 0.43 0.3332 0.4466
GO0:0003677

GO0:0003677// DNA binding//chromatin binding 90 0.97 NaN NaN NaN NaN NaN
GO0:0003682

GO0:0003677// DNA binding//protein binding 206 1.68*  0.0027  0.0108 3.26* 0.0006 0.0019
GO:0005515

GO0:0003677// DNA binding//zinc ion binding 164 1.90*  0.0014  0.0058 3.68* 0.0001 0.0005
GO0:0008270

GO0:0003682  chromatin binding 88 1.83*  0.0139  0.0399 2.61% 0.0046 0.0137
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Table 5.9 (Continued)
. Age x Time Effect
L. Size
MF Category Description @) T raw fdr T raw fdr
p-value  p-value p-value p-value
GO0:0003700 transcription factor activity 221 2.54* 1.03E-05  0.0001 5.89* 1.95E-09 1.75E-08
GO:0003713  transcription coactivator activity 110 2.62*  0.0031  0.0116 3.72% 0.0001 0.0005
GO:0003714  transcription corepressor activity 78 3.72*% 5.80E-06  0.0001 7.04*  9.50E-13  1.20E-11
GO0:0003723 RNA binding 564 1.67*  0.0052  0.0171 2.99% 0.0014 0.0046
GO0:0003735  structural constituent of ribosome 188 1.79*  0.0077  0.0242 2.88* 0.0020 0.0062
GO:0003743  translation initiation factor activity 75 1.22 0.2672  0.3659 0.53 0.2997 0.4391
GO:0003755  peptidyl-prolyl cis-trans isomerase 89 1.05 0.3900  0.4725 0.08 0.4690 0.5682
activity
GO:0003779 actin binding 684 1.20 0.1599  0.2879 0.99 0.1608 0.2979
GO:0003823  antigen binding 114 1.85 0.0354  0.0892 2.10% 0.0179 0.0451
GO:0003824 catalytic activity 1355 1.69*  0.0009  0.0045 3.68* 0.0001 0.0005
GO:0004177 aminopeptidase activity 76 1.44 0.2269  0.3404 0.59 0.2792 0.4188
GO:0004197 cysteine-type endopeptidase 126 0.63 0.6136  0.6553 -0.47 0.6821 0.7284
activity
GO:0004221 ubiquitin thiolesterase activity 121 1.84 0.0879  0.1787 1.47 0.0712 0.1446
GO0:0004222 metalloendopeptidase activity 191 2.08 0.0497  0.1205 1.93 0.0268 0.0650
GO0:0004497 monooxygenase activity 159 1.78 0.1332  0.2543 1.10 0.1362 0.2599
GO:0004721 phosphoprotein phosphatase 229 1.35 0.2006  0.3159 0.78 0.2188 0.3446
activity
GO:0004842  ubiquitin-protein ligase activity 271 2.52% 0.0011  0.0048 4.16*  1.56E-05 0.0001
GO:0004866 endopeptidase inhibitor activity 151 1.24 0.2888  0.3714 0.39 0.3472 0.4557
GO:0004871  signal transducer activity 997 2.56* 2.70E-13 8.50E-12 10.13*  2.12E-24  3.33E-23
GO:0004872  receptor activity 1359 1.16 0.2873  0.3771 0.48 0.3161 0.4329
GO:0005085 guanyl-nucleotide exchange factor 271 3.46*  0.0002  0.0016 5.40% 3.35E-08 2.64E-07
activity
GO0:0005096 GTPase activator activity 327 1.33 0.1783  0.3121 0.89 0.1867 0.3267
GO:0005102 receptor binding 244 2.18*  0.0001  0.0006 4.99%  3.04E-07 1.74E-06
GO:0005125  cytokine activity 201 1.87 0.0246  0.0675 2.32% 0.0102 0.0279
GO:0005179 hormone activity 82 3.72%  0.0005  0.0024 5.22*% 8.89E-08 6.22E-07
GO:0005198  structural molecule activity 339 1.41 0.1022  0.2012 1.32 0.0931 0.1833
GO0:0005201  extracellular matrix structural 90 1.69 0.0811 0.1762 1.52 0.0647 0.1455
constituent
GO:0005215  transporter activity 526 2.14*  0.0004  0.0023 4.31* 831E-06 4.36E-05
GO:0005216 ion channel activity 396 1.22 0.2258  0.3469 0.70 0.2420 0.3718
GO:0005488 binding 923 9.58* 1.08E-34 6.79E-33 30.58* 1.28E-205 8.07E-204
GO:0005506 iron ion binding 150 12.73* 3.92E-08 6.18E-07 15.01* 3.01E-51 9.47E-50
GO0:0005509  calcium ion binding//protein 603 3.28%  0.0004  0.0023 5.08* 1.93E-07 1.21E-06
binding
GO:0005515  protein binding 1845 3.13* 3.33E-13 7.00E-12 10.92*  4.68E-28 9.83E-27
GO:0005515// protein binding//protein binding 865 1.40*  0.0129  0.0388 2.45% 0.0071 0.0205
GO:0005515
GO:0005515// protein binding//zinc ion binding 467 1.45 0.0777  0.1749 1.51 0.0652 0.1416
GO0:0008270
GO:0008168 methyltransferase activity 110 0.63 0.5299  0.5856 -0.36 0.6411 0.7086
GO:0008233  peptidase activity 76 2.66*  0.0046  0.0163 3.54% 0.0002 0.0007
GO:0008270  zinc ion binding 374 1.66 0.0851  0.1788 1.48 0.0698 0.1465
GO:0016740 transferase activity 86 4.26%  0.0001  0.0008 6.22%  2.55E-10 2.67E-09
GO:0016787 hydrolase activity 129 0.99 0.4362  0.5089 -0.01 0.5057 0.6011

*significant at the FDR 0.05 level
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Table 5.10 Significant Differential Gene Expression in the MF Category by Age

Effect Test in Burn Injury Patients

Si Age Effect

ize

MF Category Description @) T raw fdr T raw fdr
p-value  p-value g p-value p-value

GO0:0000166// nucleotide binding//magnesium 563 2.68* 0.0012  0.0023 4.19* 1.39E-05 2.38E-05
GO0:0000287 ion binding

GO0:0000166// nucleotide binding/nucleic acid 975  2.78%* 0.0008  0.0016 4.43*  4.69E-06 8.27E-06
GO0:0003676 binding

GO0:0000166// nucleotide binding/DNA binding 136  0.62 0.5167  0.5254 -0.35 0.6366 0.6474
GO0:0003677

GO0:0000166// nucleotide binding/motor activity 219 3.85* 0.0260  0.0306 2.76* 0.0029 0.0034
GO0:0003774

GO:0000166// nucleotide binding//catalytic 151  3.66* 0.0033  0.0046 4.14*  1.72E-05 2.87E-05
GO:0003824 activity
GO:0000166// nucleotide binding//GTPase 344 2.81* 0.0022  0.0035 3.98*  3.50E-05 0.0001

GO0:0003924  activity
GO:0000166// nucleotide binding//protein kinase ~ 777  4.45*%  3.40E-23 4.08E-22 17.39% 4.55E-68 5.46E-67
GO:0004672  activity

GO:0000166// nucleotide binding//aminoacyl- 81  3.11* 0.0421  0.0486 2.22% 0.0132 0.0152
GO:0004812  tRNA ligase activity

GO0:0000166// nucleotide binding//protein 205  1.31 0.2744  0.2888 0.35 0.3633 0.3824
GO:0005515  binding

GO0:0000166// nucleotide binding//ATP binding 158 259 0.0768  0.0838 1.61 0.0535 0.0583
GO0:0005524

GO0:0000166// nucleotide binding//GTP binding 137 1.79* 0.0066  0.0086 2.95% 0.0016 0.0019
GO0:0005525

GO0:0000287 magnesium ion binding 457  4.10%  2.14E-05  0.0001 6.80* 5.25E-12  1.43E-11
GO0:0003676 magnesium ion binding 72 5.65% 0.0015  0.0026 5.39*% 3.44E-08 7.64E-08
GO0:0003676// magnesium ion binding/DNA 1383 8.34* 4.05E-16 1.87E-15 18.74* 1.19E-78 1.78E-77
GO0:0003677 binding

GO0:0003676// magnesium ion binding/RNA 122 199 0.0959  0.1027 1.40%* 0.0809 0.0867
GO0:0003723  binding

GO0:0003676// magnesium ion binding//protein 120 251 0.0503  0.0569 1.99* 0.0233 0.0264
GO:0005515  binding

GO0:0003676// magnesium ion binding//zinc ion 142 2.05 0.0719  0.0799 1.64 0.0500 0.0555
GO:0008270 binding

GO0:0003677 DNA binding 232 531* 5.87E-06 1.60E-05 8.13* 2.07E-16 5.91E-16
GO0:0003677// DNA binding// 1027  536* 1.41E-19 1.21E-18 17.16% 2.84E-66  2.84E-65
GO0:0000037

GO0:0003677// DNA binding// DNA binding 682  2.35% 0.0018  0.0030 3.84* 0.0001 0.0001
GO0:0003677

GO0:0003677// DNA binding//chromatin binding 90  5.50%* 0.0029  0.0043 4.89%  5.04E-07 1.04E-06
GO:0003682

GO0:0003677// DNA binding//protein binding 206  4.08* 5.03E-75 3.02E-73  31.23* 2.17E-214 1.30E-212
GO:0005515

GO0:0003677// DNA binding//zinc ion binding 164  2.68* 3.39E-17 1.85E-16 11.97% 2.68E-33  1.24E-32
GO0:0008270

GO0:0003682  chromatin binding 88  3.51* 2.80E-10 1.05E-09 9.85*% 3.54E-23 1.25E-22
GO0:0003700 transcription factor activity 221  4.83* 1.06E-46 2.12E-45  26.23* 5.55E-152 1.67E-150
GO:0003713  transcription coactivator activity 110 3.27* 1.34E-05 3.49E-05 6.39% 8.07E-11  1.94E-10
GO:0003714  transcription corepressor activity 78  1.96 0.0050  0.0068 3.17* 0.0008 0.0010

GO0:0003723 RNA binding 564  3.34* 1.86E-61 5.59E-60 25.90* 3.03E-148 6.07E-147




Table 5.10 (Continued)

201

. Age Effect
MF Category Description S(;Z)e T raw fdr T raw fdr
p-value  p-value p-value p-value
GO0:0003735  structural constituent of ribosome 188  3.75*% 1.48E-19 1.11E-18 14.73*  2.19E-49  1.64E-48
GO:0003743 translation initiation factor activity 75 ~ 2.25% 0.0023  0.0036 3.67* 0.0001 0.0002
GO:0003755  peptidyl-prolyl cis-trans isomerase 89  3.12% 0.0031  0.0044 3.95*%  3.84E-05 0.0001
activity
GO:0003779 actin binding 684  3.75 NaN NaN NaN NaN NaN
GO:0003823  antigen binding 114 3.10* 2.85E-06 8.56E-06 6.79* 5.58E-12  1.46E-11
GO:0003824 catalytic activity 1355 3.03 NaN NaN NaN NaN NaN
GO:0004177 aminopeptidase activity 76 3.67* 0.0087  0.0109 3.55% 0.0002 0.0003
GO:0004197 cysteine-type endopeptidase 126 3.07* 0.0098  0.0120 3.28% 0.0005 0.0007
activity
GO:0004221 ubiquitin thiolesterase activity 121 3.32% 0.0080  0.0102 3.49* 0.0002 0.0003
GO0:0004222 metalloendopeptidase activity 191 6.70* 0.0000 1.43E-05 9.06* 6.60E-20  2.20E-19
GO0:0004497 monooxygenase activity 159  3.82%* 0.0013  0.0023 4.75* 1.01E-06 1.95E-06
GO0:0004721 phosphoprotein phosphatase 229  3.00* 3.63E-05  0.0001 5.83*  2.81E-09 6.50E-09
activity
GO:0004842  ubiquitin-protein ligase activity 271 4.50*  2.02E-11 8.06E-11 11.64* 1.37E-31 5.85E-31
GO:0004866 endopeptidase inhibitor activity 151 3.51%* 0.0010  0.0020 4.70% 1.28E-06 2.32E-06
GO:0004871  signal transducer activity 997  3.16 NaN NaN NaN NaN NaN
GO:0004872  receptor activity 1359  2.82* 2.55E-15 1.09E-14 11.42* 1.59E-30  6.34E-30
GO:0005085 guanyl-nucleotide exchange factor 271 2.94* 0.0003  0.0007 4.95*% 3.66E-07 7.85E-07
activity
GO0:0005096 GTPase activator activity 327  2.53* 0.0002  0.0005 4.83*  6.91E-07 1.38E-06
GO:0005102 receptor binding 244 297*  2.44E-30 3.66E-29 17.02*  291E-65 2.50E-64
GO:0005125  cytokine activity 201 2.10%* 0.0014  0.0025 3.79* 0.0001 0.0001
GO:0005179 hormone activity 82  2.54% 0.0118  0.0142 2.98* 0.0015 0.0018
GO:0005198  structural molecule activity 339 391* 2.67E-16 1.33E-15 13.51*  6.90E-42 3.76E-41
GO:0005201  extracellular matrix structural 90  2.40%* 0.0029  0.0044 3.64% 0.0001 0.0002
constituent
GO:0005215  transporter activity 526 3.02* 1.21E-18 7.28E-18 13.12*  1.33E-39  6.66E-39
GO:0005216 ion channel activity 396 3.53*  2.89E-10 1.02E-09 9.86* 3.11E-23 1.17E-22
GO:0005488 binding 923  3.21* 7.64E-19 5.09E-18 13.53* 5.39E-42 3.23E-41
GO:0005506 iron ion binding 150  3.55% 0.0052  0.0069 3.84% 0.0001 0.0001
GO0:0005509  calcium ion binding//protein 603  4.32*  8.41E-07 2.66E-06 8.20* 1.21E-16 3.64E-16
binding
GO:0005515  protein binding 1845  2.66 NaN NaN NaN NaN NaN
GO0:0005515// protein binding//protein binding 865 297 NaN NaN NaN NaN NaN
GO:0005515
GO:0005515// protein binding//zinc ion binding 467  3.38*%  9.62E-21 9.62E-20 14.58* 1.89E-48 1.26E-47
GO0:0008270
GO:0008168 methyltransferase activity 110 1.11 0.3406  0.3523 0.12 0.4519 0.4674
GO:0008233  peptidase activity 76  4.35%  6.72E-07 2.24E-06 8.31* 4.78E-17 1.51E-16
GO:0008270  zinc ion binding 374 2.69* 0.0004  0.0008 4.71*  1.24E-06 2.33E-06
GO:0016740 transferase activity 86  2.60* 0.0021  0.0035 3.89*  4.97E-05 0.0001
GO:0016787 hydrolase activity 129  3.73* 2.27E-05  0.0001 6.53* 3.34E-11 8.35E-11

*significant at the FDR 0.05 level
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Table 5.11 Significant Differential Gene Expression in the MF Category over Time

Effect Test in Burn Injury Patients

Si Time Effect
ize
MF Category Description @) T raw fdr T raw fdr
' p-alue p-value g p-alue p-value

GO0:0000166// nucleotide binding//magnesium 563 3.27* 0.0002  0.0004  5.27* 6.88E-08  1.17E-07
GO0:0000287 ion binding

GO0:0000166// nucleotide binding/nucleic acid 975  2.26* 0.0150  0.0190  2.74* 3.11E-03 0.0038
GO0:0003676 binding

GO0:0000166// nucleotide binding/DNA binding 136  4.59* 0.0155  0.0191  3.36* 3.89E-04 0.0005
GO0:0003677

GO:0000166// nucleotide binding//motor activity 219  0.56 0.5552  0.5552  -0.41 6.60E-01 0.6601
G0:0003774

GO:0000166// nucleotide binding//catalytic 151 3.22* 0.0103  0.0132  3.29% 4.92E-04 0.0006
GO:0003824 activity

GO:0000166// nucleotide binding//GTPase 344 1.70 0.0996  0.1100  1.36 8.69E-02 0.0960

GO0:0003924  activity
GO0:0000166// nucleotide binding//protein kinase ~ 777  3.41*  1.33E-05 2.89E-05  6.50* 391E-11  7.47E-11
GO:0004672  activity

GO:0000166// nucleotide binding//aminoacyl- 81  4.94% 0.0082  0.0112  3.96* 3.69E-05 0.0001
GO:0004812  tRNA ligase activity

GO0:0000166// nucleotide binding//protein 205 1.69 0.1918  0.2048 0.66 2.56E-01 0.2730
GO:0005515  binding

GO0:0000166// nucleotide binding//ATP binding 158 071 0.5046  0.5212 -0.30 6.18E-01 0.6281
GO0:0005524

GO0:0000166// nucleotide binding//GTP binding 137 3.17* 1.78E-06 4.01E-06  7.01* 1.23E-12  2.59E-12
GO0:0005525

GO0:0000287 magnesium ion binding 457  4.55% 0.0002  0.0004  6.05*% 7.30E-10  1.28E-09
GO0:0003676 magnesium ion binding 72 093 0.5454  0.5542 -0.22 5.87E-01 0.6060
GO0:0003676// magnesium ion binding/DNA 1383 2.38%* 0.0079  0.0110  3.14* 8.46E-04 0.0011
GO0:0003677 binding

GO0:0003676// magnesium ion binding/RNA 122 5.74* 0.0003  0.0005  6.46* 5.33E-11  9.88E-11
GO0:0003723  binding

GO0:0003676// magnesium ion binding//protein 120 1.29 0.2812  0.2952 032 3.74E-01 0.3927
GO:0005515  binding

GO0:0003676// magnesium ion binding//zinc ion 142 1.64 0.1714  0.1862  0.85* 1.97E-01 0.2140
GO:0008270 binding

GO0:0003677 DNA binding 232 2.77* 0.0205  0.0243  2.71%* 3.41E-03 0.0041
GO0:0003677// DNA binding// 1027 2.47* 0.0009  0.0014  4.22% 1.21E-05  1.90E-05
GO0:0000037

GO0:0003677// DNA binding// DNA binding 682 201 0.0444  0.0500  1.99* 2.32E-02 0.0260
GO0:0003677

GO0:0003677// DNA binding//chromatin binding 90  2.88 NaN NaN  NaN NaN NaN
GO0:0003682

GO0:0003677// DNA binding//protein binding 206  2.84* 7.64E-10 2.67E-09  8.81* 6.44E-19  1.76E-18
GO:0005515

GO0:0003677// DNA binding//zinc ion binding 164  4.03* 1.23E-13 7.04E-13 12.34%* 2.71E-35  1.00E-34
GO0:0008270

GO0:0003682  chromatin binding 88  4.94* 5.75E-12 3.02E-11 12.45* 6.91E-36  2.72E-35
GO0:0003700 transcription factor activity 221 3.52*%  6.15E-10 2.28E-09  9.65* 2.50E-22  8.29E-22

GO:0003713  transcription coactivator activity 110 2.73* 0.0021  0.0031  3.98* 3.51E-05 0.0001
GO:0003714  transcription corepressor activity 78  4.23*%  4.43E-07 1.16E-06  8.36* 3.15E-17  7.94E-17
GO0:0003723 RNA binding 564  6.97* 7.23E-36 2.28E-34 26.84* 5.16E-159 1.08E-157




Table 5.11 (Continued)
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. Time Effect
MF Category Description S(;Z)e T raw fdr T raw fdr
p-alue p-value p-alue p-value
GO0:0003735  structural constituent of ribosome 188  4.66* 5.85E-14 4.10E-13 13.30%* 1.09E-40  4.90E-40
GO:0003743  translation initiation factor activity 75  3.01* 0.0004  0.0007  4.88* 5.32E-07 8.82E-07
GO:0003755  peptidyl-prolyl cis-trans isomerase 89  3.05% 0.0098  0.0132  3.27* 5.45E-04 0.0007
activity
GO:0003779 actin binding 684  4.03* 2.97E-19 2.34E-18 15.04* 2.01E-51 1.27E-50
GO:0003823  antigen binding 114 12.28* 1.98E-23 2.08E-22 27.84*  6.94E-171 2.19E-169
GO:0003824 catalytic activity 1355  8.94* 1.06E-68 6.65E-67 42.39*  0.00E+00 0.00E+00
GO:0004177 aminopeptidase activity 76  3.55% 0.0099  0.0130  3.42% 3.11E-04 0.0004
GO:0004197 cysteine-type endopeptidase 126  10.80*  4.32E-07 1.18E-06 12.63* 6.98E-37  2.93E-36
activity
GO:0004221 ubiquitin thiolesterase activity 121 9.79*%  2.64E-10 1.11E-09 15.44%* 4.51E-54 3.15E-53
GO0:0004222 metalloendopeptidase activity 191  4.79* 0.0001  0.0001  6.75% 7.52E-12  1.53E-11
GO0:0004497 monooxygenase activity 159 16.34* 8.72E-12 4.23E-11 21.56* 2.27E-103 2.87E-102
GO0:0004721 phosphoprotein phosphatase 229 2.81%* 0.0019  0.0029  4.06* 2.43E-05  3.74E-05
activity
GO:0004842  ubiquitin-protein ligase activity 271 2.65* 0.0006  0.0009  4.52% 3.12E-06  5.04E-06
GO:0004866 endopeptidase inhibitor activity 151 5.52*% 3.27E-05 6.44E-05  7.48* 3.76E-14  8.45E-14
GO:0004871  signal transducer activity 997  3.92* 4.82E-30 1.01E-28 18.97* 1.41E-80 1.27E-79
GO:0004872  receptor activity 1359 5.96* 6.31E-14 3.98E-13 14.78%* 1.05E-49  5.99E-49
GO:0005085 guanyl-nucleotide exchange factor 271 7.37*  8.06E-11 3.63E-10 13.96* 1.30E-44  6.29E-44
activity
GO0:0005096 GTPase activator activity 327 3.77* 1.51E-06 3.65E-06  7.56* 2.02E-14 4.72E-14
GO:0005102 receptor binding 244 3.05% 3.26E-09 1.03E-08  8.70* 1.69E-18  4.44E-18
GO:0005125  cytokine activity 201 1.87* 0.0243  0.0284  2.33* 9.96E-03 0.0114
GO:0005179 hormone activity 82  7.18* 1.67E-08 4.77E-08 11.84* 1.17E-32  4.09E-32
GO:0005198  structural molecule activity 339 3.33*%  4.45E-07 1.12E-06  7.59* 1.61E-14 3.91E-14
GO:0005201  extracellular matrix structural 90  2.58%* 0.0051 0.0073  3.45* 2.77E-04 0.0004
constituent
GO:0005215  transporter activity 526 3.40* 3.12E-09 1.04E-08  9.09* 5.04E-20  1.44E-19
GO:0005216 ion channel activity 396 3.22*%  1.69E-06 3.94E-06  7.07* 7.98E-13  1.73E-12
GO:0005488 binding 923  7.28% 1.02E-24 1.28E-23 22.38* 2.84E-111 4.47E-110
GO:0005506 iron ion binding 150  8.12* 2.00E-05 4.19E-05  9.11* 4.17E-20  1.25E-19
GO0:0005509  calcium ion binding//protein 603 4.01* 2.42E-05 491E-05  6.69* 1.09E-11  2.14E-11
binding
GO:0005515  protein binding 1845  5.07* 2.72E-29 4.28E-28 20.89* 3.24E-97 3.40E-96
GO0:0005515// protein binding//protein binding 865  3.61* 3.37E-23 3.04E-22 15.93* 2.11E-57  1.66E-56
GO:0005515
GO:0005515// protein binding//zinc ion binding 467  3.71*  8.48E-09 2.55E-08  9.14* 3.24E-20 1.02E-19
GO0:0008270
GO:0008168 methyltransferase activity 110 3.88* 0.0248  0.0284  2.81* 2.48E-03 0.0031
GO:0008233  peptidase activity 76  2.88* 0.0023  0.0034  3.99*% 3.32E-05 4.98E-05
GO:0008270  zinc ion binding 374 2.18%* 0.0171  0.0207  2.63* 4.23E-03 0.0049
GO:0016740 transferase activity 86  8.55* 3.36E-10 1.32E-09 14.40* 2.51E-47 1.32E-46
GO:0016787 hydrolase activity 129  4.37* 0.0001  0.0002  6.24* 2.16E-10  3.89E-10

*significant at the FDR 0.05 level
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5.4 Discussion of the Analysis of Burn Injury Data

As described in Sections 5.2 and 5.3, the proposed high dimensional DMM
analysis was applied to a large-scale clinical study of burn patients’ data. This clinical
study by the Inflammation and Host Response to Injury program included gene
expression data of blood samples from pediatric and adult patients measured at
different times after severe burn injury and from healthy controls. This burn injury
data was firstly analyzed by Zhou et al. (2010a: 1) using a factorial analysis of time
course microarrays. They were interested in genes that exhibited a dynamic response
to burn injury (i.e. show different dynamic patterns in burn patients over time when
compared to normal controls) and in how the response may depend on the additional
factor of age. In this case, they used a factorial design with two binary factors (burn
status and age group) and longitudinal time-course measurements, and developed a
method to simultaneously handle the time course and factorial structure in the
microarray data.

In this researcher’s method, multivariate repeated measurement analysis of
time course microarrays were used to only analyze the burn patients group. Of
interest were groups of genes that are differentially expressed by the age x time, age
and time factors. A split-plot design was used where the burn injury patients were
randomly nested within the age group (whole plot) factor which is crossed with the
time (split-plot) factor. The genes were mapped in sets of GO terms in three
categories, BP, CC and MF, and each gene set was analyzed by using high
dimensional DMM and MMM analyses.

The results of the high dimensional DMM analysis and factorial analysis of

time of burn injury data can be summarized in the following sections.

5.4.1 High Dimensional DMM Analysis

The gene expression levels of blood samples from 26 pediatric and 31 adult
burn injury patients were repeatedly measured at two time points after severe burn
injury: the early stage (0-10 days) and the middle stage (11-49 days). There were
29,230 genes functionally defined based on the biological process of GO and were
mapped to unique GO terms in BP, CC and MF categories. The analysis of burn
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injury time course data was focused on the sizes of the GO categories, 70 to 2000
genes. After the mapping processes, the gene expression levels were left with 70 gene
sets in the BP category, 76 gene sets in CC and 64 gene sets in MF for analysis.

To test whether differentially expressed gene sets in burn injury data are
significant with respect to the age x time, age and time effects, high dimensional
DMM and MMM analyses were applied for each gene set. Since there were two time-
point measurements, the DMM and MMM analyses are the same. The adjusted p-
values for multiple testing corrections were derived to control FDR at the 5% level.

5.4.1.1 The Age x Time Effect on Burn Injury Patients

The results of testing the agextime effect for each of the 70, 76 and 64
gene sets in the BP, CC and MF categories showed that there were 10, 23 and 21 gene
sets significantly differentially expressed over the agextime effect in the three
categories, respectively.

The 4 of 10 GO gene sets in the BP category which were most
significantly differentially expressed over the age x time interaction effect are:

regulation of cell growth (231 genes, p value of 7;: 1.83E-10, p value of T, : 1.87E-
105), transcription (1,183 genes, p value of 7,: 5.23E-14, p value of T, : 2.61E-50),
metabolic process (457 genes, p value of 7,: 4.48E-06 , p value of 7, : 5.79E-13) and
intercellular protein transport (73 genes, p value of 7;: 6.01E-05, p value of 7,:
1.25E-16).

In the CC category, the 4 of 23 gene sets which were most significantly
differentially expressed over age x time are: intracellular-cytosol (131 genes, p value
of 7;: 2.21E-62, p value of T, : 1.32E-95), membrane fraction (764 genes, p value of
T,: 1.29E-09, p value of T, : 1.17E-14), cytoplasm-membrane (150 genes, p value of
T,: 1.75E-10, p value of 7,: 3.61E-48) and nucleus (1,782 genes, p value of 7:
4.68E-07, p value of T, : 2.63E-10).

The 4 of 21 gene sets in the MF category which were most
significantly differentially expressed over the age x time effect are: binding (923

genes, p value of 7;: 6.79E-33, p value of T, : 8.07E-204), protein binding (1,845

genes, p value of 7,: 7.00E-12, p value of T, : 9.83E-27), signal transducer activity
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(997 genes, p value of 7,: 8.50E-12, p value of T,: 3.33E-23) and transcription
corepressor activity (78 genes, p value of 7,: 0.0001, p value of 7, : 1.20E-11).

5.4.1.2 The Age Effect on Burn Injury Patients

There were 49 of 70 gene sets from BP, 55 of 76 gene sets from CC
and 52 of 64 gene sets from MF which showed significant differential expression over
the age factor.

The 4 of 49 GO gene sets in the BP category which were significantly
differentially expressed between age groups are: transport- transport (314 genes, p

value of 7;: 2.75E-92, p value of T, : 1.35E-278), transport-ion transport (696 genes,
p value of 7;: 1.94E-96, p value of T, : 3.20E-210), angiogenesis (211 genes, p value
of 7;: 2.35E-29, p value of T, : 2.17E-215) and carbohydrate metabolic process (423
genes, p value of 7,: 5.79E-28, p value of 7, : 1.34E-106).

The 4 of 55 GO gene sets in the CC category which were significantly
differentially expressed between age groups are: extracellular region--non-traceable

author statement (684 genes, p value of 7,: 1.45E-60, p value of 7,: 7.68E-215),
cytoplasm—cytoplasm (702 genes, p value of 7;: 2.79E-65, p value of T7,: 1.03E-
212), nucleus—nucleus (636 genes, p value of 7,: 1.57E-47, p value of T7,: 2.02E-
148) and plasma membrane—integral to plasma (965 genes, p value of 7,: 4.30E-82,
p value of 7, : 1.04E-164).

The 4 of 52 GO gene sets in the MF category which were significantly
differentially expressed between age groups are: DNA binding—protein binding (206
genes, p value of 7;: 3.02E-73, p value of T,: 1.30E-212), transcription factor

activity (221 genes, p value of 7,: 2.12E-45, p value of 7, : 1.67E-150), RNA binding
(564 genes, p value of 7;: 5.59E-60, p value of 7,: 6.07E-147) and nucleotide
binding—protein kinase activity (777 genes, p value of 7,: 4.08E-22, p value of 7, :
5.46E-67).
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5.4.1.3 The Time Effect on Burn Injury Patients

For each of the 70, 76 and 64 gene sets in the BP, CC and MF
categories, there were 54, 69 and 56 gene sets significantly differentially expressed
over the time effect in the three categories, respectively.

The 4 of 54 GO gene sets in the BP category that were mostly

significant differentially expressed over time are: transport (244 genes, p value of 7,:
2.34E-34, p value of T,: 1.95E-196), immune response (430 genes, p value of 7;:
,1.29E-30, p value of T, : 7.09E-186), chemotaxis (93 genes, p value of 7;: 2.40E-14,
p value of 7, : 3.06E-162) and intracellular protein transport (73 genes, p value of T,
: 2.15E-16, p value of 7, : 1.54E-153).

Within the CC categories, the 4 of 69 gene sets significantly
differentially expressed over time are: soluble fraction (1782 genes, p value of T:
1.63E-60, p value of 7, : 1.68E-200), voltage-gate potassium channel complex (2239
genes, p value of 7;: 7.24E-40, p value of T, : 9.88E-170), nucleus-nucleolus (1625
genes, p value of 7,: 7.23E-40, p value of 7, : 5.89E-130) and nucleus—transcription
Sactor (1782 genes, p value of 7,: 7.23E-40, p value of 7, : 5.89E-130).

There were 4 of 56 MF gene sets significantly differentially expressed
over time: RNA binding (564 genes, p value of 7;: 2.28E-34, p value of 7, : 1.08E-
157), binding (923 genes, p value of 7,: 1.28E-23, p value of T,: 4.47E-110),
catalytic activity (1,355 genes, p value of 7,: 6.65E-67, p value of 7, : 0), and antigen

activity (114 genes, p value of 7;: 2.08E-22, p value of 7, : 1.27E-50).

5.4.2 Factorial Time Course Microarray Analysis

The method of Zhou et al. (2010a: 1) draws on the idea from the classical
statistical method of ANOVA to analyze factor effects on gene expression. The
ANOVA structure was used to model the dependency of gene expression on the
experimental factors by conducting a series of statistical tests on the factor effects for
each gene. The best ANOVA structure was selected to model the gene expression

pattern and classify the genes into five mutually exclusive groups (C1-C5). Cl1 is a
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group of genes that have different expression patterns in the interactive effect of the
two (burn and age) factors, while C2 is a group of genes that have differential
expression patterns in both the age and burn factors, but the two effects are
independent. The C3 and C4 groups are two group of genes that have differential
expression patterns in the main effect of one factor, the age or burn factor,
respectively. C5 is a group of remaining genes that either have constant expression
patterns or are not affected by any factor. In this way, Zhou et al. (2010a: 2) proposed
the time course ANOVA (TANOVA) method to characterize the gene expression
impact of the age factor to patients’ outcomes after injury. The analysis identified
many genes responsive to burn injury, including those with responses that are age-
specific.

The data set included burn and control groups and two age groups: 26 children
and 31 adults. For each patient, two time-point measurements were considered in the
analysis, the early stage and the middle stage, post burn. Since there is a single array
for each control subject, the array was duplicated to obtain pseudo time-course data.
To achieve a better balance on the confounding factors between the two age groups,
Zhou et al. (2010a: 4) sampled two datasets by randomly deleting one adult with
inhalation injury and four adult patients without inhalation injury. The resulting
datasets both had 26 adult patients balanced with the pediatric group. TANOVA was
then applied to each of the two data sets to classify the probe sets into five groups
(C1-C5). The classification was done by a stepwise significance test. The threshold of
each test was chosen to control a false discovery rate (FDR) < 0.01. The common
probe sets in each group shared by both datasets were analyzed.

Their analysis was done on the 8,639 probe sets with a coefficient of variation
> (.06 and median expression across arrays > 7 (log2 scale). The number of shared
probe sets in C1, C2, C3 and C4 were 866, 642, 5807 and 73, respectively. Genes in
CI1 and C2 showed significant age effect after burn injury, while C3 was affected only
by burn and C4 only by age. Thus the vast majority of probe sets (C1+C2+C3 =
7,315) were perturbed by burn injury, and 21% of these ((C1+C2)/(C1+C2+C3) =
1,508/7,315) revealed differences between adults and children.

In the C1 group, there were 866 probe sets showing significant age-dependent

changes over time course after burn injury. Hypermetabolism and inflammation are
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two hallmarks of the body’s response to burn injury. Their analysis revealed that
significantly enriched pathways in the interaction effect include: glycosphingolipid
biosynthesis-globoseries (5 genes, p value: 8.19E-5), primary immunodeficiency (10
genes, p value: 0.001), keratin sulfate biosynthesis (5 genes, p value: 0.007),
ubiquinone biosynthesis (8 genes, p value: 0.01), death receptor signaling (7 genes, p
value: 0.01) and mitochondrial dysfunction (12 genes, p value: 0.01). These specific
metabolic and inflammatory genes and pathways are differentially perturbed in the
two age groups and are potential contributors to the pathophysiological differences in
pediatric and adult patients.

Genes in C2 are influenced by both age and burn, but the two factor effects are
independent. In C2 group, 642 probe sets were significantly differentially expressed
between the two age groups. Significantly enriched pathways in the age effect
include: notch signaling (4 genes, p value: 0.002), mitochondrial dysfunction (11
genes, p value: 0.004) aminophosphonate metabolism (4 genes, p value: 0.005), cla-
thrin-mediate endocytosis signaling (11 genes, p value: 0.005), virus entry via
endocytic pathways (9 genes, p value: 0.005) and ubiquinone biosynthesis (7 genes, p
value: 0.006).

C3 genes are burn responsive without age group differences. As expected,
significant pathways in C3 are involved in the cellular immune response and
metabolic processes, such as glutamate metabolism (14 genes, p value: 0), T helper
cell differentiation (14 genes, p value: 0), fatty acid biosynthesis (5 genes, p value: 0),
nucleotide sugars metabolism (6 genes, p value: 0), role of pattern recognition
receptors in recognition of bacteria and viruses (34 genes, p value: 0.005), CD28
signaling in T helper cells (49 genes, p value: 0.006) and calcium-induced T
lymphocyte apoptosis (29 genes, p value: 0.007). Finally, C4 genes are related only to
age and not burn injury. It includes genes (RHOB, PPP1CA, and MA2K?7) involved in
the production of nitric oxide and reactive oxygen species in macrophages which are

related to the aging process.



CHAPTER 6

SUMMARY AND CONCLUSIONS

6.1 Summary and Conclusions

A multivariate repeated measurements design is a design where p response
variables are observed repeatedly over ¢ times on each subject in g groups. There are
two different approaches for analyzing multivariate repeated measures, the Doubly
Multivariate Model (DMM) and the Multivariate Mixed Model (MMM). These
analyses are based on the classical multivariate test which requires an assumption that
sample size is larger than the dimension of the response variables. The data in DMM

analysis consists of pf response variables on each of n subject and requires that n > pt

, whereas MMM consists of p response variables on each of nt subject and requires

that nt>p. In DNA microarray time course experiments, gene expression is

available on thousands of genes of an individual and is measured several times, but
there are only a few individuals in the data set. These experiments require high
dimensional multivariate repeated measurements designs where the dimension of the
response variables is larger than sample size. Therefore the classical multivariate tests
of both cases are not valid to analyze these high dimensional data.

In this study, the multivariate tests for analyzing multivariate repeated
measurement designs in a high dimensional framework are modified, the approximate
or asymptotic distributions of the test statistics are derived and a power comparison of
the test statistics is considered. The modified statistics for the DMM and MMM
analyses are derived in Chapters 2 and 3, respectively, and the proposed tests in both
cases were evaluated using a simulation study given in Chapter 4. The proposed tests
were also applied to analyze the microarray time course experiment detailed in

Chapter 5.
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6.1.1 The Proposed Tests and their Distributions
6.1.1.1 Doubly Multivariate Model Analysis
DMM is defined by Y=XB+U, where Y is an nx pt response
matrix for 7 subjects, X is an nx g between subject design matrix of rank(X) =g,
B isa gx pr unknown parameter matrix of fixed effects and U is an nx pr random
error matrix in which each row vector is assumed to be i.i.d. as multivariate normal,
=vec(U)~N,, 0, X2®1).

1Le. u

nptx1l nptx1°

The Multivariate General Linear Hypothesis for testing the effect of
the time and group factors, and the interaction effect between the group and time
factors, is H:CB(I,® A)=I";, where C is a v, xg between group contrast matrix
having rank(C)=v, <g, A is a txu within subject contrast matrix having
rank(A)=u<t,and A'A=1 .

Defining a, =tr(®’)/ pu, for i=1,...,4, b=a’/a,, and without
loss of generality, the pu x pu covariance matrix of error matrix U is assumed to be
a diagonal matrix, ® = @ = diag(4,,...,4,,). Under the following assumptions:

(1) p—>o, n—o0,tis fixed and n < pt,

2) Ei{‘oaf =a,, fori=1,...,4 and 0<q, <o,

(3) For the local alternative hypothesis,

J=
0 < lim M <
po® pu

o, fori=1,...,4,

r(®)

, E=®"A® " and A=(T-T,)[CX'X)"'CT'T-T,), the
pu

where a, =

consistent estimators of a,, a, and b are respectively given by Lemma 3.1 as

4 = r(S,) ,
v, pu
n 1

2 _i 2
a, =m r(S;) ), (#r(8S,))
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B ZA—,
(6.1)

and
where S, is the pux pu SSCP matrix corresponding to error

S, =(I, @AY YL, - X(X'X)"X']Y(I, ® A),
(6.2)

and the pu x pu SSCP matrix due to the hypothesis is defined as
S, =(CB(I,®A)-T,)[C(X'X)"'CT'(CB(I,®A)-T,).
The adaptations of generalized versions of Dempster’s test and Bai and

Saranadasa’s test (Srivastava and Fujikoshi , 2006 :) for testing multivariate linear

hypotheses in DMM, proposed as 7, and T, , respectively, are

— ve tr(sh)
hi= v, tr(S,)
! {tr(sh)—v—htr(se)}.
VE

-1/2

;
T,={2v,a4,| 1+ |} —
2 { h 2[ v j} (pu

e

and
From Theorems 3.1 and 3.2, the approximate null and non-null distributions of

proposed test 7;, respectively, are
L~ F(f.|vd].|[v.d)

and ﬂ*F(f,L”hJ,LVeJﬁ),
where F(f,v,,v,)denotes the cumulative F distribution at f* with v, and v, degrees
w,, r, rrand O are

of freedom, and | x | denotes the largest integer <x. d, w,,

respectively defined by
(@ )] 2
e [#r( yz)] e
tr(®y) a,
= v tr(®) + 2tr(DLE = r(®%)
v, ir(® )+ 2tr(D E) r(®,)’
2
rh — vhtr((I)Y) , rg — ve[tr((DZY)] , and
Wi r(®y)

5= tr(® E) .
W
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As n—>ow and p-—>oo, the asymptotic null distribution and non-null
distribution of proposed test 7, are respectively given in Theorems 3.3 and 3.4 as

lim P(7, > z) = lim N(z)
po®© pP—©

and lim P(7, > z)=1im N _ﬁza n (P, E) .
e P 0, O_zx/ﬁ

6.1.1.2 Multivariate Mixed Model Analysis
MMM is defined by Y =(X®I)B +U", where Y~ is an ntx p

response matrix for n subjects, X is an nxg between subject design matrix of
rank(X)=g, B isa gtx p unknown parameter matrix of fixed effects and U" is

an ntx p random error matrix assumed to be multivariate normally distributed.

vec(U")~ N

npt

As described in Chapter 3, MMM is related to a rearranged DMM, so

0, ...I ®X"), where X" has compound symmetry structures.

nptx1°

S’ and S can be written using S, and S,in (6.1) and (6.2), respectively. Boik
(1991: 1238) gave the forms of S and S, for the MMM analysis based on
Thompson’s generalized trace operator of S, and S,. Let D be a pux pu matrix
and let Dy be the ijth u xu submatrix, where i, j=1,2,..., p, then the generalized
trace operator of D, denoted by 7,(D), is a px p matrix written as
7,(D)=[tr(D,)]

By partitioning the pu x pu sum of squares and cross product matrices

pxp

S,and S, from (6.1) and (6.2), pux pu covariance matrix @ and non-centrality

matrix A respectively, into uxu submatrices, ie. S =[S€J,Sh=[sh”} ,

e

®=| D,

i

] and Az[AU], for i, j=1,2,..., p, we define
S’ =Tp(S€),

SZ sz(Sh) ,
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O =T (D)
and A =T (A).

The necessary and sufficient condition for S, and S, to be distributed
accordingly as a Wishart distribution (Boik, 1988: 475) is that covariance matrix @
satisfies the condition of multivariate sphericity,

O =10V, (3.31)
where @ =(A'®1 )L (A®I)) and ¥ is a pxp positive definite matrix of
covariance among p-variate responses.

Defining a, =tr(®°))/p, for i=1,...,4, and b =(a))’/a,,
without loss of generality, the puxpu covariance matrix of error matrix U "is

assumed to be a diagonal matrix, ®" = lTp (D).
u

Under the following assumptions

(1) p—>oo, n—oo ,tis fixed and nt< p,

(2) lima, =a,,, for i=1,...,4 and 0<a, <o , and

pP—>0

(3) For the local alternative hypothesis,

P> p

<w, for i=1,...,4,

where E =(®")"?A"(®")"?, the consistent estimators of a, a, and b are

respectively given by Lemma 3.5 as

P r(S,) ,

1

uv,p
g = ! tr((S*)2)—L(tr(S*))2
: (uv, =D (uv, +2)p ¢ uv, ¢
and b = (&j—*) .

a
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The generalized Dempster’s test and Bai and Saranadasa’s test for testing
multivariate linear hypothesis are again adapted for the MMM analysis and proposed
as T, and T, , respectively:

7= W tr(S;)
Yo, (S

-1/2
* * 1 * *
and T ={2uvha2 [1+z—hj} ﬁ{tr(sh)—:—itr(se)}.

From Theorems 3.5 and 3.6, the approximate null distribution of proposed test

T is T ~F(f ,Luvhd*J,LuVed*J) and under the local alternative hypothesis,

T~ F(f,Lrh*J],Lrh*Jﬁ*). d, w,, w,, r,, r. and & are respectively defined by

)
d*:p(i{) =pb*,

a,

(@) +2r(PHE) . (D))

uv, tr(®) + 2tr(DE") (@)

o uv,tr(®) o wv, (tr(®})) an
GO

5 = tr(D)E") '
wir(®))
As n—> o and p— o, the asymptotic null distribution and non-null

distribution of proposed test 7, are respectively given in Theorems 3.7 and 3.8 as

lim lim P(T} < z) =N(z)
po©

n—>00

o= 0, O,\ P

and lim P(T, > z) = limNL—ﬁza I (P8 )j .
po®
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6.1.2 Simulation Study Results
A simulation study was carried out to evaluate the performance of the

proposed tests in the DMM and MMM analyses. The attained significance levels of 7]

, T,, T, and T, are computed as

. (#of > fies,,) .. (#HofT > Foosurat)
al = = , al =
m m
o - (#Hof T, >Z,,) ond G = (#of T, >Z,,.)
2 2 N
m m

Under the local alternative hypothesis, the empirical powers of 7;, 7,, T1* and

* .
T, , respectively, are

N (# Of ]—i > fE)A95,vl,v2) A% (# Of Ti* > f;)~95,"1*,"1*)

ﬁl = ’ ﬂl = ]
m m

5 o f7,>Z

ﬁz — (# Of sz> ZOA95) and ﬁz — (# o 2,/n> 0A95) .

The attained significance levels of the 7] and YI*tests on the interaction, group
and time effects in the DMM and MMM analyses seemed to behave similarly and
were close to the nominal 0.05 level for all cases of » and p. The attained significance
levels of the 7, and T, tests also behaved similarly but were larger than those of the

7, and Tl*tests for all cases of » and p. When n increases, the gap between the

graphs of the two types of test decreases and the attained significance levels of the 7,

and T, tests are close to those of the 7, and T} tests when # is large.
The results of the empirical powers of the interaction, group and time effects
tests on each case of n=15, 30, 60, 90 show that the empirical powers of the 7, 7,,

T'and T, tests increase as p increases. In both of the DMM and MMM analyses, the

empirical powers of the 7, tests are higher than those of the 7, test and those of the
T, test are higher than those of the T, test. Additionally, the empirical powers of the

tests in the DMM and MMM analyses are similar but those of the 7, and 7, tests in
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the DMM analysis are slightly higher than those of the T1* and T; tests in the MMM

analysis.

6.1.3 Application of the Proposed Tests

The proposed tests of the analysis of high dimensional multivariate repeated
measurements were applied to the analysis of data from the burn injury microarray
time course study. In this study, the gene expression levels of blood samples from 26
pediatric and 31 adult patients were repeatedly measured at two time points after
severe burn injury, the early stage (0-10 days) and the middle stage (11-49 days). For
each patient, gene expression levels were mapped into 70 gene sets in the biological
process (BP) category, 76 gene sets in the cellular component (CC) category and 64
gene sets in the molecular function (MF) category, in which each gene set ranged
from 70 to 2000 genes. The DMM analysis was applied in testing the age, time and
the interaction effects on each gene set in all three categories.

It was found that there were 10 gene sets in the BP groups significantly
differentially expressed over agextime, 49 gene sets differentially expressed between
the age groups and 54 gene sets differentially expressed over time. In the CC
category, the gene sets significantly differentially expressed over the age x time, age
and time factors were 23, 55 and 69 gene sets, respectively. Finally, there were 21
gene sets in the MF groups significantly differentially expressed over the age x time
factor, 52 gene sets differentially expressed between the age groups and 56 gene sets

differentially expressed over time.

6.2 Discussion

The proposed tests adapted from generalizations of Dempster’s test and Bai
and Saranadasa’s test can be used to analyze high dimensional multivariate repeated
measurement designs when the dimension is larger than the observation. These two
types of proposed test are based on multivariate analysis of variance in DMM and
MMM which both require the normality assumption and homogeneity of covariance

matrices among groups. The performances of the proposed tests in the DMM analysis
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are similar to and slightly higher than those in MMM. Therefore the proposed tests in
the DMM analysis could be commonly adopted in practice for high dimensional cases
because they do not require the assumption of covariance structure, whereas MMM
requires the multivariate sphericity condition. The performances of the proposed tests
adapted from generalizations of Dempster’s test and Bai and Saranadasa’s test are
similar but the adaption of a generalized Bai and Saranadasa’s test performs well
when the sample size is large whereas the generalized Dempster’s test performs well
for all cases of sample size. Therefore, when sample size is small, the adapted
generalization of Dempster’s test is available to use in the analysis of high

dimensional multivariate repeated measurements.

6.3 Recommendations for Further Research

The problem in the analysis of a high dimensional multivariate test is that the
sample covariance matrix is singular and not invertible. To solve this problem, one of
the alternative methods is to develop a well-conditioned estimator of the high
dimensional covariance matrix that can be used as an estimator for classical test
statistics. Another choice is to adapt multivariate tests to use the generalized inverse
of sample covariance. A proposed alternative approach is to use a non-parametric test
statistic to deal with high dimensional multivariate repeated measurements data.

In this work, the proposed tests were derived under the assumptions of
normality and homogeneity of covariance matrices which were not satisfied in some
experiments. An extension of the present work could be to develop test statistics for
the analysis of high dimensional multivariate repeated measurements under a non-

normality assumption and heterogeneity of covariance matrices.
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Appendix A

Proof of Lemma 3.1
To prove Lemma 3.1, the following Lemmas A.1, A.2 and A.3 are given.

Lemma A.1 Let wbe a chi-squared random variable with n degrees of freedom, then
EWw)=n(n+2)---(n+2r-2), forr=12,...,
var(w) =2n, var(w’) =8n(n+2)(n+3),
E(w—n)’ =8n, E(w-n)" =12n(n+4),

E[w —n(n+2)] =3n(n+2)[2720" +O(n*)].

Next, expressions for #(S,), #(S’) and (tr(Sg))2 in terms of chi-squared

random variables are obtained.

Let puxpu, S,~W, (®,v,), where v,=n—g, then there exists a v,x pu

random matrix Y, such that S, =YY, vec(Y,)~ N, ,(0,@®I ) (Srivastava and

vopu
Khatri, 1979: 77). Let Y, =(y1,y2,...,yve)', then y, are iid. N, (0,®).
Let Y be a puxpu orthogonal matrix such that Y'®Y = ., where
@, =diag(4,A,,...,A,,) and 2, are eigenvalues of ®@,. Let Z=(z,%,...,3,) ,
where z, areiid. N, (0,1 ), then
Y, =Z®"” ~ N, (0,0), where ®=P"P"*.
Therefore,
tr(S,)=tr(Y;Y,)=tr(Y,Y,)
=1r[ (Z®")(ZD")']

- 1r(Z®ZL")
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= tr[Z(YY’)(I)(YY’)Z’]
=tr[Wd)YW’]
:iliw;wi,
pan
where
z Yy, 27
7Y = z' (P1sV2seesP ) = zg;y1 z;:y ’ zgfpu
z oy LY LY

=(w,wy5.w, )=W.
Each column of matrix Y, p, is an eigenvector corresponding to eigenvalue J and
W =(w,w,,...,w,) whose v, x1 column vectors w, are i.id. N, (0,I,). Thus, let

v, =ww, (a scalar), v, are i.i.d. chi-squared random variables with v, degrees of

: 2
freedom, i.e. v,~yx, .

Note that
A 0 0 || w
0 A, 0 || w)
WO W' =(w,w,,....w,) : :
0 0 © A || W
wi

=W, w4, w,A,.)

pu
=> Aww,, where ww, isa v,xv, matrix,
i=1
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[ pu pu pu
2
zﬂ“iwli zﬂ’iwliWZi zﬂ“iwuwvei
i=1 i=1 i=1

pu

pu pu

2
zﬂ“iwﬂwli zﬂ“iwzi z}“iwﬂwvei
i=1 i=1 i=1 .

pu pu pu
2
z ﬂ“i W, i Wi z ﬂ“i W, iWa o z ﬂ“i Wi
i=1

L i=1 i=1

Subsequently,

pu pu pu
r(W® W)= 4w, +> Aws +...+ z&iwfe,.
i=1 i=1 i=1
v, pu
=22 A'iwjz'i

j=1i=1

pu Ve

:Zﬁ'izwjz'i

pu
= Zﬂ’t W;wl
i=1
Hence, we can EXpress
pu pu
’
tr(se)zzﬂ’iwiwi :Zﬂ’ivﬁ ’ (a.1)
i=1 i=1

2
(7S] = {pzl/l,.vnj - _'21/1,.%,3 +25° 20w, (22)

i<j

r(S2) = tr[ (WD, W) (WD, W) ]

=t{(iz,-w,-wj[i&wiw;ﬂ
i=1 i=1

pu pu
=tr {Z Awwww +2% 22 www .w'}

i [ME MM
i=1 i<j
pu 2 pu
! ’ ! ! .o 3
=2 22 (ww ) tr(ww))+ 23" LA (wiw tr(ww)) (-~ wiw,is scalar)
i=1 i<j

= iiiz (wiw, ) tr(ww,)+ 2§:iilj(wi'wj)tr(w;wi)

i=1 i<j
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= iﬂiz (wiw, )" + 2iiilj(wi'wj )
i= i<j

T i’

= ia?v% £25° 240

i<j
) oy . .
where v, =ww, and v,=ww,, i#].

1

Let — =k, and then, from (3.15) of Lemma 3.1,
(v, =D(v, +2)
i 1
i, =~ rr(Si)——m(sg))ﬂ
pu | Ve
k [ pu 2 2 pu ) 1 pu 5y pu
= Zj’i Vit 22&‘}“]‘"1‘]‘ — Z/Ii Vit 22 j’iijviivjj
pu| iz i<j V, \i=1 i<j
i —1 pu pu
L R e iv,.,.vjj)}
pul v, = i<j Ve

1 1

=k ve~l il.zvf +i§:liijsij}

V, PU =1 pu i<
=k(f1+f2), (a.3)
h ) 1 _ i 2 1 ' i 4
where 5, =v; —v—vﬁvjj —(w,.wj) —V—(w,.w,.)(ijj). (a.4)

Lemma A.2 For s, defined in (a.4), we have
E(s;)=0, E(s;s,)=0 foralli,j,k,

L

var(s;) =2(v, +2)(v, = 1).
Proof. Since w, areiid. N, (0, ), then ww, =3 W~ . and
k=1

var(ww)) = E(ww]) = IVL, , E(wiw,)=v,.

@) EGs)=E| 0w, = 0wl 0w}

e

= E(wl.'ij;.wi ) - VLE [(w,.'w,.)(w;.wj)]
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= £ (i)~ B[O E[ 0w

1
=v,——(v,v,)
Y

=0.

Note that, since (wl.’wj)2 is a scalar, then

E(ww,)’ = E(tr(w,.'ij,.'wj)) = E(tr(w,.'ij;w,.)) = E(tr(w,.'wj)(ij}))

ir(EQwiw)E(w,w!))) = tr(E(ww)L, )

=E(tr(ww,))=E(ww,).
(ii) ﬂ%%ﬁﬂﬂwmf—lwwmwmﬂﬁwmf—lwwmwmﬂ
ve ve

=ﬂwwywwy—§wwfwwmwm>

1 ! ! ! 1 ! ! !
_v_(wiwk)z(wiwi)(ijj) + v_z(wiwi)z(ijj ww )l

Since we can find that
El(ww,)* (ww,)*1= E[(wiw ww )(wiw,ww))]
= E[{w;(ww))w,} {w(www,}]
= E[(ww,)(ww,)]
= var(w/w,) + E[(ww,)I
=2v +v7,
El(ww )" (wiw ) (w;w,)]= E[(ww wiw ) ww, ) (w,w,)]
= E[(wiw,)(ww)(ww,)]
= E[(ww )(ww)E[(w;w, )]
=v, (v, +2)(v,)

=V (v, +2),
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E[(ww,)* (0w, )(w,w )] = E[(ww,wiw,)wiw )(w'w )]
= E[(ww,)(ww,)(ww,)]
= E[(ww)(ww)]- E[(ww,)]
=v,(v,+2),
=v:(v,+2),

E[(ww,)* (W) w Y(wiw, )] = EL(w/w,)"]- EL(w,w )]+ E[(w}w, )]
=v.(v,+2)-v, v,
=v(v,+2).

Hence

e e

E(sl.jsik) =v (v, +2)- (Lv: (v, + 2)J — {Lv: (v, + 2)) + [sz: (v, + 2)]
% % %
0

=2v,(v, +2)=2v,(v,+2) =

(ii) var(s,) = E(s2) —[E(s,.j)]2 = E(s}), from (i) E(s;)=0

To calculate E(sl.jz,), note that

1 1
2 _| .2 2
Sy =\ Ve T VeV || Vi T ViV
v, v,

4 2 1 5,
=V T VY ViV
v@ e

so we must find E(v;), E(v;vﬁvﬁ) and E(vivfj).

E(v;) = E[(ww w'w,)’]

[AAAN RAAY M1

=E[(wAw)],

[

— !
where Aj =ww.
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Let G be an orthogonal matrix such that GA ;G = diag(w'w ,0,...,0), then

jﬂ

since for a given A, h =Gw,~N, (0,1, ), it follows that A, is independently

J
distributed of A and h, ~ N(0,1), A ~ x(,. Subsequently,
E (v;) =F [(wl.’G’(GAjG’)Gwl.)z]
= E[(hdiag(w'w ,,0,...,0)h,)*]
= E[(wiw;)’]
=E(h;) E(w\w,)* =3v,(v,+2).
Similarly,
E (v;vﬁvjj) = E[(ww,w\w Y(ww)(w'w )]
= E[(w/A;w Y(ww)(w/w)], whered, =w w'

= El(lyw/w ) (wG'Gw)(w/w )]

— E[(R)(ih)(w,'w )]

= EIUR)( B )0w, w, '

_ E[(hflg;h,i)]‘E[(Wj'Wj)z]
= EIGE) 1)1 EL0w,w, )]

= E[(h,'21 )2 + i hizlh;c )] : E[(wj'wj )2 ]
=[G+ (v, —D]-v, (v, +2)
=v,(v, +2)".

Finally,

E(Wvvy)=E(v; )E(vfj)

i’ jj

= [vg (v, + 2)]2 .
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Thus var(s, ) = E(s )=E|v 2 vyvﬂvﬂJr 12 ,fv;.
vg vg

=3v,(v, +2)— 3vg (v, + 2)2 + iz[vg (v, + 2)]2
v v

=3v,(v, +2)-2(v, +2)> + (v, +2)
=3v,(v, +2)— (v, +2)
=, +2)[3v,-v, 2]

=2(v,+2)(v,-1). 0

Lemma A.3 Let v, beiid as y .

A=Y S and J;=—ZMS,,

T puis
then
(l) COV(fio fz) =0,
Gi)  var(f) = {8(‘»’ + 2)(v +3)(v, - 1) ] a,.
v pu
(i) var(f,)= {W][f 2 A};]
(pu) i
=4(v, +2)(v, —l)(a% —ﬁ] ~ 4v3 (“22 _ﬁ}
pu pu
Proof. From Lemma A2, E(f,)= Z 2A,E(s,) =0, then

P i<j
@D cov(fi. 1) =E(/if)) - E(SE(S)

=E(/.f)

:1‘ -1 —E|:[Zﬂ-,2 ](Zﬂ?’l SU]:| (a.5)
v,pu pu i i<j
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where

pu pu pu pu
E KZ; AV J [Z A8, H =A'E {vfl [z LA, H + A E {vzzz [z A, H
i= i<j i<j <J

pu
+'“+A’22E|:v(2pu)(pu) [Zliljsif j:| ’ (36)

i<j

Now let us consider E(v;s,), when j#k.

1
If i=j#k, E(Vésik) =F Vi% [Vjc __viivkkj:|
VE

u

_ 2.2 1 3
=F viivik_v_v"vkk:|

e

- FE {(w,.'wi )? (ww,w,w,)— vi (ww, ) (w,w, )}

e

1
= E(w;wi)z E(wi'wkw;cwi) - _E(wi'wi)SE(wllcwk)
v

e

= E(wiw,)* E(ww,)—— E(ww, ) (v,)
\%

e

=E(ww,) —E(ww,)’ =0.

L 1
If i#j#k, E(vﬁsjk)zE{vj[vfk—v—vjjvkkﬂ

e

iV jk i " jj
1%
e

i 1
2 2 2
=E|viv,——v,v.v,

! ’ ’ 1 ’ ’
=E (wiwi)2 (ijkwkwj) _v_(ijj)3 (wiw,)

e

1
= EOwiw,)" EOwwowiw,) = — E(wiw,)* E(w)w )E(w,w,)

e

1
= E(wi'wi)zE(w;wj) ——E(wi'wi)zE(w;wj)ve
v

e

=E(wWw)’ E(w'w,)—E(ww) E(w'w,) =0.
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1
If i=k=#j, E(V,%S,-,-)ZE{V,%(V,Z-,-_v—"jj"n}:l

e

= E|:(wi'wi)2(wi'ij;wi) _vi(w;wi )3 (w;'wj):|

e

1
= E(W;Wi)z E(wi,ij;wi) __E(wi,wi)2E(w;wj)E(wl,cwk)
\%

e

— EOwiw,) E(ww,) =~ E(ww, ) E(wyw )
\%

= E(wi'wi)3 _E(w;wi)3 =0.

Hence, from (a.6) and (a.7), we obtain

pu pu
£ KZ#%J[Z&/@%H =0, which leads to cov(f;, f;) =0.

i=1 i<j

e

(ii) Var(fl)z[ve_lj var(iafvgj
v.pu i=1

—1? ( pu pu
_ =D [Z Al var(v))+ > A4 cov(viy, )j .

Vez (Pu)2 i=1 i<j

By Lemma A.1,

_ 0 l)i (8v€ W, +2)(v, +3)S A;‘j
v, (pu) pan

_8(v, +2)(v, +3)(v, - 1)’  tr(D7)
- V. pu pu

2
v, pu

_ [8@ +2)(v, +3)(v, —1)* ja
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(2Y. (&
(iii) Var(fg)_(pu_] var(z&ﬂ,js@}

i<j

A _ _
=——=V A.s
(pu)’ [ZA' "’]

i<j

(p? )2 %:Ai /’L var(sy).

By Lemma A2, var(s;) = 2(v, +2)(v,~1)).  then

i<j

var(f,) = ) {Z(v +2)(v, —I)le A J

8(v,+2)(v,— (& .,
——~e ' “he -/ A2,
e ]

i<j

i<j

%[(ilw —f&}

=8(v,+2)(v,—1)- o)

(pé: 272)2 gﬂ;
= 4(1)9 + 2)(vg _1) ) (pu)z - (PH)z

=4(v, +2)(v, - 1) (W(q)i) T - tr((I)%)
pu (pu)

=4(v, +2)(v, —l)(af2 s J N (az s J 0
pu pu

Now the proof for Lemma 2.1 will be given using the fact that any estimator is
consistent if it is unbiased and its variance goes to zero as n — <« (Lehmann and

Casella, 1988 :) (theorem 1.8.2).
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(1) To show that g, is a consistent estimator of q, .

From equation (a.1),

E@y) = ﬁE[tr(Se)]

e

E{i&vﬁ} = Lij’iE(Vii)

v.pu | =1 L PU ol
pu pu
z v :Lz/l

v pu i=1 pu i=1

tr(®

ZCO

pu

Hence , 4, is an unbiased estimator of «,.

var(a,) = Va{ tr(Se)}

v,pu

Va{z AV, } 2 var(v,)
o, pu) = v.p
—2v Zﬂf
G, pu) =
2 tr((I) )_ 2
v,pu  pu v, pu 2
then we obtain
lim var(q,) = lim a,=0.
n,p—o n,p—o Vepu
(2) To show that a, is a consistent estimator of a, .
1 N k N 2
Let ————=k and a,=—/|tr(S))——(r(S,))’ | , then from
v, =D, +2) pu Ve

(a.3),
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Eay=-o £ {t (2 )——(tr(s )2 }

Zil 11 +_E Zj’ﬂ’sl
Vpu i=1 pu i<j Y

i
k{ Z::A E(, )+p—§/u E(s, )}
i

k

v, (v, JrZ)ZA2 +—Zii (0)}

l<j

' {(vg D+, g )}

pu
I UL U= BN
(v, =D(v, +2) pu !
_ tr(®3) _

pu
Hence, a, is an unbiased estimator of @,. Next, the variance of a, is found using

Lemma A.3.

var(d,) = k* var Ve IZAIZ 2+—Ziijsij
\% pu i=1 p i<j

=k’ ar{ f,+ f,}

=k [var(f) + var(f,) +cov(f, + f,)]

8(v, +2)(v +3)(v, - 1) B a,
{ } +4(v, +2)(v, 1)[012 puj}

Ve pu

=k2{4(v€+2)(v€—1)a2 [8(\/ +2)(v, +3)(v, —1) — 42 (v, +2)(v, —1)j 4}

vpu

=k’ {4(v€ +2)(v, —Da; + [—4(‘}@ - 22)(‘}@ -1 j (2(vg +3)(v, =) -’ )a4}
v pu

e

" {% + 20, - a? ‘(4% AL 3)Ja4}

2
V. pu
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A, +2)(v, ~D(v2 +4v,-3)

1 2
= 4(v,+2)(v,—Da; + a
(vg _ 1)2(1,g + 2)2 ( e )( e ) 2 { vjp“ 4
4 ) (v:+41’g—3)
= a; — a
(v, -D(v,+2) 2 1’3 put

Subsequently, under assumption (3.15) in Chapter 2, we obtain

4 , 4(v§ + 4y, — 3)
lim var(a,)= lim | ————— |a, + lim 5
n.p—> np=®| (v, —1)(v, +2) np=>®| (v, +2)(v, —1)v, pu

=0. U
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