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ABSTRACT

Title of Dissertation Claims Modeling with an Alternative Gamma-

Exponentiated Weibull Distribution and Ruin

Probability Approximation

Author Mr. Pawat Paksaranuwat
Degree Doctor of Philosophy (Statistic)
Year 2016

In this dissertation, two studies that are beneficial for actuaries and the

insurance business are proposed. In the first study, an exponentiated Weibull
distribution using gamma-generated distribution is modified to obtain an alternative
gamma-exponentiated Weibull (AGEW) distribution; its sub-models include both

gamma and Weibull distributions, both of which are popular in claims modeling by

insurance companies. Its basic structural properties such as distribution function,
density function, and moments were investigated. Moreover, the maximum likelihood
method to estimate the AGEW distribution's parameters was utilized, then the
distribution was applied to a real-life dataset to show its superiority over gamma and
Weibull distributions by comparing fitness between them.

In the second study, a new approximation method to obtain the ruin
probability referring to the risk of insolvency of an insurance company is proposed by

modifying the Pollaczek-Khinchin approximation. The proposed approximation is

simpler and requires fewer assumptions than other methods mentioned in the

literature. The results from a simulation study show that, in some cases, the proposed

method gave better approximated ruin probability values in terms of the overall

deviation from the exact values. Insurance companies are interested in calculating the



initial capital using ruin probability, and so with this in mind, the proposed method
was applied to estimate the minimum initial capital that needs to be reserved to ensure

that the ruin probability does not exceed an acceptable quantity. To illustrate the

performance of the approximation, the ruin probability and the minimum initial

capital modeled by the AGEW distribution were estimated with a real-life dataset.
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CHAPTER 1

INTRODUCTION

1.1 Background

Since the foundation of modern risk theory was suggested by Filip Lundberg

in 1903, actuaries have attracted much attention in the insurance business. Actuarial

science became a formal discipline involving mathematical and statistical methods to

analyze insurance claims data. In this study, we concern about the important tasks of

the actuary such as the claims modeling and, the approximation of ruin probability

and minimum initial capital.

The claims modeling is an important procedure that leads to the pricing of

premium and risk analysis for an insurance company. Sasithorn Anantasopon, Pairote
Sattayatham and Tosaporn Talangtam (2015) suggested that the distribution of claim
amounts should be modeled as a mixed distribution of non-negative continuous

random variables and proposed the infinite mixture distribution that can be applied to

non-life insurance claims data. Thus, attempts have been made to modify the
exponentiated Weibull (EW) distribution, which is a non-negative continuous and
flexible distribution. Several authors have constructed alternative distributions using
the EW distribution as a baseline. Mahmoudi and Sepahdar (2013) introduced an
exponentiated Weibull Poisson distribution, Pinho, Cordeiro and Nobre (2012) use a
gamma-generated distribution to develop a gamma-exponentiated Weibull
distribution, and a beta-exponentiated Weibull distribution was proposed by
Percontini, Blas and Cordeiro (2013). The first purpose of this study is to construct the

new mixed distribution using EW as a baseline to achieve a better fit with real-life



claims data than classic distributions usually used to model the claim amounts

distribution.

The ruin probability refers to the risk that the monetary surplus of an insurance

company becomes less than zero, which leads to insolvency. Recent studies have
presented many methods to obtain the ruin probability. Cizek, Hardle and Weron
(2005) concluded that simple analytic results for the ruin probability using the classical

model exist when the claim amounts distribution is exponential or close to it, but for

other claim amounts distributions, they are not easy to obtain. Several authors have
proposed the approximation method for ruin probability. De Vylder (1978) suggested

the approximation of ruin probability based on the idea of replacing the surplus
process with an exponential claim amounts distribution such that the first three

moments coincide; in this case, the approximation gives the exact result. However, for

other claim amounts distributions, this approximation has the condition that the first

three moments of the claim amounts distribution must exist. Using Monte Carlo
simulation, Asmussen and Binswanger (1997) proposed computer approximations that

are independent of the first three moments and can be chosen as the reference method

for calculating the ruin probability in infinite time. For some claim amounts

distributions, simulation of the algorithm for computing the approximate ruin
probability by this method is complicated, and so in this study, an algorithm simpler

than computing the approximate ruin probability is proposed.

Generally, an insurance company must reserve the initial capital for managing

the ruin probability to an acceptable level, i.e. the insurance company is unlikely to
become insolvent. Thus, the proposed approximate ruin probability was also applied

to estimate the minimum of initial capital that an insurance company should hold in

reserve. To demonstrate the proposed approximation, it was applied to a real-life

sample of motor insurance claims data from one company.



1.2 Objectives of the Study

The objectives of this study are as follows:

1) To introduce a new claim amounts distribution as a combination of several
non-negative continuous distributions.

2) To propose an approximation method to obtain the probability that the

cash surplus of an insurance company is less than zero for a given initial capital, and
to find minimum initial capital for an insurance company that makes it unlikely to

face insolvency.
3) To demonstrate the proposed approximation using real-life data modeled

by the proposed new mixed distribution.

1.3 Scope of the Study

The individual claim amounts, the ruin probability, and the initial capital of

insurance company are considered under the following conditions:

1) The effect of interest and reinsurance are not considered.

2) The claim amounts that response difference policy are independent.

3) The study is within the framework of the classic continuous-time surplus
model.

4) The insurance company has to reserve the initial capital for managing the

ruin probability in infinite time not greater than the given quantity.

1.4 Usefulness of the Study

The benefits of this study are as follows:
1) The new mixed distribution will achieve a better fit with claims data than

some classic distributions.



2) The proposed approximation method can help insurance companies to

estimate the ruin probability that they face, and that the reserve of initial capital for

managing the ruin probability is not greater than the given quantity.



CHAPTER 2

LITERATURE REVIEW

In this chapter, a review of the literature on the following topics is presented.

Detail of claims modeling and distributions that are often used for modeling claim

amounts distributions are discussed in Section 2.1. The mixed distributions that are

applied in this study to model the claim amounts distribution are introduced in Section

2.2. The probability of ruin the risk of insolvency) of the insurance company and its
approximation are discussed in Sections 2.3 and 2.4. Finally, the minimum initial

capital that an insurance company must reserve for managing the ruin probability that

is not greater than an acceptable quantity is introduced in Section 2.5.

2.1 Claims Modeling and Claim Amounts Distribution

In actuarial science, the modeling of claims is important work that leads to

claims estimation, premium pricing, and risk analysis. Furthermore, the modeling of
claims is separated into claim frequency and claim severity. In this study, the claim

frequency is assume to be a Poisson process with intensity 4 >0, and sothe focus

here is on claim severity in reference to the amount of an insurance claim. Generally,
this monetary loss is not less than zero, so it should be modeled with non-negative
continuous distributions, and some well-known ones often used for modeling claim

amounts distributions are discussed in this section.

2.1.1 TheExponential Distribution
The exponential distribution is asimple distribution usually used in risk theory

studies. For an exponential claim amounts distribution with rate £, the probability



density function (pdf)and the cumulative distribution function cdf) of a claim amounts
variable X [ Expo( ) are given by

f(x)=pe”,
and

F(x)=1-e7,
respectively, where X, #>0. The expected value and the variance of X [J Expo( )
are derived as follows

E(X)=1/5,
and
Var(X)=1/ 5,

respectively.

2.1.2 The Gamma Distribution
The gamma distribution has often been used in claims modeling for

automobile insurance. For the gamma claim amounts distribution with shape « and

rate g or Gamma(a,ﬂ), the pdf of the claim amounts variable is given by

f(x)= % x“ e ™, X,a, >0,

where I'(a) = J' t*'e"'dt is the gamma function. The cdf that correspond to the above
0

pdf is derived as

F(x):ﬁy(a,ﬁx), x>0,

)

where 7(a, X)=J.ta‘1e“dt is the lower incomplete gamma function. The expected
0

value and the variance of X [J Gamma(a, ,8) are derived as
E(X)=a/ g,

and



Var(X)=al B,

respectively.

2.1.3 The Weibull Distribution
The Weibull distribution is usually used in engineering problems such as
survival analysis, reliability analysis, and failure analysis, but in actuality, this

distribution has been used for claims modeling of reinsurance claims. The pdf and the
cdf of the claim amounts variable with the Weibull distribution with two parameters
a and B or Weibull («, 3) are as follows
f(x)= o xe e P
and
F(x)=1-e ",

where X,a, >0 , respectively. The expected value and the variance of
X [J Weibull (e, B) are derived as

E(X)=C(1+1/a)/p ,
and

Var(X)=[T(1+2/a)-(F(t+1/a)) |/ 7.

respectively.

2.2 The Mixed Distribution

It is reasonable to model a claim amounts distribution with a mixed

distribution that includes the well-known non-negative continuous distributions in the
previous section as sub-models. Thus, some mixed distributions are discussed in this

section as:



2.2.1 The Exponentiated Weibull Distribution
Mudholkar and Srivastava (1993) proposed an exponentiated Weibull (EW)

distribution that is an extension of the Weibull family; it is obtained by adding a

second shape parameter to the Weibull distribution. If W is a random variable of an

EW distribution, then the pdf and the cdf of W [ EW («, 3,7) are given by

g(wa,B,7)= ozﬁrﬂwﬂflv(l—v)“*l ,W>0,a,8,7>0, 21

V]
where v=e"™" and

G(w)=(1-v)", 22

respectively. Choudhury (2005) derived the k™ moment of W [J EW(a,ﬁ,r) when

o is a positive integer as

E(Wk)r(%ujﬁkf(a._lj(_(—l)i- 23)

Therefore, we can derived the expected value and the variance of W when «is a

positive integer as

N j+1)s
and
e T ]

respectively.



2.2.2 The Gamma-Generated Distribution
Zografos and Balakrishnan (2009) proposed a technique to develop new

flexible probability distributions that extend well-known distributions by inserting a

well-known cdf G(x) into a new cdf as follows:

—logG(x)

F(x)=—— [ t'e'dt,x>0,56>0, 24

f(x):—[—logG(x)T—lg(x). 25)

In the same way, Risti¢ and Balakrishnan (2011) proposed an alternative

gamma-generated distribution with the cdf and pdf as

1 —logG(x)
H(x)=1-——= _[ t°te'dt,x>0,6>0 2.6
r(s) 4
and
h(x):i[—logG(x)]ﬁ_lg(x), @7
r(s)

respectively.

2.2.3 The Gamma-Exponentiated Weibull Distribution
Pinho et al (2012) proposed a gamma-exponentiated Weibull (GEW,)
distribution by inserting (2.2) into the cdf of the gamma-generated distribution in 2.6).

The correspond pdfas 2.7)is derived as

h(x;6,a,8,7)= Mx‘”v(l_v)“‘l [—Iog (1_\/)]571 |

r(s)

V4
where v=¢ ™"
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In their study, the gamma-exponentiated Weibull distribution included, as

special cases several models such as the exponential, Weibull and exponentiated
Weibull distributions.

The work in this study is based on the gamma-generated distribution proposed
by Zografos and Balakrishnan (2009). In analternative to the gamma-exponentiated
Weibull distribution, a gamma distribution is included in the sub-models.

The application of the proposed distribution is considered with the important

tasks of the actuary in mind: claims modeling, the approximation of ruin probability,
and the estimation of the minimum initial capital. In the insurance business, the

modeling of claims is important work leading to claims estimation, insurance

premium pricing, and risk analysis. There are two kinds of claims modeling: claims
frequency and claims severity. In this study, it is assumed that the claims frequency in

the proposed distribution is a Poisson process with intensity A >0, and the focus is
on the modeling of claims severity, which refers to the monetary loss of an insurance

claim by the insurer. The proposed distribution includes both gamma and Weibull
distributions in its sub-models, and it should be useful for modeling the claim amounts

distribution for an insurance company.

2.3 Ruin Probability

In this section, the probability of ruin or the probability that the cash surplus of

an insurance company becomes less than zero for a given initial capital is discussed.

The concern in this study is with the probability of ruin in a classical compound

Poisson continuous time surplus process. The surplus process at time t is defined as

U(t)=u+ct—S(t), 28

where U is the initial capital; C is the rate of premium income per unit of time; and

the aggregate claims process S(t) = X, + X, +...+ X, where N (t) is the number
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of claims at time t. The number of claims process {N (t);t 20} Is assumed to be a
Poisson process with intensity A>0 . The sequence of claim sizes
{Xi;i:1,2,...,N(t)} is assumed to be a sequence of positive independent and
identically distributed .id) random variables with distribution function F, and a

finite mean E[Xi]zyl, and are independent of N(t) . The premium rate C is
calculated using the expected value premium principle, i.e.

c=(1+0) A, 29

where @ >0 is the relative security loading. The risk of insolvency of any insurance

company happens when its monetary surplus falls to less than zero, and with a given

initial capital u or the probability of ruin over infinite time, is defined as

w(u)=Pr(U(t)<0, for somet>0U(0)=u). 2.10)

Bowers, Gerber, Hickmann, Jones and Nesbitt (1997) showed that the ruin
probability when the surplus process is based upon a compound Poisson aggregate

claims process with the claim amounts distribution being Expo( /) is in the form

1 —-6pu
u)= ex , 211
v(W=1g p(uej

for all initial capital u>0.The derivative of (2.11)is a basic example of the risk theory
study. For the claim amounts distributed as Gamma (2, 3), the ruin probability in

Yuanjian, Xucheng and Zhang (2003) is derived as follows:

_ VZ(V1+ﬁ)2 WU Vl(Vz"'IB)Z VU
l//(u)_ |:(V1_V2),Bze +(V2_V1)ﬂ2e :|’ @12

where v, = (/1 —-2cB+ N/AZ +4cﬂ/1)/(2c) and v, = (/1 — 2cﬁ—«/12 +4c/3}t)/(2c) .
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However, for other claim amounts distributions, the ruin probability is not

easy to obtain, thus approximations of the ruin probability are of interest. Some

approximation methods are discussed in the next section.

2.4 Approximation of the Ruin Probability

There are many approximation methods to obtain the ruin probability, but only

three methods are discussed in this section: the De Vylder approximation in De Vylder
1978), the Bowers approximation in Bowers, Gerber, Hickmann, Jones and Nesbitt
1997), and the Pollaczek-Khinchin approximation in Asmussen and Binswanger

1997).

2.4.1 The De Vylder Approximation

This approximation is based on the idea of replacing the surplus process U (t)

in (2.8) with a surplus process
U(t)=u+ct—S(t),

where the aggregate claims process S(t)= X, + X, +...+ X, , in which the number

N(t)
of claims process {N(t);tzo} is assumed to be a Poisson process with intensity
A >0.The sequence of claim sizes {)Zi;i =12,..., N(t)} is assumed to be a sequence

of i.i.d. random variables with distribution Expo(/?) and a finite mean E[)ZJ =ﬂ~’1,

and are independent of N (t).The premium rate ¢ is define as € =(1+ é)iﬁ‘l ,so that
the ruin probability with U (t) is defined asin 2.11). The De Vylder Approximation is
derived by setting 8, 4, and A in U (t) in such a way that

E[U (t)k]: E[U (t)k], for k=1,2,3 and t>0.

De Vylder (1978 defined the characteristic function U (t) as follows:
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Pup(S)=E [e‘su“)] = exp(uis + i Abtis —%,uzﬂ,tsz +%ﬂ3,1ti53 . J ,
where u; = E[Xij], for j=1,2,3. A similar expansion is valid for the characteristic

k
function of U (t). By the property E[U (t)k] =" {%%(t) (s)} and the condition

5=0
that E[U (t)sz E[U (t)k] for k=1,2,3 and t >0, the following equation can be
derived:

A0 =20, 1,A=28721, 1A =651
From above result it is expressed

3
6= 2“1“239, ,3:3&, ,1:_9“22’1 .
31, My 2415

Subsequently, the De Vylder approximation for the ruin probability with U (t) is

define as

Vo ()= ~eXp[_9ﬁ9], 213

where 67:(2/,11;%0)/(3;122), B=3u,1 1, and ysz[XiJ], for j=12,3. If the

claim amounts variables X, [ Expo(ﬂ), then §=6, f=/,and Woy (u) is equal to
z//(u). It should be noted here that the De Vylder approximation requires the existence

of the first three moments of the claim amounts distribution.

2.4.2 The Bowers Approximation

The well-known Lundberg upper bound of ruin probability is defined from the

right hand side of the inequality below:

y(u)<e™, 2.14)
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for any initial capital u>0, and the adjustment coefficient R is defined as the

smallest positive root of

M s(t)—ct (I’) =E [er(S(t)_Ct)} =e "M s(t) (I’) =1 2.15)

The ruin probability y (u) is a non-increasing function in u, so that its lower

bound, defined on p.415 in Bowers, Gerber, Hickmann, Jones and Nesbitt (1997), is

w(0)=——. 216)

The Bowers approximation uses the fact that (1+ 6?)71 <y (u)<e™, giving

the approximated ruin probability as

we(Uu)=——e"". 217

To obtain a reasonable constant K, the process of aggregate claims over

N(t)
premiums received {S(t)—ct} or {Z X, —ct} is considered. The number of claims

=
process N(t) is a Poisson process and the sequence of claim amounts {Xi;i 21}
consists of non-negative i.i.d. random variables, let {T;;i >1} be the sequence of the
timing of the claims corresponding to claim amounts {Xi;i 21}. Thus, the process
{S(t)—ct} increments by height X, for t=T,; i=12,3,... and decreases by slope ¢
otherwise. The process {S(t)—ct} contains the values of insurance company loss at
time t. If the value of the process {S(t)—ct} is very large, then the company is
insolvent and the process {S (t)—ct} has ended. Thus, under the assumption that the

insolvency or ruin can occur, the process {S (t)—ct} is bound.Let M be the number

of claims where the process {S (1) —Ct} becomes a maximum at time T,, and let Y, be
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the value of the process {S (t) — ct} that reaches above zero for the first time. Next, let
Y, be the value of excess that reaches above the value of Y, for the first time.
Variables Y,,Y,,... are sequentially defined in the same way. The number of iterations
of the process {S (t)—ct} carried out in this sequence N is called the number of new
record highs and the values Y, , for k =1,2,---,N are referred to as new record highs.

The lastnew record high Y, occurs at time T,, so that {S(t)—ct} is a maximum for

all time intervals t>0 . Generally, for each claim X, X,,..., X,, that makes the
process {S(t)—ct} increment, the new record highs Y,,Y,,...,Y, may or may not

occur, so N <M . Hence, the maximum of the process {S(t)—ct} or the maximal

aggregate loss L is illustrated as

L=max{S(t)—ct}=Y, +Y,+...+Y,. 218)

t>0

Figure 2.1 shows a graph of L for M =5and N =3.

s(t)-ct

TT T T T T
Tl TaTsTs Te

Time

Figure 21 Maximal aggregate loss for the number of new record highs N =3.
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Since a stationary and independent increment of process S(t) is assumed,

{Y,} is a sequence of i.id. variables with the density

fo (V) =R (¥)/ 14, 219

where F, (y)=1-F,(y) and g is the expected value of the claim amounts. The

number of new record highs N is geometric distributed with parameter 1—y/(0), and

its probability mass function is

Pr(N =n) =1y (0) Ty (0)T = e(ﬁjm, 220,

where n=0,1,2,... The ruin probability with an infinite horizon time in (2.10) can be

represented in the form of a distribution function of L derived as follows:
w(u)= Pr(ng%x{s (t)—ct}> u) =Pr(L>u)=1-F (u), 2.21)
where F_is a distribution function of the maximal aggregate loss L . Using the
property of the expected values, it can be written
E[L] =I0 [1-F_(u) jdu :jo w(u)du.

The maximal aggregate loss L can be expressed in terms of a geometric process with

the expected value

E[L]=E[Y.JE[N],

1
EIY, |—.
Y]
From the density function in (2.19), the moment generating function of the new record

highs Y,,Y,,...,Y, can be denoted as
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MY(t):jveY(y)dy,

0

= i]je‘y [1— F, (y)} dy,

1 ]eY Tt

_Z{T[l_FX(y)]O +¥E[e fx(y)dy},
1

=—1| M (t)-1].
L -1

t2 3
M, (t) =1+ g0t + g, —+ pt—+---
By substituting () Ty T in the above equation, it can be

expressed as

2 3
MY(t):1+&l+&t_+&t_+...

W2 w6 w24

From the above moment generating function, the expected value of the new record

E[Y, =12 E[L]=-22
highs can be calculated as 244 ,and so 2011 .The constant K in 2.17)

is chosen such that the approximated value conforms to

E[L]=[ [2-F (u)Ju= "y (u)du :;T;' 222)

Thus,

S0 a reasonable K is

201,
K=—7—, :
(1+9)u2 223

and the Bowers approximation in (2.17) becomes

—261 u
(1+ 9) 12

u)=——-=8
wg(U) 1410
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(Bowers, Gerber, Hickmann, Jones and Nesbitt, 1997: 418-423). One advantage of the

Bowers approximation over the De Vylder approximation is that it requires only the

first two moments of the claim amounts distribution.

2.4.3 The Pollaczek-Khinchin Approximation

This algorithm only requires the first moment of the claim amounts

distribution, and the method is based on a Monte Carlo simulation using 2.21). To
obtain 1-F,_(u) in 2.21), the density f, is first defined as in (2.19)and the number of
new record highs N is generated with a density as in (2.20). Next, a sequence of new
record highs {Y,Y,,...,Y } with f, is generated. Let L=Y, +Y, +...+Y and define

indicator Z as

0:L<
z=1" =4 2.24)
1;:L>u,

where E[Z]=w(u). Repeat this process n times, so we have Z,,Z,,...,Z, and

Z_:ZZi /'n converges to y(u) as n becomes large. The algorithm for computing
i=1

the approximation of the ruin probability can be presented as follows:

1) Assume F, is known, then obtain the density f, from
f (V) =[1-Fc(¥) ]/ 4.

2) Set the number of iterations n to be some large number, e.g. 10,000 or
50,000. Generate N;,i=12,...,n from Geometric(q), where q=6/(1+8), and set
it to be the number of new record highs.

3) Generate Y, for i=1,2....,n, j=12,...,N;, from the density f, in step
1and obtain L =Y, +..+Y, .

4) Foreach i,if L >u,then Z =1, otherwise Z, =0.
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5) Calculate Z=>Z,/n.

i=1
6) Increase the number of iterations n by 5,000 or 10,000 and repeat steps 1

to 5 until Z remains constant.

The above algorithm describes the steps for the Pollaczek-Khinchin

approximation denoted by . (u) = Z . One difficulty with this method is at the step
of simulating {Yl‘,YZ‘,...,Y,Li} with density f, . For example, when the claim amounts

distribution is Gamma (7, #) with shape parameter » as an integer, the density f,
can be derived as the density of a mixture of » gamma distributions with equal
weights 1/ 7, scale parameter £, and shape parameters {1,2,...,77}. However, when
shape parameter n is non-integer, to simulate the amount of each new record high
{Yl‘,YZ‘,...,Y,ii} with f, is complicated.

In this study, a simple algorithm to approximate  (u) based on the amount of

each new record high {Yli,YZ‘,...,Y,ji} is proposed see Chapter 4).

2.5 The Minimum Initial Capital

The minimum initial capital is defined in Pairote Sattayatham, Kiat Sangaroon

and Watcharin Klongdee (2013)as follows.

Definition 1 Let {U (t),tzO} be a surplus process driven by the compound
Poisson claims process {S(t),t>0} and ¢ >0 be the premium rate. For any « (0,1)
, let u>0 be the initial capital. If w(u)Sa, then u is referred to as an acceptable
initial capital level corresponding to (a,c,{S(t),t 20}). In particular, if

* = i : <
u, =min{u:y (u) <af

exists, U’ is called the minimum initial capital corresponding to (a,c,{s(t),tzo}).
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In this study, an approximation method for computing the minimum initial

capital u_ is proposed (see Chapter 4).



CHAPTER 3

THE ALTERNATIVE GAMMA-EXPONENTIATED
WEIBULL DISTRIBUTION

In this chapter, the new distribution, namely the alternative gamma-
exponentiated Weibull (AGEW) distribution, is obtained by mixing the exponentiated
Weibull and gamma distributions. Moreover, its basic structural properties such as
distribution function, density function, moments, sub-models, and parameter

estimation with the maximum likelihood estimator (MLE) method are presented.

3.1 The Distribution Function and the Probability Density Function

Theorem 3.1 Let X be a random variable of the AGEW distribution with parameters

o,a,,and . The cdf of X is defined by

5,—log|1—(1-v)“
F(x)= y{ gr[(g)( ) ]} , 3.1

where v=e™" | x>0, parameters J,a, 8,7 >0, and y(C]) is the lower incomplete
gamma function.
Proof

We can obtain the cdf of X by inserting G(x) from equation (2.2) into

equation (2.5). Hence, the cdf of the AGEW distribution can be written as



F(x) Lt I t* e dt,

7{5,—Iog[1—(1—v)“}}'

r(s)

Theorem 3.2 Let X be a random variable of the AGEW distribution with parameters
o,a,f,and . The pdf of X is given by

f(x)= % x v (1- v)”‘l [— log (1— (1-v)” )Tl , 3.2

where v=e™" | x>0, and parameters &, «, 3,7 >0.
Proof
We can obtain the pdf of X by inserting g(x) from equation 21 into
equation (2.6, and so, the pdf of the AGEW distribution becomes
1

1 ﬁ[""g (v )Tl afr’ X’ (1-v),

- % X" v (1- v)“i1 [— log (1— (1-v)” )T_l :

Since x >0 and parameters &, 8,7>0, then v=e" ™ is between 0 and 1,

-1

0<(1-v)"
—Iog(l—(l—v)“) >0.

Thus, f(x)>0.1fwe let z=-log (1—(1—v)“), then we can write

<1,

=

g

T
o

Tf dx

XAy )a—l[_log (1_(1_\/)0, )T_l dx

51 Zdz

=

N—"

%
I

’1

(6)
=1
By the above properties, equation (3.2)is the pdf of the AGEW distribution.
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Theorem 33 Let a, =(s+2) ', b,,,=a", and b, , :EZ[m (k+1)-shab, .,
k=1

positive integers s and m. Let X be a random variable of the AGEW distribution
with positive parameters J,a, #, and . When ¢ is a positive integer, the pdf of X

can be defined as the linear combination of EW density functions as

o-1 o
f()=D">csemd(Xia(5+s+m),B,7), 3.3
m=0 s=0
where ¢, = o-1 oy and g(e) is the pdf of EW, as defined in
sam = (Grs+myr(s) Y P '

equation 2.1).
Proof

Letw=(1-v)", then the pdf in equation (3.2) can be rewritten as

f(x)= ?’?;; X" v (1-v)*"[~log (1—W)]H_

o0

0

B i

- a5l
Olﬂfﬁ B, a-1 = WHl
= —_ l— ,
(o) x"v(1-v) _W+§i+]]

apr’ Jooewr T
= x"(1-v)" | w+ _
r(s)

By applying the binomial theorem, when ¢ is a positive integer, we can write
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B 51 o si2 \™ |
- 8o (5:2 ]
m=0 s=0

apt’ B 1| G[O0-1) i [ &S W i
= 1— s
o)X Y2 2502

_apt’ it Yy | SOy i W
r(s) (1-v) ~l m ~s+2

Let a, =(s+ 2)’1, and consider the result on a power series raised to a positive

+

integer (Gradshteyn and Ryzhik, 2000: 17)
(Z‘%VSJ =>b,,.y’
s=0 s=0 ,
where by, =ag and b, =%Z[m(k +1)—s]akbsfk,m.We can express the pdf of the
k=1

AGEW distribution in terms of a linear combination of the EW distribution as

_aﬂrﬁ pa  V 55151
= o S S|

Il
218
|
>
=
=
| [ <
=
=
[s%)
M
VR
>,
AN
3
s
Jen
3
g,

Il
3
Ll
w
£0Ms
7~ N 7~ N\

A

5_1J (6+s _t:s’r:)r(g) a(S+s+ m)ﬂTﬂXﬁ‘lv(l_v)“(‘**s*mH’

3
M 2D

Cromd (Xi@(5+5+m), B,7),

i
o
7
1l

o

b
> and is the pdf of EW, as defined in
srsrmyr(a) 0 9() P

where ¢ | =(

7]
|
-
N
—~

m
equation 2.1).

To show the various of shapes of this distribution, some specified parameters

of the AGEW distribution and their density functions are provided in Figure 3.1: @

fixed parameters a=4,=057=15 and varied parameter ¢; and (b fixed



25

parameter 6 =4 and varied parameters «, f and 7.Hence, we can see that the

AGEW distribution is suitable for fitting to various shapes of data.

@ b
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Figure 3.1 The density function of the AGEW distribution.

3.2 Moments for the AGEW distribution

Theorem 34 Let a,=(s+2) ", b, =a" and b, , :i > [m(k+1)-s]ab,_,, for

k=1
positive integers s and m. Let X be a random variable of the AGEW distribution
with positive parameters J,«, and . When 6 and o are positive integers, the

moment of X can be written as

S,

-1

m =E(X")= icﬁsmyk( (§+s+m),B,7), 34

s=0

i
&

som = (5 +s+m)[ (o)

5—1j
bS,m a1 _ . j
where ¢, . = [ m and ,u;(a,ﬁ,r)zl“(%+1jg (a lj#
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Proof
Let Y 0 EW (o, #",7") be a random variable with a density function as in
equation 2.1. We let (a*, ,8*,1*) be the k™ moment of Y that corresponds to

(a*,ﬁ*,r*).When & is a positive integer, we can apply the definition of the moment

to the linear combination of the EW density function in Theorem 3.3 such that

S
Il
m
—_—
>
N
—_—

“f (x)dx,

%
AN

Cremd (Xix(5+5+m), B, 7)dX,

i
o
»
Il

o

o o
><7~—
N
Ngk

|
LN

Il
I
gl EMS

cgsmekg (X;ar(5+s+m), B,7)dx,
0

Q‘q 3

Cos.mie (a(5+s+ m),ﬂ,r).

E
I
o
»
I
o

Choudhury (2005)derived 4 (", 8",7") when @’ is a positive integer as

cinnat{ 5T

j+ 1)*+l

Therefore, we can obtain the moment of AGEW distribution as

5-1 «©
e =E(X) =33 ¢t (a(5+5+m), B.7)
m=0 s=0
S kK Na(5+s+m) e g(s+s+m)-1) (-1)
_ ansymr(_ﬂj( k ) 5 (( +m) j( )k,
m=0 50 p 4 j=0 J ( j +1)g*1

where 6 and « are positive integers. The proof of Theorem 3.4 is complete.

From Theorem 3.4, we can derive the expected value and the variance of the

AGEW distribution as

and
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Z(Z)CF ( MJ(a(5+s_+m)—1] a(s+s+m)(-1)

m=0 s=0 j=0 ﬂ J T( J +1)ﬂ7+2
2
) s_lia(éim)—lc F[[3’Jr1j£og(§+s+m)—ljoz(§+s+m)(—1)’
m0s=0 -0 o B J r(j+l)% |

where 6 and « are positive integers.
3.3 The Sub-models

If we let parameter ¢ in equation 3.1)be 1, then the cdf of the AGEW

distribution defined as in equation (2.2) can be written as

7{1,—log [1—(1—v)“}
F(x)= { 0 }

~log| 1-(1-v)" |
_[ e 'dt,
=[1-@-v)' ],

- (1— e ™ )a :

In the same fashion, we can obtain some of the sub-models of the AGEW

distribution, as shown in Table 3.1.

Table 3.1 The sub-models table for the AGEW distribution.

U parameters
=
Distribution 5 . B - (x)
1 Exponentiated Weibull EW) 1 a ) T F(X):(l_e(rx)ﬁ)a
2 Weibull 1 1 B - F(x):l—e*(”)ﬁ
1
3 Gamma ) 1 1 r F(X)=—=r=7(dx)
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The AGEW distribution includes Weibull and gamma distributions in its sub-
models, both of which are popular in claims modeling. Hence, it is of interest to use

this model to fit claim amounts data from insurance companies.

3.4 Parameter Estimation

In this subsection, we presume that the data with sample size n are drawn
from an AGEW distributed population, and that @z(é,a,ﬁ,r)T is the parameter

vector of the distribution. Subsequently, the likelihood function of AGEW distribution

IS given by
n aﬁfﬂ _ a-1 a o1
L(x)=TT=—L"—x"". (1-v. [—Io 1-(1-v. } ,
(_) izlr(ﬁ) i |( |) g( ( l) )
where v, = e ™) Following this, the log likelihood function can be written as

n

I(g)zZ(Iog(a)+Iog(,é’)+,8Iog(r)—logr(5)+(,b’—1)log X, —(7% )" +(a-1)log(1-Vv,)

i=1

+(5-1)log [— log (1— (1-v,)" )})

Therefore, by using the MLE method, the elements of score vector

a a a ay
=|—=,—,—,— | aresetto zero, where
00 Oa Of Ot

$=Z(_qj(5)+log —log(1-(1-v)") ]}

i=1

(6-1)(1-v,)" log(1-Vv,)

) [1—(1—vi )“}Iog [1—(1—vi )“}
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n y, a-1)(zx ﬂui log(7x;
a L [1—(rxi) }Iog(rxi)+( I (1)_Vi) 9(ex)

_ (5_1)0[(7)9 )ﬂ v, (l—Vi )a_l log (z-xi )
[1-(2-v)" tog|1-(1-v,)" |
(-1 B" %, B (6-1)apr" % v, (1-v, )a_l

(1-v) [1-(2-v,)" Jlog [ 1-(2-v,)" | |

——Zn: ﬂfﬂlX +

where W (x)= is a digamma function. The maximum likelihood

F'(x)_;xr(x)
T

(x)
A A A T
estimator ® = (5,0?,,8,7‘) is the solution to the above score equations which they are

not in closed form, but they can be calculated using different Barzilai-Borwein (BB)

steplengths from the BB package included in the R statistical software, as discussed
by Varadhan and Gilbert (2009).

3.5 Application of the Proposed Distribution

To measure the superiority of the AGEW distribution over its sub-models, the
AGEW model and its sub-models were fitted to 363 real-life claim datasets of motor
insurance collected from five car dealers. The fitness of the AGEW model was
compared with its sub-models: gamma, Weibull, and EW using a graphical approach.
The comparison of the estimated pdfs with real-life data as a histogram is presented in
Figure 3.2. However, we can see that it is not easy to detect any differences in these

graphs, so the discrepancy distribution of each estimated model was compared with

real-life data using the Kolmogorov-Smirnov (K-S) method and also by considering the
mean squared errors (MSEs) of the distributions as
n ~ 2
Z[F (x)- F(Xi)}

MSE = 1L ,
n
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with n sample size data, and where X, X,,...,X. are observed, F(X) is the value of
the theoretical cdf, and the empirical cdf F(x) is the fraction of observations less
than or equal to X.The maximum likelihood estimates of the parameters, K-S
statistics, and corresponding p-values for the fitted models and the MSEs are shown in
Table 32. The K-S test showed that only the EW and AGEW distributions were
accepted as the model at the 0.05 significance level. The MSE verified that the AGEW

distribution with the lowest MSE was superior to the gamma and Weibull sub-
distributions. Both AGEW and EW gave similar MSE values, but the AGEW

distribution was chosen since it had a slightly lower MSE than EW when modeling the
claim amounts distribution.
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-------- Weibull
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Figure 3.2 The pdfs of the distributions with real-life claim amounts data



31

Table 3.2 Maximum likelihood estimates, K-S statistics with corresponding p-values,

and MSEs for the claim amounts data.

Fitted Distribution & a B T K-S pvalue MSE
Gamma 0.9169 00467 01184 00001 0.004378
Weibull 08721 00557 00927 00039 0003167
EW 226383 03014 62811 00300 08998 0.000175
AGEW 06242 334948 02966 55117 00293 09140 0.000170




CHAPTER 4

THE PROPOSED APPROXIMATION

In this chapter, the Pollaczek-Khinchin approximation is modified in
Subsection 24.3 and a new algorithm is presented without using density f, for

approximating the ruin probability. From the idea of the proposed approximation of
the ruin probability, a new algorithm to compute the approximation of the minimum

initial capital u, is also proposed and discussed in Section 2.5.

4.1 The Proposed Modified Ruin Probability Approximation

From Subsection 2.4.3, the Pollaczek-Khinchin approximation is based on the
idea of generating the number of new record highs N from Geometric(q) where
q=6/(1+6) and 6>0 is the relative security loading. Next, the sequence of new
record highs {Yl,YZ,...,YN} is generated using density f, as in (2.19), and the maximal
aggregate loss L=Y,+Y,+...+Y, is computed. The approximation of the ruin
probability y(u)=Pr(L <u), where u is the initial capital, is computed by repeating
this process. However, simulating the amount of each new record highs {Yl,Yz,...,YN}
with f, is complicated. Thus, a new simpler algorithm to approximate y (u) without
using density f, is presented.

We represent the timing of claims in the form of T, =W +..+W,,

n=123,..., and W_ is the time difference between consecutive claims T, and T, ;.

For the Poisson claims number process with intensity 2 >0, the sequence of time
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difference between consecutive claims {Wn =T -T,,,n=1 2,3,...} is a sequence of
i.i.d. random variables with Expo(/l) using the Poisson distribution property.

To simulate the amount of the first new record high Y, in 2.17), we generate
the time difference between consecutive claims {W,,W,,...} and the claim amount
random variables {X,, X,,...} . We compute the timing of claims T, =W, +...+W, and
the value of process {S(t)—ct} ,for t=T,,T,,..., until the process {S(t)—ct} reaches
above the zero level for the first time.

However, it is possible that the process {S(t)—ct}, which computes forms
{W,,W,,...} and {X,, X,,...}, does not reach above the zero level at any time t. To

mitigate this, we set a large positive integer D to be the limit on the number of

simulated claims; the constant D also refers to the number of elements to truncate.
Let T, be the timing of the claim that corresponds to D . When the process

{S(t)—ct;0<t<T,} reaches above the zero level at least once, then let Y, , be the

value of the process {S (t)—ct;0<t< TD} that reaches above zero for the first time.

Theorem 4.1 If the number of truncated elements D is large, then Y, , converges in

distribution to the first order of new record highs Y, .

Proof

Let K, _and F, be distribution functions of Y, ;, and Y, , respectively, then

Ry, (¥)=Pr(Y,o <y)=Pr(0<S(t)—ct<y[s(t)—ct>0, forsome 0<t<T, ),
for some y>0. When the number of truncated elements D — o, it is also obvious

that the time at which the D" claim occurred T, — oo Thus,
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limF, (y) =lim Pr(0< S(t)—ct< y‘S(t)—ct>0, for some O<t£TD),

Do D—w

= Pr(0< S(t)—ct<y|S(t)-ct>0, for some O <t <oo),
=Pr(0<S(t)-ct<y[s(t)—ct>0, for some t > 0),
=R, (y).

From Theorem 4.1, we can approximate Y, by Y, . The sequence of new
record highs {Y,,Y,,...,Y,} is an iid. sequence of random variables, and so Y,
converges in distribution to Y,, for i=2,3,...,N, when D is large. To simulate the
amount of each new record high {Yli,Yzi,...,Yhi,i} for the i" loop, generate the time
difference between consecutive claims {W,W,,...,W,} from iid. Exp(4) and the
claim amount random variables {X,, X,,..., X, } with F, .We compute the timings of
the claims {T,,T,,...,T,} from T, =W, +..+W, and let Y/, be the value of the
process {S (t)—ct;O <t STD} that reaches above zero for the first time. If the process
{S(t)—ct} does not reach above zero for all 0<t<T_, then repeatedly generate the
timings of the claims and the claim amount random variables until Y, occurs. We
approximate Y,' by Y,'; and repeat this process until the values {YZ‘]D,Y;'D,...,Y,LND}
that approximate {YZ'Y;Y,;} are obtained. In a real-life situation where the claim

amounts distribution F, is unknown, F, can be approximated based on the real-life
claim amounts data. The proposed algorithm to obtain an approximation of the ruin
probability is as follows:

1) Approximate F, based on real-life data.

2) Set the number of iterations n and number of truncated elements D to be
some large number, eg. 10,000 or 50,000. Generate N.,i=12,...,n from
Geometric(q), where q=6/(1+6), and set them to be the number of new record

highs.
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3) Generate sequence {W,W,,--W,} from iid Exp(4) and
{X1, Xp0 0 Xp} with Fy Let T, =W, +...+W, and S, = X, +...+ X be the timings
of the claims and the values of the claims process, respectively. Compute the value of
the process {S(t)—ct;0<t<T,} usingV; =S, —cT, ,for j=12...,D.

4) 1fV;>0 for some j=1,2,...,D, then let Y, be the first V; above zero,
else repeat step 3.

5) Obtain the amount of {Y,,,Y;,,,....Yy o} by repeating steps 2 to 4 and let
Lp=Yp++Yyo0.

6) Foreachi,if L, >u,then Z; =1, otherwise Z; =0.

7) Calculate Z=YZ/n.

i=1

8) Increase n and D of 5,000 or 10,000, and repeat steps 1 to 5 until Z
remains constant.
In this study, the approximation y,, (u)=Z is proposed to approximate

E[Z]= Pr(L,>u). From Theorem 4.1 and the fact that {Yl‘,YZ‘,...,Yh‘,i} is a
sequence of i.id. random variables, {YlfD,YZ‘,D,...,Y,ji’D} converges in distribution to
{Y).)Y;,....Yy | when D is large, so that Pr(L,>u)=Pr(Y,,+..+Y, ,>u)
converges to Pr(Yli +.4Yy >u)=z//(u). Thus, w,, (u) converges to w(u) when n

and D are large.

4.2 The Proposed Minimum Initial Capital Approximation

In this subsection, the algorithm to compute the minimum initial capital

u = m>|0n {u :n//(u) < a} for any acceptable levels O <a <1 is proposed. From (2.21),

the ruin probability is monotone non-increasing with initial capital u and
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w(u,)=Pr(L>u,)=c, where L is the maximal aggregate loss. For discussing the

proposed minimum initial capital approximation, we state Lemma 4.1 and Theorem

4.2 are stated as follows.

Lemma 4.1 Let non-ruin probability ¢(u)=1-w(u), then the transformation

through function g(z) is defined for any probability 0<z<1 by g(z)=¢"(z). We
obtain the first derivative of g as

()= 50 (2) ==

#(¢7(2))

Let y=¢7(z) iff ¢g(y)=z , then ¢'(y)dy=dz and

Theorem 4.2 Let {Lle} be a sequence of maximal aggregate loss with each

L;,j=12,...,m being independent random variables and distributed according to
non-ruin probability ¢(u)=1-y(u). Let L., . be the m(1-a)" order statistic

based on {L;,L,,...,L,} and a>8/(1+6), where 6>0 is the relative security

loading. Therefore,

(L - )5 N 0 202)
[#(u)]
Proof
Suppose the sequence of maximal aggregate loss L, L,,..., L consists of iid.

continuous random variables from a distribution with non-ruin probability ¢ . Let

Z_m (u) be a random variable defined for positive initial capital U by
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where
o
Subsequently, Z, (u) has the expectation E[Z (u)|=Pr(L <u)=g¢(u) and
the variance o (u)[1-¢(u)], then by the central limit theorem,

Im(Z, (u)-¢(u ))—>WD N(0,¢(u)[1-¢(u)]).

By Lemma 4.1, using the Delta method,

# (47 (#(u

and, by replacing u with the minimum initial capital u_, we obtain

Vi (2, 61)) - Jow o [o, "‘;,tu;;)}

Now ¢*(Z, (u)) is a random variable that lies between the order [100(1—a)~1]"

%[W(Z—m(U))—¢’l(¢(u))}i>w N [o [1 ¢(‘)‘ )]J

and 100(1—05)th sample quantile that can be written using order statistic notation as

L - I fact,

Hence, it follows that

and the proof of Theorem 4.2 is complete.
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Our proposed approximation of the minimum initial capital u, is based on the
idea of generating the number of new record highs N from Geometric(q), where
q=6/(1+86). Next, the sequence {Y,,,Y,,...,Yy o} is generated with the algorithm
as in Subsection 4.1 when the number of truncated element D is large and the
sequence {YLD,YZ’D,...,YN,D} converges to the sequence of new record highs
{Y,.Y,.....Y} - We compute the maximal aggregate loss L=Y, 5 +Y,+...+Y, 5,
and by repeating this process m times, we obtain the sequence of maximal aggregate

loss {L,L,,...,L,} . From Theorem 42, the m(l—oz)th order statistic based on

{L,L,,...,L,} defined by L[m(H)] converges to u_, when m is large. For accuracy,

we repeat the above process n times to obtain {L[m(l_a)]’l,L[m(l_a)]’z,...,L[m(l_a)]n}.

n
Thus, the estimator T, :ZL[m(H[)]i /n converges to u, when n and m are large.
i=1

The algorithm is as follows:

1) Approximate F, based on real-life data.

2) Set the numbers of iterations n,m, and the number of truncated elements
D to be some large numbers e.g. 5,000 or 10,000. Generate N.,i=12,...,n from
Geometric(q), where q=6/(1+6), and set them to be the number of new record
highs.

3) Generate sequence  {W,W,,---W,} from iid. Exp(1) and
{X0 Xgo X} with Fy Let T, =W, +...+W, and S; = X, +...+ X, be the timing of
claims and values of the claims process, respectively. Compute the value of the
process {S(t)—ct;0<t<T,} usingV, =S, —cT; , for j=12,...,D.

4) 1fV;>0 for some j=12,...,D, then let Y, be the first V, above zero,

else repeat step 3.
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5) Obtain the amount of {Y,,,Y,,.....Yy, o} by repeating steps 2 to 4 and let
I—i,D :YliD +'"+Yr\i|i,D-

6) Repeat steps2to6 m times.

7) Let ul be the [m(l—a)]th smallest observation in Ly 5,Ly 5. Ly p.

m

8) Repeatsteps2to7 n times.

9) Estimate u, by U, =>ul/n .

j=1
10) Increase n,m, and D by 500 or 1,000, and repeat steps 2 to 9 until U,

remains constant.

From previous section, {YlfD,Y;,D,...,Y,L,D} in step 5 converges in distribution
to the sequence of new record highs {Yli,Yzi,...,Y,Li} for the i™ loop and when D is

large, so that their quantiles coincide. Moreover, Theorem 42 shows that u’

converges in distribution to u, when m is large. Thus, the proposed approximated

n
u, :Zuo{ /n convergesto u, as n,m,and D become large.
j=1



CHAPTER 5

SIMULATION STUDY AND APPLICATION WITH REAL DATA

In this chapter, a report on the performance of the algorithm proposed in the

previous chapter tested using a simulation study is presented. The proposed
approximation was also applied to real-life data from an insurance company, a record

of which is included after the simulation study.

5.1 Simulation Study for the Proposed Ruin Probability Approximation

To measure the performance of the proposed algorithm in Section 4.1, a
numerical evaluation was used. From Section 2.3, the surplus process is based on the

Poisson claims number process with intensity A >0, the initial capital u>0, and the

security loading @ >0 can be used to compute the exact ruin probability in the form

1 —6pu
v(u)= 1+eeXp( 1+9j

when the claim amounts distribution is Expo(ﬂ) .Moreover, itcan be derived as

(Vl_VZ)IBZ (Vz_Vl)ﬂz

where v, = (2-2cf+\27 +4cpa )1 (2c) , v, =(2-2cp—\2* +4cpa )i (2c) , and

the premium rate c=(1+6)24/p when the claim amounts distribution is

l//(U) = —{Me‘ﬁu + Vl(VZ +ﬂ)z evzu:l’

Gamma(2, ). Thus, the claim amounts distributions Expo() and Gamma(2, ),
whose exact ruin probabilities are obtained when £ =1,2, were considered. Besides

the proposed approximation y,, (u) in Section 4.1, three other approximations were
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computed: the De Vylder approximation y, (u), the Bowers approximationy, (u),

and the Pollaczek-Khinchin approximation z//PK(u). Approximated values from the

proposed method were compared with the previously considered methods using their

maximum absolute errors defined as max‘y/(u)—z/}(u)‘ for exact ruin probability

w(u)and all considered approximations i (u). Moreover, all approximated values

were also compared with the Lundberg upper bound of ruin probability in (2.14)as
w(u)<e™,

for any initial capital u >0, and where the adjustment coefficient R is defined as in

(2.15), whereby all approximated values should be lower than the Lundberg upper
bound.

The intensity of the number of claims process was setto A =1.The exact ruin
probability w(u) is zero when both the security loading @ and the initial capital u
are large, so only the results with £=0.1,0.3,0.5 and u=0,5/10,...,30 were
considered. In the simulation, the Pollaczek-Khinchin approximated ., (u) was
computed with the number of iterations set at n=500,000 , and the proposed
approximation y,, (u) was computed with the number of iterations set at n = 500,000
and the number of truncated elements set at D =100. The exact and all approximated

ruin probability are shown in Tables 5.1-5.2.
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Table 5.1 The exact ruin probability w(u), the Lundberg upper bound e ™, the

Pollaczek-Khinchin approximated ruin probability y,, (u),and the

proposed approximated ruin probability y,, (u) for claim amounts

distribution Expo(/3).

Fo o R u v e () ()
1 01 0.0909 0 0.9091 1.0000 0.9092 0.9092
5 05770 0.6347 05774 05782

10 0.3663 0.4029 0.3670 0.3659

15 0.2325 0.2557 0.2326 0.2333

20 0.1476 0.1623 0.1485 0.1472

25 0.0937 0.1030 0.0936 0.0939

30 0.0595 0.0654 0.0597 0.0594

03 0.2308 0 0.7692 1.0000 0.7691 0.7697
5 0.2426 0.3154 0.2424 0.2423

10 0.0765 0.0995 0.0764 00771

15 0.0241 0.0314 0.0243 0.0239

20 0.0076 0.0099 0.0075 0.0078

25 0.0024 0.0031 0.0024 0.0024

30 0.0000 0.0000 0.0000 0.0000

05 0.3333 0 0.6667 1.0000 0.6656 0.6677
5 0.1259 0.1889 0.1262 0.1250

10 0.0238 0.0357 0.0239 0.0240

15 0.0045 0.0067 0.0045 0.0045

20 0.0008 0.0013 0.0008 0.0009

25 0.0002 0.0002 0.0002 0.0002

30 0.0000 0.0000 0.0000 0.0000



Table 5.1 (Continued)
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p o R . v (u) e Wex (U) v (U)
2 01 0.1818 0 0.9091 1.0000 0.9092 0.9095
5 0.3663 0.4029 03672 0.3653

10 01476 0.1623 0.1482 01478

15 0.0595 0.0654 0.0592 0.0594

20 0.0240 0.0263 0.0238 0.0239

25 0.0097 0.0106 0.0097 0.0095

30 0.0039 0.0043 0.0040 0.0040

03 04615 0 0.7692 1.0000 0.7691 0.7696
5 0.0765 0.0995 0.0760 0.0764

10 0.0076 0.0099 0.0076 0.0076

15 0.0008 0.0010 0.0008 0.0008

20 0.0001 0.0001 0.0001 0.0001

25 0.0000 0.0000 0.0000 0.0000

30 0.0000 0.0000 0.0000 0.0000

05 0.6667 0 0.6667 1.0000 0.6671 0.6665
5 0.0238 0.0357 0.0236 0.0237

10 0.0008 0.0013 0.0009 0.0008

15 0.0000 0.0000 0.0000 0.0000

20 0.0000 0.0000 0.0000 0.0000

25 0.0000 0.0000 0.0000 0.0000

30 0.0000 0.0000 0.0000 0.0000

Maximum Absolute Error 0.0011 0.0013




44

Note: For the exponential, claim amounts distribution, y, (u) and , (u) are

equal to the exact ruin probability v (u).Hence, the value of w, (u) and y,(u) are
not shown in Tables 5.1.

The results shown in Table 5.1 show that y,, (u) and w,, (u) were close to

the exact ruin probability y(u) and none of them were higher than e™,which

means that both of them gave reasonable values.

Table 52 The exact ruin probability y (u), the Lundberg upper bound e, the De
Vylder approximated ruin probability ., (u), the Bowers approximated
ruin probability y, (u), the Pollaczek-Khinchin approximated ruin
probability ., (u), and the proposed approximated ruin probability

wy (u) for claim amounts distribution Gamma(2, 5).

B 0 R u V/(U) e ™ Yov (u) Vg (u) Yek (u) Y (u)

1 01 00613 0 09091 10000 09184 09091 09090  0.9091
5 06767 07360 06762 06714 06237 06773
10 04982 05417 04979 04959 04391 04991
15 03668 03987 03666 03663 03224 0.3679

20 02700 02935 02699 02705 02420 02703

25 01988 02160 01987 01998 01849  0.1995
30 01463 01590 01463 01476 01433 01467
03 01584 0 07692 10000 07895 07692 07702 0.7692
5 03600 04529 03585 03564 03204 0.3600
10 01631 02052 01628 01652 01511 0.1626

15 00739 00929 00739 00765 00793 00736
20 00335 00421 00336 00355 0.0448« 0.0332

25 00152 00191 00152 00164 00258« 00154
30 00069 00086 00069 00076 0.0159+ 0.0069



Table 5.2 (Continued)
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B 06 R u () o™ oy (U) we(u) we(u) wyu(u)
05 02324 0 06667 10000 06923 06667 06680  0.6667
5 02199 03129 02184 02195 01971 02191

10 00688 00979 00689 00722 00710  0.0692

15 00215 00306 00217 00238 00301 00213

20 00067 00096 00069 00078 00142«  0.0067

25 00021 00030 00022 00026 00070+  0.0020

30 00007 00009 00007 00008 00038 00006

2 01 01225 0 09091 10000 09184 09091 09077 09091
S 04982 05420 04979 04959 04408 04986

10 02700 02938 02699 02705 02408 02710

15 01463 01592 01463 01476 01424 01472

20 00793 00863 00793 00805 00889+  0.0800

25 00430 00468 00430 00439 00574« 00432

30 00233 00253 00233 00240 00381+ 00236

03 03168 0 07692 10000 07895 07692 07687 07684
5 01631 02052 01628 01652 01506  0.1638

10 00335 00421 00336 00355 00444 00334

15 00069 00086 00069 00076 00161+  0.0066

20 00014 00018 00014 00016 00064« 00014

25 00003 00004 00003 00004 00028+  0.0003

30 00001 00001 00001 00001 00014« 00001

05 04648 0 06667 10000 06923 06667 06662  0.6663
5 00688 00979 00689 00722 00713  0.0689

10 00067 00096 00069 00078 00143«  0.0068

15 00007 00009 00007 00008 00037+  0.0006

20 00001 00001 00001 00001 00012:  0.0001

25 00000 00000 00000 00000 00004«  0.0000

30 00000 00000 00000 00000 00001+  0.0000

Maximum Absolute Error 0.0256 0.0053 0.0591 0.0011

Note: «the approximation exceeds the Lundberg upper bound
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The maximum absolute error resultsin Table 5.2 show that when the claim
amounts distribution was Gamma(Z,ﬂ), wy (u) performed the best in terms of
overall deviation from the exact value with the maximum absolute error 0.0011.

Moreover, all of the values of y,, (u) were less than e ™™, whereas most values of

u

we (U) were higher than e ™ when the security loading 6 was large. The value of

Wy () produced a high maximum absolute error because there were more
derivations between (0) and .y, (0).Overall, both v, (u) and v, (u) gave
similar results. However, in the case where the first three moments of claim amounts

distribution did not exist, ., (u) was undefined.

5.2 Simulation Study for the Proposed Minimum Initial Capital

Approximation

To evaluate the performance for the approximation of the minimum initial

capital, U, proposed in Section 4.2, a numerical study was carried out. The claim
amounts distributions Expo(1), Expo(2), Gamma(2,1), and Gamma(2,2), where
the minimum initial capital u, was obtained by setting 2.11)and 2.12) equal to the
acceptable level «, were used. The Lundberg upper bound (2.14)and the fact that the
ruin probability is a non-increasing function in U means that the upper bound of the
minimum initial capital can derived as follows:

z//(u;):a SefRu:‘,

U< Ina ®.1

“ R

where the adjustment coefficient R is defined as in (2.15). If the simulation results

show that the proposed estimate was greater than the upper bound for any cases, then

the proposed estimator was considered not reasonable. The intensity of the number of
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claims processes was set as A =1. The exact minimum initial capital u’, is close to

zero when both of the security loading & and the acceptable level « are large, so only
the results with =0.1,0.3,0.5 and «=0.050.1,0.2 were considered. The

approximation U, in Section 42 was computed after the numbers of iterations
m =5,000,n=1,000 and the number of truncated elements D =100 were completed.

The exact minimum initial capital u,, the proposed estimator U, and the upper bound

of the minimum initial capital Ina /R are shown in Table 5.3

Table 53 The minimum initial capital u_ , the proposed estimator U, , and the upper

bound of the minimum initial capital Ina /R with the claim amounts

distributions Expo(1), Expo(2), Gamma(2,1), and Gamma(2,2).

0 F(x) a u, u, Ina/R
01 Expo (1) 0.05 31.9046 315599 329531
R = 0.0909 0.10 24.2800 24.6094 25.3284
0.20 16.6554 16.0938 17.7038
Expo (2) 0.05 159523 159683 16.4765
R=0.1818 0.10 12.1400 123779 126642
0.20 83277 84085 88519
Gamma (2, 1) 0.05 475332 477969 489090
R =0.0613 0.10 36.2167 36.5589 375926
0.20 249003 243273 26.2761
Gamma(z, 2) 0.05 23.7666 235672 244545
R =0.1225 0.10 18.1084 18.0899 18.7963
0.20 124501 127812 13.1380
03 Expo (1) 0.05 11.8446 11.8493 129815
R =0.2308 0.10 8.8410 8.8602 9.9779
0.20 58373 58541 6.9742
Expo (2) 0.05 59223 5.8299 6.4908
R = 0.4615 0.10 44205 43561 49889

0.20 29187 29367 34871
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Table 5.3 (Continued)

0 F(x) «a u, u,

Gamma_(zll) 0.05 17.4632 175061 18.9140
R =0.1584 0.10 13.0869 13.0808 145377
0.20 8.7106 8.9683 10.1614

Gamma (2, 2) 0.05 8.7316 86122 94570
R =0.3168 0.10 6.5435 6.6101 7.2689
0.20 4.3553 44709 5.0807

Expo (1) 0.05 7.7708 7.9780 8.9881

R =0.3333 0.10 56914 55932 6.9084
0.20 36119 35740 4.8288

Expo (2) 0.05 3.8854 3.9890 44934

R = 0.6667 0.10 2.8457 2.7966 3.4537
0.20 1.8060 1.7870 24140

Gamma_(Z']_) 0.05 11.3745 115783 12.8904
R = 0.2324 0.10 8.3920 8.1980 9.9079
0.20 5.4092 52827 6.9253

Gamma (2, 2) 0.05 56872 57891 6.4452
R = 0.4648 0.10 4.1960 4.0990 49539
0.20 2.7046 26413 3.4626

From Table 5.3, we can see that the proposed estimator U, was close to the
exact minimum initial capital u, for all exponential and gamma claim amounts
distributions considered. Moreover, all of the values U, were within the upper bound

of the minimum initial capital. Thus, the proposed approximation U, is reasonable for

computing the minimum initial capital.
5.3 Application of the Proposed Approximation to Real-life Data
In this section, the proposed approximation was applied to claims data from a

motor insurance company. From a survey in 2013, the insurance company under

consideration had an average of 13.1275 claims per day. As mentioned previously, it is
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presumed that the number of claims follow a Poisson distribution with estimated

A

parameter A=13.1275. From Section 35, the claim amounts distribution was fitted as

AGEW with estimated parameters &=0.6242, &=33.4948, [3=0.2966 , and
7=5.5117.

5.3.1 The Ruin Probability Approximation

Under the AGEW claim amounts distribution, the first three moments of the
claim amounts distribution are complicated to define, and the De Vylder
approximation and the Bowers approximation cannot be applied to this claim amounts

data. However, it was possible to use the proposed ruin probability approximation

method since it does not require the second and third moments of the claim amounts

distribution. For premium rate C, as in equation (2.9), which depends on the expected
value g, of the claim amounts distribution, the sample mean of the claim amounts
data was use to estimate it. From equations (2.8) to (2.10), the ruin probability is
monotone non-increasing with security loading & and initial capital u. Thus, the
security loading 8 =0.1,0.3,0.8 and the initial capital u=0,10,20,30 were set so that
they gave an overview of the exact ruin probability. For an approximation based on

simulation, the number of iterations were set at n =500,000 and the number of

truncated elements at D =100. The approximated ruin probability for this company is
shown in Table 54.
It can be seen that the approximated ruin probabilities in Table 5.4 decrease when

the security loading @ and the initial capital u increase, which is concordant with the

theoretical ruin probability. Therefore, the approximated ruin probability for the claim

amounts distribution under the AGEW model is reasonable.
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Table 54 The approximate ruin probability with real-life data.

0 u (1,000 Baht) vy (U)
01 0 0.9088
10 0.8665

20 0.8317

30 0.8025

03 0 0.7697
10 0.6820

20 0.6162

30 0.5654

08 0 05561
10 04419

20 0.3662

30 0.3107

5.3.2 The Minimum Initial Capital Approximation
As well as setting the security loading € =0.1,0.3,0.8 and the acceptable level

a =0.0,0.10, and 0.30 for the minimum initial capital approximation based on
simulation, we set the number of iterations to n=1,000, m=5,000 and the number
of truncated elements to D =100. The approximated minimum initial capital for this
company is shown in Table 5.5, from which we can see that when the security loading
€ and the acceptable level « are small, the minimum initial capital is large. These

results are reasonable because if the premium and the acceptable risk are low, then the

insurance company must reserve more initial capital to decrease the ruin probability.
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Table 55 The approximate minimum initial capital with real-life data

0 a o, (1,000 Baht)
0.1 0.05 1,118.3910
0.10 847.6619
0.30 390.6305
03 0.05 4514544
0.10 307.8866
0.30 117.9063
08 0.05 201.2936
0.10 1231191

0.30 32.8554




CHAPTER 6

CONCLUSIONS

6.1 Conclusions

We proposed a new distribution, the AGEW distribution, for modeling the

claim amounts distribution of insurance companies. It was obtained by mixing gamma
and EW distributions, and contains sub-models that are well-known: gamma and

Weibull, andits basic mathematical properties such as distribution function, density

function, and moments were determined. Moreover, the MLE method was applied to

estimate its parameters and the fitness of the AGEW distribution was tested with a

real-life dataset from an insurance company. We compared the AGEW distribution
with its sub-models: gamma, Weibull, and EW, and the K-S statistic and MSE results
in Table 3.1 show that the AGEW distribution provided a better fit than the gamma
and Weibull distributions. Both AGEW and EW gave similar results, butthe AGEW

distribution was chosen since it had a slightly lower MSE than EW when modeling the

claim amounts distribution.

When the claim amounts distribution is exponential or closely related to it, the
ruin probability over infinite time with a classical continuous time surplus process

exists. However, for other claim amounts distributions, the approximate ruin
probability is used. In this study, a new simple approximate ruin probability for use
with any claim amounts distribution was proposed. The numerical studies showed that

almost all of the approximated ruin probabilities by the proposed approximation were

reasonable and close to the exact ruin probability. In some situations, the proposed

method gave better approximated values than other previously reported

approximation methods.
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By application of the proposed ruin probability approximation, a method to
find the approximate minimum initial capital for any claim amounts distribution was

proposed. The numerical study showed that the proposed approximation was close to
the exact minimum initial capital. Therefore, the proposed approximation is reasonable

and useful for reserving the initial capital for managing the ruin probability of

companies over infinite time since it was no larger than the given quantity. The results
from Tables 56 and 5.7 also support these findings and show that the approximate

ruin probabilities and minimum initial capital under for the claim amounts

distributions with the AGEW model is more preferable.
In summary, for applying the proposed procedure to real-life situations, the
recommended procedure is as follows:

1) Choose candidate distributions where the shape of the density function is

fitted using a histogram of the real-life data.

2) Estimate the parameters of each candidate distribution the MLE method
was used in this study).

3) Test the candidate distributions with a goodness-of-fit test (such as the K-S
test). If none of them are accepted, then other candidate distributions should be chosen
and tested.

4) If a number of candidate distributions are accepted, then they should be

compared with a criterion such mean squared error (MSE) to determine which one has
the best fit.

5) Approximate the ruin probability and the minimum initial capital by using

the proposed algorithm.

6.2 Recommendations for Future Research

A possible extension of this study could be to improve the AGEW distribution
by replacing the EW distribution with the exponentiated Weibull Poisson distribution

described by Percontini, Blas and Cordeiro (2013). Furthermore, it could be interesting
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to extend the proposed approximation for the ruin probability and the minimum initial
capital to situations where the surplus process is controlled by reinsurance or

investment in a financial market.



BIBLIOGRAPHY

Asmussen, S.and Binswanger, K. 1997. Simulation of Ruin Probabilities for
Subexponential Claims. Astin Bulletin. 27(2): 297-318.

Bowers, N.L.; Gerber, H.U; Hickmann, J.C; Jones, D. A.and Nesbitt, C.J. 1997.
Actuarial Mathematics. 2" ed. Itasca, IL: The Society of Actuaries.

Choudhury, A. 2005. A Simple Derivation of Moments of the Exponentiated Weibull
Distribution. Metrika. 62(1): 17-22.

Cizek, P.; Hardle, W.K.and Weron, R. (Eds.. 2005. Statistical Tools for Finance and
Insurance. Heidelberg, Berlin: Springer Science & Business Media.

De Vylder, F. 1978. A Practical Solution to the Problem of Ultimate Ruin Probability.
Scandinavian Actuarial Journal. 2:114-119.

Gradshteyn, 1. S and Ryzhik, I. M. 2014. Table of Integrals, Series, and Products.
San Diego, California: Academic Press.

Lundberg, F. 1932. Some Supplementary Researches on the Collective Risk Theory.
Scandinavian Actuarial Journal. 15:137-158.

Mahmoudi, E. and Sepahdar, A. 2013. Exponentiated Weibull-Poisson distribution:
Model, Properties and Applications. Mathematics and Computers in
Simulation. 92:76-97.

Mudholkar, G.S.and Srivastava, D. K. 1993. Exponentiated Weibull Family for
Analyzing Bathtub Failure-Rate Data. IEEE Transactions on Reliability.
422):299-302.

Mudholkar, G.S;; Srivastava, D. K. and Freimer, M. 1995. The Exponentiated Weibull
Family: A Reanalysis of the Bus-Motor-Failure Data. Technometrics. 374

436-445.



56

Pairote Sattayatham; Kiat Sangaroon and Watcharin Klongdee. 2013. Ruin
Probability-based Initial Capital of the Discrete-Time Surplus Process.
Casualty Actuarial Society. 7(1): 74-82.

Percontini, A; Blas, B.and Cordeiro, G. M. 2013. The Beta Weibull Poisson
Distribution. Chilean Journal of statistics. 4(2): 3-26.

Pinho, L. G.B.; Cordeiro, G. M.and Nobre, J.S. 2012. The Gamma-exponentiated
Weibull Distribution. Journal of Statistical Theory and Applications. 114):
379-395.

Risti¢, M. M. and Balakrishnan, N. 2012. The Gamma-exponentiated Exponential
Distribution. Journal of Statistical Computation and Simulation. 82(8):
1191-1206.

Sasithorn Anantasopon; Pairote Sattayatham.and Tosaporn Talangtam. 2015. The
Modeling of Motor Insurance Claims with Infinite Mixture Distribution.
International Journal of Applied Mathematics and Statistics. 534): 40-49.

Varadhan, R.and Gilbert, P. 2009. BB: An R Package for Solving a Large System of
Nonlinear Equations and for Optimizing a High-dimensional Nonlinear
Obijective Function. Journal of Statistical Software. 324). 1-26.

Yuanjiang, H.; Xucheng, L.and Zhang, J. 2003. Some Results of Ruin Probability for
the Classical Risk Process. Journal of Applied Mathematics and Decision
Sciences. 7(3):133-146.

Zografos, K. and Balakrishnan, N. 2009. On Families of Beta- and Generalized
Gamma-generated Distributions and Associated Inference. Statistical

Methodology. 64): 344-362.



APPENDIX



Appendix

R SYNTAX
R Syntax for Calculate the Approximate Ruin Probability

ap_ruin2_gamma-=function (n,u,zeta,alpha,beta,lamda)

{

#This program aproximate ruin probability based on classic continuous
#surplus process which gammaclpha,beta) claim amount

#u is initial surplus
#zeta is security loading
#n is number of simulation

g-zetal+zeta
N=rgeomn,q)

L-rep©,m

Z=repO,n)
c=(l+zetay-lamda=alphabeta

ford in 1:n){
m=0
pre_Lmmc=0
whilerm<Nrin{
S-0
T-0
out-0
limit=0
whileout<=0)&imit<=100){
S-S+rgammacl,alpha,beta)
T=T+rexpcl,lamda)
limit=limit+1
out=S-c+T
}
pre_Lmmc=cqpre_Lmmc,out)
Lmmc=pre_Lmmcrpre_Lmmc>0;
m=length(Lmmc)

if(N[i1>0yL(il=summmc))
iflLrii>wZii=1
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ruin-mean«Z)
returncruin

ap_ruin2_gammam=5000,u=0,zeta-0.1,alpha=1,beta-1,lamda-=1)
ap_ruin2_gamma(n=500000,u=5,zeta=0.1,alpha=1,beta=1,lamda-=1)
ap_ruin2_gamma(n=500000,u=10,zeta=0.1,alpha-=1,beta-1,lamda-=1)
ap_ruin2_gamman=500000,u=15,zeta-0.1,alpha-=1,beta=1,lamda=1)
ap_ruin2_gamman=500000,u=20,zeta-0.1,alpha=1,beta=1,lamda=1)
ap_ruin2_gammamn=500000,u=25,zeta-0.1,alpha-=1,beta=1,lamda=1)
ap_ruin2_gamman=500000,u=30,zeta-=0.1,alpha-1,beta-1,lamda-1)

ap_ruin2_gamma(n=500000,u=0,zeta=0.1,alpha=1,beta-2,lamda-1)

ap_ruin2_gamman=500000,u=5,zeta=0.1,alpha=1,beta-2,lamda-1)

ap_ruin2_gammamn=500000,u=10,zeta-0.1,alpha-=1,beta=2,lamda=1)
ap_ruin2_gamma(n=500000,u=15,zeta-0.1,alpha-1,beta-2,lamda-1)
ap_ruin2_gamman=500000,u=20,zeta-=0.1,alpha-1,beta-2,lamda-1)
ap_ruin2_gammamn=500000,u=25,zeta-0.1,alpha-=1,beta=2,lamda=1)
ap_ruin2_gamma(mn=500000,u-30,zeta-0.1,alpha-=1,beta=2,lamda=1)

ap_ruin2_gamman=500000,u=0,zeta=0.1,alpha=2,beta-1,lamda-1)

ap_ruin2_gamma(n=500000,u=5,zeta-=0.1,alpha=2,beta-1,lamda-1)

ap_ruin2_gamman=500000,u=10,zeta=0.1,alpha=2,beta-1,lamda=1)
ap_ruin2_gamman=500000,u=15,zeta=0.1,alpha=2,beta-1,lamda=1)
ap_ruin2_gamma(n=500000,u=20,zeta-0.1,alpha=2,beta-1,lamda-1)
ap_ruin2_gamma(n=500000,u=25,zeta-0.1,alpha=2,beta-1,lamda-1)
ap_ruin2_gamman=500000,u-30,zeta=0.1,alpha=2,beta-1,lamda=1)

ap_ruin2_gamman=500000,u=0,zeta=0.1,alpha=2,beta=2,lamda=1)

ap_ruin2_gamma(n=500000,u=5,zeta-=0.1,alpha=2,beta-2,lamda-1)

ap_ruin2_gamma(n=500000,u=10,zeta-=0.1,alpha=2,beta-2,lamda-1)
ap_ruin2_gamman=500000,u=15,zeta=0.1,alpha=2,beta-2,lamda-=1)
ap_ruin2_gammamn=500000,u=20,zeta-0.1,alpha=2,beta=2,lamda=1)
ap_ruin2_gamma(n=500000,u=25,zeta-0.1,alpha-2,beta-2,lamda-=1)
ap_ruin2_gamma(n=500000,u=30,zeta=0.1,alpha-=2,beta-2,lamda-=1)

ap_ruin2_gammamn=500000,u=0,zeta=0.3,alpha=1,beta=1,lamda=1)
ap_ruin2_gammamn=500000,u=5,zeta=0.3,alpha=1,beta=1,lamda=1)
ap_ruin2_gamma(n=500000,u-10,zeta-0.3,alpha-1,beta-1,lamda-1)
ap_ruin2_gamman=500000,u-15,zeta-0.3,alpha-1,beta-1,lamda-1)
ap_ruin2_gamman=500000,u=20,zeta-0.3,alpha-=1,beta=1,lamda=1)
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ap_ruin2_gammamn=500000,u=25,zeta-0.3,alpha-=1,beta=1,lamda=1)
ap_ruin2_gamma(n=500000,u=30,zeta=0.3,alpha-=1,beta-1,lamda-=1)

ap_ruin2_gammacn=500000,u=0,zeta=0.3,alpha=1,beta=2,lamda-1)

ap_ruin2_gamma(n=500000,u=5,zeta-=0.3,alpha=1,beta-2,lamda-1)

ap_ruin2_gamman=500000,u-=10,zeta-0.3,alpha=1,beta=2,lamda=1)
ap_ruin2_gamma(n=500000,u=15,zeta-0.3,alpha-=1,beta-2,lamda-=1)
ap_ruin2_gamma(n=500000,u=20,zeta-=0.3,alpha-=1,beta-2,lamda-=1)
ap_ruin2_gammamn=500000,u=25,zeta-0.3,alpha-=1,beta=2,lamda=1)
ap_ruin2_gamman=500000,u-30,zeta-0.3,alpha=1,beta=2,lamda=1)

ap_ruin2_gammamn=500000,u=0,zeta=0.3,alpha=2,beta=1,lamda=1)

ap_ruin2_gammam=500000,u=5,zeta=0.3,alpha=2,beta=1,lamda-=1)

ap_ruin2_gammamn=500000,u-10,zeta-0.3,alpha-2,beta-1,lamda-=1)
ap_ruin2_gammamn=500000,u-15,zeta-0.3,alpha-2,beta-1,lamda-=1)
ap_ruin2_gammamn=500000,u=20,zeta-0.3,alpha=2,beta=1,lamda=1)
ap_ruin2_gammam=500000,u=25,zeta-0.3,alpha=2,beta=1,lamda=1)
ap_ruin2_gammamn=500000,u-30,zeta-0.3,alpha-2,beta-1,lamda-=1)

ap_ruin2_gammamn=500000,u=0,zeta=0.3,alpha=2,beta=2,lamda-=1)

ap_ruin2_gammam=500000,u=5,zeta=0.3,alpha=2,beta=2,lamda-=1)

ap_ruin2_gammamn=500000,u=10,zeta-0.3,alpha=2,beta=2,lamda=1)
ap_ruin2_gamman=500000,u-15,zeta-0.3,alpha-2,beta-2,lamda-1)
ap_ruin2_gammamn=500000,u-20,zeta-0.3,alpha-2,beta-2,lamda-1)
ap_ruin2_gamman=500000,u=25,zeta=0.3,alpha=2,beta-2,lamda-=1)
ap_ruin2_gamman=500000,u-30,zeta=0.3,alpha=2,beta-2,lamda-=1)

ap_ruin2_gamma(n=500000,u=0,zeta-=0.5,alpha=1,beta-1,lamda-1)

ap_ruin2_gammamn=500000,u-5,zeta-0.5,alpha-1,beta=1,lamda=1)

ap_ruin2_gamman=500000,u=10,zeta=0.5,alpha=1,beta-1,lamda-=1)
ap_ruin2_gamman=500000,u=15,zeta=0.5,alpha=1,beta=1,lamda-=1)
ap_ruin2_gamman=500000,u=20,zeta-0.5,alpha-1,beta-1,lamda-=1)
ap_ruin2_gamma(n=500000,u=25,zeta-0.5,alpha-1,beta-1,lamda-1)
ap_ruin2_gamman=500000,u-30,zeta=0.5,alpha=1,beta-1,lamda=1)

ap_ruin2_gammamn=500000,u=0,zeta=0.5,alpha=1,beta=2,lamda=1)

ap_ruin2_gamma(n=500000,u=5,zeta=0.5,alpha=1,beta-2,lamda-1)

ap_ruin2_gamma(n=500000,u=10,zeta-=0.5,alpha-1,beta-2,lamda-=1)
ap_ruin2_gamman=500000,u=15,zeta-0.5,alpha-=1,beta=2,lamda=1)
ap_ruin2_gamma(n=500000,u=20,zeta-=0.5,alpha-1,beta-2,lamda-=1)
ap_ruin2_gamma(n=500000,u=25,zeta-0.5,alpha-1,beta-2,lamda-=1)
ap_ruin2_gamman=500000,u-30,zeta-0.5,alpha-1,beta=2,lamda=1)
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ap_ruin2_gammamn=500000,u=0,zeta=0.5,alpha=2,beta=1,lamda=1)

ap_ruin2_gamma(n=500000,u=5,zeta=0.5,alpha=2,beta=1,lamda-=1)

ap_ruin2_gamma(n=500000,u=10,zeta=0.5,alpha=2,beta-1,lamda-=1)
ap_ruin2_gamman=500000,u=15,zeta-0.5,alpha=2,beta=1,lamda=1)
ap_ruin2_gamman=500000,u=20,zeta-0.5,alpha=2,beta=1,lamda=1)
ap_ruin2_gamma(n=500000,u=25,zeta-0.5,alpha-=2,beta-1,lamda-=1)
ap_ruin2_gamma(n=500000,u=30,zeta=0.5,alpha-=2,beta-1,lamda-=1)

ap_ruin2_gammamn=500000,u=0,zeta=0.5,alpha=2,beta=2,lamda=1)

ap_ruin2_gammamn=500000,u=5,zeta=0.5,alpha=2,beta=2,lamda=1)

ap_ruin2_gammamn=500000,u=10,zeta-0.5,alpha=2,beta=2,lamda=1)
ap_ruin2_gammamn=500000,u=15,zeta-0.5,alpha-2,beta=2,lamda=1)
ap_ruin2_gamman=500000,u=20,zeta-=0.5,alpha-2,beta-2,lamda-1)
ap_ruin2_gamman=500000,u=25,zeta-0.5,alpha-2,beta-2,lamda-1)
ap_ruin2_gammamn=500000,u-30,zeta-0.5,alpha-2,beta=2,lamda=1)

rgew=function (n,delta=1,alpha=1,beta-1,zeta-1)

{

#Return random sample size n with Gamma Exponentiated Weibull distribution
X=rgammacn,delta)

v=(logLi1-1-expexydialphayLbetay,zeta
returncv)

delta=0.6242355
alpha-33.4948214
beta-0.2966394
theta=55116698
lamda=13.1275
mean=19.62752

ap_ruin2_gew=function (n,u,zeta,delta,alpha,beta,theta,mean,lamda)

{

#This program aproximate ruin probability based on classic continuous
#surplus process which AGEW delta,alpha,beta,theta) claim amount

#u is initial surplus
#zeta is security loading
#n is number of simulation

g-zetail+zeta
N=rgeomn,q)
L=repO,n)
Z-rep,n
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c-(1+zeta*lamda=mean

ford in 1.n){
m=0
pre_Lmmc=0
whilerm<Nrin{
S-0
T-0
out=0
limit-0
while(out<=0)&imit<=100y{
S=S+rgew(l, delta,alpha,beta,theta)
T=T+rexpcl,lamda)
limit=limit+1
out=S-c+T
}
pre_Lmmc=cpre_Lmmc,out)
Lmmc=pre_Lmmcrpre_Lmmc>0;
m=length(Lmmc)

if(Nrir>0)(Lrit=sum(mmcy)
iflLri>uZii=l)

ruin-mean«Z)
returncruin

}

ap_ruin2_gewn=500000,u-0,zeta-0.1,delta,alpha,beta,theta, mean-mean,lamda-lamda)

ap_ruin2_gewn=500000,u-10,zeta=0.1,delta,alpha,beta,theta,mean-mean,lamda-lamda)
ap_ruin2_gewn=500000,u=20,zeta=0.1,delta,alpha,beta,theta, mean-mean,lamda=lamda)
ap_ruin2_gewn=500000,u-30,zeta=0.1,delta,alpha,beta,theta, mean-mean,lamda=lamda)

ap_ruin2_gewn=500000,u-0,zeta-0.3,delta,alpha,beta,theta, mean-mean,lamda-lamda)

ap_ruin2_gewn=500000,u-10,zeta-0.3,delta,alpha,beta,theta,mean-mean,lamda-lamda)
ap_ruin2_gewn=500000,u=20,zeta=0.3,delta,alpha,beta,theta,mean-mean,lamda=lamda)
ap_ruin2_gewn=500000,u=30,zeta=0.3,delta,alpha,beta,theta,mean-mean,lamda-lamda)

ap_ruin2_gewn=500000,u-0,zeta-0.8,delta,alpha,beta,theta, mean-mean,lamda-lamda)

ap_ruin2_gewn=500000,u-10,zeta-0.8,delta,alpha,beta,theta,mean-mean,lamda-lamda)
ap_ruin2_gewn=500000,u=20,zeta=0.8,delta,alpha,beta,theta,mean-mean,lamda-lamda)
ap_ruin2_gewn=500000,u=30,zeta=0.8,delta,alpha,beta,theta,mean-mean,lamda-lamda)
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R Syntax for Calculate the Approximate Initial Capital

map_mic_gamma=function (m,n,a,zeta,lamda,eta,beta)

{

#Writed by Pawat Paksarnuwat 08/07/57

#This program aproximate mic based on classic continuous
#surplus process which gammaceta,beta) claim amount

#u is initial surplus
#zeta is security loading
#m and n is number of simulation

u=rep,n)

g-zetal+zeta
N=rgeom@m,q)
L-repQ,m)

Z=rep0,m)
c=(1+zetay:lamda+-etabeta

forg in 1.m{
ford in L.my{
k=0
pre_Lmmc=0
whilek<Nrin{
S-0
T-0
out-0
limit-0
whileout<=0)&dimit<=100){
S-S+rgammacl,eta,beta)
T-T-+rexpd,lamda)
limit=limit+1
out=S-c+T
}
pre_Lmmc=cpre_Lmmc,out)
Lmmc=pre_Lmmcipre_Lmmc>0;
k=length(Lmmc)

}
if(N[i1>0yLil=sumLmmc))
}

uji=quantileL,d-ay

}

mic-mean(u)
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returnamic)

}

map_mic_gammam=5000,n=1000,a=0.05,zeta-0.1,lamda-=1,eta-1,beta-1)
map_mic_gammam=5000,n=1000,a=0.1,zeta-0.1,lamda-=1,eta-1,beta=1)
map_mic_gammam=5000,n=1000,a-0.2,zeta-0.1,lamda-=1,eta-1,beta=1)
map_mic_gammam=5000,n=1000,a=0.05,zeta-0.1,lamda-=1,eta-1,beta-2)
map_mic_gammam=5000,n-1000,a-0.1,zeta-0.1,lamda-1,eta-1,beta-2)
map_mic_gammam=5000,n=1000,a-0.2,zeta-0.1,lamda-=1,eta=1,beta=2)
map_mic_gammam=5000,n=1000,a=0.05,zeta=0.1,lamda-=1,eta=2,beta=1)
map_mic_gammam-=5000,n-1000,a-0.1,zeta-0.1,lamda-=1,eta=2,beta=1)
map_mic_gammam=5000,n-1000,a-0.2,zeta-0.1,lamda-1,eta=2,beta=1)
map_mic_gammam=5000,n-1000,a-0.05,zeta=0.1,lamda-=1,eta=2,beta=2)
map_mic_gammam-=5000,n-1000,a-0.1,zeta-0.1,lamda-=1,eta=2,beta-2)
map_mic_gammam=5000,n-1000,a-0.2,zeta-0.1,lamda-=1,eta=2,beta-2)

map_mic_gammam=5000,n=1000,a=0.05,zeta-0.3,lamda-=1,eta-1,beta-1)
map_mic_gammam=5000,n-1000,a-0.1,zeta-0.3,lamda-1,eta=1,beta-1)
map_mic_gammam=5000,n-1000,a-0.2,zeta-0.3,lamda-1,eta-1,beta-1)
map_mic_gammam=5000,n=1000,a=0.05,zeta=0.3,lamda-=1,eta-1,beta-2)
map_mic_gammam=5000,n-1000,a-0.1,zeta-0.3,lamda-1,eta=1,beta-2)
map_mic_gammam=5000,n-1000,a-0.2,zeta-0.3,lamda-1,eta=1,beta-2)
map_mic_gammam=5000,n=1000,a=0.05,zeta-0.3,lamda-=1,eta-2,beta-1)
map_mic_gammam=5000,n=1000,a-0.1,zeta-0.3,lamda-1,eta-2,beta-1)
map_mic_gammam=5000,n=1000,a=0.2,zeta-0.3,lamda-=1,eta-2,beta=1)
map_mic_gammam=5000,n=1000,a=0.05,zeta=0.3,lamda=1,eta=2,beta=2)
map_mic_gammam=5000,n=1000,a-0.1,zeta-0.3,lamda-1,eta-2,beta-2)
map_mic_gammam=5000,n=1000,a-0.2,zeta-0.3,lamda-1,eta-2,beta-2)

map_mic_gammam=5000,n=1000,a=0.05,zeta=0.5,lamda-=1,eta=1,beta=1)
map_mic_gammam=5000,n=1000,a=0.1,zeta=0.5,lamda-=1,eta-1,beta=1)
map_mic_gammam=5000,n=1000,a-0.2,zeta-0.5,lamda-1,eta-1,beta-1)
map_mic_gammam=5000,n=1000,a=0.05,zeta-0.5,lamda-=1,eta-1,beta-2)
map_mic_gammam=5000,n=1000,a=0.1,zeta-0.5,lamda-=1,eta-1,beta=2)
map_mic_gammam=5000,n=1000,a-0.2,zeta-0.5,lamda-1,eta-1,beta-2)
map_mic_gammam=5000,n=1000,a=0.05,zeta=0.5,lamda-=1,eta-2,beta-1)
map_mic_gammam=5000,n=1000,a-0.1,zeta-0.5,lamda=1,eta=2,beta=1)
map_mic_gammam=5000,n=1000,a-0.2,zeta-0.5,lamda=1,eta=2,beta=1)
map_mic_gammam=5000,n=1000,a=0.05,zeta=0.5,lamda-1,eta-2,beta-2)
map_mic_gammam=5000,n=1000,a-0.1,zeta-0.5,lamda-1,eta-2,beta-2)
map_mic_gammam=5000,n=1000,a-0.2,zeta-0.5,lamda=1,eta=2,beta=2)

map_mic_gew=function (m,n,a,zeta,lamda,delta,alpha,beta,theta, mean)
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‘ #This program aproximate mic based on classic continuous
#surplus process which AGEW delta,alpha,beta,theta) claim amount
#u is initial surplus
#zeta is security loading
#m and n is number of simulation
u=rep,n)
g-zetas1l+zeta)

N=rgeomm,q
L-rep@,m)
Z=rep0,m)
c=(1+zetay:lamda+mean
forg in 1:n){
ford in L.my{
k=0
pre_Lmmc=0
whilek<Nrin{
S-0
T-0
out-0
limit=0
whileout<=0)&dimit<=100){
S-S+ rgew(l, delta,alpha,beta,theta)
T=T+rexpcl,lamda)
limit=limit+1
out=S-c+T
}
pre_Lmmc=cpre_Lmmc,out)
Lmmc=pre_Lmmcrpre_Lmmc>0;
k=length(Lmmc)
}
if(N[i1>0)Lrii=sumLmmc)
}
urji=quantileL,1-ay
}
mic=meanc
returngmic)
}

map_mic_gewm=5000,n=1000,a-0.05,zeta=0.1,lamda=lamda,delta,alpha,beta,theta, mean-mean)
map_mic_gewm=5000,n=1000,a-0.1,zeta=0.1,lamda=lamda,delta,alpha,beta,theta, mean-mean)
map_mic_gewm-=5000,n-1000,a-0.3,zeta-0.1,lamda-lamda,delta,alpha,beta,theta, mean-mean)
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map_mic_gewm=5000,n=1000,a-0.05,zeta=0.3,lamda=lamda,delta,alpha,beta,theta, mean-mean)
map_mic_gewm=5000,n=1000,a-0.1,zeta=0.3,lamda=lamda,delta,alpha,beta,theta, mean-mean)
map_mic_gewm-=5000,n-1000,a-0.3,zeta-0.3,lamda-lamda,delta,alpha,beta,theta, mean-mean)

map_mic_gewm-=5000,n-1000,a-0.05,zeta-0.8,lamda-lamda,delta,alpha,beta,theta, mean-mean)
map_mic_gewm=5000,n=1000,a-0.1,zeta-0.8,lamda=lamda,delta,alpha,beta,theta, mean-mean)
map_mic_gewm=5000,n=1000,a-0.3,zeta=0.8,lamda=lamda,delta,alpha,beta,theta, mean-mean)



BIOGRAPHY

NAME Mr. Pawat Paksaranuwat

ACADEMIC BACKGROUND A Bachelor's Degree with a major in
Applied Statistics from King Mongkut's

Institute of Technology, North Bangkok,
Bangkok, Thailand in 2007

Master-s Degree in Applied Statistics
from King Mongkut's University of

Technology, North Bangkok, Bangkok,
Thailand in 2009



	CLAIMS MODELING WITH AN ALTERNATIVE GAMMA-EXPONENTIATED WEIBULL DISTRIBUTION AND RUIN PROBABILITY APPROXIMATION
	ABSTRACT
	TABLE OF CONTENTS
	CHAPTER 1  INTRODUCTION
	CHAPTER 2 LITERATURE REVIEW
	CHAPTER 3 THE ALTERNATIVE GAMMA-EXPONENTIATEDWEIBULL DISTRIBUTION
	CHAPTER 4 THE PROPOSED APPROXIMATION
	CHAPTER 5 SIMULATION STUDY AND APPLICATION WITH REAL DATA
	CHAPTER 6  CONCLUSIONS
	BIBLIOGRAPHY
	APPENDIX
	BIOGRAPHY



