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Abstract

It is well-known that one of the important group properties is commutativitymWe are investigating
how far a non-abelian group from commutativity. Gallian (2010) deScribeda way to measure the
commutativity of a finite group G by using probability concept. The P, (G)ds defined as the probability that
two randomly selected elements of the group actually commute. Later, Clifton, Guichard and Keef (2011)
studied this probability on the dihedral group D,, where n is a p@sitive integer, and found the general form
of P,(D,,). Langley, Levitt and Rower (2011) generalized P, (G) to B,(G), where B, (G) is the probability
that a product of n group elements equal to its reverse:The objectives of this research is to understand
these probabilities and we found the general form ©f the,probability that a product of 3 group elements in

Dihedral groups Dy, equal to its reverse, namely/Ps (Dy,).
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Introduction
One of the important group properties is commutativity. An abelian group G is a group with the
property that ab = ba for all a,b in G. Some groups fail for this property, for example, a group of all
invertible 2 X 2 matrices under the multiplication with real entries, M, (IR). The readers can find the
contents on group theory in, for example, Rotman (1996), Nicholson (2012), and Gallian (2010) describes a
way to measure the commutativity of a finite group G. Define P,(G) be the probability that two randomly
selected elements of the group actually commute as follows.
Comm(G)
P,(G) = G
where Comm(G) = |{(a,b) € G X G|ab = ba}|.

Clifton, Guichard and Keef (2011) studied such probability on the dihedral group Dy, where n is a
positive integer. A dihedral group is the group of symmetries of a regular polygon which includes rotations
and reflections. A regular polygon with 1 sides has n different symmetries, where m = 3 consisting
of rotational symmetries and reflection symmetries. For n = 4, the dihedral group D, consists of 8 elements
as presented in Figure 1.
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Figure 1 All elements in Dihedral group D,

In other words, the dihedral group. D,, is generated by two elements, 13, (for “rotation”) and f;, (for
“flip”), subject to the relation

— £2 — — -1
T =fn =ep and fuly =1 fo
where e,, is the identity of Dyultfollows that the elements of D,, can be written as

2 ..3 n-1 2 n-1
ey Ty s Ty anlrnfn'rnfnl"-'rn fn-

Notice that thexorder of D,, denoted by |Dy,| is 2n.

The following chart shows the commutativity of D, where a 1 indicates that the corresponding
pair of elements commute, Sherman (1997).

€y L 7”42 7’43 fa | Tafa 7”42f4 7’43f4
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The chart produces forty 1s which means that there are forty pairs of the group elements
commute. The set of these pairs is considered as the event, and the set of all ordered pairsfof group
elements as the sample space. So the probability P,( D,) = 40/64 = 5/8.

Clifton, Guichard and Keef (2011) found the general form of P,(D,,) asdfollows.

Theorem 1. If nis a positive integer, then

(n+3 .
, ifnisodd;
4n
PZ(Dn) =
n+6
»oif nis even.
4n

Langley, Levitt and Rower (2011) generalized P (G) to B, (G), where P, (G) is the probability that

a product of n group elements equal to its reverse. Namely,

Comm,,(G)

P,(G) = G|

where Comm,(G) = [{(apay,"..,a,) EG" | a1a; - a, = a,ap_1 a4}

Objectives

The,objectives,of this research are to understand these probabilities on dihedral groups and to find
the general form of the probability that a product of 3 group elements in Dihedral groups Dy, equal to its
reverse, namely P3(D,,).

Main Theorem

For the dihedral group Dy,
Comms(D,)

P3(Dn): |D |3
n

where Comms(G) = |{(a,b,c) € D3 | abc = cba}|. The triple (a, b, ¢) € D3 satisfies the reverse
property if abc = cha.

n
Note that, on the dihedral group D,,, when 1 is even, the (rotate) element Tnz is itself inverse, that
_n ny~1 n
isT, 2 = (rnz> = 1,2 . For the convenience, we write the elements of D, as

3 s, Lt =, f,rf,r2f, .. v
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Theorem 2. If nis a positive integer, then

(n+3
1 , ifnisodd;
4n
P3(Dn) = 4
ln +6
, ifniseven.
4n

Proof Let A = {(a, b, c) € D3|abc = cha} and B = {(a, b, c) € D3|(a, b, c) are of the following
forms

(ri,r/,1%), where0 < i,j,k <n,

(rLr Lrif), where 0 < i,j <,

(r&Lrf,rh), where 0 < i,j < m,

(I f,r 7Y, where 0 < i,j < m,

(LI f,rI ), where 0 < i, j < n,

(rIf,rirf), where 0 < i,j < n,

(rIf,rIf,r)), where 0 < i,j < n,

(rf, v f,rRf), where 0 < i, j, k <mn,

i+

o 00 N o R W N e

P i+ ..
(rt, v 72,1/ f), where 0 < i,j < nand n is even,

.. ..m .
) (r'l,rjf,r'HZ), where 0 < i,j < nandm is even,

—
o

(I f,rh 7)), where 0 < i, j < nand nlis even,
el .
(LTI, T2, where 0 < i, j < fland s even,

.. om o
(I, rh Y2, where 0 £ 4, < naf@m is even,

_ s e
W N -

S
14. (rf, 1’ 2f,r"), whete 0 < i, A< Wand n is even}.

To show that A € B, let (a, byc) € A.Then a, b and ¢ are either in the form rior rjf where
0 < i,j < n. There are all 8 pattefns as follows.

Pattern 1. (a, b, c) =r&r/,v%),0 < i,j,k <n.

Pattern 2. (agbpe) =G, 17/, 7%f), 0 < i,j,k <n.

Patterv 3. (@, b, c) = (ri,rjf,rk), 0<ijk<n

Pattern 4. (a, byc) = (rif, Tj,rk), 0<ijk<n

Pattern 5u.(a, b, c) = (ri,rjf,rkf), 0<ijk<n

Pattermié. (a, b, c) = (rif,v/,r*f), 0 <i,j,k <n

Pattern 7. (a, b, ¢) = (rif, v/ f,r%), 0 <i,j,k <n

Pattern 8. (a, b, ¢) = (r'f, v/ f,*f), 0 < i,j, k <n.

In Pattern 1 and Pattern 8, it is obvious that (a, b, c) = (ri,rj, r®) € B, and
(a,b,c) = (r'f,r’f,r*f) e Bfor 0 < i,j, k <n.

Pattern 2. (a, b, c) = (ri,rj,rkf), 0 <1i,j,k <n it satisfies abc = cha that is
rirdrkf = r¥frirt Then
Firirkf = pkfript o pitith = ploj-i
oi+j+k=k—j—i (modn)
© 20 =-2j (modn) *
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If nis odd, then (2,m) = 1. Equation (¥) becomes = —i (mod n). If nis even, then (2,n) = 2.
Equation (¥) becomes j = —i (mod %) Hence ] = —1 + %q, q € Z.If q is even, then q = 2t,t € Z.
We have j = —i + gq =—i +§(2t) = —i+nt =—i (modn).If qis odd, then

q =1 (mod 2). Thus nq = n (mod 2n). Since (2,2n) = 2, gq = g (mod n). It implies that

n
2
Therefore, in case N is even, we have either j = —i (mod n)orj = —i +§ (mod n)

Hence, in Pattern 2, forn € Nand 0 < i,j,k <n, (a,b,c) = (Ti,rj,rkf) = (ri,r_i,rkf) € B

In addition, when 1 is even, (@, b, ¢) can be in another form which

(a,b,c) = (ri,ri,rvkf) = (ri,r_”g,rkf) € B.

n
j=—-i+ qE—i+§ (mod n)

For Pattern 3.-7., they can be proved in similar fashion.

Now, we show that B € A. Let (a, b, c) € B. It runs through eaeh,form. To show that
(a,b,c) € A, we prove that abc = cbha.

Case 1. (a, b, ) is of the form (1,17, 7%), where 07, j, k < n. The commutativity holds

among the rotate elements. Then done.
Case 2. (a, b, ) is of the form (1,774, ), where® < i,j < n.Then
rir~vrlf =rif =rifrYint
Case 3. (a, b, €) is of the form (1!, 7f, 7), where 0 < i, < n. It is obvious.

Case 4. (a, b, ) is of the formy(T/ £, 75,779, where 0 < i,j < 1. Then
rifrirt =rif&r %irif.

Case 5. (a, b,c) is6f the form (5,77 f, 17 f), where 0 < i,j < n.Then
rrifr fartirTifR = vt =rir I frt = vl ffrt = vl frifrt

Case 60(a, by.c) is of the form (7 f, 75,77 f), where 0 < i,j < n. It is obvious.

Case 7. (a, b, €) is of the form (r/ £, 7/ f, 1), where 0 < i,j < n.Then
rifrifri=rir I f2rl =l = rlipir I f2 = ririr I ff = rivifrif

Case 8. (a, b, ) is of the form (r'f, 7/ f,7%f), where 0 < i,j, k < n.

T'ifT'jfT'kf — T'i_j+kf3 — T'k_j+if — T'ksz'_jT'if — T'kffT'_jT'if — kaT'jfT'if.

P ..
Case 9. (a, b, c) is of the form (1%, r l+2,7‘]f), where 0 < i,j < nand n is even. Then

() (r2) (if) = r27f
_ r§+jfr—i+i
= P m(F2)2

= P (2 i
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= () () (),

.. m .
Case 10. (@, b, ¢) is of the form (%, 7/ f,r'*2), where 0 < i,j < nand n is even. Since the
n

(rotate) element 12 is itself inverse, we obtain that
. . ..n . . m . no . . n . .
(r‘)(rff) (r”?) = pHTIf = ply pd pif = (rl+2) (r] f)(.r.l).

, . _.n o
Case 11. (a, b, ¢) is of the form (r/f, 75, 77"*2), where 0 < i,j < mand n is even. By the
same argument of case 10, we obtain that

A0 () = (772) () (1),

P .
Case 12. (@, b, ¢) is of the form (r, 7/ f, v/ ¥2f), where 0 < i,j < m and®s even. Since the
n

(rotate) element T2 is itself inverse, we obtain that

(ri)(rjf) (rj"‘%f) = ri"'j—j‘ng = rj_gri_j = Tj+§f27'_j7'i = (rj-%f) (rjf)( ri)'

By the same argument of case 12, we obtain cases 13 and.14 which are as follows.
. . o
Case 13. (@, b, ¢) is of the form (r/ f, 74,47 ¥2f) Willere 0 < i,j < nand nis even.

e R
Case 14. (a, b, ¢) is of the form (r/ £, 72f, r}), where 0 < i,j < nand n is even.

Now, we count how many triples for eachcase.

The pattern (%, 77, T here 0 < i, j, k < n, gives different n® triples.
The pattern (%, 774, r1f), Where 0 < i, j < n, gives different n? triples.

The pattern (ri#f,71), where 0 < i, j < n, gives different n? triples.

The pattern (75751 ™Y), where 0 < i,j < m, gives different n? triples.

The pattém @, #9F, 77 ), where 0 < i,j < n, gives different n? triples.
The pattem (77, 75,17 ), where 0 < i,j < n, gives different n? triples.
The pattern (77 f, 7/ f,74), where 0 < i, j < n, gives different n? triples.
The pattern (' f, 77 £, 7% f), where 0 < i, j, k < n, gives different n® triples.

i+

Ve N o b RN e

L .
Thepattern (14,77 72,17 f), where 0 < i,j < mand n is even, gives different n? triples.

—
(@]

P -
. The pattern (7!, 77 f,7'%2), where 0 < i,j < nand n is even, gives different n? triples.

.. _.m o
. The pattern (r/ £, 75, 77'72), where 0 < i, j < mand n is even, gives different n? triples.

—_
—_

e jan .
. The pattern (r', 7/ f,7/72f), where 0 < i,j < mand n is even, gives different n? triples.

—_
W N

S n o
. The pattern (7 f, 75, 77%2f), where 0 < i, j < nand n is even, gives different n? triples.

14. The pattern (ij,rj-l'%f,ri), where 0 < i,j < mand n is even, gives different n? triples.
For m is odd, the triples formed by 3 group elements in Dihedral groups D,, where its product equal
to its reverse satisfy case 1-8. Whereas, for n is even, the triples satisfy case 1-14. Hence, for calculating the
event, there are 2n3 + 6n? triples when M is odd and there are 2n3 + 12n? triples  when 11 is even. The
sample space | Dy |® = 8n3.
When n is odd, the probability
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_ Commz(Dy) _ 2n3+6n? _ n+3
P3(Dy) = = =—

|Dn|3 8n3 an

When n is even, the probability
P; (Dn) =

Commz(Dy) _ 2n3+12n? _ n+6

|Dn |3 8n3 an’

Conclusion and Discussion
It turns out that the general forms for P, (D,,) and P5(D,,) are the same, but the proofs show that
they both have different cases which lead to different counting. The counting on Pg (Dn) is more
complicated. The further work that could be done is to find the general form for Pn(Dn) but it _may need
more advance counting. Other works are to investigate the probability on other properties whichiare, for
a,b,cinagroup G,
abc = acb,abc = bac,abc = bca and abc = cab.
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