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บทคัดยอ 
 
 เปนท่ีทราบกันดีวา คุณสมบัติหนึ่งท่ีสําคัญของกรุปคือ คุณสมบัติการสลับท่ี เราสนใจวากรุปไมสลับท่ีบางกรุปนั้น 
หางไกลจากคุณสมบัติการสลับท่ีเพียงใด Gallian (2010) ไดอธิบายวิธีท่ีจะวัดคาการสลับท่ีของกรุปจํากัด โดยใชแนวคิดของ
ความนาจะเปน และกําหนดให 𝑃𝑃2(𝐺𝐺) แทนความนาจะเปนท่ีสองสมาชิกท่ีถูกเลือกมาแบบสุมนั้นสลับท่ีไดในกรุปจํากัด 𝐺𝐺 
ตอมา Clifton, Guichard และ Keef (2011) ไดศึกษาความนาจะเปนดังกลาวบนกรุปการหมุนรูป 𝐷𝐷𝑛𝑛 เม่ือ 𝑛𝑛 เปนจํานวนเต็ม
บวก และพบรูปท่ัวไปของ 𝑃𝑃2(𝐷𝐷𝑛𝑛) งานวิจัยของ Langley, Levitt และ Rower (2011) ขยายความคิดไปสู  𝑃𝑃𝑛𝑛(𝐺𝐺) ซ่ึงเปน
ความนาจะเปนท่ีผลคูณของสมาชิก 𝑛𝑛 ตัวในกรุปจํากัด 𝐺𝐺 มีคุณสมบัติยอนกลับ งานวิจัยนี้ ศึกษาความนาจะเปนดังกลาวและพบ
รูปท่ัวไปของความนาจะเปนท่ีผลคูณของสมาชิก 3 ตัวในกรุปการหมุนรูปท่ีมีคุณสมบัติยอนกลับ นั่นคือ 𝑃𝑃3(𝐷𝐷𝑛𝑛) 
 
คําสําคัญ: ความนาจะเปน กรุปการหมุนรูป คุณสมบัติยอนกลับ 
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Abstract 
 

It is well-known that one of the important group properties is commutativity. We are investigating 
how far a non-abelian group from commutativity. Gallian (2010) described a way to measure the 
commutativity of a finite group 𝐺𝐺 by using probability concept. The 𝑃𝑃2(𝐺𝐺) is defined as the probability that 
two randomly selected elements of the group actually commute. Later, Clifton, Guichard and Keef (2011) 
studied this probability on the dihedral group 𝐷𝐷𝑛𝑛 where 𝑛𝑛 is a positive integer, and found the general form 
of 𝑃𝑃2(𝐷𝐷𝑛𝑛). Langley, Levitt and Rower (2011) generalized 𝑃𝑃2(𝐺𝐺) to 𝑃𝑃𝑛𝑛(𝐺𝐺), where 𝑃𝑃𝑛𝑛(𝐺𝐺) is the probability 
that a product of 𝑛𝑛 group elements equal to its reverse. The objectives of this research is to understand 
these probabilities and we found the general form of the probability that a product of 3 group elements in 
Dihedral groups 𝐷𝐷𝑛𝑛 equal to its reverse, namely 𝑃𝑃3(𝐷𝐷𝑛𝑛). 

 
Keywords: Probability, dihedral group, reverse property 
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Introduction   
One of the important group properties is commutativity. An abelian group 𝐺𝐺 is a group with the 

property that 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏 for all 𝑎𝑎, 𝑏𝑏 in 𝐺𝐺. Some groups fail for this property, for example, a group of all 
invertible 2 × 2 matrices under the multiplication with real entries, 𝑀𝑀2(ℝ). The readers can find the 
contents on group theory in, for example, Rotman (1996), Nicholson (2012), and Gallian (2010) describes a 
way to measure the commutativity of a finite group 𝐺𝐺. Define 𝑃𝑃2(𝐺𝐺) be the probability that two randomly 
selected elements of the group actually commute as follows.  

𝑃𝑃2(𝐺𝐺) =
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝐺𝐺)

|𝐺𝐺|2
 

where 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝐺𝐺) = |{(𝑎𝑎, 𝑏𝑏)  ∈ 𝐺𝐺 × 𝐺𝐺|𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏}|. 
  
Clifton, Guichard and Keef (2011) studied such probability on the dihedral group 𝐷𝐷𝑛𝑛 where 𝑛𝑛 is a 

positive integer.  A dihedral group is the group of symmetries of a regular polygon which includes rotations 
and reflections. A regular polygon with 𝑛𝑛 sides has 𝑛𝑛 different symmetries, where 𝑛𝑛 ≥ 3 consisting 
of rotational symmetries and reflection symmetries. For 𝑛𝑛 = 4, the dihedral group 𝐷𝐷4 consists of 8 elements 
as presented in Figure 1. 

 
 

 
   

                       
 

Figure 1 All elements in Dihedral group 𝐷𝐷4 
 
In other words, the dihedral group 𝐷𝐷𝑛𝑛 is generated by two elements, 𝑟𝑟𝑛𝑛 (for “rotation”) and 𝑓𝑓𝑛𝑛 (for 

“flip”), subject to the relation  
𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑓𝑓𝑛𝑛2 = 𝑒𝑒𝑛𝑛  and  𝑓𝑓𝑛𝑛𝑟𝑟𝑛𝑛 = 𝑟𝑟𝑛𝑛−1𝑓𝑓𝑛𝑛, 

where 𝑒𝑒𝑛𝑛 is the identity of 𝐷𝐷𝑛𝑛. It follows that the elements of 𝐷𝐷𝑛𝑛 can be written as 
  

𝑒𝑒𝑛𝑛, 𝑟𝑟𝑛𝑛, 𝑟𝑟𝑛𝑛2, 𝑟𝑟𝑛𝑛3, … , 𝑟𝑟𝑛𝑛𝑛𝑛−1,𝑓𝑓𝑛𝑛, 𝑟𝑟𝑛𝑛𝑓𝑓𝑛𝑛, 𝑟𝑟𝑛𝑛2𝑓𝑓𝑛𝑛, … , 𝑟𝑟𝑛𝑛𝑛𝑛−1𝑓𝑓𝑛𝑛. 
 

Notice that the order of 𝐷𝐷𝑛𝑛 denoted by |𝐷𝐷𝑛𝑛| is 2𝑛𝑛.  
 

The following chart shows the commutativity of  𝐷𝐷4, where a  1 indicates that the corresponding 
pair of elements commute, Sherman (1997). 

 
 
 
 
 

 𝑒𝑒4 𝑟𝑟4 𝑟𝑟42 𝑟𝑟43 𝑓𝑓4 𝑟𝑟4𝑓𝑓4 𝑟𝑟42𝑓𝑓4 𝑟𝑟43𝑓𝑓4 

𝑒𝑒4 1 1 1 1 1 1 1 1 

𝑟𝑟4 1 1 1 1 0 0 0 0 
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https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Symmetry
https://en.wikipedia.org/wiki/Regular_polygon
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https://en.wikipedia.org/wiki/Reflection_symmetry
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𝑟𝑟42 1 1 1 1 1 1 1 1 

𝑟𝑟43 1 1 1 1 0 0 0 0 

𝑓𝑓4 1 0 1 0 1 0 1 0 

𝑟𝑟4𝑓𝑓4 1 0 1 0 0 1 0 1 

𝑟𝑟42𝑓𝑓4 1 0 1 0 1 0 1 0 

𝑟𝑟43𝑓𝑓4 1 0 1 0 0 1 0 1 

 
The chart produces forty 1s which means that there are forty pairs of the group elements 

commute. The set of these pairs is considered as the event, and the set of all ordered pairs of group 
elements as the sample space. So the probability 𝑃𝑃2( 𝐷𝐷4) = 40/64 = 5/8.  
 

Clifton, Guichard and Keef (2011) found the general form of 𝑃𝑃2(𝐷𝐷𝑛𝑛) as follows. 
 

Theorem 1. If 𝑛𝑛 is a positive integer, then 

𝑃𝑃2(𝐷𝐷𝑛𝑛) =

⎩
⎪
⎨

⎪
⎧
𝑛𝑛 + 3

4𝑛𝑛
,    if 𝑛𝑛 is odd;

𝑛𝑛 + 6
4𝑛𝑛

,    if 𝑛𝑛 is even.

 

 
Langley, Levitt and Rower (2011) generalized 𝑃𝑃2(𝐺𝐺) to 𝑃𝑃𝑛𝑛(𝐺𝐺), where 𝑃𝑃𝑛𝑛(𝐺𝐺) is the probability that 

a product of 𝑛𝑛 group elements equal to its reverse. Namely, 
 

𝑃𝑃𝑛𝑛(𝐺𝐺) =
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑛𝑛(𝐺𝐺)

|𝐺𝐺|𝑛𝑛
 

 

where 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑛𝑛(𝐺𝐺) = |{(𝑎𝑎1,𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∈ 𝐺𝐺𝑛𝑛 |  𝑎𝑎1𝑎𝑎2 ⋯𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑛𝑛−1 ⋯𝑎𝑎2𝑎𝑎1}|. 
 

Objectives 
The objectives of this research are to understand these probabilities on dihedral groups and to find 

the general form of the probability that a product of 3 group elements in Dihedral groups 𝐷𝐷𝑛𝑛 equal to its 
reverse, namely 𝑃𝑃3(𝐷𝐷𝑛𝑛). 
 

Main Theorem 
 For the dihedral group 𝐷𝐷𝑛𝑛, 

𝑃𝑃3(𝐷𝐷𝑛𝑛) =
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶3(𝐷𝐷𝑛𝑛)

|𝐷𝐷𝑛𝑛|3
 

 

where 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶3(𝐺𝐺) = |{(𝑎𝑎, 𝑏𝑏, 𝑐𝑐) ∈ 𝐷𝐷𝑛𝑛3 | 𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑐𝑐𝑐𝑐𝑐𝑐}|. The triple (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) ∈ 𝐷𝐷𝑛𝑛3 satisfies the reverse 
property if 𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑐𝑐𝑐𝑐𝑐𝑐. 

Note that, on the dihedral group 𝐷𝐷𝑛𝑛, when 𝑛𝑛 is even, the (rotate) element 𝑟𝑟𝑛𝑛
𝑛𝑛
2  is itself inverse, that 

is 𝑟𝑟𝑛𝑛
−𝑛𝑛2 = �𝑟𝑟𝑛𝑛

𝑛𝑛
2�

−1

= 𝑟𝑟𝑛𝑛
𝑛𝑛
2  . For the convenience, we write the elements of 𝐷𝐷𝑛𝑛 as 

  

𝑟𝑟, 𝑟𝑟2, 𝑟𝑟3, … , 𝑟𝑟𝑛𝑛−1, 𝑟𝑟𝑛𝑛 = 𝑒𝑒,𝑓𝑓, 𝑟𝑟𝑟𝑟, 𝑟𝑟2𝑓𝑓, … , 𝑟𝑟𝑛𝑛−1𝑓𝑓. 
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Theorem 2. If 𝑛𝑛 is a positive integer, then 

𝑃𝑃3(𝐷𝐷𝑛𝑛) =

⎩
⎪
⎨

⎪
⎧
𝑛𝑛 + 3

4𝑛𝑛
,    if 𝑛𝑛 is odd;

𝑛𝑛 + 6
4𝑛𝑛

,      if 𝑛𝑛 is even.

 

 
Proof  Let 𝒜𝒜 = {(𝑎𝑎, 𝑏𝑏, 𝑐𝑐) ∈ 𝐷𝐷𝑛𝑛3|𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑐𝑐𝑐𝑐𝑐𝑐} 𝑎𝑎𝑎𝑎𝑎𝑎 ℬ = {(𝑎𝑎, 𝑏𝑏, 𝑐𝑐) ∈ 𝐷𝐷𝑛𝑛3|(𝑎𝑎, 𝑏𝑏, 𝑐𝑐) are of the following 
forms 

1. (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘), where0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛, 
2. (𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, 
3. (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, 
4. (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, 
5. (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, 
6. (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, 
7. (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, 
8. (𝑟𝑟𝑖𝑖𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑘𝑘𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛, 

9. (𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖+
𝑛𝑛
2 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, 

10. (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖+
𝑛𝑛
2), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, 

11. (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖+
𝑛𝑛
2), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, 

12. (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, 

13. (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, 

14. (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even}. 

 
To show that 𝒜𝒜 ⊆ ℬ, let (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) ∈ 𝒜𝒜. Then 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐 are either in the form 𝑟𝑟𝑖𝑖 or 𝑟𝑟𝑗𝑗𝑓𝑓 where 

0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛. There are all 8 patterns as follows. 
 Pattern 1. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘), 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. 

Pattern 2. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘𝑓𝑓), 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. 
Pattern 3. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑘𝑘), 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. 
Pattern 4. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖𝑓𝑓, 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘), 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. 
Pattern 5. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑘𝑘𝑓𝑓), 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. 
Pattern 6. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖𝑓𝑓, 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘𝑓𝑓), 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. 
Pattern 7. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑘𝑘), 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. 
Pattern 8. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑘𝑘𝑓𝑓), 0 ≤ 𝑖𝑖, 𝑗𝑗, 𝑘𝑘 < 𝑛𝑛. 

  
In Pattern 1 and Pattern 8, it is obvious that (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘) ∈ ℬ, and                          
(𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑘𝑘𝑓𝑓) ∈ ℬ for 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. 
 
 
Pattern 2. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘𝑓𝑓), 0 ≤ 𝑖𝑖, 𝑗𝑗,𝑘𝑘 < 𝑛𝑛. It satisfies 𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑐𝑐𝑐𝑐𝑐𝑐 that is  
𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑟𝑟𝑘𝑘𝑓𝑓 = 𝑟𝑟𝑘𝑘𝑓𝑓𝑟𝑟𝑗𝑗𝑟𝑟𝑖𝑖 . Then 

𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑟𝑟𝑘𝑘𝑓𝑓 = 𝑟𝑟𝑘𝑘𝑓𝑓𝑟𝑟𝑗𝑗𝑟𝑟𝑖𝑖 ↔ 𝑟𝑟𝑖𝑖+𝑗𝑗+𝑘𝑘 = 𝑟𝑟𝑘𝑘−𝑗𝑗−𝑖𝑖 
       ↔ 𝑖𝑖 + 𝑗𝑗 + 𝑘𝑘 ≡ 𝑘𝑘 − 𝑗𝑗 − 𝑖𝑖  (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛) 
       ↔ 2𝑖𝑖 ≡ −2𝑗𝑗   (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛)   (*) 
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If 𝑛𝑛 is odd, then (2,𝑛𝑛) = 1. Equation (*) becomes ≡ −𝑖𝑖   (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛). If 𝑛𝑛 is even, then (2,𝑛𝑛) = 2. 
Equation (*) becomes 𝑗𝑗 ≡ −𝑖𝑖  (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛

2
). Hence 𝑗𝑗 = −𝑖𝑖 + 𝑛𝑛

2
𝑞𝑞, 𝑞𝑞 ∈ ℤ. If 𝑞𝑞 is even, then 𝑞𝑞 = 2𝑡𝑡, 𝑡𝑡 ∈ ℤ. 

We have 𝑗𝑗 ≡ −𝑖𝑖 + 𝑛𝑛
2
𝑞𝑞 ≡ −𝑖𝑖 + 𝑛𝑛

2
(2𝑡𝑡) ≡ −𝑖𝑖 + 𝑛𝑛𝑛𝑛 ≡ −𝑖𝑖  (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛). If 𝑞𝑞 is odd, then 

𝑞𝑞 ≡ 1  (𝑚𝑚𝑚𝑚𝑚𝑚 2). Thus 𝑛𝑛𝑛𝑛 ≡ 𝑛𝑛  (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛). Since (2,2𝑛𝑛) = 2, 
𝑛𝑛
2
𝑞𝑞 ≡ 𝑛𝑛

2
  (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛). It implies that 

𝑗𝑗 ≡ −𝑖𝑖 +
𝑛𝑛
2
𝑞𝑞 ≡ −𝑖𝑖 +

𝑛𝑛
2

  (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛) 

Therefore, in case 𝑛𝑛 is even, we have either 𝑗𝑗 ≡ −𝑖𝑖   (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛) or 𝑗𝑗 ≡ −𝑖𝑖 + 𝑛𝑛
2

  (𝑚𝑚𝑚𝑚𝑚𝑚 𝑛𝑛) 

Hence, in Pattern 2, for 𝑛𝑛 ∈ ℕ and 0 ≤ 𝑖𝑖, 𝑗𝑗, 𝑘𝑘 < 𝑛𝑛,  (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = �𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘𝑓𝑓� = �𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖 , 𝑟𝑟𝑘𝑘𝑓𝑓� ∈ ℬ. 
In addition, when 𝑛𝑛 is even, (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) can be in another form which  

(𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = �𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘𝑓𝑓� = �𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖+
𝑛𝑛
2 , 𝑟𝑟𝑘𝑘𝑓𝑓� ∈ ℬ. 

 
For Pattern 3.-7., they can be proved in similar fashion.  
 
 Now, we show that  ℬ ⊆ 𝒜𝒜. Let (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) ∈ ℬ. It runs through each form. To show that 
(𝑎𝑎, 𝑏𝑏, 𝑐𝑐) ∈ 𝒜𝒜, we prove that 𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑐𝑐𝑐𝑐𝑐𝑐. 
 

Case 1. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘), where 0 ≤ 𝑖𝑖, 𝑗𝑗, 𝑘𝑘 < 𝑛𝑛. The commutativity holds 
among the rotate elements. Then done.  

 
Case 2. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛. Then                                  

              𝑟𝑟𝑖𝑖𝑟𝑟−𝑖𝑖𝑟𝑟𝑗𝑗𝑓𝑓 = 𝑟𝑟𝑗𝑗𝑓𝑓 = 𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟−𝑖𝑖𝑟𝑟𝑖𝑖 . 
 

Case 3. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛. It is obvious. 
 
Case 4. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛. Then 
              𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟𝑖𝑖𝑟𝑟−𝑖𝑖 = 𝑟𝑟𝑗𝑗𝑓𝑓 = 𝑟𝑟−𝑖𝑖𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑓𝑓. 
 
Case 5. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛. Then  

𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟𝑗𝑗𝑓𝑓 = 𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑟𝑟−𝑗𝑗𝑓𝑓2 = 𝑟𝑟𝑖𝑖 = 𝑟𝑟𝑗𝑗𝑟𝑟−𝑗𝑗𝑓𝑓2𝑟𝑟𝑖𝑖 = 𝑟𝑟𝑗𝑗𝑟𝑟−𝑗𝑗𝑓𝑓𝑓𝑓𝑟𝑟𝑖𝑖 = 𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟𝑖𝑖 . 
 

Case 6. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛. It is obvious. 
 
Case 7. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛. Then 

𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟𝑖𝑖 = 𝑟𝑟𝑗𝑗𝑟𝑟−𝑗𝑗𝑓𝑓2𝑟𝑟𝑖𝑖 = 𝑟𝑟𝑖𝑖 = 𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑟𝑟−𝑗𝑗𝑓𝑓2 = 𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑟𝑟−𝑗𝑗𝑓𝑓𝑓𝑓 = 𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑓𝑓𝑓𝑓𝑗𝑗𝑓𝑓. 
 

Case 8. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑖𝑖𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑘𝑘𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗, 𝑘𝑘 < 𝑛𝑛.  

𝑟𝑟𝑖𝑖𝑓𝑓𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟𝑘𝑘𝑓𝑓 = 𝑟𝑟𝑖𝑖−𝑗𝑗+𝑘𝑘𝑓𝑓3 = 𝑟𝑟𝑘𝑘−𝑗𝑗+𝑖𝑖𝑓𝑓 = 𝑟𝑟𝑘𝑘𝑓𝑓2𝑟𝑟−𝑗𝑗𝑟𝑟𝑖𝑖𝑓𝑓 = 𝑟𝑟𝑘𝑘𝑓𝑓𝑓𝑓𝑟𝑟−𝑗𝑗𝑟𝑟𝑖𝑖𝑓𝑓 = 𝑟𝑟𝑘𝑘𝑓𝑓𝑟𝑟𝑗𝑗𝑓𝑓𝑟𝑟𝑖𝑖𝑓𝑓. 

 

Case 9. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖+
𝑛𝑛
2 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even. Then 

�𝑟𝑟𝑖𝑖� �𝑟𝑟−𝑖𝑖+
𝑛𝑛
2� �𝑟𝑟𝑗𝑗𝑓𝑓� = 𝑟𝑟

𝑛𝑛
2+𝑗𝑗𝑓𝑓 

       = 𝑟𝑟
𝑛𝑛
2+𝑗𝑗𝑓𝑓𝑟𝑟−𝑖𝑖+𝑖𝑖  

       = 𝑟𝑟𝑗𝑗(𝑟𝑟𝑛𝑛)
1
2(𝑓𝑓2)

1
2 𝑟𝑟−𝑖𝑖+𝑖𝑖  

      = 𝑟𝑟𝑗𝑗(𝑓𝑓2)
1
2(𝑟𝑟𝑛𝑛)

1
2 𝑟𝑟−𝑖𝑖+𝑖𝑖  
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วารสารวิทยาศาสตรและวิทยาศาสตรศึกษา ปท่ี 5 เลมท่ี 2 (ก.ค. – ธ.ค. 2565)  |  xx 

ลิขสิทธิ์โดย คณะวิทยาศาสตร มหาวิทยาลัยอุบลราชธาน ี

                        = �𝑟𝑟𝑗𝑗𝑓𝑓� �𝑟𝑟−𝑖𝑖+
𝑛𝑛
2� � 𝑟𝑟𝑖𝑖�. 

 

Case 10. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖+
𝑛𝑛
2), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even. Since the 

(rotate) element 𝑟𝑟
𝑛𝑛
2  is itself inverse, we obtain that 

 

�𝑟𝑟𝑖𝑖��𝑟𝑟𝑗𝑗𝑓𝑓� �𝑟𝑟𝑖𝑖+
𝑛𝑛
2� = 𝑟𝑟𝑖𝑖+𝑗𝑗−𝑖𝑖−

𝑛𝑛
2𝑓𝑓 = 𝑟𝑟𝑖𝑖−

𝑛𝑛
2  𝑟𝑟𝑗𝑗  𝑟𝑟−𝑖𝑖𝑓𝑓 = �𝑟𝑟𝑖𝑖+

𝑛𝑛
2� � 𝑟𝑟𝑗𝑗  𝑓𝑓��𝑟𝑟𝑖𝑖�. 

 

Case 11. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖+
𝑛𝑛
2), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even. By the 

same argument of case 10, we obtain that 
 

�𝑟𝑟𝑗𝑗𝑓𝑓��𝑟𝑟𝑖𝑖� �𝑟𝑟−𝑖𝑖+
𝑛𝑛
2� = �𝑟𝑟−𝑖𝑖+

𝑛𝑛
2� �𝑟𝑟𝑖𝑖��𝑟𝑟𝑗𝑗𝑓𝑓�. 

 

Case 12. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even. Since the 

(rotate) element 𝑟𝑟
𝑛𝑛
2  is itself inverse, we obtain that 

 

�𝑟𝑟𝑖𝑖��𝑟𝑟𝑗𝑗𝑓𝑓� �𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓� = 𝑟𝑟𝑖𝑖+𝑗𝑗−𝑗𝑗−

𝑛𝑛
2𝑓𝑓2 = 𝑟𝑟𝑗𝑗−

𝑛𝑛
2𝑟𝑟𝑖𝑖−𝑗𝑗 = 𝑟𝑟𝑗𝑗+

𝑛𝑛
2𝑓𝑓2𝑟𝑟−𝑗𝑗𝑟𝑟𝑖𝑖 = �𝑟𝑟𝑗𝑗+

𝑛𝑛
2𝑓𝑓� � 𝑟𝑟𝑗𝑗𝑓𝑓�� 𝑟𝑟𝑖𝑖�. 

 

By the same argument of case 12, we obtain cases 13 and 14 which are as follows. 

Case 13. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even.  

Case 14. (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) is of the form (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even.  

 
Now, we count how many triples for each case. 

1. The pattern (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗 , 𝑟𝑟𝑘𝑘), where 0 ≤ 𝑖𝑖, 𝑗𝑗, 𝑘𝑘 < 𝑛𝑛, gives different 𝑛𝑛3 triples. 
2. The pattern (𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, gives different 𝑛𝑛2 triples. 
3. The pattern (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, gives different 𝑛𝑛2 triples. 
4. The pattern (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, gives different 𝑛𝑛2 triples. 
5. The pattern (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, gives different 𝑛𝑛2 triples. 
6. The pattern (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, gives different 𝑛𝑛2 triples. 
7. The pattern (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛, gives different 𝑛𝑛2 triples. 
8. The pattern (𝑟𝑟𝑖𝑖𝑓𝑓, 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑘𝑘𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗, 𝑘𝑘 < 𝑛𝑛, gives different 𝑛𝑛3 triples. 

9. The pattern (𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖+
𝑛𝑛
2 , 𝑟𝑟𝑗𝑗𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, gives different 𝑛𝑛2 triples. 

10. The pattern (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖+
𝑛𝑛
2), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, gives different 𝑛𝑛2 triples. 

11. The pattern (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟−𝑖𝑖+
𝑛𝑛
2), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, gives different 𝑛𝑛2 triples. 

12. The pattern (𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, gives different 𝑛𝑛2 triples. 

13. The pattern (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, gives different 𝑛𝑛2 triples. 

14. The pattern (𝑟𝑟𝑗𝑗𝑓𝑓, 𝑟𝑟𝑗𝑗+
𝑛𝑛
2𝑓𝑓, 𝑟𝑟𝑖𝑖), where 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑛𝑛 and 𝑛𝑛 is even, gives different 𝑛𝑛2 triples. 

For 𝑛𝑛 is odd, the triples formed by 3 group elements in Dihedral groups 𝐷𝐷𝑛𝑛 where its product equal 
to its reverse satisfy case 1-8. Whereas, for 𝑛𝑛 is even, the triples satisfy case 1-14. Hence, for calculating the 
event, there are 2𝑛𝑛3 + 6𝑛𝑛2 triples when 𝑛𝑛 is odd and there are 2𝑛𝑛3 + 12𝑛𝑛2 triples   when 𝑛𝑛 is even. The 
sample space |𝐷𝐷𝑛𝑛|3 = 8𝑛𝑛3.  

When 𝑛𝑛 is odd, the probability  
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𝑃𝑃3(𝐷𝐷𝑛𝑛) = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶3(𝐷𝐷𝑛𝑛)
|𝐷𝐷𝑛𝑛|3

= 2𝑛𝑛3+6𝑛𝑛2

8𝑛𝑛3
= 𝑛𝑛+3

4𝑛𝑛
 . 

When 𝑛𝑛 is even, the probability  

𝑃𝑃3(𝐷𝐷𝑛𝑛) = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶3(𝐷𝐷𝑛𝑛)
|𝐷𝐷𝑛𝑛|3

= 2𝑛𝑛3+12𝑛𝑛2

8𝑛𝑛3
= 𝑛𝑛+6

4𝑛𝑛
. 

 
Conclusion and Discussion 

It turns out that the general forms for 𝑃𝑃2(𝐷𝐷𝑛𝑛) and 𝑃𝑃3(𝐷𝐷𝑛𝑛) are the same, but the proofs show that 
they both have different cases which lead to different counting. The counting on 𝑃𝑃3(𝐷𝐷𝑛𝑛) is more 
complicated. The further work that could be done is to find the general form for 𝑃𝑃𝑛𝑛(𝐷𝐷𝑛𝑛) but it may need 
more advance counting. Other works are to investigate the probability on other properties which are, for 
𝑎𝑎, 𝑏𝑏, 𝑐𝑐 in a group 𝐺𝐺,  

𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑎𝑎𝑎𝑎𝑎𝑎,𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏𝑏𝑏,𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏𝑏𝑏 and 𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑐𝑐𝑐𝑐𝑐𝑐. 
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