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ABSTRACT

The Green’s relations on a monoid of hypersubstitutions of type 7 = (2) were studied
by K. Denecke and S. L. Wismath in [[I]]. Nevertheless, this study extends the similar concept
to a ternary monoid of hypersubstitutions of type 7 = (2) which is the set Hyp(2) of all
hypersubstitutions of type 7 = (2) together with the ternary operation [—, —, —] and identity
element 07y = 0 (x,,x,)- Some of the algebraic-structural properties of this monoid were
studied by the author in [§]. The Green’s relations on a ternary semigroup were studied by
Rabah Killil in [2]. In this paper, we apply the concept of Rabah Killil to a ternary monoid of
hypersubstitutions of type 7 = (2) and describe the classes of elements of this monoid under

Green’s relations L7, RT, DT and some of the 77 —class of elements.

Keywords: Green’s relations; Hypersubstitutions; Ternary monoid

1. Introduction

In pure mathematics, the monoid of
all hypersubstitutions were widely studied
by many authors. Furthermore, they in-
troduced the basic concepts and studied
the algebraic-structural properties of this
monoid. Moreover, they characterized the
special elements and special classes of ele-
ments of this monoid.

In 1998, Denecke and Koppitz [3]
studied the finite monoids of hypersubsti-
tutions of type 7 = (2). Also, they char-

acterized the set of all finite submonoids
of Hyp(2) and studied some properties of
all finite submonoids. In the same year,
the monoid of hypersubstitutions of type
7 = (2) was studied by Denecke and Wis-
math [[I]. Furthermore, they constructed the
monoid of hypersubstitutions of type 7 =
(2) and studied the semigroup properties
of this monoid. Also, they characterized
the idempotents and described Green’s re-
lations on this monoid. Afterward, in 2000,
Wismath [4] extended the concept of [[I]
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by studying the semigroup properties of the
monoid of hypersubstitutions of type 7 =
(n),n > 2. They characterized the projec-
tion, dual, and idempotent on this monoid,
and also described the classes of these ele-
ments under Green’s relations.

The ternary semigroup is the topic
in pure mathematics which has been stud-
ied by many authors. In 2007, Kar and
Maity [6] introduced the notion of congru-
ence on ternary semigroup and studied the
interested properties of it. They determined
the cancellative congruence, group congru-
ence, and Rees congruence on a ternary
semigroup. In 2013, Kellil [2] studied
Green’s relations on a ternary semigroup
in view of those obtained in binary semi-
groups. They studied the quality of idem-
potents with respect to the Green’s relations
and studied the particular case of the ternary
inverse semigroup.

By using the concept of ternary
semigroup, in 2019, Chansuriya and
Leeratanavalee [5] constructed the ternary
monoid of all hypersubstitutions of type
7 = (2) and studied some algebraic-
structural properties, idempotent and
regular elements of this ternary monoid.
Likewise, they determined the ideals of
submonoid of this ternary monoid. In
this study, we focus on the equivalence
relations, called Green’s relations, which
are concerned with the mutual divisibility
of elements. These relations are used in the
classification of the elements of a ternary
monoid. It is an important tool for study
on divisibility in ternary monoids. In this
paper, we describe the classes of elements
of this ternary monoid Hyp(2) under
Green’s relations £, RT, DT and some of
the 77 —class of elements. It is a tool for
determining some structural properties of
this ternary monoid.

2. Preliminaries
2.1 Hypersubstitutions

Let f; be n;-ary operation symbol of
type T whichn; e Nand X, = {x1,- - ,x,}
be a set of variables. The n-ary terms of
type 7 are inductively defined in the follow-
ing way:

(i) Every variable x; € X, is an n-ary

term.
(i) If #1,--- ,t,, are nm-ary terms, then
fi(t1, -+ ,t,,) is an n-ary term.

The set of all n-ary terms of type 7 is
denoted by W (X,) and we also have
W (X)) = UpenWo(X,,) as the set of all
terms of type 7 .

A hypersubstitution of type 7 is a
mapping o : {f; | i € [} — W,(X) which
preserves arities, i.e. o (f;) € W, (X,,). We
denoted the set of all hypersubstitutions of
type 7 by Hyp (7). To define the binary op-
eration on Hyp(t), we first give the con-
cept of the superposition of terms as follow-
ing.

Let W, (X},) be the set of all n-ary
terms of type T = (n;);ie; Where ,n € N.
The superposition operation S” : W, (X;,) X
W (Xn)" — W (X,) (for terms) is induc-
tively defined by the following steps:

(1) S"(xi,tl,. . .,ln) := t; where x; €
Xnotly ...ty € Wi (X))

(ii) Sn(fi(sl,...,Sni),l‘l,...,tn) =
ﬁ(Sn(Sl,ll, c. ,ln), PN
S"(Sn;st1s -+ stn)) where
fi(s1, ... 8n;) € Wo(Xn).

For any o € Hyp(t), the exten-
sion & of o is a mapping & : W, (X,) —
W (X,) where t € W, (X) defined induc-
tively by

(i) o [x] := x, for any variable x € X and
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() o[fi(rr,....t0)] =
S (o (), [0, s i)
where o[ f;];1 < j < n; are already
defined.

Then the binary operation o; on
Hyp(7) is defined by o1 of, 00 = 01 0 09
for anyo, 09 € Hyp(7) and o is the usual
composition of mappings.

Proposition 2.1 ([[7]). If & is the extension
of a hypersubstitution o, then for n € N,
olSi(t,t1, ... ty)] =

si@ [, ol .., o).

Proposition 2.2 ([]]). Let 01,00 €
Hyp(t). Then 0 o 04 is a hypersubstitu-
tion, and

(01 0 09) =01 0 0.

Let 04 be a hypersubstitution which
is defined by oiq(fi) = fi(x1,....xn;)
for all i € I. Then the set Hyp(t) :=
(Hyp(t),op,0:4) forms a monoid. For
more details on hypersubstitutions and the
monoid of hypersubstitutions of type 7 see

[7].
2.2 The Ternary monoid Hyp(2)

We first give the concept of the
ternary monoid Hyp(2) as follows.

Define a ternary operation [—, —, —] :

Hyp(2)xHyp(2)XHyp(2) — Hyp(2) by

[01,02,03] =01 0 09 04 03

for each 01,0%,03 € Hyp(2). Then we
obtain the following propositions.

Proposition 2.3 ([5]). Hyp(2) =
(Hyp(2),[-,—,=]) is a ternary semi-
group.

Let 0y,0:4q € Hyp(2) where t €
W({x1,x2}) and 0y = O (x,,x,)- Then we
have

[oia» oia, o1 (f) =

(0ia on 0ia on 07)(f)

(0ia on o) (f)
= U't(f)-

Similarly, we have [oi4, 0%, 0ia](f)

O-l‘(f) = [O-ta O-id’o-id] (f)

Proposition 2.4 ([5]). Hyp(2)
(Hyp(2),[-.—,—),00a) is a ternary
monoid.

For more details on ternary monoid
Hyp(2) see [9].

2.3 Green’s relations on a ternary semi-
group

Let T be a ternary semigroup and
T' := T U {1} where 1 is the identity for
the ternary operation. Define five equiva-
lence relations L7, RT, 17, HT , DT on T
by:

e aLTbifand onlyifforalla,b € T,
a = xyb and b = uva for some
x,y,u,v €T

« aR” b ifand only if for all a, b € T,
a = bxy and b = auv for some
X, Y, U,V € T!.

« aITbifand only if forall a, b € T*,
a = xby and b = uav for some
X, Y, U,V € T!.

« Foralla,b € T', aH" b if and only
ifalLT b and aRT b.

« DT = LT o RT.

The equivalence relations
LT RT 1T HT , DT are called the
Green’s relations on T. For any a € T!,
we denoted the equivalence classes
LT RT IT HT, and DT containing a
by LI, RT 1T HT and DT, respectively.
For more details on Green’s relations on
ternary semigroups see [2,8].

Throughout this present paper, we
denote:
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o; = the hypersubstitution o of type 7
which maps f to the term ¢,

var(t):= the set of all variables occurring
in the term ¢,

vb(t) = the total number of variables oc-
curing in the term z,

Wy ({x1,x2}) ={t € W(2)(X2) | x1,x2 €
var(t)},

Weoy({x1}) = {t € Wu(X2) | x1 €
var(t),xo ¢ var(t)},

Wiy({x2}) = {t € W(X2) | x1 ¢
var(t),xo € var(t)},

W({x1}) =Wy ({x1}) \ {x1},

W({x2}) = Wiz ({x2}) \ {x2},

P2 = {o € Hyp2) |
o (f) is a variable},

Ex, ={of il € Wiy({x1})},

Ex, ={0f (v.xp) v € Wiay({x2})},

f(c,d) = the term obtained from f(c, d)
by interchanging all occurrences of
the letters x; and xo, i.e. f(c,d) =
s2(f(c,d),x2,x1) and f(c,d) =
s*(f (¢, d), x2,x1),

f(c,d)’ =the term defined inductively by

x!=x;and f(c,d)" = f(d’,c’),
E = {§ | s € S}a
S’ = {S/ | S € S}

3. Green’s relations on a ternary
monoid Hyp(2)

Lemma 3.1. Let 0, 05,0: € Hyp(2). If
[os, 0%, 0] = 044, then the following state-
ments hold:

(i) o5 =0y =0y =044,

61

(ii) o5 =g and oy = 0p = Of (x9,x1)»
(iii) 0y = Ojq and 05 = O = OF (xy,x1)
(iv) 0y = 0jq and 05 = 04 = Tf (x9,x1)-

Proof. Assume that [0y, 07,00] = 0y4.
Since f(x1,x2) ¢ Xo, then s,f,r ¢ Xo.
Thus s = f(a,b),t = f(c,d) and
r = f(m,n) for some a,b,c,d,m,n €
W) (X2). Since [0y, 07, 07 ](f) = (0 on
oz op 07 )(f) = oia(f), then we have
&7 (a) [S2(f (. d). & [m). & [n])]
= 0f (ap) [ f(S%(c, 07 [m],
o1 [n]), S*(d, 64 [m], & [n]))]
= f(x1,x2).

That is

52(61, &S [52(67 a-t [m]s

& [n])], a5[8%(d, G [m], G [n])])
=x; (3.1

Sz(b’ a-s [SZ(C’ a-t [m]’

& [n])], o5 [8%(d, 6 [m], 6 [n])])
= X2. (3.2)

If a = x1, then, by (B.1), we obtain
that & [S2(c, o [m], 67 [n])] = x1. Soc =
m=Xx10rc =Xx9,n=2Xx1.

If a = xo, then, by (), we obtain
that 0 [S?(d, 6 [m], 0+[n])] = x1. Sod =
m=xj0rd=x9,n=x1.

If b = x1, then, by (B.2), we obtain
that 6 [S?(c, o [m], 6+ [n])] = x2. Soc =
n=Xx20rc=x1,m=Xx9.

If b = xy, then, by (B.2), we obtain
that 6 [S?(d, 6 [m], 6+[n])] = x2. Sod =
n=xgord=x1,m=xs. O

Lemma 3.2. Let 0y, 05,0, € Hyp(2). If
[05, 0%, 0] = O (xo.x1), then the following
Statements hold:

(i) og =0y =0y = Of (x2,x1)»

(ii) o5 = Of (x2,x1) and oy = 0y = 0y,
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(iii) Oy = Of (xy,x1) aNd 05 = 0y = Ty,
(iv) O = Of (xg,x,) and 05 = 0 = T4q.

Proof. The proof is similar to Lemma
by considering the following equations:

S2(a’ a-s [S2(C’ a-t [m]’

o¢[nD)]), 65 [S*(d, 67 [m], 6+ [n])])
= X2 (3.3)

S?(b, 65 [S*(c. 6 [m],

&+ [n)], 5 [S*(d, 6+ [m], 6+ [n])])
=x1. (3.4)

O

Proposition 3.3. For any oy € Hyp(2) \
P(2), we have oRTo;, o LT oy and
o DT o DT O';Z)T o7

Proof. Let oy € Hyp(2) \ P(2). Then
we have 0y on Of (x3,x1) Oh Of (x1,x2)

0% 07 Oh Of (x2,x1) ©h Of (x1,x2) O,
Of (x2,x1) °h Of (x1,x2) ®h O = O and
Of (x2,x1) °h Of(x1.x2) %h Ot = Op.
So o:LTop and oRT 07.  Therefore,
o DT o DT O';Z)T (g O
Proposition 3.4. All of RT- LT-

and DT —class of oiq are equal to
{Tid, Of (xg.x1) ). Moreover; the I —class
of aiq is equal to the DT —class.

Proof. By Lemma and Lemma
@, we obtain that oyq and o (xy,x;)
are RT— LT 77— and DT —related.
Thus we have the RT —, £T— 77— and
DT —class of o;4 is contain at least
{O-ida ofr (xg,xl)}-

Let oy € Hyp(2) where ox DT 04.
Then o,LT0;, and oRToyy for
some oy € Hyp(2). So there exist
Ou> Ty, Or, 01, 0, Og, Om, 0 € Hyp(2)
such that oy =
0 = 04:03,070,05 and 0y = 01gpTpOR 0y,
Oid =0t Op O Op Op.

Oy ©°p Oy Op Oy,

62

Now, we consider ojg = 0 o O Op
0,. By Lemma , we have o7 = 04 or
0t
Of (x0,x) @and o = 0y op 0y 0 07, again
by Lemma , we get oy = Oyq Or 05 =
Tf (x2,x1)- S0 the DT —class of o4 is equal
t0 {Tid, Tf (x9,x1) }-

From LT ¢ DT and RT ¢ DT,
we have the £T — and RT —class of 04 are
equal to {0iq, O f (xp,x1) }-

Let o; € Hyp(2) where o517 0yq.
Then there exist o, 0y, o9, 0 € Hyp(2)
such that o; = 0y, oy 0iq op 0y and ojg =

= Of (x2,x1)- SINCE 07y = Ojq OF 0 =

Om Oh Ot Op Op.

From o7y = oy op 0y o oy, by
Lemma , we get oy = 0Oyq Or 0oy =
Tf (xa,x1)- S0, the IT —class of o4 is equal
to {O','d,O'f(xz,)q)}' o

Lemma 3.5. The element oy, € P(2) is
LT —related only to itself and RT —related,
IT —yelated and DT —related to all ele-
ments in P(2). Thus the set P(2) forms the
RT— 17— and DT —class of oy, .

Proof. Since [0, 0,0, ](f) = (00 op 0 0y
ox)(f) = ox(f) for all o € Hyp(2),
then we have that any o, € P(2) can be
LT —related only to itself. Since (o, op
o op0x)(f) =0y (f) forallo € Hyp(2),
so oy, is RT —related to all elements in
P(2). In the same way, we also have (o oy,
Ox; on 0x;)(f) = oy (f) foral o €
Hyp(2), thus oy, is IT —related to all el-
ements in P(2). Since RT ¢ DT, then o,
is DT —related.

Let o0 € Hyp(2) such that
o IToy,. Then oy, = 0y o 05 o O
and oy = 0, op Oy, op 0, for some
0p,04,07,0; € Hyp(2). Because of
op op Ox; o 04 € P(2), this force that
oy € P(2). This implies that the 77 —class
of oy, is P(2).

Let o0y € Hyp(2) such that
O'SZ)TO'XL.. Then o LT oy and U,RTUxi
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for some oy € Hyp(2). Since oy, is
RT —related to all elements in P(2), this im-
plies that oy € P(2). So, we obtain that
os € P(2). Hence the DT —class of o, is
P(2). Since RT c DT, then the RT —class
of oy, is P(2). |

Lemma 3.6. Let 05,07 € Hyp(2) \ P(2).
Then o is RT —related to o if and only if
s=tors=1.

Proof. Assume that o, R” oy. Then there
exist og, 0, 0%, 0 € Hyp(2) such that
0y = 050 0g 0,05 and o5 = 0y 0y
Ok op oy Since oy, 07 ¢ P(2), then we
have oy,0j, 01,0 ¢ P(2). So, g =
f(u,v),j f(m.n), k f(r,l) and

= f(p,q) where u,v,m,n,r,l,p,q €
W2)(X2). Suppose that ¢ = f(a,b),s
f(c,d) where a,b,c,d € W(2)(Xa), then,
by the assumption above, we have to con-
sider the following two equations

f(a,b)

= S*(f(c,d),
O (erd) [S% (U, 6 f vy [m],
T (uwy [mD]s
Of (e [S* (v, 6 (u,v) ],
T (v [mD]) (3.5)

f(c,d)

S*(f(a,b),

07 (ap) [S*(r 67 ([ P],
arr.nlaDls

0f (a) [S*(L,6p (v [ D)
arenlaD]). (3.6)

Thus, by (B.9) and (B.6), we obtain
that vb(f(a, b)) = vb(f(c,d)). We will

consider the following cases.

Case 1: f(c,d) € Wa({x1,x2}).
Suppose that m ¢ X, or n ¢ Xo. Then
a-f(u,v) [m] ¢ Xo or a-f(u,v) [l’l] ¢ Xo.
This forces that u ¢ X5 or v ¢ Xs5. From

63

() and x1,x0 € f(c,d), we obtain
that vb(f(a,b)) > vb(f(c,d)) which

is a contradiction. So m,n € Xs.
Suppose that m = n = x;. Then
Orwwlml = Gruwlnl = x.
So, we have f(u,v) € W({x1}),
thus f(a,b) €  W({x1}). Sup-
pose that p ¢ X or ¢ ¢ Xo. So,

(3'f (r,1) [p] ¢ X2 or a'f(r,l) [q] ¢ X2. Then
0 (b [S*(r.ar [Pl 0Fry[q))] ¢
Xo. Since x3 e wvar(f(a,b)),
then, from (B.6), we obtain that
vb(f(c,d)) > vb(f(a,b)) and it is a
contradiction. Hence p, g € Xo, so we have
Ot (apy [S2(r, 677 oy [P
arrnlal] € Xo. Since
fla.b) €  W({x}), from (B.6)
again we get x;y ¢ var(f(c,d)) or
xo & var(f(c,d)) which contradicts to
f(c,d) € W({x1,x2}).

Similarly, we can prove the case m =
n=Xxg.

If m x1 and n xo, then
&f (u,v) [m] = X1 and a'f(u,v) [n] = X2. SO,
from (B.3), we have

f((l,b) SQ(f(C’d)’é-f(c,d) [”]’
Tf (e, [V]) (3.7

Suppose that u ¢ Xo or v ¢ Xo.
Then &7 (c,a)lu] ¢ Xo or Of(caylv] ¢
X5. Since x1,x2 € var(f(c,d)), so
vb(f(a,b)) > vb(f(c,d)) which is a con-
tradiction. So u,v € Xo. Ifu = v
xporu = v X2, then, by the same
proof as the case m n = x1, we have
x1 ¢ var(f(c,d)) or xo ¢ var(f(c,d)).
Ifu = x1,v = xg, then 6 ¢ (c,q)[u] = x1 and
Of (c,ay[v] = x2. So, from (B.7), we obtain
that f(a,b) = f(c,d). Ifu = x1,v = xo,
then é—f(c,d) [u] = x2 and 6’f (c,d) [v] =
x1. So, from (B.7) again we obtain that
f(a,b) = f(c,d).

If m xo and n x1, then
Of (u,v)[m] = x2 and & ¢ (u,v)[1n] = x1. So,
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from (B.9) we have

f((l,b) = S2(f(cad)’a-f(c,d) [ﬁ],
Tf (e, [V]) (3-8)

Then, by the same proof as the case
m = x; and n = x and equation (B.8),
we have f(a,b) = f(c,d) or f(a,b) =
flc,d).

Case 2 : f(c,d) € W(H{x1}).
Suppose that m ¢ Xo orn ¢ Xo. Then
a-f(u,v) [m] ¢ XQ or a'f(u,v) [n] ¢ X2. So
Tf (c.d) [SQ(ua Tf vy ml, or vy [n]D] ¢
Xs. Since x € f(c,d) and
Tf (c.d) [SQ(ua Tf vy ml, 0r vy [n])] ¢
Xo, then, from (B.3), we have
vb(f(a,b)) > vb(f(c,d)) and it is a
contradiction. So m,n € X, and thus
@'f (u,v) [m] m and é'f (u,v) [n] =n.

If m = n = x1, then &y v)[m] =
é'f' (u,v) [n] =X1. Thus
Sz(ua TF (u.v) [m]’a—f(u,v) [n]) = u €
W({x1}). So &¢ (c.a)[u] € W({x1}).

Suppose that u  #  xj1, then
Grc.aplu] € WHxi}) \ {x1}. From
(B.3) and x; € var(f(c,d)), we have
vb(f(a,b)) > vb(f(c,d)) which
is a contradiction. So u = x;, and
thus &fc.aqlu]l = x1. Again from
(B.3) and x; € var(f(c,d)), we have
f(a,b) = f(c,d). By the same proof as
this case, if m = n = x9, then we have
fla,b) = f(c,d).

If m = xi,n = xg
(3'f (u,v) [m] =X1 and 5‘f (u,v) [n] = X92.
S0 0 f (c.a) [S* (4, 6 f (uv) [M], O f () [1])]
= &f(c’d) [u]. If u ¢ Xy, then
Ofc.alu]l ¢ Xo. So from (B.3) and
x1 € f(c,d), vb(f(a,b)) > vb(f(c,d))
which is a contradiction. Thus u € Xo.
Since u = x; or u = Xx9, then, from
(B.3), we have f(a,b) = f(c,d) or
f(a,b) = f(c,d), respectively.

If m = x9.m = xi,
O (uv)lm] = x2 and & () [1] = x1.

then

then

64

So a—f(c,d) [SQ(Ma a—f (u,v) [m], a—f(u,v) [nD]
= 0 (¢,a) [u]. By the same proofas the case
m = x1,n = xo, we have f(a,b) = f(c,d)
or f(a,b) = f(c,d).

Case 3 : f(c,d) € W({x2}). The
proof is similarly to the case f(c,d) €
W({x1}). Thus f(a,b) = f(c,d) or
fla,b) = f(c,d).

Conversely, assume that s =7 or s =
t. Then we consider 0 = 0701, 0 f (x5,x,) ©h

Of (x1,x0) and 0y = 07 O Of (x5,x1) Oh
Of (x1.x2)- Hence, we have oy R 0. ]
Proposition 3.7. (i) If c,d € W({x1})

(or dually both in W({x2})), then
Sfor any u,v,p,q € W) (Xa) the
term corresponding to Of (u,v) ©h
Of (p.q) Oh Of (c,a) is in W({x1}) (or
dually W ({x2})).

(i) If f(c,d) € W({x1}) U W({x2}),
then for any p,q € W) (Xa) the
term t corresponding to T (c.q) Oh
Tf (u,v) Oh Of (p,q) IS In W({x1}) U
W({x2}) ifand only ifu € W({x1})U
W({x2}) orv e W({x1}) UW({x2}).

Proof. (i) Assume thatc,d € W({x1}). We
will consider the term

w = Sz(f(usv)’a-f(u,v)[sz(pva-f(p,q)[c]’

oy [AD], 6 f ) [S2(q, 6 f (g L]

ot (p.g [dD])
where u,v, p, g € W) (X2).
Since ¢,d € W({x1}), then
r(palcl.Tr (p.gld] € W({xi}).

This implies that
r @) [ (P & (pugy €], Of (p.g [d])]
and &y (u,) [S*(4, 077 (p.g) ], T (p,q) [d])]
are in W({x1}). Therefore, w € W({x1}).
Similarly, we can prove the case
c,d € W({x2}).

(i1) Assume that f(c,d) € W({x1})U
W ({x2}). We consider the term

t = S*(f(e,d), 6 (c.ay[S*(u, G vy lpl,
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G [aD], 6 ¢ (c.ay [S* (v, 5 f () [P], Proof. Let o (c.a) €

a_f (u,v) [Q])])

where p, g € W(2)(X2).

Suppose that + € W({x1}) U
W({x2}). Since  f(c,d) €
W({x1}) U W({x2}) this forces that
O f (e.a) [S2 (U, 6 () [P). O f () [q])] €
W({x1}) UW({x2}) or
O f () [S2(V, 6 F () [P O f umy [q])] €

W{x1}) U W({xe}). Since
p.q € Wg)(X2), then we obtain
that u € W({x1}) U W({{xz}) or

v e W({xi}) UW({x2}).

Conversely, we suppose that u €
W({xi}) U W({x2}) orv € W({x1}) U
W({x2}). Assume that f(c,d) € W({x1}).

If p,g € X, then we have
a-f (u,v) [P] = p and a-f (u,v) [Q] = (.
Since u € W({x1}) U W({x2}), we ob-
tain that S2(u, @'f (u,v) (pl, @'f (u,v) [q]) €
W({x1}) U W({x2}). Since f(c,d) €
W({x1}), we have
Tf (c.d) [52(”9 Tf wy [P Or @ lg])] €
W({x1}) U W({x2}) which implies that t €
W({x1}) U W({x2}).

If p = f(p1.p2),q = f(q1,92)
where p;,q; € W) (X2);i = 1,2 and
assume that f(u,v) € W({x1}) UW({x2}),
then we have  Op . [P] and
Of v lgl are in W({x1}) U W({xo}).
So SQ(”a a-f (u,v) [P], a-f (u,v) [(1])
€ W({x1}) U W({x2}). Since
f(c,d) € W({x1}), we obtain that
a_f (c,d) [52(”9 a_f (u,v) [r], a—f (u,v) [q])] €
W({x1}) UW({x2}).

Hence r € W({x1}) UW({x2}).

In the same way, if f(c,d) €
W({x2}), thent € W({x1}) U W({x2}).

O

Lemma 3.8. Let of.aqp € Hyp(2) \
{Cids Of (xax1)} and u,v € Wo)(X2) \
Xo.  If x1,x0 € wvar(f(c,d)), then

vb((0f (c,a) on ovow)(f)) > vb(u).

65

Hyp(2) \
{O-id’o-f(xg,xl)}' Since X1,X9 €
var(f(c,d)) and  f(c,d) ¢

{0id, T (x2,x1) }> thus ¢ ¢ X5 or d ¢ X5 and
vb(f(c,d)) = 3.
Case 1: Let u = f(x;,x;) where
€ Xs. Then vb(u) = 2. If
v = f(s,t) where s,t € Xs, then
vb(w) = vb(f (c,a) [S(f (5,1),xi, %))
= vb (07 (c,a) [f (¥ms xn)]) =
vh(S2(f(c,d), Xm Xn)) = 3 > 2 = vb(u)
where x,,,,x, € Xo. If v = f(s,1) where
s € Xoand t ¢ Xo, then vb(v) > 3 and
OFf (c,d) [SQ(s,xi,xj)] = s € Xo. Assume
that vb (07 (c,a) [SQ(t,xl-,xj)]) > vb(t). So

X1,X2

vb(w) vb(0f (c,a) [S*(f (5,1)x0,5))])

= vb(67(c.a) [£(S%(s,xi, %),
S2(t,xi,x;))])
= vb(S3(f(c,d),s,

Of () [S* (1, x1,x))])).

Since x1,x9 € var(f(c,d))
and  vb(Gf (c,a) [S2(t,x,-,xj)]) >
vb(t), so we have vb(w) =
Vb(SA(f(esd). 5, 5f (c. [S2(t, 0, x)])) >
vb(f(s,t)) 2 3 > 2 = vb(u). Similarly,
we can prove the case v = f(s,f) where
s ¢ Xoandt € Xo. If v = f(s,1) where
s,t ¢ Xo, then vb(f(s,t)) > 4. Assume
that vb (G ¢ (c,a) [S%(s,xi,x))]) > vb(s)
and vb(0f (c,a) [SQ(t,xl-,xj)]) > vb(1).
Since x1,x2 € var(f(c,d)), then
vb(w) = vb(Gy (c.a) [S2(f (5.1).x0,))])
=vb(S%(f(c,d), 0 (c.a) [S* (s, x1,x))],
Tf (. [S* (6, xi,x)])) > vb(f(5,0) >
4>2=vb(u).

Case 2: Letu = f(p,q) where
p € Xoand g ¢ Xo. Then 6 [p] = p € Xo.
If v = f(s,t) where s,t € Xo, then we
assume that vb(drs,nlql) > vb(q).
So vb(Gf (c.a)[S*(s.p. O sy [aD]) >
vb(q) orvb(0f (c.a) S (. p. G5 (5.0 [g]]) >



N. Chansuriya | Science & Technology Asia | Vol.27 No.2 April - June 2022

vb(q). Since x1,x2 € var(f(c,d)), then

Vvh(& ¢ (c.a) [S2(f (s, 1), p,
ors.nlaDl)

vb(w)

S*(t, p, 6f (5.0 [a])])
vb(5*(f(c,a),

&t e.a)[S*(t,p,0r (5.0 L4l
&t e.a)[S*(t,p. & f (5.0 [gD]))
vb(f(p.q)) = vb(u).
Similarly, we can prove the case v =

f(s,t) where s € Xo,t ¢ X, and the case
v = f(s,t) where s,t ¢ Xo.

>

Case 3: Let u = f(p,q)
where p,q ¢ Xo. If v = f(s,1)
where s,t € X5, then we as-
sume that vb(Gy(s,n[p]) > vb(p)
and vb(0r(s.lql) > vb(q). So

vb(G (c.a) [S*(5, 07 (5,00 [P)s Of (5,00 [aD)])
> vb(p) or vb (G ¢ (c,a) [S2(t,
orsaolpl.orsnlgD]) > vb(p) and
vb(6f (c.ay [S*(5.0f (5.0 [P)s O f (5.0 [q])])
vb(q) or vb (67 (c,a) [S2(t, 67 (5,00 [P
orealaDl) > vb(q). Since
x1,x9 € var(f(c,d)), we obtain that

Vb (s (e [S*(f(5,1),
rs.olplors.nlaDD)
vb(6f (e.ay [f(S?(5. 0 (5.0 [P],
or s lal), S*(t, 6 ¢ (5.0 [P
ors.nla))])

vh(S*(f(c,d), 6 f (c,a)[S2(t,
Ors.nlprl, o s.nlal,
0re.a)[S2(t,6r 5.0 lpl,
rs.nlgDD)

vb(f(p,q)) =vb(u).
Similarly, we can prove the case v =

f(s,t) where s € Xo,t ¢ X5 and the case
v = f(s,t) where s,t ¢ Xo.

vb(w)

>

O

Vb(@'f (c,d) [f(S2(S’ P, &f (s,1) [Q])’Proof. Let ¢

\%

66

Lemma 3.9. Let ¢ f(u,v) be a term
which use both x1 and xo. The only ele-
ments which are LT —related to o, are o
itself and oy.

= f(u,v) where
u,v €  We)(Xa). Assume that
oy € Hyp(2) where o3 LTo;. Then,
by Lemma @, we have s ¢ Xs. So

s = f(c,d) for some c,d € W)(X2).
Since s, 1 ¢ Xo and o5 LT o, then there ex-
iste,g,h,k,l,r,m,n € W) (Xs) such that
Of (c,d) = Of (e,) *hOf (h,k) Oh O f (u,v) and
Of(u,v) = Of(r) Oh Of (m,n) ®h Of (c,d)-
Suppose that f(e,g), f(h, k), f(I,r), and
f(m,n) are not in {f(x1,x2), f(x2,x1)}
and all of that are in W (Xa).
Then, by Lemma @, we obtain
that vb(f(c,d)) > vb(f(u,v)) and
vb(f(u,v)) >  vb(f(c,d)), which
is a contradiction. Suppose  that
fle.8), f(h,k) € Wiy \ Wiz ({x1,x2}).
Then, by Proposition B.7 (ii), we ob-
tain that x; ¢ var(f(c,d)) or xo ¢
var(f(c,d)). Since x1 ¢ var(f(c,d))
or xo ¢ wvar(f(c,d)), then we get
x1 & var(f(u,v)) or xo ¢ var(f(u,v)),
which contradicts to x1,x2 € var(f(u,v)).
Similarly, if f(l,r), f(m,n) €
Wiy (X2)  \ Wiy({x1,x2}), then
x1 & var(f(u,v)) or xo ¢ var(f(u,v)),
which contradicts to x1,x2 € var(f(u,v)).
So f(e, ), f(h,k), f(l,r),

f(m,n) € {f(x1,x2), f(x2,x1)}.

forces that oy = 03 or oy = 0.

This
O

Corollary 3.10. For any oy € Hyp(2) \
P(2) where x1,x2 € var(t), we have the
DT —class of oy is the set {0y, oy, 07, o)

Proof. The proof is directly from Lemma

B.6 and Lemma B.9. |

Definition 3.11 ([8]). A band is a ternary
semigroup where any element is an idem-
potent. A left zero band (resp. right) S is
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a band satisfying the equation x - x - y = x
(resp. y-x-x=x)forallx,y € S.

Proposition 3.12. E, is a left zero band.

Proof. Let 0f(x,5) and of(x, ) be in
E,,. Since s € W ({x1}), so
(O-f (x1,5) ©h Of(x1,s) ®h OFf (xl,l))(f)
a_f (x1,8) [SQ(f(xle S)’xl’ a-f (x1,s) [t])] =
a-f (x1,5) [f(xl, SQ(Sv X1, a-f (x1,8) [t]))]
S2(f(x1,5), X1, 0 f (xy.5) [S2 (5, %1,

Of (x5 [tD]) = f(x1,5). Since Ey, is
band and 07y (x;.5) Oh O (x1.5) Oh Tf (x1,1) =
Of (xr.s) TOr any oy x5, 0 () € Exys
hence Ey, is a left zero band. O

o

Lemma 3.13. The LT —class of the element
Of (x1,x1) 15 the set Ex; U Ey,.

Proof. Let e, f be any two idempotent
elements in a ternary semigroup 7. So
eLT fifand only ifeef = e and ffe = f
[See [2]]. If Ey, is a left zero band, then
TF (x1.x1) 18 LT —related to every elements
in E,,. By Proposition B.3, we have
O (xrx) is LT —related to E} = E,,.
Thus the LT —class of o' (x, x,) contains at
least E,, U E,,. Assume that o; € Hyp(2)
such that oy LT 0/ (1, x,). Then Lemma .3
tell us that r ¢ X, sot = f(u,v) for some
u,v € W(Q)(XQ). Since O_t-ETU'f(xl,xl)a
then there exist o, 04,0,,05 € Hyp(2)
such that o; = 0, o 04 °8 Tf(x,x1)
and Of (x1,x1) Or ©p Os Op Oy.
Since 07,07 (x,,x;) ¢ Xo, this forces
that p,q,r,s ¢ Xo. So we get p =
f(p1.p2).9 = f(q1,92) and s = f(s1,52)

where  p1,p2,q1,92,71,72, 51,52 €
W2 (X2). Then we have of(,,) =
Of(p1.p2) °h Of(q1.92) °h Of(x1,x1)

and  Of(qx) = Of(um) Ok
Of (s1,52) Oh Of (uv)- FIOM Opuy) =
Of(pi,p2) ©°h Of(qi,q2) °h Of(x1,x1)>
then, by Proposition B.7(i), we have

x2 ¢ var(f(u,v)). Since o (xx)

67

Tf (r1.r2) ©h OF (s1.52) ©h Of (u,v), W€ have

G () [S2(F (51, 52),
Tf (s1,50) (U], O (51,50) [VD)]

of (xl,X1)(f) =

= SQ(f(rlar2)7a-f(r1,r2) [S2(S17

(j-f (s1,52) [”] 5 a-f (s1,82) [V])] 5

6_]" (r1,7r2) [52(5‘2, 6_]" (s1,52) [”],

T f (s1.52) VDD

Suppose that wu,v  #
Tf (s1.52) [1]> Tf (s1.5) [u] # x1. Then
a-f (r1,72) [SQ(SI, a-f (s1,52) [”] > é-f (s51,52) [V])] s
Tf (rira) [S2(52, Tf (51,50 1],
Of(s1,2)[V])]  # x1, this implies that
S2(f(r1.72), GF (ryr0) [S2(51, O f (51,5) [1],
a-f (51,52) [V])], a-f (r1,r2) [S2(52, a-f (51,52) [Lt] ,
Of (s1,50) [VD)]) # f(x1,x1). This is a con-
tradiction, so u = x7 or v = Xx7. Since
xy & var(f(u,v)) andu = x; orv = xq,
theIIO'ZZO'f(u’V) € Ey UE,,. O

X1, SO

Corollary 3.14. The DT —class of the el-
ement O (x, x;) IS precisely the set Ey, U
Ex, UEy, UEy,.

Proof. Let oy € Hyp(2) where
DT O (3131 Then there exists
oy € Hyp(2) such that o;RT oy and
o5 LT o f (xy x1)- From o;RT oy, by
Lemma @, we get o, = 0 Or 0y = 0.
Since O'S.ETO'f(xl’xl), then, by Lemma
, we obtain that oy € E, U E_x2
If oy € E4,, then 0y € Ej, UE_x1 c
Ey UE,, UE, UE,,. If o5 € E,,, then
0y €Ex,UEy, CEy, UEy, UE,, UE,,.

For the opposite inclusion, assume
that oy € Ey, U Ey, UE, UE,. If
0y € Ex,UEy,, thenwe get oy LT 077 (1, x1)
by Lemma B.13. Since £T < DT, thus
DT f (xy.xy). If 01 € Ex, U Ey,, then
o; € Ex, UE,,. By Lemma again, we
have 0L 07f (x, .x,)- From Lemma .6, we
have o RT 07. S0 0 DT 0 (xy.x1)- m]
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