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ABSTRACT

In the present article, we prove some common fixed point theorems for two pairs of
weakly compatible mappings satisfying rational type contractive condition in the framework
of C*-algebra valued metric spaces. The proved results extend and generalize some of the

results in the literature.
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1. Introduction and Preliminaries
The Banach contraction principle [[I]
is a very useful and effective tool of fixed
point theory. The principle has numerous
applications in pure as well as in applied
sciences. For the last few decades, many re-
searchers have investigated several types of
mapping for the existence and uniqueness
of a fixed point. (For reference see [2-13]).
The principle is also useful for solving dif-
ferent kinds of equations such as integral,
differential, fraction and partial differential
equations (For reference see [[14-19]).
Recently, Ma et al. [20] have ex-

tended Banach contraction principle to C*-
algebra valued metric spaces by replacing
the set of real numbers with the set of all
positive members of unital C*-algebra. Af-
terward, many researcher have proved re-
sults in the framework of C*-algebra valued
metric spaces (For reference see [21-29)).
In the present manuscript, we prove
some common fixed point theorems for two
pairs of weakly compatible mappings satis-
fying rational type contractive condition in
the framework of C*-algebra valued metric
spaces. The proved results extend and gen-
eralize some of the results in the literature.
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For proving the results, we use some
notation and definitions given in [23,24].
A =x-algebra A is a complex algebra with lin-
ear involution * such that for all @, 8 € A.
(a,B)" = a*B* and ™ a. The pair
(A, *) is called a unital %-algebra if it con-
tains the unity element /4. If a unital -
algebra satisty ||a*|| = ||@]|, for all @ € A,
then A is called Banach =-algebra. A Ba-
nach C*-algebra satisfying [|a*a|| = ||o||?,
for all @ € A is called C*-algebra. If @ = a*
and o(a) =y € R : Bly — a is non-
invertible, « is called the positive element
of A. If @ € A is positive, we write it as
a > 0p. The partial ordering on A can be
defined as follows: @ > g if and only if
a—p > 04. Throughout the paper, by A, we
denote a unital C*- algebra with the unity el-
ement /4.

Definition 1.1 ([20]). Suppose X is a non-
empty set. The mappingd : X X X — Ais
called a C*-algebra valued metric on X if it
satisfies :

(i) d(p.q) = 04 and d(p,q) = 0y iff
pP=q;
(ii) d(p,q) =d(q,p);
(iii) d(p,r) <d(p,q)+d(q,r)

for all p,q,r € X. Then d is called a C*-
algebra metric on X and the triplet (X, A, d)
is called a C*-algebra valued metric space.

Definition 1.2 ([20]). A sequence {x,} in
(X, A, d) is said to be

(i) convergent with respect to A, if for
given € > 0, there exists a positive
integer k such that ||d(x,,x)| < €,
forall n > k;

(if) a Cauchy sequence with respect to A
if for any € > 0, there exists k € N

28

such that ||d(x,,x,,)|| < €, for all
n,m> k.

The triplet (X, A, d) is called a com-
plete C*-algebra valued metric space if ev-
ery Cauchy sequence with respect to A is
convergent.

Definition 1.3 ([28]). Let f and g be two
self-mappings of a metric space (X,d).
Then, the pair (f, g) is said to be weakly
compatible if they commute at coincidence
points.

Aamri and El Moutawakil [29] in-
troduced the concept of (E.A.) property in
metric space.

Definition 1.4 ([29]). Let f and g be two
self-mappings of a metric space (X,d).
Then, the pair (f, g) is said to satisfy E.A.
property if there exists a sequence {x,} in
X such that

lim fx, =

n—oo

lim gx, =t forsome te€ X.
n—ooo

The (E.A.) property allows to replace

the completeness requirement of the space
with a more natural condition of closeness
of the range.
Sintunavarat and Kumam introduced [30]
the concept of (CLR) property in which
there is no requirement of closeness of
space.

Definition 1.5 ([3(0]). Let f and g be two
self-mappings of a metric space (X,d).
Then, the pair (f,g) is said to satisfy
(CLRy ) property if there exists a sequence
{x,} € X such that

lim fx, = lim gx, = ft forsome ¢¢€ X.
n—00 n—00
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2. Main Results

2.1 Common fixed point theorem
Theorem 2.1. Let (X, A, d) be C*-algebra
valued metric space and A, B, f and g are
four self mapping on X satisfying the fol-
lowing conditions:

(i) A(X) < g(X) and B(X) < f(X),

(if) foreveryx,y € X, a € Awith ||a|| <
1)
d(Ax, By) <

a*| (d(fx, Ax)d(fx, By)
+ d(gy,By)d(gy,Ax))/

(1 +d(fx,By)+d(gy, Ax)))a/.

If one of f(X), g(X), A(X) and B(X) is a
complete subspace of X, the pairs (4, f) and
(B, g) have a coincidence point. Moreover,
if the pairs (A, f) and (B, g) are weakly com-
patible then the mapping A, B, f and g have
a unique common fixed point in X.

Proof. Let xo € X be an arbitrary point.
From (i), we can construct a sequence {y,, }
in X as follows: yon+1 = AXxop = gXont1
and yo,42 = BXou1 = fX2n42.

Define d,, = d(yn,yn+1). Suppose that
don, = 01ie. d(yon,yont1) = 0 for some
n. Then Axg, = gxon41 = Bxop-1 = fXon.
Thus A and f have coincidence point.
Hence the result. Now, suppose that
don, > 0 for all n € N. Then, put x = x9,
and y = x9,4+1 in condition (i7), we have

d(Axan, Bxops1) <

a*| (d(fxan, Axon)d(fX2n, BXons1) +
d(8xan+1, Bxons1)d(gxon41, Ax2n))/
(1+d(fxon, Bxons1) +d(gx2n41, szn)))a,

29

or

d(yan+1, yon+2) <

a*((d(an’ Y2n+1)d(Y2n, Yon+2) +
d(yan+1, Y2n+2)d(¥ans1, Yans1)) / (1 +
d(yon, yons2) + d(y2n+1, y2n+1)))6¥,

or

d(y2n+1, )’2n+2)

Ad(Y2n, y2n+1)d(Y2n, Yon+2)
1+d(y2n, yan+2)
@ d(yon, yon+1)Q.

IA

Thus, we have
dops1 = @*dopa.

On the same argument, we can con-
clude that do, =< a*(doy_1)a, dop_1 =
a@*(don—-2)a and so on. In general, we have

dy, < a*(d,_1)a forall neN,
1.e
dYn,yn+1) = (@)d(Yn-1,yn)
< (@)%d(yn-2,yn-1)a*
< (a")"d(yo,y1)a".

For any p € N and by using triangle in-
equality, we get

d(yn+p,yn) =< d()’n+p,yn+p—1)

+d(yn+p—1’yn+p—2)
+oo+d(Vns1, Yn)
n+p-1

< Z (a")"d(yo,y1)a™
m=n
n+p-1

<

S (g™ o
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n+p—1
2
< D 1B
m=n
n+p—-1
2
< B P
m=n
n+p-1
=<

1171 D (@™)?
m=n
— 0asn — oo,

where |B8]? = d(yo, y1) for some 8 € A,
and I, is the unity element in A. Hence,
{vn} is a Cauchy sequence since fX is
complete subspace of X. Therefore {y,}
is contained in fX and has a limit in fX,
say u. Letv € f~lu, then fv = u. Next,
we shall show that Av = u. Assume that,
Av # u. Substituting x = v and y = x,,_1 in
contractive condition (i), we get

d(Av,Bx,_1) <

a*((d(fv,Av)d(fv, Bxn_1)
+ d(gxn-1, Bxy_1)d(gxn-1,Av))/

(L+d(fv, Bxp-1) +d(gxn-1,Av)) |
or
d(Av,y,) <
a | (d(fv, Av)d(fv,yn)

+ d(Yn-1,Yn)d(Yn-1, AV))/

(L+d(fv,yn) +d(yn-1,Av)) |e.
Taking limit as n — oo on both sides, we get
d(Av,u) <

| (d(u, Av)d(u,u)

+ d(u,u)d(u, Av))/

30

(1+d(u,u)+d(u, Av)))a

Then, ||d(Av,u)|| 0; hence Av = u.
Thus, we have fv Av, where v
is the coincidence point of the pair(A, f).
Since AX C gX, Av = u, this implies that
u € gX. Letw € g~lu, then gw = u. Using
same argument as above, we can easily ver-
ify that Bw = gw = u, i.e., w is the coinci-
dence point of the pair (B, g). The same re-
sult can be verified assuming gX complete
instead of fX. Now, if B(X) is complete,
then by (i) u € B(X) € f(X). Similarly, if
A(X) is complete u € A(X) C g(X). Since
the pair (A, f) and (B, g) are weakly com-
patible, therefore

<
= u =

u=Av=fv=gw=Bw,

then

gu = gBw = Bgw = Bu,

fu = fAv=Afv=Au.
We claim that Bu = u. If possible, let
Bu # u.

d(u, Bu) = d(Av, Bu) <

o (d(fv, Av)d(fv, Bu)
+ d(gu, Bu)d(gu, Av))/
(1+d(fv, Bu) +d(gu, Av)) |
< 0.

Then, ||d(u, Bu)|| < 0; hence Bu = u. On
the same lines, we can show that Au = u.
Thus, we get Au = fu = gu = Bu = u.
Hence, u is a common fixed point of A, B, f
and g.

Next, to prove uniqueness let z be
another common fixed point different from
u.ie. z#uof A, B, f and g.
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d(z,u) = d(Az, Bu) <

" ((d(fz, Az)d(fz, Bu)

+ d(gu,Bu)d(gu,Az))/
(1+d(fz,Bu)+d(gu,Az)))a

< a*((d(z,z)d(z,u)

+ (u,u)d(u,z))/
(1+d(z,u)+d(u,z)))a'

< 0.

Then ||d(z,u)|| < 0; hence z = u. This
implies uniqueness. O

Corollary 2.2. Let (X, A, d) be C*-algebra
valued metric space and A and B are two
self mapping on X satisfying

ld(Ax, By)||
< lleli(lld@x, Ax)ll +lld(y, By)ll)

for any x,y € X, where « € A with
||| < 1. Then A and B have a unique
common fixed point in X.

Proof. Substituting f = g = Ix in Theorem
R.1, one can easily verify the result. O

2.2 Common fixed point theorem using
(E.A.) property

Theorem 2.3. Let (X, A, d) be C*-algebra
valued metric space and A, B, f and g are
four self mapping on X satisfying the fol-
lowing conditions:

(i) A(X) < g(X) and B(X) C f(X),

(i) foreveryx,y € X, @ € A with ||a|| <
1,
d(Ax, By) =

31

a” ((d(fx, Ax)d(fx,By)
+ d(gy,By)d(gy,Ax))/

(L+d(fx,By) +d(gy, Ax)) |a;

(iii) The pair (A,f) and (B,g) are weakly
compatible;

(iv) one of the pair (A,f) or (B,g) satisfy
E.A. property.

If the range of one of the mapping f(X) or
g(X) is a closed subspace of X, then the
mapping A, B, f and g have a unique com-
mon fixed point in X.

Proof. Firstly, we assume that the pair
(B, g) satisfies E.A. property. Then, by
Definition [l.4, there exists a sequence
{xn} in X such that lim, . B(x,) =
lim,, e g(x,) =t for some ¢ € X.

Further, B(X) ¢C f(X), there
exists a sequence {y,} in X such that
B(x,) = f(yn). Hence, lim, o f(yn) = 1.
We claim that lim,, . A(y,) = t. Let if
possible lim,, o A(x,) = t1 # t. Then,
putting x = y, and y = x,, in condition (if),
we have

d(Ay,, Bx,) <

+ d(gx,, Bx,)d(gxn, AYn))/

(1 +d(fyn, Bxp) + d(gxnaA)’n)))a’-

Taking norm and lim,_, on both sides, we
get

ld(t,0ll < el

((a’(l, t1)d(t, 1)

+ d(t,0)d(t,11)])/
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(L+d(t,1) +d(r, tl)))H

with ||| £ 1
< 0.

Then ||d(t1,t)|| = 0O; hence 1 tie.,
lim,, e A(y,) = lim, e B(x,) = t. Now,
we suppose that f(X) is closed subspace of
X and fu = t for some u € X. Subse-
quently, we get

lim A(y,) = lim B(x,) =
lim g(x,) = lim f(yn) =1 = fu.

We claim that Au = fu. Put x = u and
y = X5 in condition (i7), we have

d(Au, Bx,) <

a/*((d(fu, Au)d(fu, Bx,)
+ d(gx,, Bx,)d(gxn, A”))/

(1+d(fu, Bxy) + d(gxn, Au)))a.

Taking norm and lim, . on both sides,
we get

limn—wo ||d(AM’ t) ||

(d(r, Au)d(t,1)

)

< lim ||C¥||2(
+ d(t,1)d(t, Au))/

(L+d(r,1) +d(t, Au))

with ||a|| <1,

or
ld(Au, 0| < 0.

Then ||d(Au,t)|| = 0; hence Au =t = fu
i.e u is the coincidence point of the pair
(A, f).

Now the weak compatibility of the
pair (A, f) implies that Afu = fAu or
At = ft1.

32

Since A(X) C g(X), there exits v €
X such that Au = gv = fu = t. Now,
we prove that v is coincidence point of pair
(B,g),ieBv=gv=t.Putx=uandy=v
in condition (if), we get
d(Au, Bv) =

o (d(fu, Au)d(fu, Bv)
+ d(gv,Bv)d(gv,Au))/
(1+d(fu,Bv)+d(gv, Au)))oz.
Taking norm on both sides, we get
ld(2, Bv)|| <

|Iall2(

+ d(1,Bv)d(1,1))/

(d(z,1)d(t, Bv)

(L+d(1,Bv) +d(1,1))

)

Then ||d(Bv,t)|| = 0; hence Bv = t. Thus
Bv = gv =t and v is coincidence point of
Band g.

with
< 0.

lefl <1,

Further, the weak compatibility of
pair (B, g) implies that Bgv = gBv, or
Bt = gt. Therefore, ¢ is a common coin-
cidence point of A, B, f and g.

Now, we prove that 7 is a common
fixed point of A, B, f and g. Put x = u and
y = t in condition (i7), we get

d(Au, Bt) <
| (d(fu, Au)d(fu, Br)
+ d(gt,Bt)d(gt,Au))/

(1+d(fu, Bt) +d(gt, Au)))oz.
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Taking norm on both sides, we get

||a||2(

d(t, Br)d(t,1))/

|d(Bt,1)]|

IA

(d(,1)d(t, Br)

+

(1+d(t,Br) +d(1,1))

)

Then ||d(Bt,t)|| = 0; hence Bt = t. Thus,
At=Bt=ft=gt=t.

Similar arguments arise if we assume
that g(X) is closed subspace of X. Simi-
larly, the (E.A.) property of the pair (A4, f)
will give a similar result.

For uniqueness, let w be another
common fixed point of A,B,f and g. Then,
putx = wand y = ¢ in condition (i7), we get

with ||| <1,

< 0.

d(w,t) =d(Aw, Bt)

IA

a*((d(fw,Aw)d(fw,Bt)

d(gt, Bt)d(gt, Aw))/

+

(L+d(fw,Br)+d(gt, Aw)))a,

IA

a*((d(w’ w)d(w., 1) +d(t,1)d(t, w))/

(L+d(w,r)+d(t, w)))a
0.

Then ||d(w,1)]| < 0; hence d(w,t) = 01i.e
w = t. Hence t is a unique common fixed
point of A, B, f and g. O

=<

2.3 Common fixed point theorem using
(CLR) property

Theorem 2.4. Let (X, A, d) be C*-algebra
valued metric space and A, B, f and g are
four self mapping on X satisfying the fol-
lowing conditions:

33

(i) A(X) € g(X) and B(X) C f(X);
(i) for everyx,y € X
d(Ax, By) <
a/*((d(fx,Ax)d(fx,By)
+ d(gy,By)d(gy, Ax))/

(L+d(fx,By) +d(gy, Ax)) |a;

(iii) The pair (4, f) and (B, g) are weakly
compatible;

(iv) one of the pair satisfy (CLR) prop-
erty.
then the mapping A,B, f and g have a

unique common fixed point in X.

Proof. Firstly, we suppose that the pair
(B, g) satisfies (CLRp) property. By Defi-
nition [L.5 there exists a sequence {x,} in X
such that

lim B(x,) = lim g(x,) = Bx =1,
n—oo n—oo

for some x € X.

Since B(X) < f(X), we have
Bx = fu, for some u € X. We claim that
Au = fu = t(say). Putx =u and y = x,, in
condition (ii), we get

d(Au, Bx,) <

| (d(fu, Au)d(fu, Bx,)
+ d(gxn, Bx,)d(gxn, A”))/

(1+d(fu, Bx,) + d(gxn, Au)) |.

Taking norm and lim,_,. on both sides,
we get

lld(Au, Bx)||

|Iall2(

<

(d(Bx, Au)d(Bx, Bx)
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+ d(Bx, Bx)d(Bx, Au))/

(1 +d(Bx, Bx) + d(Bx, Au))

)

Then ||d(Au, Bx)|| = 0; hence Au = fu =
Bx =1t.

Since A(X) C g(X), there exists v €
X such that gv = Au = fu =1t.

Now, we prove that gv = By = ¢
i.e., v is the coincidence point of (B, g).
Put x = u and y = v in condition (ii), we get

with

< 0.

lell <1,

d(Au, Bv) <

a*((d(fu, Au)d(fu, Bv)
+ d(gv,Bv)d(gv,Au))/
(1+d(fu,Bv)+d(gv, Au)) |a.
Taking norm on both side, we get
d(Au, Bv)|| <

|Iall2(

+ d(gv,Bv)d(gv,Au))/

(d(fu, Au)d(fu, Bv)

(1+d(fu, Bv) +d(gv, Au))

)

with
< 0.

lefl <1,

Then ||d(¢, Bv)|| = 0; hence Bv = ti.e By =
gv =t and v is the coincidence point of B
and g.

Further, the weak compatibility of
pair (B, g) implies that Bgv = gBv or Bt =
gt. Therefore, ¢ is a common coincidence
point of A, B, f and g. Now, we prove that
t is common fixed point of A, B, f and g.
Putx = u and y = ¢ in condition (ii), we get

34

d(Au, Bt) <
o [ (d(fu, Au)d(fu, Br)
+ d(gt,Br)d(gt, Au))/
(1+d(fu, Bt) +d(gt, Au)))a.
Taking norm on both side, we get
ld(z, Br)|| <

||cv||2(

+ d(t,Br)d(1,1))/

(d(z,1)d(t, Br)

(1+d(t,Br) +d(1,1))

)

Then ||d(t, Bt)|| = 0; hence Bt = t. Thus
At = Bt = ft = gt = t. i.e t is common
fixed point of A, B, f and g.

For uniqueness, let w be another
common fixed point of A,B,f and g. Then,
putx = wand y = ¢ in condition (ii), we get

with
< 0.

el <1,

d(w,t) =d(Aw, Bt)

IA

a” ((d(fw, Aw)d(fw, Bt)
d(gt, Bt)d(gt, Aw))/

+

(1 +d(fw,Bt) +d(gt, Aw)))a,

IA

a/*((d(w, w)d(w, 1)
d(t,0)d(t,w))/
(L+d(w,t)+d(t, w)))a
0.

+

IA

Then ||d(w,1)|| < 0; hence d(w,t) = 01i.e
w = t. Hence ¢ is a unique common fixed
point of A, B, f and g. O
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Example 2.5. Let X = [0,1] and A = C.
Defined : X x X — A by

d(x,y) =|x -yl

Then, (X, A, d) is C*-algebra-valued met-
ric space.

Define four self maps A, B, f and g
on X by

X
Ax=x, Bx=-,
X=X x=3
gx=2x, fx=4xVxelX.

Clearly,
AX =[0,1] c [0,2] = gX,

BX = [0,% c [0,4] = fX.

Also, fX is a complete subspace of X and
the pair (A, f) and (B, g) are weakly com-
patible.

Y
x__

2
d(fx,Ax) = |4x — x|,

d(Ax, By) =

>

d(fx, By) = ‘4x— %’
d(gy’Ax) = |2y _xlv

y
and d(gy,By) = |2y - 5‘-
Observe that
d(Ax, By) <

a/*((d(fx, Ax)d(fx, By)

+ d(gy,By)d(gy, Ax))/
(L+d(fx,By)+d(gy, Ax)) |a
VY x,y € X with

llefl < 1.

Here, 0 is the unique common fixed point
of A, B, fand g.

Example 2.6. Let X = [0,2] and A = C.
Defined : X x X — A by

x|+ [yl
d(x’y):{o if x=y

ifx#y

Then, (X, A, d) is C*-algebra-valued met-
ric space.

Define four self maps A, B, f and g
on X by

A(x)={x %fxE[O,l]’
2 if x e (1,2]
B(x)={% %fxe[O,l],
1 if xe(1,2]
() = dx if x € [0,1]
EY =5 ifxe(1,2]

and
_J2x if x € [0,1]
f(x)_{:s if xe(1,2]

Following cases arises
Case (i): Letx,y € [0,1], clearly AX C
gXand BX C fX.

Now,
d(Ax,By) =x + %, d(fx,Ax) = 3x,
9
d(fx,By) =2x + % d(gy,By) = 7y

and d(gy,Ax) =x+4y.
Therefore,
a*((d(fx, Ax)d(fx, By)
+ d(gy, By)d(gy,Ax))/

(1+d(fx,By)+d(gy, Ax)) |a

_ a/*((3x(2x + g) + %y(x +4y))/
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(1 +3x + Q?y))a

||0/||2(12)C2 +12xy + 36y2)
6x +9y + 2

o[ 12x2 + 12xy + 362
”“”( Gx+0y+3 )

v

= el? 4x2 + 4xy + 12y2
2x+3y+1

= ||a||2(((2x+3y+ 1)2 + 3y?
- Bxy—-6y—-4x-1)/

(2x +3y + 1))

= ||a/||2((2x +3y+1)

3y2 —8xy—6y —4x -1
2x+3y+1

\Y

(x+ g) = d(Ax, By).
Thus,
d(Ax, By) <

o*( (d(fx, Ax)d(fx, By)

+ d(gy,By)d(gy, Ax))/
(1+d(fx, By) +d(gy, Ax)) |e
Vx,y e [0,1] with

el < 1.

Case (if): Letx,y € (1,2], clearly AX C
gXand BX C fX.
Now,

d(Ax,By) =3, d(fx, Ax) =5,

d(fx,By) =4,d(gy,By) =6
and d(gy,Ax)=T.

Therefore,

a*( (d(fx, Ax)d(fx, By)

36

+

d(gy,By)d(gy, Ax))/

(L+d(fx,By)+d(gy,Ax)) |a
*(62)
a| = |a

12

62
2 —_—
ol (12)

3 = d(Ax, By).

v

Thus,

d(Ax, By) <

a*((d(fx, Ax)d(fx, By)
+ d(gy, By)d(gy, Ax))/
(1+d(fx,By)+d(gy, Ax)) |a

Vx,y e (1,2] with ||a] < 1.
Also, fX is a complete subspace of X, the
pair (A, f) and (B, g) are weakly compati-
ble. Hence, by Theorem the mappings
A, B, f and g have a unique common fixed
point. Indeed, 0 is a common unique fixed
point.

Example 2.7. Let X = [0,2] and A = C.
Defined : XXX — Abyd(x,y) = |x—y|.
Then, we can easily show that (X, A, d) is
C*-algebra-valued metric space.

Define four self mappings A, B, f
and g on X by

A(x):{o %fxe[O,l],
1 if xe(1,2],

o if xefo,1],
B(x)_{é if xe(1,2],
(x) = 3x if x € [0,1],
EY =V ifxe(2),
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and

if x e [0,1],

X
fx) = {2 if xe(1,2].

Firstly, we show that the pair (A, f) is sat-
isfying (E.A.) property. Taking {x,} be a

sequence in X such that {x,} = \/n,jm)
Then,
lim Ax, = lim A (;) = lim (0) =
n—00 n—00 m n—oo
and
lim fx, = lim f(;)
w =\ Vs o

1
= lim|(——|=0.

"‘”"(VnQ + 2n) !

So, there exists a sequence {x,} in X such
that lim,,—,co Ax, = lim, e fx, =0 € X.
Hence, the pair (A, f) satisfy (E.A.) prop-
erty. Similarly, we can show that the pair
(B, g) satisfy (E.A.) property.

Following cases arise

Case(i) : Letx,y € [0,1], clearly AX C
gX and BX C fX.

Now,

d(Ax,By) =0, d(fx, Ax) = x,

d(fx,By) =x, d(gy, By) = 3y
and d(gy,Ax) = 3y.

Therefore,

a/*((d(fx,Ax)d(fx, By)
d(gy, By)d(gy, Ax))/
(1 +d(fx,By)+d(gy, Ax)))a

o (xx) + (3y * 3y)
a a
x+3y+1
2 9 2
||a||2(—x htd )

x+3y+1

+

0

37

> 0=d(Ax,By).

Thus,

d(Ax, By) <

a/*((d(fx, Ax)d(fx, By)

+ d(gy,By)d(gy, Ax))/
(L+d(fx,By)+d(gy,Ax)) |
Vx,y € [0,1] with

||| < 1.

Case (ii): Letx,y € (1,2], clearly AX C
gX and BX C fX.
Now,

1
d(Ax, By) = 3 d(fx,Ax) =1,

N~

3
d(fx,By) = 3 d(gy,By) =
and d(gy, Ax) = 3.

Therefore,

a” ((d(fx, Ax)d(fx, By)
d(gy,By)d(gy, Ax))/

(1+d(fx,By)+d(gy,Ax)))a/
o= |a

11

,(24
llal] (ﬁ)

1
> 5= d(Ax, By).

Thus,
d(Ax, By) <
a* | (d(fx, Ax)d(fx, By)

+ d(gy,By)d(gy,Ax))/

(1+d(fx,By)+d(gy, Ax)) |a
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Vx,y e (1,2] with || < 1.

Also, fX is a closed subspace of X, the
pair (A, f) and (B, g) are weakly compat-
ible. Hence, by Theorem P.3 the mappings
A, B, f and g have a unique common fixed
point. Indeed, 0 is a common unique fixed
point.

Example 2.8. Let X = [0,
Defined : X x X — A by

dey) - {|x| +1y]

2] and A = C.

if x#y
0 if x=y

Then, (X, A, d) is C*-algebra-valued met-
ric space.

Define four self maps A, B, f and g
on X by

A(x):{o %fxe[O,l]’
x if x € (1,2]
_[x ifxefo1]
B(x)_{g if xe(1,2]
(x) = 3x if x € [0,1]
B = Vax if xe(1,2]

and
[ax if x€[0,1]
f(x)_{7 if xe(1,2].

Firstly, we show that the pair (A, f) is sat-
isfying (CLR 4) property. Taking {x,} be a

sequence in X such that {x,,} = n?+—;n+3 .
Then,
i, e Axy = limy, e A (m)
= lim(0)=0
n—oo

and

. . 1
lim,, o0 fxn =lim, e f(m)

li —4 =0
= lim =
n—ooo\n2 4+ 2n+3

So, there exists a sequence {x,} in X such
that lim,,_,c Ax, = lim, e fx, = A(0) =
0 for 0 € X. Hence, the pair (A, f) sat-
isfy (CLR4) property. Similarly, we can
show that the pair (B, g) satisfty (CLRp)
property.

Following cases arise

Case(i) : Letx,y € [0,1], clearly AX C
gX and BX C fX.
Now,

d(Ax,By) =y, d(fx,Ax)=

d(fx,By) =4x+y,d(gy, By) =4y
and d(gy,Ax) =

Therefore,

o ((d(fx, Ax)d(fx, By)
+ d(gy, By)d(gy,Ax))/
(1+d(fx,By)+d(gy, Ax)))a/

_ By +4yGy))
1+4x+y+3y

lell? 16x2 + 4xy + 12y?
dx+4y+1

|
2(16x +4xy + 12y2 )
e

\%

el P\ — 2y +2

4x% + xy + 3y?
x+y+1

2
[lel]

||a/||2((x +y+1)7

(2y2+3x2—y—x—1)/

+
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(x+y+1))

IIGIIZ((X+y+1)

3x?2+2y2 —y—x-1
x+y+1
y = d(Ax, By).

|

\2

Thus,
d(Ax, By) <

o*((d(fx, Ax)d(fx, By)

+ d(gy,By)d(gy, Ax))/
(1+d(fx, By) +d(gy, Ax)) |a
Vx,y € [0,1] with

llefl < 1.

Case(ii) : Letx,y € (1,2], clearly AX C
gXand BX C fX.
Now,

d(Ax,By) =x+ g d(fx,Ax)=T+x

17 3
d(fx,By) = 7,d(gy,By) =2y+35
and d(gy,Ax) =2y +x.

Therefore,

a* ((d(fx, Ax)d(fx, By)
d(gy.By)d(gy, Ax))/

(1+d(fx,By) + d(gy,Ax)))a/
*((

a
||C¥||2(

+

%(7+x)) +(2y + %)(Qy +x)
17

)a

I+2y+x+ 5

17(7T+x) + (4y +3)(2y + x)
4y +2x +19 )

20x + 6y + 8y? + 4xy + 119)

12x — 18y + 8y? + 4xy + 43

||a||2(
|Iall2(4+

4y +2x+19
4y +2x +19

|

39

> x4+ g = d(Ax, By).

Thus,

d(Ax, By) <

a* | (d(fx, Ax)d(fx, By)
+ d(gy, By)d(gy, Ax))/
(1+d(fx,By)+d(gy,Ax)) a

Vx,ye(1,2] with [laf < 1.
The pair (A, f) and (B, g) are weakly com-
patible. Hence, by the Theorem P.4 the
mappings A, B, f and g have a unique com-
mon fixed point. Indeed, 0 is a common
unique fixed point.
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