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Abstract
This research proposed the iteration method for finding a common fixed point of an infinite
family of nonexpansive mappings and two inverse strongly accretive mappings in g-uniformly smooth
Banach spaces. Furthermore, our method can also solve a new general variational inequality system and
its strong convergence theorem is proved under some appropriate conditions. Our result improves and
extends the previous outcomes in the literature.
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1. Introduction
Throughout this research, let E be a
real Banach space. We recall that E is called:
o uniformly convex if for each € € (0,2] there
exists & > 0 such that for any x,y € U where
U={x€eE:llxll=1} then lx—yl>e,

122 )< 1 - 8 holds.

e smoothifforeach x,y € U, lim;_, w
exists.

o uniformly smooth if limrﬁ0¥ = 0, where

the modulus of smoothness of E is the
mapping p:[0,00) = [0,00) defined by

1
p@ =supGUx+yl+lx—yl)—1:
xYy€EEIlxI=11yl=r1}
o g-uniformly smooth if for each 1 <q <2
there exists ¢ > 0 such that modulus of
smoothness p(1) < ct9, VT > 0.

Let E* be a dual space of E. The
generalized duality mapping ], E — 28 g>1
is defined by

Jq@) ={f € E:(x, f) =l x 119,

I =0 1971,

forallx € E.
If g = 2, the mapping /g = J, =] is said to be
the normalized duality. For all x € E, the
properties of mapping ], are shown as follow:
() JqC) =l x 1972 Jo(x), x # 05
(ii) Jq (tx) = 71, (x), t = 0;
(iii) Jg (=x) = —Jq(x).
We know that the mapping Jq is single-valued if
E is smooth and can be written by Jq 1, 2).

Let Cc E be a nonempty closed
convex subset. A fixed point problem is to find a
set of fixed points of a mapping T: C — C denoted
by F(T) where F(T) = {x € C|Tx = x}.
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Let {T,,: C = C};~, be a sequence of
an infinite family of mappings such that
Ny_, F(Ty) # @. {T,} is said to satisfy the
AKTT-condition (3), if

Z sup | Thyiw — Thow < oo,

= wWEB
for all bounded subset B of C.
A mapping T:C — C is called nonexpansive if
for each x, y € C such that

ITx =Ty lI<llx—yl.

A mapping A: C — C is called Lipschitzian if for
each x,y € C, L > 0 such that

I Ax —Ay IS LlTx—yl.

A mapping A:C —> E is called B-strongly
accretive if for each x,y € C, § > 0 there exists
Jq(x —¥) € Jg(x — y) such that
(Ax — Ay, ja(x =) =B llx—y 9.
A mapping A: C — E is called S-inverse strongly
accretive, if for any x,y € C, f > 0 there exists
Jq (x—y)€e Jq (x — y) such that
(Ax — Ay, ja(x = y)) = B | Ax — Ay 114

A mapping Q: C = D, D c C is called sunny if

Q(Qx + t(x — Qx)) = Qx,
where Qx +t(x — Qx),x €C and t = 0. Q is
called retraction if Qx =x, Vx €D. If Q is a
retraction form C onto D then Q is called sunny
nonexpansive retraction form C onto D (4-6).

Nowadays, variational inequality is
one of the most attractive problems due to its
widely use applications in many disciplines such
as economics, engineering, medical sciences ,
operation research, structural analysis and many
others. Undoubtedly, the algorithms for solving
this problem have been studied and improved
continuously not only in theoretical way but also
in practical approach. Many authors endeavor to
reach their goals in real world applications, see
(7-16) and the related reference therein.

The famous classical variational
inequality problem in the framework of 2-
uniformly smooth Banach spaces was published
in 2006 by Aoyama et al. (17) which is to find a
point x* € C such that

(Ax,j(x —x*)) =0 (1.1)

for all x € C. In 2010, Yao et al. (18) generated
the system of variational inequalities in 2-
uniformly smooth Banach spaces for finding
(x*,y*) € Cx C satisfying the following
conditions:

(I =24)y* —x",j(x —x")) < 0,vx €C,
{((1 —oB)x*—y*,jlx—y"))<0,Vx € C.
(1.2)

Later, in 2013, Song and Ceng (19) generalized
the framework to a g-uniformly smooth Banach
spaces and solve the problem of finding
(x*,¥*) € C X C such that

(U= 24)y" —x", jo(x —x™)) < 0,Vx € C,
(U—0B)x* —y",ja(x —y")) < 0,vx € C.
(1.3)

Recently, in 2020, Wang and Pan (20) proposed
the general variational inequality system in a 2-
uniformly smooth Banach spaces:

(-2 [tx*+ (1 =)y ] —x%jx —x)) <0,
{ Vx € C,
(I—-0oB)x*—y",j(x—y"))<0,vx € C.

(1.4)

Due to its significance and the
motivation for solving the system of variational
inequalities (1.4), we extended their framework
to g-uniformly smooth Banach spaces and
therefore our mention variational system is
stated as follow:

(U= 2AB)[ex" + A = )y ] —x", jg(x = x)) <0,

Vx € C,
(U—0B)x" —y",jq(x —y")) < 0,Vx € C.
(1.5)

2. Preliminaries

In this section, we recall some well
known lemmas that will be used to support our
proof in the next part.
Lemma 2.1 (21) Let q > 1. Then the following

inequality holds:
-1 @
ba-1

1
ab <—af+
q

for arbitrary positive real numbers a, b.

Lemma 2.2 (22) Let C be a nonempty, closed
and convex subset of a real q-uniformly smooth
Banach space E, L,: C = E be a k-Lipschitzian
and n-strongly accretive operator with constants

1
K,n>0andlet0<,u<(%)ﬁ,T=u(n—

-1
cqud™ i

), then for t€ (0,min{1,3}), the
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mapping S: C = E defined by S: = (I — tul,) is
a contraction with a constant 1 — tt.

Lemma 2.3 (22) Let C be a nonempty, closed
and convex subset of a real q-uniformly smooth
Banach space E which admits weakly
sequentially continuous generalized duality
mapping jq from E into E*. Let T:C — C be a
nonexpansive mapping. Then, for all {x,} c C,
if xp, = x and x,, — Tx, = 0, then x = Tx.

Lemma 2.4 (19) Let C be a nonempty, closed
and convex subset of a real reflexive and q-
uniformly smooth Banach space E which admits
a weakly sequentially continuous generalized
duality mapping ], from E into E*. Let Q¢ be a
sunny nonexpansive retraction from E onto C,
V:C—>E a k-Lipschitzian and n-strongly
accretive operator with constants k, 1 > 0.
Suppose f:C — E is a L-Lipschitzian mapping
with  constant L>0 and T:C—->C a
nonexpansive mapping such that F(T) # @. Let
1
0<u< (LY and 0 < yL < T where
cqkd

cqui™ K
T=um— T)' Then {x.} defined by

X = Qcltyfxy + (I — tuV)Tx,] converges
strongly to some point x* € F(T) as t = 0,
which is the unique solution of the variational
inequality:

(yfx* —uVx®, Jo(p —x7)) < 0,Vp € F(T).

Lemma 2.5 (23) Let C be a closed convex subset
of a strictly convex Banach space E. Let Ty and
T, be two nonexpansive mappings from C into
itself with F(Ty)NF(T,) #@. Define a
mapping S by

Sx = ATyx + (1 — )Tx,Vx € C,
where A is a constant in (0,1). Then S is
nonexpansive and F(S) = F(Ty) N F(T,).

Lemma 2.6 (3) Suppose that {T,} satisfy the
AKTT-condition such that

(1) For each x € C,{T,,x} converge strongly to
some point in C.

(2) Let the mapping T: C — C defined by

Tx =lim, ,,T,x for all x€C. Then
lim,,oSupyep | Tw — Thw [I=0 for each
bounded subset B of C.

Lemma 2.7 (24) Let E be a real smooth and
uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing,

continuous and convex function g:[0,2r] - R
such that
g(0) =0and
gllx =y 1) <llx 17— 2¢x, Jy)+Il y I3,
forall x,y € B, where B, = {z € E: |l z I< r}.

Lemma 2.8 (25) Let E be a real g-uniformly
smooth Banach space, then there exists a
constant c¢q > 0 such that
x4y 19<l x 194 q{y, Jo () + ¢ 1y 119,
Vx,y € E.
In particular, if E is real 2-uniformly smooth
Banach space, then there exists a best smooth
constant K > 0 such that
Ihx+y 12<Ix 124+ 2(y, JG)) + 2K 1L y 1%,
Vx,y €E.

Lemma 2.9 (26) Let {a,} be a sequence of

nonnegative numbers satisfying the property:
ani1 < (1 —ay)ay, + b, + aycy,n €N,

where {a}, {b,,}, {c,} satisfy the restrictions:

(D) limy 0@y = 0,271 @y = o,

(2) by = 0,552, by < o0,

(3) limsup, ¢y, < 0.

Then, lim,,_,,a, = 0.

Lemma 2.10 (27) Let C be a closed convex
subset of a smooth Banach space E. Let C be a
nonempty subset of C. Let Q:C - C be a
retraction and let j, jq be the normalized duality
mapping and generalized duality mapping on E,
respectively. Then the following are equivalent:
(1) Q is sunny and nonexpansive;
@)1l Qx — Qy I2< (x — ¥,j(Qx — @),

Vx,y €EE;
() (x—Qx,j(y —Qx)) < O,VxEC,y EC;
(4)(x —Qx,j,(y —Qx)) < 0,vx e C,y € C.

Lemma 2.11 (19) Let C be a nonempty closed
convex subset of a real q-uniformly smooth
Banach space E. Let the mapping A:C — E bea
fa-inverse-strongly accretive operator. Then
the following inequality holds:
=2 x—U -2y 19<x—y |19

—A(qa — cgA771) Il Ax — Ay 119.

1
In particular, if 0 < 1 < (Z—a)qj, then I — AA is
q
nonexpansive.
Lemma 2.12 (20) Let E be a real Banach space.

Let @ = C C E be a closed convex subset and
AB:C—>E be two nonlinear mappings.
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Suppose that Q¢ is a sunny nonexpansive
retraction. For YA, >0 and t € [0,1], then
the following assertions are equivalent:

(a) (x*,¥™) € C x C is asolution of problem (1.4);
(b) Let W: C — C be a mapping defined by

W(x) = Qc( — AA)[tx + (1 — )Qc(I — 0B)x],

then let x* be the fixed point of W, thatis x* = Wx™.
where x* = Qc(I — AA)[tx* + (1 —t)y*] ,
¥y =Qc(I —oB)x"*. Assume that A,B:C - E
are a-inverse strongly accretive operator and 3-
inverse  strongly  operator, respectively.

If 0</1<27a,0<0<%, then ¥ is

nonexpansive.

Lemma 2.13 Let C be a nonempty closed convex
subset of a real q-uniformly smooth Banach
space E. Suppose Q¢ is a sunny nonexpansive
retraction from E onto C. Let the mapping
A,B:C > E are a-inverse strongly accretive
operator and B-inverse strongly operator,
respectively. Assume W:C — C is a mapping
defined by

Y(x) =Qc(I—AA)[tx + (1 —t)Qc(I — oB)x],

1

forallA,0 > 0andt € [0,1]. If0 < A < ((Z—O‘)qu
q

1
and0 <o < (Z—ﬁ)q-i, then W is nonexpansive.
q

Proof. For all x,y € C, by Lemma 2.11 and
Lemma 2.12, we have that

Y@ - I<lx—=yl.
Therefore W is nonexpansive.

Lemma 2.14 Let C be a nonempty closed convex
subset of a real q-uniformly smooth Banach
space E. Let Q¢ be the sunny nonexpansive
retraction from E onto C. Let A,B: C = E be two
nonlinear mappings. For given x*,y* € C,
(x*,y™) is a solution of problem (1.5) if and only if

x"=QcU —AA)[tx" + (1 - 0)y"]
where y* = Q¢(I — oB)x™, that is x™ = ¥(x™),
where ¥ is defined by Lemma 2.13.
Proof. From Lemma 2.10 and the definition of
the sunny nonexpansive retraction, we deduce
the problem (1.5) is equivalent to

{x* =Qc(I —24)[tx* + (1 — t)y~]

y*=Qc(I —0oB)x",

which is solution of the problem (1.5).

Lemma 2.15 (28) Assume {a,} is a sequence of
nonnegative real numbers such that

An1 < (1 —ap)a, + 6y, n=0

where {a,} is a sequence in (0,1) and {§,} is a
sequence in R such that

(1) X5z an =

(2) limsup,, .o j—: <00r Y%, |8,] < 0.

Then lim,,_,,a, = 0.

3. Main results

Theorem 3.1 Let E be a q-uniformly smooth and
uniformly convex Banach space and  # C C E
be a closed convex subset. Let j:E — E* be a
weakly sequentially continuous generalized
duality mapping and Q; be a sunny
nonexpansive retraction from E onto C. Suppose
that A: C - E is an a-inverse-strongly accretive,
B:C - E is a B-inverse-strongly accretive,
{T:C > CY2y is an infinite family of
nonexpansive mappings and ¥ is defined by
Lemma 2.13. Let Ly: C = E be a L-Lipschitzian,
L > 0and Ly: C - E be a k-Lipschitzian and -
strongly accretive, k,m > 0. Assume t € [0,1),

1

{an} {1} (0,1), 0<pu< (C%)Fi, 0<A<

1 1
), ¢g>0, 0<a<(‘i—ﬁf71 ,0<yL<t
q q
a-1,q
where T=un— %) and F:=

N2, F(T) NF(W¥) # 0.
Let {x,,} be the sequences defined by x, € C and

Zn = Qc(I — 0B)xp
n = Qc = AA)(txy + (1 — t)zy),
Xnt1 = QclanyLixy + Yuxn

+((1 - yn)l - anﬂLZ)Tnyn]v

3.1)

which corresponds to the conditions:

(CH lim,,pa, =0, Y=y @ = ; and
limy o0 |@n41 — ap| = 0;

(C) limyyeo|Vne1 — ¥l = 0,

0 < liminfy, ¥y, < limsup,ey, < 1.
Assume that {T,,};-, and the AKTT-condition
are satisfied. Let a mapping T: C — C be defined
by Tx = lim,,_, ., T,,x for all x € C and suppose
that F(T) =n;_; F(T,). Then {x,} converges
strongly to x* € F which also solves the
following variational inequality:

(YLix™ — ulyx*, jo(z —x*)) < 0,vz € F. (3.2)

Proof. First of all, we shall prove that {x,} is
bounded. Let x* € F, from Lemma 2.14, we
have

x"=Qc( —AA)[tx" + (1 - )y"]
and y* = Qc( —oB)x".

Prog Appl Sci Tech
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It follows from (3.1) that
Iy —x* I=1 W (x) — x* II<I % — x* 11.(3.3)

From (3.1) and (3.3), we have
I Xppq — 2l
=l Qc[anylen + YnXn
+((1 - yn)l - anﬂLZ)Tnyn] x|l
<l anyLix, + Ynxn
+((1 - yn)l - anﬂLZ)Tnyn x|l
=1 =yl — anply](Tryy — x™)
+an(yL1xn - HLZJC*) + Vn(xn - x*) ”
< (1 ~V¥Yn— anT) ” Tnyn —x* "
+a, | yLixy — plox™ | +y, I x, —x* |l
SA=vYp—ayr) lxp —x" |l +a,vL Il %, — x* |l
+a, | yLix™ — pLlox™ | +y, I xp, — x* |l
=[1-apn@—vL)]lx, —x" |

IlyLyx™—uLyx™|l
+a,(t — yL) /.
O 70 hr

Therefore by the mathematical induction, we can
conclude that foralln > 1,
[l yLix* — uL,x* II}
T—yL '
Hence, {x,} is bounded and also {y,}, {z,} are
bounded. Next, we will show that lim, e Il
Xps1 — Xp 1= 0. By (3.1) and Lemma 2.13, we
observe that
[ Yn+1 — Vn [
=l Q¢ — A4)(txp41 + (1 = 1) Zp41)
—Qc(I = AA)(txy + (1 —t)zy) |l
=1 QcU — 24)(txp4q + (1 = )Qc( — 0B)xn41)
—Qc(I = AA)(txn, + (1 = )Qc(I — 0B)xy) |l
=l W (xni1) = P(xn)
<N Xpyq — x5 I,
and

I — x* 1< max{u X —x

[ Tn+1yn+1 - Tnyn [

<l Tn+1yn+1 - Tn+1yn I +1 Tn+1yn - Tnyn [
<l Yn+1 — Vn I+l Tn+1yn - Tnyn I

<l xp41 = Xp I+l Trg1Vn — T Il (34)

Again, it follows from (3.1) and Lemma 2.13,
we have
” Xn+2 — Xn+1 ”
= Qcl@ns1VLliXns1 + Ynae1Xns1
+((1 = ¥+ — @ny1pL) Ty 1Yna1l
_QC [anylen + YnXn
+((1 - Vn)l - an,uLZ)Tnyn] Il
< Apyr¥ [ len+1 - len [ +tVn+1 I Xn+1 — Xn [
1 [(1 = VoI = @pgq L]
X (Tustpy = Twy,) I Hlanss = anly I Lyx,, |
+|an+1 - anlﬂ [ LZTnyn I
+|Vn+1 - ynl [ Tnyn — Xn [

< an+1yL [ Xn+1 — Xn I +TVn+1 [ Xn+1 — Xn [
+[(1 - yn+1)l - an+1‘[][" Xn+1 — Xn I
+Il Tn+1yn - Tnyn "]
+|an+1 - anl[y [ len [ +u I LZTnyn ”]
+|Vn+1 - ynl [ Tnyn — Xn [

< [1 - an+1(T - }/L)] I Xn+1 — Xn [
+lI Tn+1yn - Tnyn I

+(|an+1 - anl + |}/n+1 - ynl)Mli (35)
where
My = supps1{y Il Lyxp I+l LyToym |,
" Tnyn —Xn "}
< 0o,

Since {T;,};=, satisfies the AKTT-condition, we
have

Z;‘f:l I Tn+1yn - Tnyn [

<Xi=1 sup N Tpyry — Ty 1< 0.(3.6)
YE{yn}

Form the condition (C1), (C2), (3.5), (3.6) and
Lemma 2.9, we can verify that

lim 1l %41 = % 1= 0. 3.7)

Later, we prove that lim,, ,, Il x,, — Yx, I= 0
and lim, o, | Tx, — x,, 1= 0.

It follows from (3.1), Lemma 2.8 and Lemma
2.11, we have

Il zp =y~ 119
=l Q¢ — 0B)xp — Qc(I — oB)x™ |1
<II(I=0B)x, — (I —0oB)x* |l9
<l x, —x* 19— o (qp — cqaq‘l)
Il Bx, — Bx* 119. (3.8)

Form equation (3.1) and (3.8), we get

Iy —x 119

=l Qc(I — A4)(txn + (1 — )zy)
—Qc(I-24)(tx*+ (1 —-0)y") 119

< —=24)(tx, + (1 —t)z,)
—(I-2A)x*+ (A —-t)yH) 119

<N (tx, + (1 —8)zy) — (tx*+ (1 —)y*) 119
—qira | A(tx, + (1 —t)z,)
—A(tx*+ (1 —t)y) I
+cg AT I A(tx, + (1 —t)zy,)
—A(tx*+ (1 —t)y") II9

Stllx,—x" 19+ @A =[x, —x* 11
—0(qB — cqo™") Il Bxy — Bx™ 11]
—Aqa — cgA7 ) I A(tx, + (1 — t)zy,)
—A(tx*+ (1 —t)y) II9
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=l x, —x* 19— (1 — )o(gB — cqo07)
X|| Bx, — Bx* |1
—A(qa — cgA7 ) I A(tx, + (1 — t)zy,)
—A(tx* + (1 = t)y*) II9.
Moreover, we know that
I xpgq — 2™ 119
=l QC[anylen + YnXn
+((1 - Vn)l - an,uLZ)Tnyn] —x" 117
SH v —x9) + (1 = v) (T — x7)
+an(VL1xn - .uLZTnyn) ”q
SHynCon —x7) + (1 = v) (Tyn — x7) 114
+q(an (ylen - ﬂLZTnyn)r
jq(yn(xn - X*) + (1 - yn)(Tnyn - x*)»
+Cq [ an(ylen - .uLZTnyn) e
< Yn I Xn — x* "q+ (1 - Vn) I Tnyn —x* ”q
+qan I ylen - /-lLZTnyn I
XNy Gen = x*) + (1 = ¥) Ty — x7) (K
+angz I ylen - ﬂLZTnyn 14
< Yn I Xn — x* "q+ (1 - Vn) [ Yn — x* "q+ anMZ
<l xp, —x* 119
~(1 =) =)o (gB — cqo™)
X|l Bx, — Bx™ ||4
_(1 - ‘yn)/‘{(qa - Cqﬂ-q_l) Il A(txn + (1 - t)zn)
—A(tx* + (A =t)y") 19+ a,M,,
where
M, = ilir;{q I yLyxy — 1L Toyn |
Xl yn(xn - X*) + (1 - yn)(Tnyn - X*) "q—l
+eqan I yLyxy — Ly Toyn 17} < co.
By the fact that a” —b" <ra""'(a-—b),
Vr =1, we get
(1 -y —t)o(qB — cqo97) Il Bx, — Bx™ 9
+(1 - y)A(qa — cq/lq_l) Il ACtx, + (1 — t)zy,)
—A(tx* + (1 —t)y*) 114
=q I Xn — x* ”q—1" 1xn ~ Xn+1 [ +an§42-

since 0 <2< (i1, 0 <o < Ly, 3.7)
q q

and by the conditions (C1) and (C2), we
conclude that

lim || Bx, — Bx* l= 0 (3.9)
n—-oo
and

rllgr()lo Il ACtx, + (1 — t)z,)
—A(tx* + (1 =)y 1= 0. (3.10)

Setting 7, = supps{ll xp, —x* I, z, —y* I},
it follows from Lemma 2.7 and Lemma 2.10, we
have

Il z, —y* I
=Il Q¢c(xn — 0Bxp) — Qc(x* — oBx™) II?
< ((xq —0Bxp) — (x" — 0Bx"),j(zn — ¥7))
=((xp —x") + 0(Bx™ — Bxy),j(z20n —¥"))
={xp —x%j(Zn —y")

I-G(Bx* — Bxp, j(zn —y"))
< E[" X — x* N2 +ll 2 —y* 112

—g1(Il e —x) = (2 — ¥7) D]

+o | Bx*—Bx, ll z, —y™ I
Then,
Iz, —y* 112
<l xp —x* 12— g1 (Il (xn — %) — (Zn — ¥ 1)

+20 |l Bx* — Bxp Ml z, — y* I, (3.11)
Furthermore, setting

7 = suppe1{ll xp —x" I 1y —x™ 11}
and
73 = suPps {ll Y — X 1 2 — y* I,

we compute
Iy —x* 112
=l Qc(I — 2A)(tx, + (1 — t)zy,)

—Qc(I — 2A)(tx* + (1 — )y II?
<(U-24)(tx, + (1 —t)z,)

t—(l —A8)(tx"+ (1 =)y, jO —x7))
<5 llhxn —x" 1%+ y, — x* 112

—qz_gll Xn — Yn D]
+— [ zn = y* 12+l — X" 112
=931 (Zn = ¥") = O —x") D]
+A 1A + (1 —t)y")
—A(tx, + (1 =)z My —x* 1,
where g,:[0,2r,) = [0,00) and g5:[0,213) —
[0,00) are continuous, strictly increasing and
convex functions. Since 0 <t <1 and from
(3.11), so
Iy — x* 117
Stlx,—x 1P+ A=)z, —y II?
—tgz(” Xn — Yn ")
—1-0g:(1 Za =y ) = —x) 1)
240 A(tx* + (1 —t)y*)
—A(tx, + (1 —=t)zy) Il y — x|l
<l xy —x* 12— tgo(l x — y 1)
—1 =893 @z =y) = O —x9) D)
—1 =gl e —x") = (2 =¥y D)
+20(1—1t) Il Bx* = Bx, l z, — y™ |l
+2A 1 A(tx* + (1 —t)y*)
—A(tx, + (1 —=8)zy) Il yp —x™ Il
Consider,
Il xpq — x* 112
=l QC[anylen + YnXn
+((1 - yn)l - anﬂLZ)Tnyn] —x* "2
S" yn(xn - X*) + (1 - yn)(Tnyn - X*)
+an(yL1xn - /-lLZTnyn) "2
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SH v —x9) + (1 = v) (T — x7) 12
+2an(yL1xn - ,uLZTnyn'j(yn(xn - x*)
+(1 - yn)(Tnyn - X*)
+an(yL1xn - ﬂLZTnyn)»

<V I Xn — x* "2+ (1 _yn) Il Yn — x* "2+ C17111/13

<Il x, — x* II?

—A=y)tg(l xp =y )

1 -r)A =gzl Z=y) = Gn—x) 1D

_(1 - yn)(l - t)gl(" (xn - X*) - (Zn - y*) ")

+20(1—-v)A—=t) | Bx* = Bx, Il z, =y~ |l

+2A(1 — ) 1 A(tx* + (1 — t)y*)

—A(tx, + (1 = t)zp) Il y — x* ] + M3,
where

M; = igg{Z(ylen = UL Ty, ] (¥n (X0 — p)

+(1 - yn)(Tnyn - P)
+an(VL1xn - .uLZTnyn)))} < 0.
It follows that
A -y)A =gl Oy —x) = (Za —¥) D
+(1 = y)tg(l xp — v 1D
A -r)A-DgUl Z =y) = O —x) D
<l —x* 112 =1l xpqq — x* 112
+20(1—v)A—=t) | Bx* = Bx, llll z, =y~ |l
+22(1 —yp) 1 A(tx™ + (1 — £)y*)
—A(tx, + (1= t)zy) Ml Yy — x* II] + @y M3
SN = Xpr I 2y — X I+ X — X7 1)
+20(1—v)A—=t) | Bx* = Bx, llll z, =y~ Il
+22(1 = y) N AGx" + (1 - D)y")
—A(tx, + (1 =)z, Ml vy, — x* ] + a,Ms.
It follows from (3.7), (3.9), (3.10), condition
(€1), (€2) and the properties of g, we conclude
that

lm | (o = %) = (za—y) I1=0,  (3.12)
7112{)10 Iy, =y, I=0 (3.13)
and

lm | (2, =) = On =) I=0.  (3.14)
So,

Il %, — Woxn 1=l x5, — ¥ 1= 0

as n — oo, (315)
Observe that

[ Tnyn — Xn I

<N xp41 — X I+l Xpyq — Tnyn [

=l xpy1 — xp I+l QclanyLixn + Yaxp
+((1 - Vn)l - an,uLZ)Tnyn] - Tnyn I

SN xn41 — 20 |+ [anyLixy + Yoy
+((1 - Vn)l - an,uLZ)Tnyn] - Tnyn I

=l Xp41 — Xp |l
+li an(ylen - ﬂLZTnyn) + Vn(xn - TnYn) I
<N x4 —xn I +an 1 YLixy — LTy |l
+yn Il X — Ty I,
which implies that

I Tnyn — X I 1—y (” Xnt1 — Xp |l

—/n

i | YLy = ULy Ty ). (3.16)
Applied condition (C1), (€2) and (3.7) in (3.16),
we get

7111_1& I Ty — x5 II= 0. (3.17)
Thus, we have

[ Tnyn —Wn I

=1 Tyn — 2 Il +ll X =y 1= 0
as n- oo, (3.18)

Therefore,

I Ty — xp Il

<Il Tnxn - Tnyn [+l Tnyn ~Yn [+l Yn — Xn I

<20y =2, 1l Hl Ty — ¥ 1= 0
as n— oo, (3.19)

By Lemma 2.6, we have

limsup | Tx, — Tyx, I< lim sup | Tx — Tx |l
n-oo n—)ooxe{xn}

=0. (3.20)
Thus,

Il Txp — xp W<I Txy, — Ty | +1 Ty — x5 |l
-0 as n-o oo, (3.21)

Now, we show that x* € F:=n2; F(T;) N
F(W).Leté € (0,1) beaconstantand U: C - C
be defined by Ux = 6Tx + (1 — §)Wx, where ¥
is defined by Lemma 2.13. By Lemma 2.5 and
Lemma 2.13, we conclude that U is a
nonexpansive and
FU) = F(T) N F(¥) =n2, F(T;) N F(Y).

Setting x; = Qc[tyLix; + (I — tul,)Ux,], by
Lemma 2.4, we get {x;} converges strongly to
the unique solution of the variational inequality
(3.2), thatis x* € F(U). Consider,

© 2022 Faculty of Science and Technology, RMUTT
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o, — Uy |l

<08 — Tan) + (1 = 6) (e — W) |l
SSNxpy —Txp 1 +(1=08) I xp — Wy |l
=6y, —Txp, 1+ —=8) ll x5 — Y .
From (3.13) and (3.21), we have
Ix,=Uxy, >0 as n-— oo, (3.22)
Next, we need to show

limsupn—»w(VLIX* - ,uLZX*'jq(yn - X*)) <0,
where x* is the solution of the variational
inequality (3.2).

It follows from (3.22) and Lemma 2.5 that z €
F(U). Since the Banach space E has a weakly
sequentially continuous generalized duality
mapping j,: E - E* and x,,, — z, we obtain that

limsupy oo (YL x™ — /-lLZX*qu (xn —x7))
= %m(ylllxyf - ,uLZX*'jq(xnk —x7))

= (yLix" — ul,x*, ja(z — x*)) < 0. (3.23)
Finally, we prove that
Ix,=x*lI-0 as n— oo.

Setting u, = apyLixy + Vuxn + (1 =yl —

anpLy)Tyxp4q, V0 = 0, it follows from Lemma

2.1, Lemma 2.2 and Lemma 2.10 that

Il xpyq — 2 119

< (un - X*'jq(xn+1 - X*))

=< (1 ~Yn— anT) | Toyn — x 1 Xn+1 — x* "q—l
¥ 2 — x* Nl Xy — x™ 11972
+an(VL1xn - VLIX*'jq(erl - X*))
+an(yL1X* - ﬂLZX*vjq (xn+1 - x*))

S[1=an(r—yL)] I xp = " I Xpgq — X 11977
+an(yL1X* - ﬂLZX*vjq (xn+1 - x*))

1
<1 = an(@ =YD N =27 1
1l e — 27 1]

+an(yL1X* - ﬂLZX*vjq (xn+1 - x*)),
therefore

I Xpeq —x* 119
< 1- an(T - }/L)
T 1+(q—Dan(r—yL)

qan * *
Tt Danayn V¥~ HLX

jq(xn+1 - x*))
S —an(m—yD] Il x, —x" 114

qan * *
Tt Danayn V¥~ HLX

jq(xn+1 - x*))

Ilx, —x* 119

(3.24)

Now, from (C1), (3.23) and applying Lemma
2.15 to (3.24), we can verify that || x, —x™ [|—
0, that is x,, = x* as n = oco. This completes the
proof.

Corollary 3.2 Let E be a 2-uniformly smooth
and uniformly convex Banach space and @ #
C C E be a closed convex subset. Let j: E — E*
be a weakly sequentially continuous generalized
duality mapping with the best smooth constant
K and Q¢ be a sunny nonexpansive retraction
from E onto C. Suppose that A:C — E is an a-
inverse-strongly accretive, B:C - E is a -
inverse-strongly accretive, T:C—>C is a
nonexpansive mappings and ¥ is defined by
Lemma 2.13. Let L1: C — E be a L-Lipschitzian,
L= 0andL,:C — E be a k-Lipschitzian and n-

strongly accretive, K,n > 0. Assume
{an} {vn} Cr[ (0,1), "
0<u<5=, 0<A<-7,
B
0<6<F’ 0<yL<t where tT=un-—

K?uk?) and F:=F(T)NF(W) # @. Let {x,}
be the sequences defined by x, € C and

Zn = Qc(I — 0B)xp

n = Qc = AA)(txy + (1 — t)zy),
Xnt1 = QclanyLixy + Yuxn

+((1 - Vn)l - an/-lLZ)Tyn]'

(3.25)

which corresponds to the conditions:

(CH limp,ea, =0, Xo; a,=o0; and

limy o0 |@n41 — an| = 0;

(C2) limpyo0lVne1 —¥nl =0,

0 < liminfy, ¥y, < limsup,ey, < 1.

Then {x,} converges strongly to x* € F which

also solves the following variational inequality:
(YLix™ —uL,x*, J(z—x")) < 0,Vz€F.
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