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ABSTRACT

In our present work, we are proving some generalized weakly contractive
mappings results in G,-metric space. These outcomes extend, unify and develop the

available results in literature. We also provide some corollaries and example to show

the novelty and usefulness of outcomes.
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1. Introduction

The Banach’s contraction principle,
famous result of fixed point theory was
developed in 1922. Since then, it has turn
out to be a very accepted and a crucial way
in solving existence problems because of its
simplicity, convenience. Combining the idea
of b-metric space and G- metric space
Aghajani et al. [1] has initialized the notion
of G,-metric space. Afterward, a number of
fascinating consequences in the framework
of G,-metric spaces have been reported [3,

2-5]. Definition of weakly contractive

mappings in Hilbert Spaces, firstly given by
Alber and Guerre-Delabriere [6]. They
established various results of existence of
fixed points in it. Rhoades [7] generalized
this thought to Banach spaces. Dutta and
Choudhury [8] developed (y/,¢)—weakly

contractive mappings in complete metric
spaces. Since then a number of weakly
contractive maps have been considered [7,
9-14]. We are proving some results of
weakly contractive mappings in G,-metric

space.
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2. Preliminaries
Definition 2.1 ([1]). In a non void set
with s>1,

r
suppose that a mapping

G,:rxYrxY —>R" satisfies the next
conditions for every @,y,uecl:

(Gbl) G, (@,y,u)=0if @=y=p,

(Gb2) 0<G, (w,}/,y) with @ # 7,

(Gb3) Gb (ZU,ZU',,U) < Gb (wayaﬂ)

with py#y,

(Gb4) G, (@7, 1) =G, (Pl@.y.u})

where P is a  permutation of
@,y uclt.

(Gb5)

G, (@,y, 1)< S{G,, (@,xx)G, (x,;/,,u)}.

The pair (X,G,) is known to be G,-metric
space.

Remark. For s=1, G,-metric space
coincide with G- metric space.

Example 2.2 ([1]). let Y=%R and
G- metric be

G, (w yolt)= ( ) @y, 1ueR.

G,(@.7.1)=G, (@7, 1)’

is a G,-metric space having s=2, butnot
R.  Take

S =71+l =+ Ju— o)

a G-metric space in

w=3,y=5u="7 and ng, we get

G. (39597):69_4’G* (3 Z’ZJ:é,

s G*
2°2

7

—,5,7).

Definition 2.3 ([9]). A G,-metric is known

to be symmetric if

126

G,(@,7,7)<G,(r.@,@), for

@,y nel.
Proposition 2.4 ([1]). In a G, - metric space,

every

following properties hold:

(D If G, (w,}/,y) =0, then =y =y,

(2) G,(@.7.,u)<5{G,(w.@.7)G,(.o.1)},
(3) G,(@,7.7)<25G,(y,0.@),

@) G, (@.7.1)<5{G, (@.x,11) G, (x.7. 1)}.

Definition 2.5 ([1]). A sequence {wi} is

said to be:
(1) G,-Cauchy if for every &>0, there

always be a positive integer i,, such that for
all i,j>i,,G, (w[,wj,wj)< E.

(2) G,-convergent to ke if for every
&> 0, there always be a positive integer i,
that
i,j2i,.G,(@,@,.x)<e.

such for every

Lemma 2.6 ([S]). Let ¥ be a G,-metric
space. Assume that {@,}— k. Then, we

have
%G,) (,7,7) <liminf G, (@,,7.7)
<limsupG, (,.7.7)
<G,(x.7.7)-

In particular, if @ =y, then we have

limG, (w[,)/,y):O. Throughout the paper

we will denote ¥ as the collection of
decreasing and continuous mappings from

[0,00) & [0,0) and such that li’j(y) =0 if
and only if y=0. And @ as the collection
of continuous functions from
[0,00) —[0,00) and such that @(y)=0 if
and only if y =0.

Definition
3: YV —>Y

2.7  ((12])). A mapping
is known to be a weakly
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contractive on metric space (Y ,d ), if there
always be y,¢ €% such that

v(d(3@,37)) <y (d(@.7))-¢(d(@.7)),

where  w,9:[0,00) >[0,00) are non

decreasing and continuous mappings such
that y/(y) =0 ifand only if y=0.

3. Results and Discussion
Theorem 3.1. In a complete G,-metric

space (Y,Gb) with s>1, let I be
(a,‘P,cD) generalized weakly contractive

self map on Y and there are
ac (0,1),1// e¥ and ¢ € @ such that:

v (4s'G, (3@, 37.3u))
<y (A (@.7.1))- (A (m.,7.1)),

where

3.1)

A (@.7.)=max | Os

for every @,y,p£ €Y. Then, 3 has a unique
fixed point.

Proof. Let @, ) be an initial point and
{@,} be a sequence in Y such that
@,,, = 3w, Then, @, is fixed point and we
get the result. Now, assume that @, # @, ,

v (G, (=, szl,zUH,))S(//(Zs“Gb(Swi Swi,Swi))
Sl//(“4a (wi—]’wi’mi))_¢(“4 (ZU, 1,0, 0; )),

(3.2)
where

Ao, ,o,.0,)
b(wl ]’wl’w—)
G, (@ .30, ,3a,,),
G, (w,3w,3,),
=max Gb( z+1"§w¢+1a‘5w,+1)

aG, (\Swifl,\swi,\swi)+
2 (1-a)G, (3w, ,,o,,)
G,(3w,,0,0,)G,(3w,,0,_,,0,,)

Gh (wi—ﬂwi’wi)’ }

=max ~ - .
Gh (wi’ ST ST )v

If G,(@,.@,.,@,,) is maximum, then,

i+1°

¢(G (w le’le)) 0
contrary to our assumption.
So,

l//(G (m wlﬂ,w”l))«//(G (wl 1@, @, ))

and o, =@

i+1°

V(G (@.0,.0,)) & a
decreasing sequence of positive real
numbers and there always be a p>0 such
that

Hence,

imG, (w,,@,,,@,,)=p. (3.3)

i—0 AL
Using Eq. (3.3) in Eq. (3.2),
l//(p)Sz//(p)—qﬁ(p), and this means that
¢(p)=0. Hence, p=0 and
limG, (@,,@,,,@,,)=0. (3.4)

i+1°
i—0

Again from Eq. (3.1)

V/(G (w1+|’w ZU ))

gz//(4s Gb(Swi,Swimswf—l))

Sl//(./4 (W @, ,,0;_ )) ¢(,40(ZD' Din @i ))

(3.5)
where
G, (@, ,0,,)
A (@,,@, ,,@,,)=max I

2s?
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a
2s?

If G,(w,,,@,,,) is maximum, then

i+1°

Eq. (3.5) will be approached to
G, (@ = G, (@

wf,wi)s ¥

i+l i+l’wi’wi)’

a contradiction to our assumption.
Therefore,

V/(Gb (wi+1’wi7wi )) < W(Gb (wﬂwi—l’wi—l ))7
(3.6)

and by the same steps used in Eq. (3.6) and
Eq. (3.4), we can show that

limG, (@,,,@,,@,)=0. (3.7)

i+1°

Assume that {@,} is not a G,-Cauchy

sequence. Then there will be £>0 and
monotone increasing sequences of real

numbers i(K),j(K') eN with
i(x)> j(x)>x, such that
G, (w_/(,() T2 T i) ) =
and
G, (wj(,(),wi(,c)fl,wi(,c)fl ) <e. (3.8)

Using Eq. (3.2), Eq. (3.5) and Eq. (3.8)
w(4s'e) <y (4S4Gb (wj(K) T D ))
< ‘//(4 (w(,-(,()th(,c)-l T ()1 )) -

44

where

(w i(%) D)1 D)1

A

a

(ﬁ’;fm @it i) )

128

=max

taking limit x — oo,

A (wj(rc)’w-i(ic)—l W)

a )
G, (wj(l()—l 2T i)-10
= max

9

D)1 )»
a

FG}’ (wj(,()’wi(l()’wi(’())

;?Gb (wj(,(),wi(l(),wi(,()) 1S maximum,

then

if

‘//(4S4Gb (wf(ff)’wi('f)’wi(") ))

a
=V (F A L T )j
this gives rise to 8s°<a, which is not
possible as a €(0,1) and s>1. So

4
'/’(4S G, (wjo«)’wi(fcwwi(f«) ))
< ‘//(Gb (Wj(K)-vwi(K)-v
< ‘//(S{Gb (wj(lc)—l’wi(rc)’

)

taking x — oo, in Eq. (3.9), we get

G, (wi(K) T i) -1> T (1)1
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4s’e
a
hence {za',.} is a G,-Cauchy sequence in 1"

<¢ and 4s’ <g, again not possible,

Completeness property of (Y' , Gb), enable
us to find a sequence which is G,
convergent to a point x € 1.

Assume that 3x # xk and from lemma 2.6,

we have

lG (3x,x,5)<4s* liminf G, (3x, 3w, 3@, ).
S i—©

This implies that

45*

—G,(3x,k,x)<liminf G, (3x,3@,,I@,)
S 11—

< z//(4s4 limsupG, (SK,Sw[,Swi))
< y/(l_imsupAa (szi’wi))_

#(limsup 4, (.77,

where
A (k7,.5)
G, (x.@,.@,),
G, (x,3x,3x),
Gb( @,3w,,3@,),
(@,,3w,,3w,),
— max (3x,3@,3a,),+|[’
1 |- a)G (3x.,o,,0,)
2s’ Gb(“sw,,zvl,w
Gb(SZU ch
,SK, K‘
= max .
;[?Gb(SK,K,K)
If %Gh (SK, K,K) is maximum, then

S

129

v (45°G, (Sr.x,x)) < W(;‘?Gb (S, K,K)],

4s°G, (3K, Kk,K) < za?Gb (3x,K,K),

this shows that 8s° <«, contradiction to

our assumption.
Hence

1//(4s3Gb(SK,K,K))
< y/(Gb (K,SK,SK))—(,})(Gb (K,SK,SK))

<l//(Gb (K,SK,JK)).

If 3x # K, then

4s3Gb (SK,K,K) <G, (K,SK,SK)
<2sGh(SK,K,K),

this shows that 2s° <1,
hence 3x =x.

a contradiction,

Uniqueness: If possible there is another
point x, such that Jx, =«,.

(4S3Gh (x5, )) = z//(4s3Gb (3x
<y (A, (w1)) = (A (.50,

~

~
, 3K, 3K, ))

where
A, (10, 5)

G, (K,K‘I,KI)Gb (K,SK,SK),
=maxq G, (Kl,SKI,SKI)Gb (KI,\SKI,\SKI),

aG, 3k, 3k, 3K+
—| 1-a)G, (3K, x,,Kx,)

ART WA CARTNNY
G, (k. K,.k,),

therefore
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1//(4s4Gb (x, KI,K‘I)) <y (G, (x.x.%,)),
and we have 4s* <1, a contradiction, hence
G, (x,k,k)=0 and Kk =x,.

Example 3.2.
Y:{o,%} take G,: ' x)V'x) —> R by

1
G,(@.7. 1) =§(|w o +ly—u +|u—a).

Then (Y,G,) is a complete G,-metric

space with s =2.
We take

é, if @ e[O,l]

3]
0,00) > [0.0) by w(»)=y and

=% for every y>0.

1 .
g__ if we

9

Case l:if @,y,ue [0,1], then
v (4s'G, (3@.37,3u)) =0,
and the inequality holds.
Case 2: if w,y,ye{l,%} and we assume

that @ >y > u, then, we have

130

\ \ \ 55
{5 i
64x9%x9 578

T 9x9x9x25 225 2187

289 289

729 2187

2 - 2
=§Gb(w,\sw,\sw)=§,4a(w,}/,,u)
=v4a(w,7,ﬂ)—§«4l(w,7,/¢)

=v(A(@.7.4))=¢(A (.7.1)).

Case 3: if @,y €[0,2] and pe {1,%} we
assume that @ > y then, we have
l//(4S4G (SZD’,S}/,Sﬂ))

_4 2*

2
o 555155l
9
64x9x9 _ 64 _ 578
T 9x9x9x25 225 2187
289 289
729 2187
2 - - 2
=§Gb(w,\sw,\sw)=§,4a(w,y,,u)
:“4{1(w77uu)_§“4a(w779;u)

=v(A(@.7.1))=¢(A (.7.1)).

Case 4. if m,y € [0,2] and we assume that
y > u, then, we have
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v (4s'G, (3@, 3y,3u))

_64xdx2—pf 1024 _ 578
T 9x9x9x25 18225 2187
289 289

729 2187

~

%Gb(w,Sw,\sw)

=«41(w,7,u)—§41(w,%u)
=y (A (@.7.1)) = (A (@.7.1))

2
:§V4a (ZU,}/,,U)

Case 5: if x€[0,2] and w,ye{l,ﬂ we

assume that @ >y then, we have

w(4s'G,(3@.,37.3u))
4.2¢ (w 1y 1 1)
= Gb T s T T T e
9 9 189 18°6
64x4x4 1024 _ 578
C 9x9x9x25 225 2187
289 289

729 2187

%Gb (w,3w,
3
=4(w,7,ﬂ)—§4(w,7,u)

=v (A (.7.1))=¢(A (@.7.1)).

Case 6: if 1 €[0,2] and w,ye{l,ﬂ we

assume that @ > y then, we have

131

w(4s'G,(3@.37.3u))

o 1 1 1
NP,
9 189 18 6

_64x4xlo -2 1024 _ 578
B 9%x9x9 18225 2187
289 w9
729 2187
2 2
=3 b(w,dw,dw)=§4(w,y,y)

=/4,(w,7,ﬂ)—%«41(w,7,ﬂ)

=v (A (@.7.1)=4(A(@.7.1)).

Case 7: if @<[0,2] and 7#6[1,%} we
assume that y > u, then, we have

v (4s'G,(3@.37.3u))

=42*G (l Z_L Z_Lj
=42'G,

6’9 18°9 18

_64xaxly -2 1024 _ 578
T 9x9x9 18225 2187
289289

729 2187
:%Gb(w,Sw,SZU)Z—%(W,%/U)

1

=_,4H(ZU,}/,IU)__V4Q(W’7/7:U)

3
=l//(“4a (w=7:ﬂ))_¢(-/4a (wa%ﬂ))
Case 8: if w,,ue[0,2] and ye{l,ﬂ we
assume that @ > u, then, we have

v (4s'G,(3@,37.3u))
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6’9 18°6
_64xaxly -2 1024 _ 578
 9x9x9 18225 2187
289 289

729 2187

:%Gb(m,sw,SW)ngl(way,u)

=4(w,7,ﬂ)—%4(w,7,u)

=y (A (@.7.1)) - (A (@.7.1)).

Thus J fulfills all the assumptions of the
result 3.2 and é is the unique fixed point of

U

Corollary 3.3. In a complete G,-metric
space (1,G,) with s>1, let I be
(a,'{’,d?) generalized weakly contractive

self map on Y and there are
ace (0,1),1// e¥ and ¢ € @ such that:

v (4s'G, (3@,37.3u))
<y (A (@.7.1)=¢(A(@.7.4)).

where
A (@7, 1)
Gb (w!7/>:u)
G,(@,3w,3@)
G, (7,37.37),G, (1,31, 3)
G,(@,3w,3@)+G,(7,37,37)
1+G,(@,3@,3w)+G,(7,37.37)

= max

G,(@,3w,3@)+G, (1, 3u,3u)

1+G, (w,Sw,Sw)+Gb (,u,S,u,S,u)

~

aG,(3@,3y,3u)
(1-2)G,(S@,7.7)+

F
16, (37.m.1)G, (Su.@.0)

for every @,y, ;£ €Y. Then, 3 has a unique
fixed point.

Corollary 3.4. In a complete G,-metric
space  (1,G,) with s>1, let I be
(a,‘P ,@) generalized weakly contractive

self map on ¥V and there are
ae (0,1),1/1 € ¥ such that:

v (45°G, (3,57, 3u)) <y (A (@.7.1)),

where
A (@,7,1)
G,(@,7,1),G,(w,30,3w)
G, (7.37,37),G, (14, 31,3 1)
G,(@,3@,3w)+G,(7,37,37)
1+G,(@,3@,3@)+G,(

=max

aG,(3@,3y,3u)
(1-2)G,(3@,7,7)+
G, (375/17/1)Gb (S/’lawaw)

1
2s?

For every @,y,ue?. Then, 3 has a

unique fixed point.

Proof. This can be done by choosing
y+y(y y+oly
2 2
Corollary 3.5. In a complete G,-metric
space (X,G,) with s>1, let I be
(a,?’ ,@) generalized weakly contractive

self map on ¥V and there are
ac (0,1),1// e¥ and ¢ € @ such that:

y/(4s4Gb (S @,3y, S,u)) < 4—/?4(,4” (w,y,,u)),

where
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A

=max

For e

N@,7,1)

~

G,(@,7,1),G,(@,30,3@)
G, (7.37.37).G, (11,34, 1)

~

G,(@,3@,3w)+G,(7,.37,37)

1+G,(@,3@,3a)+G,(7.37,37)

G,(@,3w,3w)+G, (1, I, 3u)

l+Gb(w,SZU,Sw)+Gb(,u,3,u,3,u)
aG,(3@,3y,3u)
(1-2)G,(S@,7,7)+

G, (S}/,,u,,u)Gh (S,uawaw)

1

257

~

very @,y,ucl. Then, 3 has a

unique fixed point.

4. Co

nclusion
From this paper, the results of weakly

contractive mappings in etric space are
proved. The importance and effectiveness of
the proposed outcome have been shown by
example and corollaries.
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