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ABSTRACT

Elliptic integrals are used in various diverse physical fields (like some exclusive
radiation field problems, analysis of crystallographic minimum surface problem, study of
electromagnetic waves through an elliptic disk, elliptic crack problems etc.). Due to these
applications a remarkably large number of elliptic integrals are defined and studied earlier.
Motivated by these works we have derived some new elliptic integrals involving incomplete
wright function. The results established in this paper are basic in nature and can be reduced in
many special cases. Some of the special cases are mentioned here as corollaries.

Keywords: Beta and Gamma functions; Fox wright function; Incomplete elliptic integral,
Riemann-Liouville fractional differential operator

1. Introduction and then we can use these representations

Nowadays, Research is centered on
integral presentation of different type of
special functions due to their use of various
fields. Several integral formulas having
generalized special function, plays an
important role in physical and technical
problems. The generalized special function
with contrasting line of research have
inspired the researchers to look into the area
of integrals and linked generalized special
function [1]. With the use of Riemann-
Liouville fractional integral we describe
many different hypergeometric notations

for the derivation of many definite integrals
[2-4]. Incomplete elliptic integrals and
related definite integrals help to solve many
physical problems and may find
applications in  definite  engineering
problems. Inspired by this idea, in this paper
we estimated certain incomplete integrals
and related general definite integrals. Here
our target is to provide the theory of
generalized incomplete elliptic integrals in
an exclusive and generalized way.
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Incomplete  Fox-Wright W¥-functions

W (x) and p 7 (x):
Here we define the family of the
incomplete Fox-Wright function

D (x)and . (x), in both series and

contour integral form which is a
generalization  of  incomplete  hyper
geometric functions defined by Srivastava et
al. [9, 13].
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T(—v)(—x)"dv ([arg(—x)| < ),
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(@;>0 (j=L...,r); B,>0(j=1,...,5);
1+Zﬂj—2aj >0).

j=1 j=1
Similarly, Eq. (1.3) represents the series
representation and Eq. (1.4) represents the
contour integral of incomplete Fox-Wright
function " (x):
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f[r(b.,) y(a, +v, y)f[ [(a; +v)
2T r@pe [[re,+v)

T(=v)(—x)" dv (Jarg(~x)| < 7)

>

(1.4)

where
(@,>0 (j=Lwr); B, >0(j =1,..,5);

1+ B, = a;20).
Jj=1 Jj=1
;>0 (j=Lr); B,>0(j =1,....5);

14> 8-> a,20).
j=1 j=1

The multivariable hyper geometric function
defined by Srivastava & Daoust [5-7] is
given by

[ A O
TiS] 389 servennsSg (a al’ ’a] )l,r : (Cj’ tj)l,x] o
F 1 '
il ( jortn A)) ( )1[I9 “
(.5,

l,xz,...,xk]

-
]J:l[(aj )mla}+i,i+mka}k)
n
Y eyl
1 & ];[(bj)mlﬂ}ﬂz,_a»mkﬁ;k)
k
H( )mt H( ())mz(k)
' k
H (d] )mltsfv '”H (dﬁ ))m15;/c)
- =

@,6"),,

)

with variable and parametric constraints, the

above-mentioned series is  absolutely
convergent. The Pochhammer symbol
denoted by (), is defined
as:
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_ I'(c+p)

(©)
! I'(o)
{p:O;/leC/{O}}

1
_{c(c+1)...(c+n—l), {p—neN—NO;ceC}}

(1.6)
where ¢, p e C.

Riemann-Liouville operator Df f(z)of
fractional calculus [8]:

Dy { 1l(1-a2)" }}

=1
_ I'(y) SO i (7:6,.6,) (a5 1);
r@) L (856, 65

(ag,1)

ceegeceaen N

alzﬁl,...,akz‘sk} (1.7

,k);

}<1

L[y @ [Rw)<0]

whereR(j/) >0;6,>0(j=1,...

max{‘alz S|z

s (1.8)

j S D {f(Z)} [0 <R()<n,ne No]

D!{f(2)}=

Generalized elliptic integral of third kind
[9]: The generalized form of elliptic
integrals is defined by

R(O,h,&;a,t)
f 1
- ! (1+ Esin® §)* (1— k> sin” g) >

d¢

(1.9)
R(6,h,&a,0)

sin@

de
'([(1+§e) \/(17(1 h2e?)"

[‘h2‘<l;0£635;tec,a20j (1.10)
4

& >—1. Also, by putting & =1in (1.9) and
(1.10), we have

where is elliptic characteristic and
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1@hen= ! (1+&sin’ ¢)(1 *sin’ ¢)"* a9
(h2<1;0£9s% tZO) (1.11)

siné

1(6,h,¢; d
( ft) _([(14_56)\/(17@(1 hzzl/zze

(|h2|<1;0$0$5;t20j (1.12)

Similarly, on putting f =0 and ¢ =1 in
equation (1.9) we get
6
1
I(0,h,8) = . :
! (1+ &sin’ g)(1—h* sin® ¢)'"?

th\d;oseszj
2

On substituting & = 0 in equation (1.9), we

dg,

(1.13)

get elliptic integral of third kind
6
1
H(0,k;y) = .
( 7) .([ (l_hz 51n2 ¢)1/2—t

th\<1;0s0s1j
2

If we substitute # = 0,& = 0, then equation
(1.9) reduces to F(¢, k)

T 1
 (1-h’si

th‘<1;oses£]
2

and if 1 =1,& =0, then our function (1.9)
reduces to £ (9, h)

E(0,h) = T JA=rsin’ $)dg,
th\ <1:0< esfj.
2

dg,

(1.14)

F(60,h) =

dg,
n2 ¢)1/2 ¢

(1.15)

(1.16)
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Similarly, if we put
t=0and @ = /2 ,then Eq. (1.14) reduces
to K (h) =F (n/2, h)

72 1 )
K= (l_hz—wdqﬁ, (\h \<1),(1.17)

Similarly,

E(h):ﬂf«/(l—hzsinzqﬁ)dqﬁ, (\h2\<1), (1.18)

0

On applying k = 3 in Riemann-Liouville
operator defined in (1.7) to the integral in
the equation (1.9) with condition
t=0-1=1 and z=-sinf, we get

(1:2;2;2)(1/2-1¢,1);

R(O,h, & f) =sin OF -1
(0,h,&;a,1) 1.0,0,{ 2:2:2:2)

1/2,1);(ex,1)

h? sin® 6,sin” 8, & sin’ 0}.

s 5

(1.19)
Similarly,
1:2;2;2)(1/2—¢,1);
10.0.&0) =simorsy | L EEDA270D
UL (2:2:2,2);

1/2,1;(1,1)

b b

h* sin® @,sin” 6, & sin’ 9}.
(1.20)

With the help of definition of Pochhammer
symbol

(1)21+2m+2n _

Irl+2m+2n+1)
2)yri9minn TQRI+2m+2n+2)

Iﬂ(:;:j[:; j (i; j
l+m+n l+m+n

( 2:)(:2 j (ﬁz j
I+m+n I+m+n

where we used the duplication formula
defined as follows:
2z-1

7. F(Z)FEZ + %)

with the help of above relation defined by
equation (1.19), we can write as follows:

(1.21)

r(2z) = (1.22)

R(O,h,&;a,t)

=sin0.F| l:l—t,l,ot;i;hzsinz0,sinzt9,—(;‘sin29 s
22 272

(|h2|<1;0£0£%;tec,a20). (1.23)

2. Main Results
Theoreml. If Incomplete Fox-Wright Y-

functions , Ws(r) (2), is given by
() (ala a, X), (aja aj )2,r
r S x
b)> B
[1r®) > T(a, +an ] T(a,+a;n) .
_ =l n=0 Jj=2
[1r)
j=1
Under the existence conditions
(aj >0 (j=1..,7); ,B_, >0(j=1L...,5);
1+2ﬁj —zr:aj >0).
Jj=1 j=1

Also let
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Proof. To prove Theorem 1, we use the
series form of Incomplete Fox-Wright Y-
function given by equation (1.1) and
formula of generalized elliptic function of
third kind from equation (1.19) in L.H.S.
part of theorem, we get

fi () |
I (M)Z}R(G’, ghw(ﬂ)g ,§;a,tjdh

HF(b ) ZF(al +an,y)

J= n=0

(a,a,).(a;,2)),,

(B> ).

()

r s

- i (|

0

r

[Tr@) Hr(bj +Bn)

r

" ny
[T, +am>=hr"1-h)> sin0
I n!

8] o

>

Lo

(1:2.2,2) (2

(2;2,2,2)

L1
1;0;0;0
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Now  expanding the  multivariable
hypergeometric function with the help of
(1.5), we get
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Finally, interpreting the result in terms of
multivariable hypergeometric function [10]
we obtain the R.H.S. of (2.1).

3. Particular Cases

3.1 Case-1

By using the elliptic function given in
equation (1.11), we obtained the following

result:
|:(a17a17y)7 (aj:aj)z,r

2 72 “ (IT)
! h (\/1 h ) 6B,
xh’(,/(1—h2))l}z(e,ghw(\/l—hz )S,f;t)dh
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x,¢ % sin” 6,sin” 0, & sin’ 9],

X
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2 2
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where
Lopnt [ 27 w00,
2 2 2
(“—”,1,9,0,0}
2 2
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and R(/I) >—1 and
¢|<1[or|¢|=1and R(A+2w) > -1].

Proof.
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i (T
xh’( (1—h2))l}1[0,;h’"(ﬁ )9,§;tjdh.

By using equation (1.1) and (1.20), we get
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Now using equation (1.5), we have
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X

F3n111
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3.2 Case-2

By using the elliptic function given in
equation (1.13) we obtained the following
result:

jhﬁ (W)# w {(‘ll’awy)’(aj’aj)l"
0

(bj,B))ys

h (,/(1—;12))1]‘[(9, Che (\/1 e )3 ,cf;tjdh
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B:(b.B,).(b,.8,):=
x,¢? sin® @,sin” 9, & sin’ 9]

( 0111) (/Hl,;,a),O,Oj,

2 Z 90,0
2

X

2

B[00t | [AHA3. 24T a0,
2 2 2

(3.2)

Proof.

i (Vim ) {<a],a],y),<a_,,a_,>z,,.
0

(b;,B)),
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Now by equation (1.1) and (1.13), we get
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3.3 Case-3
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On applying relation given by
Srivastava et al. [11][Eq. 6.3] in Theorem 1
we get:

i (Y
0

(l_aloany)a(l_ajnaj)z,r
0.1) (b}, B

e (./(l—hz))l}R(ﬁ,cjh”(ﬁ )9 ,f;a,tjdh

ljr(bj ) i‘;r(a1 rapn, y)ljl"(a L an)
) Hr(a,) ljr(bj} fn)
B[ j
A:(al,al)...(an,an);(l—t,l};(l,lj;(a,l)
2 2

B: (bl,ﬁl)...(bn,ﬂn );—; -
x,? sin” 0, sin’ 0,~&sin” 0 |

a=[Lona ][22 w00),
2 2 2

2
B:(3;0,1,1,1j, (‘”“3 Tk
2 2

X

siné
2

A+l u+1
22

F3:r1;1;1;1

2:1;0,0;0

,a)+19,0,0],
(28)

where R(A)>-1 and
¢ <1[or|¢|=1and R(2+2w) > ~1].

4. Conclusion and Future Scope

In this work some elliptic integrals of
incomplete hypergeometric functions have
been established, which are inspired by
various applications of different elliptic
integrals of complete functions, studied
earlier. We have also derived some other
relations using the main result in respect of
modulus as well as amplitude of the
incomplete elliptic integrals. These elliptic
integrals can be further used in finding
several new integrals pertaining various

123

general functions. These relations can also
be employed in derivatives of other
properties like analytic continuation and
asymptotic behavior.
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