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ABSTRACT

In this paper, we have determined some integral formulae of incomplete /-functions in-
volving the exponential function, the Legendre polynomials and generalized Laguerre poly-

nomials.
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Incomplete I-

1. Introduction and Definitions
Along with its relevance in engineer-
ing and mathematical physics, special func-
tions and their extensions have piqued the
interest of numerous researchers, see [[I-
6]. Certainly, incomplete Gamma functions
and their extensions have been observed to
play an important role in a variety of situa-
tions in the fields of heat conduction and as-
trophysics. As aresult, a great deal of work
has been done in this area. See the latest
work in [7-13] for further information on
potential extensions and applications. Our
goal is to look into some new integrals asso-
ciated with incomplete /-functions that in-
volve a variety of other special functions.
In the year 1997, Rathie [[14] discov-

ered the /-function which is defined as fol-
lows:

3

+1

m,n
1y 2]
_ o, (a1, v1; E1)s s (@, vps Ep)
P-4 (bl,wlyFl) (bpawp;Fp)
/ W(s) 2° ds,
27n
(1.1)
where,
[T (0 = w;) 17 [T = aj + ;)15
J=1 J=1
U(s)= — — -,
[1 [T(1-b;+w;s)]5 ] [T(aj—vjs)]5i
Jj=n+1

Jj=

(1.2)
and m,n,p,q € Nog with 0 < n < p,
0<m<q,vj,E;(j=1,.,p),w;, F;(j =
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1,....,q) € R", a;,b; € C. The appropri-
ate conditions for the convergence of the £
contour appeared in Eq. ([.1)) and the de-
scription of the /-function can be found in
[14].

We next defined the well-known
lower and upper incomplete gamma func-
tions (s, x) and I'(s, x) as follows:

LX) = T sl gy d 1.3
y(s,x) /O y'e ™ dy (1.3)
(R(s) > 0; x 20)

and
I'(s,x) :=/ yle™ dy (1.4)

(x 20; R(s) >0)
where R (s) stands for real part of 5. In
particular if x = 0, then I'(s, x) reduces to
the standard gamma function I'(s). These
functions satisfy the following decomposi-
tion relation:

where,

m n
y(1—a; —vys, x) H I'(bj + wjs) H I'(1-aj-vjs)

8(s,x) =
H I(1-b; - wjs) H F(a,+vjs)
J=m+l J (1.8)
and
I'(l-a; —vys,x) ﬁ L(b; +wjs) ﬁ [(1-a;-vjs)
G(s,x) =

]_[ r(1-b;- sz) ]_[ F(aj +Vjs)
j=m+1 19
with the arrangement of conditions estab-
lished in []15].
These incomplete H-functions sat-
isfy the following decomposition relation:

Vg () + 00 (2) = HyJ(2). (1.10)

For x > 0, the incomplete H-functions pre-
sented in Eq. ([1.6) and Eq. ([.7) exist.

Jangid et al. [|16] described a class
of the incomplete /-functions ? 1),/ (z) and
P17 (2) which are defined as follow

v(s,x) +T'(s,x) =T(s)

(al vi; Er i x), (a_[ Vi Ej)(2.p)
(0j, wj; Fj)(1.q)

2m/ o(s,x) z° ds,

(R(s) > 0). Y] = [z‘

(1.5)
By making use of the incomplete gamma
functions y (s, x) and I'(s, x) represented by

1.11
Eq. (1.3) and Eq. ([1.4), Srivastava et al. [[135] (1.1

discovered and defined the incomplete H- and
functions y},"; (z) and I'})>7/ (z) as follows:
gt =t [e| e e |
g =vigle| e | 1

q) , Sd’
) =5 y (s,x) z° ds

=5t ), g(s,x) z7° ds (1.12)
(1.6) for all z # 0, where,
and (s, x) =[y(1-ai +vys, x)]E1
SV 2.p n
e n(z) =10 [z ‘ (O v 2. A vide ] [F(b —wi)]F T[T - a; +vjs)]E
% Jj= Jj=2
1 _ q p
=i ), G(s,x) 2° ds, [1 [T(1=0;+w;)]F ] [T(a; —v;s)]E
J=m+l j=n+l

(1.7) (1.13)
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and 2.1 Exponential function and Incom-
plete /-function

Here, we shall derive the integrals
ﬁ [T(b; — w;s)]Fi ﬁ [C(1 - a; +v;s)]E for the product of the incomplete /-function

(s, x) = [[(1 - ay +vys,x)] 5

Jj=1 Jj=2 and exponential function with the help of
X . .
q [ thé following Integrals formulae:
H [F(l—b]‘ +(Ujs)] J H [F(aj—vjs)] J
j=m+1 Jj=n+1 Fie
(1.14) (i) / (cos )t exp(iBo)deo
-7
The definitions Eq. (I.11]) and Eq. ([.12) at _ nl(a) 2.1
once yield the following decomposition re- 9a-11 (<l+é>’+1) r ( 0—2ﬁ+1) ’
lation:

where R (@) > 0.
(if) The following integral was given
by Nielson [[17],

1) 2] +FIZl”;[z] =1,0/[z]  (1.15)
for the familiar /-function (see [|14]).
The incomplete /-functions 17"/ [z] n 50
o e -
and T77"/'[z] defined in Eq. (L.11) and ‘/0 (sin6) e* " df
Eq. ([.12)) exist for all x > 0, under the set

_nB 2.2
of conditions given by Rathie [[14], with - ne 2T+l i @2)
. 20F(1+“+2”3) r(1+“‘T‘ﬁ)
A> 0,|arg z| < A§,
where R(a) > 1.
where We have established the following re-
m q sults:
A=Y Fw; - Fiw+
Z g _Z gl Theorem 2.1. I/ h > 0, k, 4 € C,
j=1 Jj=m+l 1
. » u = 0, A > 0 largz] < g5nA and
ZEjVj— ZEJ'VJ'. %(k+/l—h$—£)>]_—vﬁi i=1,---,n
j=1 j=n+1

then the following integral holds,

For more recent development in the the- n ot
ory of incomplete H and I-functions, one / (cos 0)"7% exp [i(k — 1)0]
can see the papers [21-23] and references o

1 r . 6 —h ,vi; E15x),
thercin XTI 2 e cosort | g
i (aj, vj; Ej) P
2. Main Results i Epger ] do
In the following segment, we P
shall derive certain integrals including = m

the incomplete /-functions with expo-
nential function, Legendre polynomials
and generalized Laguerre polynomials,
respectively.

ym+l, n h (a1, v1; Eq; x),
x Ip+1,q+1 [2 Z‘ (k+a-1,h;1),

(aj,vj; Ej)a,p, (k, h; 1)
(bj, wj; Fj)iq )
2.3)
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Proof. To demonstrate the outcome
Eq. (2.3), take the left-hand side assertion
of Eq. (R.1). Express the incomplete /-
function in terms of Mellin-Barnes type in-
tegral defined in Eq. ([.12) and then on
changing the order of the integrations, we
have

/ (cos 0)*12 exp [i(k — 1)6)]
1 .
X o 25 e 1M (cos )M (s, x) ds do

2w

1 S
=— | & D(s,x)
2mi

% /”(COS g)(kra-hs=1)=1 ,i(k=2-hs)6 g ¢
-7

using the integral formula Eq. (2.1]), we ob-
tain

- 2mi
al(k+A—-hs-1)
X ds
2(k+a=hs=2)(k — hs)['(A)
3 n
- 2k+A-217( 1)

Z¥ ®(s,x)

2mi

I'(k — hs)
(2.4)

using Eq. (1.14), we obtain the required
R.H.S of Eq. (2.3).

Theorem 2.2. If h > 0, k, 1 € C,
u = 0, A > 0, |largz] < %ﬂ'A and

‘R(k+/l—hfj—i) >1-2 i=1.n,
then the following integral holds:

1 28T (k+A -1 — hs) <I>(s,x)d
A\

87

/n(cos 0)K+1=2 exp [i(k — 1)0] x

T ym,n iho h (a1, v1; E15x),
1, [Ze (sec ) ‘ G

(b1, wi; F1)
(aj,vj; Ej)a2,p
(0j, wj; Fj)a.q do
il X
2k+/l—2r‘(k)
I ym+l,n h (ar,vi; Er5x),
IP+1,q+1 [2 Z‘ (k+a-1,h;1),

(0j, wj; Fj)1q

2.5)

(a5, vj3 Ef)2,p. (4, h;1) ]

Proof. To demonstrate the outcome
Eq. (2.9), take the left-hand side assertion
of Eq. (2.2). Express the incomplete I-
function in terms of Mellin-Barnes type in-
tegral defined in Eq. (1.12), we get

/ﬂ(cos 0)k*1=2 exp [i(k — 1)0] x

1

o 25 €' (sec ) (s, x)dsd
i

on changing the order of integrations,

1
= —,/zs D(s,x) X
2mi
/”(COS g) (krd=hs=)=1 ,i(k=2+h)0 g1
-7

using the integral formula Eq. (2.1)), we ob-
tain

1 )
_.~/Z‘s q)(s’x) X
2mi
nl(k+A—hs-1)

d
20 dhs=DT (1 — hs)[(k)
T

= —————X
2k+/l—21—*(k)

1 / 22T (k+A -1 - hs) CD(s,x)d

o i T(A - hs) >

2.6)
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using Eq. (1.14), we obtain the required
R.H.S of Eq. (2.9).

Theorem 2.3. If h > 0, k, 1 € C,
u = 0, A > 0, |largz] < %ﬂ'A and
R(k+a-h%)>1-L

i=1,---,n
vi? 3 s Ity
then the following integral holds:

/ﬂ(cos 0)k*1=2 exp [i(k — 1)0] X

I'ym, n 2h | (a1,vi;E1;x),
IP’CI [Z (SGC 9) ‘ (b1, w1; F1)
(aj,vj; Ef)a.p
(b), wj; Fj)ag dé
b
T 9k+a-2 X
F1m+1, n 22h (a1, vi; Ev;x), (0, Vi Ej)2 p,
P42, g+l z (k+2-1,2h;1),

(k,h;1), (2, h; 1)
(bj, wj; Fi)i,q

2.7)

Proof. To prove the result Eq. (2.7), we
will take the L.H.S. of Eq. (2.3). Now,
write the incomplete /-function in terms
of the Mellin-Barness type contour integral
defined in Eq. ([1.12) and then, on changing
the order of the integrals, we get

/ (cos 0)2 exp [i(k — 1)0] x
-

1 ,
— / Z* (sec 0)?"®(s,x) ds do
2mi

1 )
= —_/z‘s D(s,x)X
2mi
/N(COS §)(k+A=2hs=D=1 ,[i(k=D0] g g

T

using the integral formula Eq. (2.1))

88

1
=—./zs (s, x) X
27
m T(k+A-2hs—1)

d
20 2h5=2) [(1— hs) T(k —hs)

_ T
T 9k+a-2 x
1 / 22287 (k + A =1 — 2hs) D(s,x) J
S
21 i (A= hs) T'(k — hs)
(2.8)

using definition Eq. (1.14), we will get the
desired result Eq. (2.7).

Theorem 2.4. Let A > 0, |argz| < 37A
or A =0, R(6) < —1, then the following
integral formula holds;

Ve
/ (sin@)? ! e ¢ x
0

Cym,n : 2h | (a1,vi;E15%),
II’, q [Z (SlIl 0) (b1, wi; F1)
(aj,vj; Ej)z2,p
(0), wj; Fj)ag do
n my)
=—— exp|—-—] X
-1 P ( 2
rym, n+l L | (1-v.2m;1), (a1, v1; E1; %),
P+l q+2 | ph (bj, wj; Fi)i,q

(0, v Ef)2p
1-y+in . 1-y—-in .
(i i) (A2 )

2.9)

|

where y,n € C, h > 0 are such that
. [R())
R(y)+2h min > 0 for A > 0,
1<j<m

wj

larg z|] < %ﬂ'A or A =0, u > 0, and
R(b;) R(S)+3
"

R(y)+2h min
1<jsm | w;

for A=0and u < 0.

Proof. To prove the result Eq. (2.9), take
the left-hand side assertion of Eq. (R.4).
Now, write the incomplete /-function in
terms of the Mellin-Barness contour type
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integral defined in Eq. ([.12), we get

T
/ (sin@)?~! 719 x
0

1
—./ZS (sin )%™ (s, x) ds do
2mi

On changing the order of the integrations,

1
= —_/zs D(s, x)
2mi

T
X / (sin @)7*2hs=1 =19 gg ds
0

using the integral formula Eq. (2.2)

we 3N

:—/Z D(s,x) ><2(7+2hs 5
C(y + 2hs)
F(l+%’7_l+hs)l“(l+$+hs)

ZS
(I)(S,X)4T
T(y +2h
y (y + 2hs) . s
U (14290 s ) T (14 202 4 )
(2.10)

using definition Eq. ([[.14)), we will get the
desired result Eq. (2.9).

ds

T _z
=51 X

Theorem 2.5. Let y,n € C, h > 0,
larg z] < %ﬂ'A or A >0, R(y) > 0, then

&9

the following integral formula holds;

Ve
/ (sin@)? L e 9 x
0

Flm n lz etQhH (a1, v1; E1;x),

(b1, w13 F1)

(aj’ Vj§Ej)2,p
(), wj; Fj)aq dé
_nT(y) ( ﬂn)
= ex —1 X
2r-1 2
I'ym,n inh | (a1, vi;E;x), (a5, v Ej)ap,
Ip+l g+l [Z e ‘ (bj, wj; Fi)i,q>
(HyTﬂ-”,h;l)
(12221
(2.11)

Proof. To demonstrate the result Eq. (2.11),
take the left-hand side assertion of Eq. (2.3).
Express incomplete /-function in terms of
the Mellin-Barness type contour integral
defined in Eq. ([.12), we obtain

/ (sin@)?~t =79

2— 2?5 (s, x)dsdo
i

On changing the order of the integrations,

1
= — / ZSQ(S,.X)
2mi

T
X / (sin @)~ e~ 117121510 g
0

using the integral formula Eq. (2.2)

=—/Z D(s,x)

'(y)
+in—1+2hs
yrin1+2hs ) r (1 +

7 e~ % [n-2ihs]
2(y-1)

ds

F (1 + y—il}—l—th)

2
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_T I'(y) 51
2r-1

1
—,/zsdb(s,x)x
i

eurhs

F(1+ y+i77—21+2hs) F(1+

y—in—1-2hs
2

(2.12)

using definition Eq. ([.14), we will get the
desired result Eq. (2.11]).

Theorem 2.6. IfA > 0, R(y) > 0or A =
0, R(6) < —1, then the following integral
formula;

Ve
/ (sin@)? ! e ¢ x
0

I'ym,n . 24 i2h6 | (a1, vi;E1;x),
IP, q [Z (SIH 9) ¢ (b1, w13 F1)
(aj,vj;Ef)2.p
(bj’ wj; Fj)Q,q dg
n
(<7
2v-1 2
inh
rym,n+l | € (1-y,24;1),
p+l, g+2 44 (b, wj; Fi)i,q,

(a1, v1;E1;x), (a, v Ej)ap

1—y—i 1—y+i
(22, ). (2202 2 )

(2.13)

holds for h > 0, A > h,y,n € C, such
[%(bj)
> 0 for

wj
> 0; and R(y) +
R(b;) R(S)+3

21 min [ ,
1<j<m w; 2
0and u < 0.

that R(y) + 24 min

1<j<m

A>0QorA=0andpu

> 0 for A =

Proof. To demonstrate the result Eq. (2.13),
take the left-hand side assertion of Eq. (2.6).
Express incomplete /-function in terms of
the Mellin-Barness type contour integral

defined in Eq. ([[.12), we obtain

Ve
/ (sin@)?~! e719 x
0

1 .
— / Z%(sin O)QAsez‘hosd)(s, x)ds do
2 i

90

On changing the order of the integrations,
1
= — / 7P D(s,x)x
2mi
/n(Sin 9)y+2/ls—le—[7]—2hsi]Gdeds
0

Using the formula Eq. (2.2)

e—%[n—2hsi]

_ Ky
= % Z (D(S,X) X W
y T(y +24s)
F(l+%’7_l+s(/l+h))
1
X ds

F(1+%’7_1+s(/1+h))

T e (_ﬁ) y 1 /ZSCI)(s,x)
~ o1 P Mo 425

o 5 [2hsi]

X

F(l+%+s(ﬂ+h))
I'(y+24s)
>1T(1+$+s(&—h))

ds

(2.14)

using definition Eq. ([1.14), we will get the
desired result Eq. (2.13).

2.2 Legendre Polynomials and Incom-
plete /-Function

Here, we shall establish certain inte-
gral formulae involving the product of the
incomplete /-function and Legendre poly-
nomials defined in [6].

The following known results will be
use to prove our theorems.

(i) The following integral has ob-
tained by Erdelyi []18, p. 316];

1
/ (1 —x%P71 P™(x) dx
-1
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_ 7r2ml"(p+%m)
F(1+%(V—m))l“(%— %(v+m))
I(p—3m)

(2.15)

provided 2 R(p) > |R(m)].
(if) This integral is given by Milne-
Thomson [[19, p. 33];

E.f(a) = f(a+l), ELf(a) = Eq [EX f(a)]

(2.16)
where E denotes the finite difference oper-
ator. And, we will use the following nota-
tion:

I'(a +
(a)r = (lf(a)r) =ala+1)---(a+r-1).
(2.17)
Theorem 2.7. Let p,z € C,A >

0,larg z| < %ﬂ'A or A =0, R(u) < -1
Further, let p € C,k > 0 satisfy the
conditions

R(p) +k 1rnim

<js<m

R(b;) 1
B B
J

for A >0, larg z| < %ﬂ'AOl"A =0,u=0
and

R(b;) R(S)+3
R(p)+k min [ (b)) RO+3
<Jj<m

wj

For A = 0,u < 0 then there holds the for-
mula

/ (1= x2P P(x) x
-1

Tym,n _ 2k | (a1,vi5Eq;x),
IP,‘I [Z (1 X ) ‘ (b1, w1; F1)
(aj,vj; Ej)2,p
(b, wj; Fj)a,q

dx

1
> SR,

91

21 1

X
L (554) T (=)

o d ke
Flm,n+2 z 1 pj:Z,k,l),
P+2, q+2 (bj, wj; Fj)i,q»
(a1, vi; Er;x), (aj, vj5 Ef)ap
(1-p+3.k1), (-p- 3. k1)
(2.18)
Proof. To prove Eq. (2.18), we first

write the incomplete /-function in terms
of Mellin-Barnes contour integral form

Eq. (1.12), we have
1
L(p) = 1-x2)Pt pd
)= [ 1=y Pl

1
X —/ (1= xS D(s, x)dsdx
2ri Jyp

on changing the order of the integration

1
—./zs (s, x)
2ri Jy

1
X /1 (1 = x?)P*Rs=1pY(x) dxds

Now, by making use of the formula
Eq. (2.13) evaluate the internal integral

1 21

- s
"o Jo© Pl 0) I (25=4) 1 (==

F(p+%/l+ks)l“(p— %/l+ks)
F(p—%v+ks)r(l+p+%v+ks)
(2.19)
and finally reinterpreting the Mellin-Barnes
contour integral thus involved by definition

of incomplete /-function, we get the desired
result.

Theorem 2.8. Let k and d are positive in-
tegers, U < BorU =B +1land|c|] <1
andnoneof B, j=1,---,Bis anegative
integer or zero, then the following integral
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holds, difference operator Eq. (R.16), we get
1
/ (1-x%)Pt P(,l(x) - H ' +0+7)(c)%*"
-1

]_
| PRV
Xqu;(Ql,"’,au,,Bla'”’ﬁﬁvc(l_x ) ) r=0 r 6 |
F]m,n (1— 2)k (ar,v1; Eq;x), ng (IBJ+ +r) ;
p.q |¢ X (b1, w15 F1) 1
2\p+rd—1 pa I'ym,
Wi Epan | g x/ (1 —x?)P+d=1pd(x) x IZI’;
(b), wj; Fi)a,q -1

—

‘n Z (@) - (@) ¢ |z (1-x*)* ’ (62, B ), (g 33 B }dx}
F(2+v =) (52=4) £ (BD)r -+ (Ba)r 7!

s\l

XFIm n+2 [

A
1 p-rd+4 kl) (a1, vi; Er;x), — 2
p+2, g+2

(bj, wj; Fj)lq (1-p-rd+%,k;1), F(2+V—/l) F(l—v—/l)

2 2
(0, vj; Fj)a,p
(o-rd-%.,k;1) |-

- H I'(a; +0+7)(c)%""

(2.20) N Z Jj=

B
Proof. On multiplying both sides of r=0 H L(Bj+6+r)r!
5 j=1
H F(CV] +6)(C) J e n+2 1 pt4 ) (a1, v1; Eq; x),
Eq. @18 by and apply- il (b w0 P (1-p+ 3.k 1),
[1 F(ﬂj +0) (aj,vj; F)a2,p
j=1 (- 3.k1)
ing the operator exp(E< E ) yields, (2.22)
x Now, on the left hand side of Eq. (2.22),
[1T(a;+06)(c) o change the order of the integration and sum-
exp(EY E) |1 (p) J=1 mation which is justified, using the result
B i .
1T, +6) Eq. (2.17) and finally, replacing « j+0 by
e a; and §; + ¢ by 3; enable us to obtain the
21 1 value of the integral Eq. (2.20).
r (2+§_1) r (1_;_1) Theorem 2.9. IfA = 0andv = A, where A is

a positive integer, then the theorem Eq. (2.8)

u
, 5
1 [(aj +6)(c) reduces to the following result,

exp(E E5)
B 1
IRCAR [ a-ertpw

(1—p¢g,k;l),(al,vl;El;x), X yFg(a1, - ,aw B, Bw;c(l —x2)%)
(b, Wi Filigs (L-p+ %,k 1),

I ym, n+2
x Ip+2, q+2 [Z

Flmn

z (1 x2)k ‘ (a1, vi; E1; x), (aj, v Ej)a.p dx

(aj,vj; Fj)a,p (), wj; Fj)iq
(- 3%.k1)
(2.21) (1) -+ (a)r
: . . TT(EYT () Z BB 11
Taking summation on both sides of 2 ) r=0 r r

Eq. (2.21) and using the definition of finite

92
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(1-p-rd, k;1),(1-p-rd, k;1),

Flm,n+2
(0, wj; Fi)ig.(1-p—rd+%,k;1),

p+2,q+2

(a1, v1; Eq; x), (aj Vijs Fj)2 P
(~p-rd-1%,k;1)

H

(2.23)
where P (x) is the Legendre polynomial de-
fined in [6] and the conditions of the validity
are the same as stated in Theorem Eq. (2.§)
with A = 0 and v replaced by A.

2.3 Generalized Laguerre Polynomial
and Incomplete /-functions

Here, we shall derive an integral for-
mula including the incomplete /-function

Eq. (1.12) and change the order of the inte-
grations, we have

1 .
o [ 2 2.0 %
2ri Jy
{‘/0 XV e LT (x) dx} ds,

(2.25)

Now evaluating x-integral with the help of
the result [[18, p.292,(1)] :

and generalized Laguerre polynomial de- /0 XFhe Ly (x)dx
fined in [[]. T(a-B+n+1)I(H) R >0
Theorem 2.10. The following formula nC(@-p+1) ’
holds true; . . )
and using the following relations
Y, X 5O
/0 Xre Lif(x) % (@, - Catn T-a-m (D"
n — ’ - B
By ['(a) F(1-9a (@)n
r 1, v1; E1; %),
Im ' [Zx ! (?bla“)UFl)?
( ) and the Gauss’s multiplication theorem for
aj, v Ej)2 .
(b). 0y ) ] dx Gamma function [20, p. 26]:
_ (_1)k (27.[)%(1—17) ny+k+% . L
= . L _
k! P(ka) = (2m) 2070 k&3 [T (“ 3
> FIm,2n+277 [Z 77]7 (A(n, —y),(]l);-l), (Ap(*77), o-7v),1;1), s=1
P i s Eq. (2.29) reduces to
(ai, V(lgfju x), (aj)" ‘1’/' §11)Ej)2m
n,0-v),1; ’ _1\k
Q29 Sl @it g
p
where, 1 is a positive integer, Y v; — X o 22 '™ ®(s,x) X
j=1
q n-1 i n-1 X
Y wi=p<0, p(m_s) p(m_s)
j=1 J p il;£ n i1;£ 7
m p 1 ds.
Z Z CUL+ZV[—Z Vi:A>0’ HF(M_S)
i=1 i=m+1 i=1 i=n+1 i=0 n
larg z| < 1A7r and‘R[y+1+n(bh)] > (2.26)
-1 (h=1,2,---,m).

Proof. To prove Eq. (2.24), we express
the incomplete /-function in the form of
the Mellin-Barness type of contour integral
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Therefore, in accordance with the defini-
tion Eq. ([1.14) of the incomplete I-function,
Eq. (.26) yields the value of the integral

Eq. (2.29). o
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A family of integrals involving in-
complete /-functions has been developed.
The exponential function, Legendre poly-
nomials, and modified Laguerre polynomi-
als were used to analyse several integral for-
mulas of incomplete /-functions. Because
incomplete /-functions may be reduced
to recognisable special functions (such as
I-functions, incomplete H-functions, and
Fox’s H-functions), numerous special cases
can be assessed based on our significant in-
ventions by assigning appropriate values to
the related parameters.

Acknowledgement

The authors thank the referees for
their concrete suggestions which resulted in
a better organization of this article.

References

[T Al-Omari, S.K.Q. Extension of general-
ized Fox’s H-function operator to certain
set of generalized integrable functions,
Adv. Difference Equ. 2020; 2020: 448.

Al-Omari, S.K.Q. g-Analogues and prop-
erties of the Laplace-type integral opera-
tor in the quantum calculus theory, Jour-
nal of Inequalities and Applications 2020;
2020: 203.

Al-Omari, S.K.Q. and Kiligman, A. On
the generalized Hartley and Hartley-
Hilbert transformations, Adv. Difference
Equ. 2013; 2013: 222.

[4] Khan, N., Usman, T., Aman, M., Al-
Omari, S.Q.K. and Choi, J. Integral trans-
forms and probability distributions in-
volving generalized hypergeometric func-
tion, Georgian Journal of Mathematics

2020; 28(6): 883-94.

Khan, O., Khan, N., Baleanu, D. and
Nisar, K.S. Computable solution of frac-
tional kinetic equations using Mathieu-
type series, Adv. Difference Equ. 2019;
2019: 234.

94

(6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

Mathai, A.M., Saxena, R.K. and Haubold,
H.J. The H-functions: Theory and appli-
cations Springer. New York. 2010.

Chaudhry, M.A. and Zubair, S.M. On a
class of incomplete gamma functions with
applications, Chapman and Hall, (CRC
Press Company), Boca Raton, London,
New York and Washington, D. C. 2001.

Bansal, M.K., Harjule, P., Kumar D.
and Singh, J. Fractional kinetic equations
associated with incomplete /-functions,
Fractal and Fractional 2020; 4: 19.

Bansal, M.K., Kumar D., Khan, L., Singh,
J. and Nisar, K.S. Certain unified inte-
grals associated with product of M-series
and incomplete H-functions, Mathemat-
ics 2019; 7: 1191.

Bansal, M.K., Kumar D., Singh, J. and
Nisar, K.S. On the solutions of a class
of integral equations pertaining to in-
complete H-function and incomplete H-
function, Mathematics 2020; 8: 819.

Bansal, M.K., Kumar D., Nisar, K.S.
and Singh, J. Certain fractional calculus
and integral transform results of incom-
plete X-functions with applications, Math.
Meth. Appl. Sci. 2020; 30(8): 5602-14.

Suthar, D.L., Purohit, S.D., Khan, A.M.
and Dave, S. Impacts of environmental
pollution on the growth and conception of
biological populations involving incom-
plete I-function, H. Sharma et al. (eds.),
Intelligent Learning for Computer Vision,
Lecture Notes on Data Engineering and
Communications Technologies 2021; 61:
567-75.

Jangid, K., Mathur, M., Purohit, S.D.
and Suthar, D.L. Certain expansion for-
mulae for incomplete /-functions and 1-
functions involving Bessel function. S.
Kumar et al. (eds.), Proceedings of Inter-
national Conference on Communication
and Computational Technologies, Algo-
rithms for Intelligent Systems 2021; 143-
52.



S. Bhatter et al. | Science & Technology Asia | Vol.26 No.4 October-December 2021

[14]

[15]

[17]

[18]

[19]

[20]

Rathie, A.K. A new generalization of

generalized hypergeometric functions. Le
Math. 1997; LII: 297-310.

Srivastava, H.M., Saxena, R.K. and Par-
mar, R.K. Some families of the incom-
plete H-functions and the incomplete H-
functions and associated integral trans-
forms and operators of fractional calcu-
lus with applications. Rus. J. Math. Phys.
2018;25: 116-38.

Jangid, K., Bhatter, S., Meena, S.,
Baleanu, D. and Purohit, S.D. Some frac-
tional calculus findings associated with
the incomplete /-functions. Adv. Differ.
Equ. 2020; 2020: 265.

Nielsen, N. Handbuch der theoric der
Gammafunktion. B.G. Teubner, Leipzig.
1906.

Erdelyi, A. et al. Tables of integral trans-
form. Vol.II, McGraw-Hill New York.
1954.

Milner-Thomson, L.M. The calculus of
finite differences. Macmillan, London.
1933.

Rainville, E.D. Special functions. New
York: Macmillan. 1960.

95

(21]

(22]

(23]

(24]

Meena, S., Bhatter, S., Jangid, K. and
Purohit, S.D. Some expansion formulas
for incomplete H and H-functions involv-
ing Bessel functions. Adv. Differ. Equ.
2020: 562.

Meena, S., Bhatter, S., Jangid, K. and
Purohit, S.D. Certain integral transforms
concerning the product of family of poly-
nomials and generalized incomplete func-
tions. Moroccan J. of Pure and Appl.
Anal. 2020; 6(2): 243-54.

Purohit, S.D., Khan, A.M., Suthar, D.L.
and Dave, S. The impact on raise of envi-
ronmental pollution and occurrence in bi-
ological populations pertaining to incom-
plete H-function. Natl. Acad. Sci. Lett.
2021; 44(3): 263-6.

Srivastava, H.M., Saxena, R.K. and Par-
mar, R K. Some families of the incom-
plete H-functions and the incomplete H-
functions and associated integral trans-
forms and operators of fractional calcu-
lus with applications. Rus. J. Math. Phys.
2018; 25: 116-38.



	Introduction and Definitions
	Main Results

