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ABSTRACT

In this article, a new expansion technique is executed for travelling wave solutions of
Generalized Zakharov System (GZS) as a model of wave-wave interaction in plasma. New
Solitary and periodic wave solutions with arbitrary parameters are obtained and expressed in
terms of the hyperbolic, trigonometric, and rational functions. Some of the acquisition
solutions are graphically sketched.
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1. Introduction

Nonlinearity is a mesmerizing
component of nature, Almost, in all the
scientific and engineering fields nonlinear
wave phenomena appears in one or other
ways. There are of more practical use of it if
one can find the travelling wave solutions
for nonlinear evolution equations (NLEEs).
The wave-wave interactions can also be
explained by these solutions. The model of
wave-wave interaction in plasma may be
written as [1-3]

iE, +E,, —2p|E]' E+20E =0,

v, —U,, +|E|ix =0,

(1.1)

where, E(x,t) and v(x,t) are the envelope

of the high-frequency electric field and
plasma density measured from its
equilibrium value respectively. Eq. (1.1)
reduced to the classical Zakharov equations
[4, 5] of plasma physics whenever f=0. In

the past three decades, several methods
explored which includes-the homogeneous
balance method [6], Tanh-coth scheme [5,
7], sine-cosine method [8] and so on [9-21].
Here in this article the study involving to the
New Expansion Scheme for solving the
generalized Zakharov system (GZS) is
presented. Solitary wave propagation is also
discussed to explain the wave interactions
phenomenon arising in NLEEs.
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2. Explanation of Scheme
Let us consider nonlinear partial
differential equation (PDE) as

owv,v,v v v, v

STt Txd Txx2 Tt Tix0°

L)=0. 1)

This equation involving @ is a polynomial
of unknown function v(x,¢)with its

derivatives and nonlinear terms.
Step 1: We introduce a variable

v(x, 1) =v(n),

where travelling wave speed is V. So, Eq.
(2.1) will be

Y, v',v"v",...)

=xxVt,

2.2)

=0, 2.3)

where W is a polynomial of unknown
function, its derivatives with respect to 77

and nonlinear terms.
Step 2: let the solution of Eq. (2.3) may be
written as :

v(n7) =Zai(d +M) +Z/3i(d+M)’i,

2.4)
where a(i=0,1,2,...,N), d and
B(i=12,..,N) are constant may be

determined and M (77) is as
M@)=(GG), 25

where G =G(n7)

nonlinear equation:

solution of auxiliary

AGG"-BGG'-EG’ - C(G')2 =0, (2.6)
where 4, B, C and E are parameters will be
determined.

The General solution of Eq. (2.6) put
in Eq. (2.4) with the value of N find by
homogeneous balance between nonlinear
term and highest order derivative term in
Eq. (2.3), so we get solutions of Eq. (2.3)
and we may derive the value of M (7) for

Eq. (2.5):

50

Family 1: When B#0, ® = A—C and
Q=B>+4E(4-C)>0,

C, sinh [\/anj+ C, cosh (\/f nj

C, cosh (\/677] +C, sinh[fn]

2.7)
Family 2: When B#0, A—C =® and
B*+4E(A-C)=Q<0,

M) =

B Vo
20 2w

-G sm[\/_Q ]‘FCZ cosh(mn}
M )_£+F 24
20 2w c J-Q . J-Q '
| cOs 7 n |+C,sinh 77}
2.8)

Family 3: B#0, A—C = and
B*+4E(A-C)=Q=0,

B C,

M@)=—+

—_— 2.9
2w C+C77 9)

Family 4: B=0, A—C =® and
A=wE >0,
JA

+C, cosh(—
n) cosh( y n)

JA

m+C, sinh(T n)
(2.10)

Family 5: When B=0, A—C = ® and
A=owE <0,

\/* G smh(f
M ()=

G cosh(\/AX

JoA G s1n(\/7

\/__

C, cos( y

/A

nm+C, cos(—n)

F

17)+ C, sin( y

M(n)=

n
(2.11)

3. Application of Scheme to Model of
Wave-Wave Interactions in Plasma
Let for Eq. (1.1)

E(t,x)=u(n)e”, v(t,x)=y(n),



R. D. Pankaj et al. | Science & Technology Asia | Vol.26 No.4 October - December 2021

O=kx+qt, n =(x—2kt)p
We get
u(k> +q)—p*u"+2pu’ —2uy =0, (3.1)
4k -Dy" +u" =0. 3.2)

Twice time integral of Eq. (3.2) with first
integration constant zero, we get

2
c—u
= 33
v =5 (33)
Its use in eq. (3.1), we get
au—p'u"+2bu’ =0, (3.4)

where

2¢ 1
=k’ +q- , b=|p+ ,
‘1( 4 4H—J [ﬁ 4H—J

the value of N by homogeneous balance

between nonlinear term #° and highest order
derivative term u''in Eq. (3.4) such that
3N=N+2ie., N=1. So, we get from Eq.
(2.4):
u(m=a, +a,(d+M)+p(d+M)"
(3.5)

It put with Egs. (2.5) and (2.6) into Eq.
(3.4), we yields a set of simultaneous
algebraic equations, if we equate each

Solution for set 1 with Family-1

If C,=0 but C, #0,

Aa—4bhd p P (dw+Bd-E)
24b A

If C,=0 but C, #0,

w, () =

Aa—4bhd  p*
24b

Solution for set 1 with Family-2
If C,=0 butC, =0,

u, (1) =

——A(dza)+Bd—E)(d

coefficient of resultant polynomial to zero.
Solve these algebraic equations and got
three set of solutions:

Set 1:
_ Aa—4bhd

o, = , a,=0,d=d,
2A4b

2
p 2
B =——(d w+Bd-FE), 3.6
1 b[( @ ) (3.6)

2
where A-C=w, h= —i—b other para-

meters are unrestricted.

Set 2:
1 3 hB+2hdw

oy =—
° 2p A

2ho
ﬂl =0,a1 ZT,d:d.

9

(3.7)

where A-C=w, h=—— other

parameters are unrestricted.

Set 3:
2
B
PRI AR
2b bA

2

A= e
where A—C=ow,
unrestricted.

(4Ew+ B%),

(3.8)

other parameters are

d+2£+—c th(—n)

Jo o ]

+—+—tanh(——
20 2w ( )

BJ_J_j
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2 -1
()—Aa—4bhd—p—(d2a)+Bd—E)x d+ B th(—“ )|
24b  bA 20
If C,=0 but C, #0,
Aa—4bhd  p* B \/ Jo
=247 P (w4 Bd—E)x| d+—+ X" tan(
u, (17) b 5 A( @ )% [ o an( 77)

Solution for set 1 with Family-3

Aa—4bhd _p*

1) = = " A

-1
(d*ew+ Bd —E) d+£+L )
20 C +Cn

Solution For set 1 with Family-4
If C,=0 butC, #0;

Aa—4bhd_p_2(d2 JA JA
b

u, ()= o a)+Bd—E)x(d+?coth(777))‘l.

If C,=0but C, #0

Aa—4bhd  p° A NN
=240 P (Pw+ Bd - E)Yx(d + = tanh(~—
u, (17) 2 4b bA( )x( - an(A m)
Solution For set 1 with Family-5
IfC #0,C, =0,
Aa—4bhd : v-—A VA
uls(n)zz—/w—é’—/l(dzwwd—];)x(m cot(X—=n))",
()_Aa 4bhd p P (@’w+ Bd - E)x (d—\/ At v-A )"
24b bA W A

Similarly, Solution For set 2 with Family-1

1 1 VQ
If C,=0 but C, #0, = —+—hJQ coth(—=n).
1 ut L, u, (17) b 4 co (2A n)

1 1 VO
If C,=0 but C, #0, = —+— hvJQ tanh(—7)).
2 ut & u, (17) 2b+A an(ZA m)

Solution For set 2 with Family-2
1 1 V-0
IfC, =0 but C, 20, =—+—hJQ coth(——n)).
| 2 u, (17) TR ( 74 )

0

1 1
If C,=0but C, 20, =—+—hJvQit
2 ut ¢ u, (1) TR an( Y

n).

52
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Solution For set 2 with Family-3

1 2ho C,
wy () ==~ 2 —2— |,
2b A4 \C+Cp

Solution For set 2 with Family-4

If C,=0but C, #0, u, (n)_—b—z( Zﬂcoth(—n)}

If C,=0but C, #0, w, (n)——b—%(B 2x/_tanh(—n)].

Solution For set 2 with Family-5

An).

IfC =0but C,#0, u, (n)——b—%[B 2x/Kcot( J

IfC,=0but C,#0, u, (n)——b—ﬁ(B 2\/—tan( An).

A

Similarly, we can find the Solution For set 3 with Family-1
If C,=0 but C,#0,

@, B, B a
=—+ th AEw+ B* th(——n).
u (17) 5 opa X ( bAJﬁ( @+ B”)xco (2,4 7))
If C,=0 but C, #0,
a 2\/_ \/_ PZ ‘/5
=—+ tanh 4E®+ B*) x tanh(——n)).
us (1) 5 2bA><an( bA\/ﬁ( ® )Xan(ZAn))

Solution For set 3 with Family-2
If C,=0 but C, =0,

2 /
u, (17) = ab \/_coth( i \/_ (4Ew+ B* )cot( n).
If C,=0 but C, 20,
a _pNa \/ P’ V-0
=—- ' 4Ew+ B*)tanh :
u; (17) % opa )+le\/§( o+ )an(zA m)
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Solution For set 3 with Family-3

2 -1
uy (1) =~ pa’ S (4Ew+ B) & |
‘ 2" bd C+Cn ) 2bdw C +Cyn

Solution For set 3 with Family-4
If C,=0 but C, =0,

_a (=B NN o va
uy, () = 2b bA( o+ VA coth(— n)]+4bA(4Ea)+B )[ B +2+/A coth( y n)J .

If C,=0 but C, #0,
2 2 -l
P -B A p 2 A
@ P B atanh(YE oy |+ L (4Ew+ BY)| —B+2A tanh(X ) |
s, (1) 2b bA[ 2 R ) R

Solution For set 3 with Family-5
If C,=0 but C,#0,

Us, (77)— p2 [ B+21x/Zc0t(\/_ )J+4]Z; (4Ea)+82)(—B+2i\/Xcot(%n)] .

2b 2bA

If C,=0 but C, #0,

39(77)—— 4 ( B+2l\/—tan(\/_ )J+41;;(4Ea)+Bz)[—B+2i\/Ztan(gn)J .

2b  2bA
4. Results and Discussion approximation with already done results
It is worth announcement that the which are relevant as following:

some of our possessed solutions are in good

(1)With(Bz+4E)>O,C=0,a):A:1a:(k2+q_ 2¢ ij(ﬂ+ 1 j

ak* -1) 4k* -1)
2
a3 o (B> +4E)
”31(77)—%+71/(B +4E)coth #p(X—ﬂct) ,
then
2 B* +4E _
E(x,1)= i+3i (Bz+4E)coth ( )p(x—Zkt) eitkeran

2b b
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2

2
c | a 39 (B +4E)
vt =—S A LOP B ap)coth| Y ) (- 2kt
e Ve R TE D LA ( ) { y P2k

2) WithB=0,d=0 AE>0,C=0,0= A,

2c¢ 1 a * |E E
a =(k2 e _IJ,bz(ﬂ+mj,ulé(n)=E+% Ztanh(\/;p(x—Zkt)].

then

a p2 E E
E(x,t)={—+%—,/—tanh| ,|— — 2kt i(k:wqt)’
JPERV AN
2
c 1 a pz\/f \/E
1) = - Ll 2 ann| [Z -2kt |b
v =eT 4k2—1{2b b\ 4 an{ 2 P2k

(3) WithB=0,d=0 AE<0,C=0,0= A,

2c 1 1 p* |-E -E
—[ k4 g- b=| pr—— ], P TR | P -2k |,
¢ ( 1 4/8—1) [ﬂ 4/8—1) o= =4 an( Rad )j

then

1 p* |-E -E -
E(x,t)=4——"—,|—t —p(x—2kt) |pe' ),
(x){Zb b\/Aan(\/Ap(x (e
2
c 1 1 p° |-E -E
)= - P a2 -2k |}
T 4k2—1{2b b\ 4 an( o P

(4) With B=0, A=wE=AE>0,C=0,0=A4,

2c 1
=| k> +q- b= B+ ,
. ( 7 4k2—1j (ﬂ 4k2—1j

a pA JA JA
u37 (77) = % + pb—A (2 tanh(7 I’l) + COth(7 n) .
then
2
E(x,t)= g n p \/Z ) tanh(ﬂ n)+ coth(ﬂ n) |befthan
2b bA A A
2 2
v(x,1) = zc - 21 ﬁ_,_ p \/X 2tanh(£ n)+ coth(ﬂ ny [\
4k°—1 4k~ —1|2b bA A A
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(5) WithB=0, d=0,A=wE=AE<0,C=0,0=A4,

2c 1
=k +g-————|,b=| f+— |,
¢ ( 4 4k2—1j (ﬂ 4k2—1)

1 ip*JA J-A J-A
u =——"——<2tan| —— p(x—2kt) |—cot| —— p(x—2kt) |¢,
5, (1) 5 24b y P( ) y 4t )
then
1 ip*NA J-A J-A .
E(x,t)={——-"-——<2tan x—2kt) |-cot| —— p(x—2kt et
(x,1) TR YT y p( ) y p( )
¢ 1|1 A J-A J-A
v(x,t) = - ————<2tan x—=2kt) |—cot| —— p(x—2kt
e R TENEE EYS T g P2k g P2k

Besides this enumeration, we may uy (17), w, (17) and u, (17) are as same the
gain more new solutions (travelling and solution of [5]
solitary wave solutions) like ’
s, (1), u, (17), w5, (17) — 5, (17), 4.1. Graphically sketched of the solution
u, (1) —u, (17),u; (17) —u, (17), which not The u, plotting to explore the
established in the prevalence literature. But soliton solutions for the model Eq. (1.1).

e
1

S,

1.98

1.96

1.94

1.92
20

(a)

Fig. 1. (a) The one-solitary wave propagation (b) More parallel solitons plot for Eq. (1.1) with
~15<x<15, =5<1<5, B#0,-g=d=-1/2,A=B=1, C=0, c=0,k=p=1/~/2.
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Fig. 2. Modular in 3D, 2D plot of Kink wave
Shape Of ulz (77) Wh€1’1 A:B:l, C:O, C=0,
k=p=1/\2, —g=d=-1/2,
—-5<¢<5,0<x<0.1, ##0.

M
\\\\\\\\\\\\\\ \\\ \X\\\\

\\\\\\\\\

Fig. 3. Modular plot of Kink wave Shape of
u, (17) when 4=F=1,B=0,C=0,d=0, c=0,

k=p=1/2, —g=d=-1/2,
~15<x<15, —5<¢<5, B#0.

\\\\\\\\\\&\\\\\\\\\\\\\\\\\\\\\\\\

Fig. 4. Mesh 3D graph for solitons interaction {|E |2 + V} for f=—1.

5. Conclusion

A new expansion scheme is exhibited
to locate solitary wave solution of the model
of wave-wave interactions in plasma for
generalized Zakharov equations (GZE). The
solitary wave solution Figs. 1, 2, 3 and its
interaction in Fig. 4 of this system are exist.
Therefore, we learn that this method well
emulates development of many exact
travelling wave solutions are gotten which
contain the new soliton-like hyperbolic
function  solutions  u, (17),  u, (17)

trigonometric function solutions u, (7) ,

57

and rational solutions

u39 (77) M25 (77)

U, (7). by
cancellation of nonlinear and dispersive
effects in wave interactions. The term

{|E|2+V} is plotted for g=-1 for the

Solitons are  caused a

results mentioned in results and discussion
section. The given plot is of the last results
where E and v both have iota and tan & cot

terms. In calculating the {|E |2 + V} , the iota

terms are neutralized but the tan and cot
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terms together form the solitons in travelling
wave. The terms under cof function in

u, (17) and under tan function in u, (77)

create the instability. So, it is estimated that
there may be the possibility of modulational
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