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ABSTRACT
In this article, we establish necessary and sufficient conditions for the ratio of some
consecutive series to be integers. The series that we investigate in the article are as

follows:
1 1

B (M) =7 bt
(1+k) 2(2+k) n(n+k)

(n,k eN),

Ca’d(n):2a+(n—i)d (a,d,neN) and

i=1
D, (n)=a+ar+---+ar" (aneN, reQ\{0}).

Keywords: Series, Consecutive series

1. Introduction
The ratios of two consecutive powers were studied by many mathematicians [1, 3].
One of the unsolved problems is to find all positive integers k and n>1 such that
42443 4.4
425 +3 +. 4 (n-1)"

Baoulina [2] studied a ratio for consecutive alternating power sums. Namely, he gave

the ratio of the power sum is an integer. In 2019, loulia N.

a necessary and sufficient condition for

1k_2k+3k +( 1)n+1 k
1k—2k+3k—---+(—1) (n-1)*

(n,keN and n>1)

to be an integer. From the mentioned result, it is natural to investigate the ratios for
other series. In this paper, we establish necessary and sufficient conditions for the ratio

of the following consecutive series to be integers:

1 1
k()_1(1+k) 220 Thmar kel

Ca]d(n):2a+(n—i)d (a,d,neN) and

i=1

D,,(n)=a+ar+---+ar" (a,neN, reQ\{0}).
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2. Main Results

Theorem 2.1 Let K and n be positive integers. Then %L(Jr)l) is never an integer
n
k
forall K and n.

Proof For positive integers K and n,
1 1 1

B, (n) = + 4ot
11+k) 2(2+k) n(n+k)
1(1 1 j 1(1 1 ) 1(1 1 j
= - - |+ — - |4 = -
kil 1+k ki2 2+k kin n+k
1 1 1 1 1 1
=—|1l-—+ 4|
k( 1+k 2 2+k n n+kj
Then
1 B 1
B.(n+D) _,. n+l n+k+1
Bk(n) 1_ 1 +1_ 1 +...+1_i
1+k 2 2+k n n+k
1 B 1
_ n+l n+k+1
=l 1 1 1 1
1+ =4+ —— — e —
2 n k+1 k+2 n+k
For k=1 and n>1,
2 <1+ 1
n+1 n+2

1 1 1
- <1- .
n+l n+2 n+1
1 B (n+1
Since ——-——->0, 1< Bi(n+1) < 2. Thus Q is not an integer.
n+l n+2 B,(n) B, (n)

For k=2 and n>1,

1 1 1 1 1
<1+
n+l n+1 n+?2 2 n+3

1 1 1 1 1 1 1 (1 1 1 1
| S e T/ <l e S e
3 4 n n+l1 n+2 2 \3 4
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1 1 11 1 11 1
- A+ e+ = -
n+l n+3 2 3 3 4 n+2
B 1
Since i—i>0, 1<M<2. Thus B,(n+1) is not an integer.

n+l n+3 B,(n) B, (n)
For n>2 and k > 2, it suffices to show that

1 1 1 1 11 1 1
+ + ot —— <1+ =+ =+ 4+ — |+ .
n+1 (k+1 K+2 k+n} (2 3 nj n+k+1

We have

2n+k+1<n®*+nk+n+k
@2n+k+D)(n+k+D) < (n+D)(n+k)(n+k+2)
n+k+n+1 <n+k+2
(n+D)(n+k) n+k+1

1 1 1 , 1 1 1 1 1 1

Thus + <1+ . Since +——++ <—+—+-+—
n+1 n+k n+k+1 k+1 k+2 k+n-1 2 3 n
1 1 .

and —+—<1+ , our claim holds.
n+l n+k n+k+1

Thus 0< t 1 <1+1+~~-+£— 11 —eee— L and this implies that

n+1 n+k+1 2 n k+l1 k+2 n+k

1< M < 2. Therefore M is not an integer. O

B.(n) B.(n)

We next consider arithmetic series.

C. (n+1)

Theorem 2.2 Let a,d and n be positive integers. Then
Ca,d(n)

is an integer if

and only if one of the following holds:
1.n=1 and a divides d.
2.n=2 and a=d.
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Proof For positive integers a,d and n, we have
C.o(n+)  (a+nd)+(a+(n-Dd)+(a+(n-2)d)+---+(a+d)+a
C,.q(n) (a+(n-1d)+(a+(n-2)d)+(a+(n-3)d)+---+(a+d)+a
a+(n)d 2a+2nd

E(2a+(n—1)d) 2na+nd(n-1)
2

Coo@_, 2a+2d _, a+d _, d

For n=1, we have =1 =1l+—=2+—.
C.q@® 2a a a
Ca d (2
Thus ———— is an integer if and only if a divides d .
a,d

C..3 2a+4d a+2d d-a
' =1+ =1+ =2+ .
C..(2 4a+2d 2a+d 2a+d

We first consider the case d >a. Since 2a+d >d—-a>0, 2a+d divides d—a ifand

For N=2, we have

only if a=d.

Now we assume that d <a. If 2a+d divides d—a then d —a=m(2a+d) for some

. dd-m) _

integer m<0. Then azm. Since m<0 and a,d >0, 2m+1>0. Thus m=0
_+_

and this implies that d =a. For the converse, it is easy to see that if d =a then
2a+d divides d —a.

C,,(n+1)
For n>3, 2na+nd(n—1) > 2a+2nd. Therefore C—() is never an integer. [
a,d n
We now consider geometric series D, (n).
D, ,(n+1)
Theorem 3 Let aeZ\{0}, re Q\{0} and neN. Then D—() is an integer if
a,r n

and only if one of the following holds:
1.n=1and r=1..
2.n isoddand r=-1.
3.n=1and r is an integer.

4.nNn=2 and r=-2.
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Proof We first consider the case r =1 or r =-1.

D, (n+1
2a(N+1) = (n+Da :1+£ which is an integer if and only if n=1.
D, .(n) na n

If r=1 then

If r=-1 then we consider only the case that n is odd.
D,,(n+1)

Since D n+1) =0,
La(n+)=0, =

is always an integer. Thus we next consider the
a,l

nontrivial case as follows.
It is easy to see that if N=1 and I is an integer then

D, (n+1) a+ar a(l+r)
D, . (n) a a

1+r

is an integer.

D,,(n+1) a+ar+ar’® 1+r+r’

If N=2 and r=-2 then =-3 is an integer.

D, . (n) a+ar 1+r
D, .(n+)
Now let aeZ\{0}, re Q\{0, +1} and neN. Suppose D—() is an integer.
n
a,r

C
Let r :E where ¢ and d are relatively prime.

C n
D, (n+1 (j n
wr(N )=1+ d =1+ ¢

Da,r(n) 1+C+ +(cjn_1 d(d nil'l‘Cd n-2 +---+Cn71)
d

Da‘r(n +1)

is an integer, d =1 and this
D, (n)

Since ¢ and d are relatively prime and

implies that I is an integer.

D, (2 a+ar a(l+r)

For n=1, = =1+r is an integer.
D, (@ a a
D 3 2 2 2

For n=2, 2iC) _atar+ar g, 8 4" rvloiean integer
D, .(2) a+ar ail+r) 1+r r+1

if and only if r=-2.
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D,.(4) a+ar+ar’+ar’ re 1
— — =1+ =+ Is an integer
D, .(3) a+ar+ar 1+r+r r+r+1
147
—

For n=3,

if and only if r’+r+1=%1. Solving r® +r+1=+1gives us r=+1 or r=

Both cases give us contradictions.

n

For >4, suppose =m for some integer m.

140+t
Thus r"=m+r+---+r"). If p is a prime divisor of r, p does not divide

1+r+---+r"" Thus p divides m. Since all prime divisors of I divides m and

ged(r,l+r+---+r") =1 we have r"=+m. Thus 1+r+---+r""=+1 and this
implies that r+---+r"*=0 or r+-—+r""=-2. If r+--+r""=0 then
FA+r+r’+--r"?)=0. Thus r=0 or 1+r+r?+...r"2 =0.The latter case implies
that I divides +1 and this is a contradiction. If r+---+r"'=-2 then r=+1 or
r=+2. Since r=+land r+--+r"'=-2<0, r=-2. Thus r+--+r"*=r. So
r’+--+r""=0. Therefore r=0 or 1+r+---r"*>=0. Since N>4, the latter case

implies that r divides 1 which is a contradiction. [
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