
CHAPTER I I

LOCALLY FACTORIZABLE SEMIGROUPS

In  t h is  ch ap te r, genera l p ro p e r t ie s  o f  lo c a l ly  fa c to r iz a b le  
semigroups are in v e s t ig a te d .

R e c a ll th a t  a semigroup ร is  fa c to r iz a b le  i f  ร = GE(S) f o r  some 
subgroup G o f  ร where E (s ) is  th e  se t o f  a l l  idem potents o f  ร ,  and a 
semigroup ร is  lo c a l l y fa c to r iz a b le  i f  each lo c a l subsemigroup o f  ร is  
fa c to r iz a b le ,  th a t  i s ,  f o r  each e £ E (s ) ,  eSe = GE(eSe) f o r  some subgroup 
G o f  eSe.

I t  i s  e a s i ly  seen th a t  eve ry  group and every group w ith  zero  is  
fa c to r iz a b le  and a lso  lo c a l ly  fa c to r iz a b le .  Observe from  th e  d e f in i t io n  
o f  lo c a l ly  fa c to r iz a b le  semigroups th a t  f o r  any semigroup ร w ith  id e n t i t y ,  
i f  ร i s  lo c a l ly  fa c to r iz a b le ,  then  ร is  fa c to r iz a b le .  In  g e n e ra l, a 
lo c a l ly  fa c to r iz a b le  semigroup need n o t be fa c to r iz a b le ,  and v ic e  ve rsa . 
Some counter-exam ples are g iven below.

Example. I t  fo llo w s  from  the  d e f in i t io n s  th a t  any semigroup w ith o u t 
idem potents is  lo c a l ly  fa c to r iz a b le  but n o t fa c to r iz a b le .

Le t ร be a l e f t  zero  semigroup such th a t  I ร I > 1. Then ab = a 
f o r  a l l  a , b £ ร and E (s ) = ร . s ince f o r  a £ E (s ) = ร ,  aSa = {a }  
which is  fa c to r iz a b le ,  we have th a t  ร is  lo c a l ly  fa c to r iz a b le .  Because 
E (s )  = ร ,  a subset G o f  ร is  a subgroup o f  ร i f  a n d 'o n ly  i f  G = {a }  f o r  
some a e ธ. But f o r  a e ธ ,  {a }E (S ) = as = {a } t  ร s ince  I ร I > 1,
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so ร is  no t fa c to r iz a b le .  Hence eve ry  l e f t  zero semigroup o f  c a rd in a ­
l i t y  > 1 is  lo c a l ly  fa c to r iz a b le  b u t n o t fa c to r iz a b le .

Le t IN and be th e  se t o f  a l l  p o s it iv e  in te g e rs  and th e  s e t o f  
a l l  in te g e rs ,  re s p e c t iv e ty . I t  has been shown by Chen and H sieh in  [ l ]  
th a t

{ a e I
2

z \ A c t |  = I Z  ^ V a  I }

i s  a fa c to r iz a b le  subsemigroup o f  I  where I  is  the  symm etric in v e rs e  
semigroup on z .  Le t 1 be th e  id e n t i t y  map on เพ. Then 1 e E(A ) ,

พ  = V N * r  n ‘ i V  s i n o e f o r  “ E V  4 พ m t i  

a n d  v < w  N  ' พ ่ *  w  f o l l o u s  t h a t  1 n a z 1 n '=  V
i * , A _ l „ , = I. 1 . Since เพ is  an i n f i n i t e  s e t,  I „  1 is  n o t fa c to r iz a b le

N  z  IN IN IN
( l ,  C o ro lla ry  o f  Theorem 3 . l ] ,  so 1 A is  no t fa c to r iz a b le .  Hence

เพ z  IN
A_^ is  fa c to r iz a b le  but n o t lo c a l ly  fa c to r iz a b le .

I t  was shown in  [ 7 , Theorem 2o1+] th a t  f o r a  semigroup ร w ith  id e n ­
t i t y  1 , i f  ร is  fa c to r iz a b le  as ร = G E(S), then G = which is  the  
maximum subgroup o f  ร having  1 as i t s  id e n t i t y .

Le t ร be a semigroup and e e E( s ) .  Then ( th e  3C- c la ss  o f  ร 
c o n ta in in g  e) is  the  maximum subgroup o f  ร having  e as i t s  id e n t i t y .  
Since = eH^e — e ê ’ we ^ave th a t  Hg is  the  maximum subgroup o f  eSe
having e as i t s  id e n t i t y .  But eSe is  a subsemigroup o f  ร having  e as 
i t s  id e n t i t y ,  hence we.have

2.1  P ro p o s it io n . Le t ร be a semigroup'. Then ะ

(1 ) For e e E (S ) 5 eSe is  fa c to r iz a b le  i f  and o n ly  i f  
eSe = H^ECeSe).

( 2 ) The semigroup ร is  lo c a l ly  fa c to r iz a b le  i f  and o n ly  i f  f o r
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e a c h  e  E E C S ) ,  e S e  = H ^ E C e S e ) .

The ne x t two p ro p o s it io n s  g ive  an o the r examples o f  lo c a l ly  
fa c to r iz a b le  semigroups.

2 .2  P ro p o s it io n . Every band is  lo c a l ly  fa c to r iz a b le .

P ro o f : Le t ร be a band. Then E (s ) = ร . Le t a e E (s ) = ร .
Then E(aSa) = aSa 5 {a } is  a subgroup o f  aSa and aSa = {a}aSa = {a }E (a S a ). 
T h e re fo re  aSa is  fa c to r iz a b le ,  #

2.3  C o r o l la ry . Every s e m ila t t ic e ,  every l e f t  zero semigroup and every 
r ig h t  zero  semigroup is  lo c a l ly  fa c to r iz a b le .

P ro o f ะ T h is  fo llo w s  from  P ro p o s it io n  2.2 and th e  fa c t  th a t  a 
s e m ila t t ic e ,  a l e f t  zero  semigroup and a r ig h t  zero semigroup are a l l  
bands. #

2.4- P ro p o s it io n . Every l e f t  group and every r ig h t  group is  lo c a l ly  
fa c to r iz a b le .

P ro o f ะ Le t e be an idem potent o f  a l e f t  group ร . Then eS 
is  a subsemigroup o f  ร having  e as a l e f t  id e n t i t y .  Fo r each a £ eS ,
Sa = ร s ince  ร lÎ s l e f t  s im p le , รอ th e re  e x is ts  an X ธ ร such th a t  xa = e . 
Then ex e eS and exa = ee = e. Hence eS is  a subgroup o f  ร having  
e as i t s  id e n t i t y .  Thus eSe = eS is  a group, so i t  is  fa c to r iz a b le .  
T h e re fo re  a l e f t  group is  lo c a l ly  fa c to r iz a b le .  D u a lly ,  a r ig h t  group 
is  lo c a l ly  fa c to r iz a b le . #
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case ร .

2 .5  P ro p o s it io n . (1 ) For a semigroup ร , ร is  lo c a l ly  fa c to r !z a b le
i f  and o n ly  i f  ร0 is  lo c a l ly  fa c to r iz a b le .

(2 ) Fo r a semigroup ธ , i f  ร is  lo c a l ly  fa c to r iz a b le ,  then so
is  ร.

P ro o f : Le t ร be a sem igroup.

(1 )  I f  ร has a z e ro , then ร๐ = ร , and so we are done.
Suppose ร has no ze ro . F i r s t  we no te  th a t  f o r  e £ E ( s ) ,  th e  j ( i  -  c la ss  
o f  ร c o n ta in in g  e, H^, is  th e  a  -  c lass  o f  ร๐ c o n ta in in g  e (s in c e  in  
ร0 , Hq = { 0 } ) .

Assume th a t  ร is  lo c a l ly  fa c to r iz a b le .  To show th a t  ร0 is  
lo c a l ly  fa c to r iz a b le ,  l e t  e £ E (s ° ) .  I f  e = 0, then  eS°e = 0S°0 = {o } 
which is  fa c to r iz a b le .  I f  e /  0, then e £ E (s ) and eS°e = e S e U (0 }
= HeE (e S e )U (0 }  = He E (eS °e ). Hence ร0 is  lo c a l ly  fa c to r iz a b le .

For th e  converse , assume th a t  ร๐ is  lo c a l ly  fa c to r iz a b le ,  l e t  
e £ E (s ) .  Then e £ E (s ° ) ,  so eS°e = HeE(eS°e) where Hg is  th e  j i  -  c lass  
o f  ร c o n ta in in g  e which is  a lso  th e  'H  -  c la ss  o f  ร0 c o n ta in in g  e. Thus 
eSeU {0 } = eS°e = HeE(eS°e) = HgE (eSe) บ {0 } .  s ince 0 f . eSe and 
0 f . H^ECeSe), i t  fo llo w s  th a t  eSe = H^ECeSe). T h is  shows th a t  ร is  
lo c a l ly  fa c to r iz a b le .

(2 ) Assume th a t  the  semigroup ร ’*’ is  lo c a l ly  fa c to r iz a b le .
I f  e £ E (s ) ,  then  e  ̂ = e = e  ̂ and th e re fo re  eSe = eSe
which is  fa c to r iz a b le .  Hence ร is  lo c a l ly  fa c to r iz a b le .  #

The l o c a l  f a c t o r i z a b i l i t y  o f  any sem igroup ร i s  e q u iv a le n t  to
th a t  o f  th e  sem igroup ร0 . However, we g e t  o n ly  one im p lic a t io n  fo r  th e

1
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The converse o f  P ro p o s it io n  2 .5  (2 )  is  n o t t ru e .  An example is  
g iven as fo llo w s  :

Example. Le t ร be the  m u l t ip l ic a t iv e  semigroup o f  nonnegative  even 
in te g e rs . Then ร = { 0 ,  2, >4, . . . } ,  E (s ) ะ: { 0 }  and oso = { 0 }  which
is  fa c to r iz a b le .  T h e re fo re  ร is  a lo c a l ly  fa c to r iz a b le  semigroup, but

1 1 ร is  n o t a lo c a l ly  fa c to r iz a b le  semigroup s ince  ร i  H^E(1S 1) = { 1 } { 1 ,0 }
= { 1 , 0 } .

A subsemigroup o f  a lo c a l ly  fa c to r iz a b le  semigroup need n o t be 
lo c a l ly  fa c to r iz a b le .

Example. The a d d it iv e  group o f  re a l numbers (fj^,, + ) ,  is  a lo c a l ly  
fa c to r iz a b le  semigroup, but th e  subsemigroup ( f t \ ju ( 0 } ,  + ) o f  ( |R ,  + ) is  
n o t lo c a l ly  fa c to r iz a b le  s ince  0+( [N u  {0 } )+0 = IN u {0 } but HQ +
E (0 + (lK J u (0 })  + 0) = {0 } + {0 } = {0 } .

The ne x t theorem shows th a t  a subsemigroup which is  e i t h e r  a f i l t e r ,  
a l e f t  id e a l 5 a r ig h t  id e a l o r an id e a l o f  a lo c a l ly  fa c to r iz a b le  sem i­
group is  always lo c a l ly  fa c to r iz a b le .

2 .6  Theorem. I f  a semigroup ร is  lo c a l ly  fa c to r iz a b le ,  then  every 
l e f t  [ r ig h t ]  id e a l and every f i l t e r  o f  ร is  lo c a l ly  fa c to r iz a b le .

P ro o f ะ F i r s t ,  l e t  A be a l e f t  [ r ig h t ]  id e a l o f  ร . Le t e 
£ E (A ). Then e e E (s ) .  S ince A is  a l e f t  [ r ig h t ]  id e a l o f  ร and e 
e A, we have Se Ae[eS ร  eA] which im p lie s  eAe = eSe. T h e re fo re  
eAe is  fa c to r iz a b le  s ince eSe is  fa c to r iz a b le .  Hence A is  lo c a l ly
fa c to r iz a b le .
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N e x t, l e t  T be a f i l t e r  o f  ร and l e t  e £ E (T ) .  S ince ธ is
lo c a l ly  fa c to r iz a b le ,  eSe = H^ECeSe) (P ro p o s it io n  2 .1 ) .  I f  X £ H6 ,
then e = xy f o r  some y £ ธ’*’ , so X £ T s ince xy = e £ T and T is  a
f i l t e r  o f  ร . T h e re fo re  T and thus  HeE(eTe) S T .  To show th a t
eTe = H^E(eTe), l e t  t  e T. Then e te  £ eTe Ç  eSe = H^ECeSe), so e te
= aebe f o r  some a £ H and b £ ธ such th a t  ebe £ E (eS e). Sincee
aebe = e te  £ T and T is  a f i l t e r ,  i t  fo llo w s  th a t  b £ T , so ebe £ E (eTe ). 
T h e re fo re  e te  = aebe £ HeE (eTe ). Hence eTe = HgE (e T e ). T h is  proves 
th a t  T is  lo c a l ly  fa c to r iz a b le .  #

2 .7  C o r o l la r y . Every id e a l o f  a lo c a l ly  fa c to r iz a b le  semigroup is  
lo c a l ly  fa c to r iz a b le .

P ro o f ะ T h is  fo llo w s  from  Theorem 2.6 and th e  fa c t  th a t  an 
id e a l is  a l e f t  id e a l.  #

Le t ร be a semigroup. I f  eS is  lo c a l ly  fa c to r iz a b le  f o r  a l l  
e £ E (s ) ,  then  ร is  lo c a l ly  fa c to r iz a b le  s ince f o r  e £ E ( s ) ,  e = ee 
£ eS and eSe = e(eS)e which is  fa c to r iz a b le .  D u a lly ,  i f  Se is  
lo c a l ly  fa c to r iz a b le  f o r  a l l  e £ E (s ) ,  then ร is  lo c a l ly  fa c to r iz a b le .  
A ls o , i f  SeS is  lo c a l ly  fa c to r iz a b le  f o r  a l l  e £ E ( s ) ,  then  ร is  
lo c a l ly  fa c to r iz a b le  s ince f o r  e £ E (s ) ,  e = eee £ SeS and eSe 
= eeeSe ççe(SeS)e Ç  eSe which im p lie s  eSe = e(SeS)e which is  f a c t o r i ­
zab le .

Le t ร be a lo c a l ly  fa c to r iz a b le  semigroup. For each e £ E (S ) , 
SeS [eS,Se] is  an id e a l [a r ig h t  id e a l,  a l e f t  id e a l]  o f  ร ,  so SeS, 
eS, Se are  lo c a l ly  fa c to r iz a b le  semigroups.

T h erefo re  th e  fo l lo w in g  theorem  i s  o b ta in e d  ะ
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2 .8  Theorem. Le t ธ be a semigroup. Then th e  fo l lo w in g  are e q u iv a le n t ะ

(1 )  ร is  lo c a l ly  fa c to r iz a b le .
(2 ) SeS is  lo c a l ly  fa c to r iz a b le  f o r  a l l  e e E (s ) .
(3 )  eS is  lo c a l ly  fa c to r iz a b le  f o r  a l l  e e E (s ) .
(4 ) Se is  lo c a l ly  fa c to r iz a b le  f o r  a l l  e e E (s ) .

A homomorphic image o f  a fa c to r iz a b le  semigroup is  c le a r ly  a 
fa c to r iz a b le  semigroup s ince a homomorphic image o f  a group is  a group 
and a homomorphism maps an idem potent to  an idem potent. The fo llo w in g  
example shows th a t  a homomorphic image o f  a lo c a l ly  fa c to r iz a b le  semi­
group need n o t be lo c a l ly  fa c to r iz a b le .  The ne x t two theorems show th a t  
t h is  is  t r u e  f o r  lo c a l ly  fa c to r iz a b le  in v e rs e  semigroups and f o r  homomor­
p h ic  image in  th e  type o f  Rees q u o tie n t sem igroups.

Example. Le t ร = (kl บ Z 2 5 where Ikl i s  th e  se t o f  a l l  p o s it iv e  in te g e rs  
and Z 2 is  "the se t o f  a l l  in te g e rs  modulo 2. D e fine  th e  o p e ra tio n  *  on 
ร by

m * ท = m + ท i f  m, ท e ผ ,

in * ท = in + ท i f  in, ท e z 2 .

m * ท ะ ท * m = ท i f m e (KJ , n e

Then ( ร , * )  i s  a semigroup and E (s ) = {Ô }. ร is  lo c a l ly  fa c to r iz a b le  
s ince  5 *  ร *  Ô = { 0 ,  1 }  = Z 2 which is  a group. Le t T = Z 2 บ  {e } be 
a s e m ila t t ic e  o f  groups having e as i t s  id e n t i t y .  T is  n o t a lo c a l ly  
fa c to r iz a b le  s ince  eTe = T i  HeE(eTe) = (e } { e ,  o } .  D efine  a map i/j 
from  ร in to  T by

xip
i f X e (Kl ,
i f X E Z 2 .X
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I t  i s  e a s i ly  seen th a t   ̂ is  a homomorphism from  ร on to  T.

2 .9  Theorem. A homomorphic image o f  a lo c a l ly  fa c to r iz a b le  in v e rs e  
semigroup is  lo c a l ly  fa c to r iz a b le .

P ro o f ะ Le t T be a homomorphic image o f  a lo c a l ly  fa c to r iz a b le  
in v e rs e  semigroup ร by a homomorphism Ip . Le t f  £ E (T ) .  Then th e re  
e x is ts  an element e £ E (s ) such th a t  eijj = f  (C hapter I ,  page 5 ) .
Since ร is  lo c a l ly  fa c to r iz a b le ,  eSe = H^ECeSe), which im p lie s  th a t  
f T f  = ( e \ p) (Si p) ( e i p)  = ( e S e ) \ p  = (HgE(eSe) = ( H i|>) (E ( eSe )ÿ )
E  (H ^)E(eip(S\p)e\p) = (H ^ )E ( fT f)c  Since Ip is  a subgroup o f  T and 
He Ip = (eHge)^ = (etJ;)(He i)  (e\p) = f (H g^ )f  Ç  f T f ,  we have th a t  
f T f  = (H ^ )E ( fT f )  which is  fa c to r iz a b le .  Hence T is  lo c a l ly  f a c t o r i ­
za b le . #

2.10 Theorem. I f  ร is  a lo c a l ly  fa c to r iz a b le  semigroup and I  i s  an 
id e a l o f  ร ,  then  the  Rees q u o tie n t semigroup ร / I  is  lo c a l ly  fa c to r iz a b le .

P ro o f ะ Le t a £ ร be such th a t  (ap ) = ap1 . C laim  th a t
apTร / l'apT = H E(apTS /Ia p T) . I f  a £ I  then apT is  th e  zero o f  S / I ,-L I  cip J  -L i. -1-
so ap S /Ia p 1 = {ap } = H E(ap S /Iap  ) .  Now, assume th a t  a f  I .1 I  -L 3.p J -i- -L
Then ap j = (a ) .  Since (ap-j-)2 = ap j , a2 = a. Because ร is

lo c a l ly  fa c to r iz a b le ,  then aSa = H E(aSa) where H is  the  -  c lass

a I  ' a p  1  I

th e re fo re  H__ E (apTS /Ia p T) = apTS/Iap3-P J i- i- -L

1ร / ! a p 1 = (aSa)p

) .  But H  E
I

a P I

I  •

T h erefore  th e  theorem  i s  p roved . #
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Example. Le t ร be the  m u l t ip l ic a t iv e  semigroup o f nonnegative  in te g e rs . 
Then ร = ( f h lu lo ] ,  • ) . Le t I  = {o , 2 , 3, . . . } .  Then I  is  an id e a l 
o f  So C le a r ly  I  and S / I  = {Opj 5 l P j }  are lo c a l ly  fa c to r iz a b le .  But 
ร is  no t lo c a l ly  fa c to r iz a b le  s ince H ^ E (lS l) = { 1 } { 1 ,  0} = {1 , 0} 4  1S1.

Let I be an id e a l  o f  a sem igroup ร . By C o r o lla r y  2„7 and
Theorem 2 .1 0  we have th a t  i f  ร i s  l o c a l l y  f a c t o r i z a b le ,  th en  so  are
I and ร / I .  However, th e  co n v erse  i s  n o t tr u e  in  g e n e r a l.

Le t ร be a s e m ila t t ic e  o f  groups. Then ร is  an in v e rs e  semigroup
and ร = บ H which is  a s e m ila t t ic e  E (s ) o f  groups H . We g ive  a 

eeE(S) e e
c h a ra c te r iz a t io n  o f  a s e m ila t t ic e  o f  groups to  be lo c a l ly  fa c to r iz a b le
in  the  next theorem. The fo llo w in g  lemma is  re q u ire d .

2.11 Lemma. I f  ร is  a s e m ila t t ic e  o f  groups, then  f o r  e £ E (S ) 5
eSe = บ H and E(eSe) = { e f  I f  e E ( s ) } .  

fe E (S ) e t
P ro o f ะ Le t ธ be a s e m ila t t ic e  o f  groups and l e t  e £ E (s ) .

Then ร = บ H is  a s e m ila t t ic e  E (s ) o f  groups H^. Then
fe E (S )

eSe = e.( y  H )e = บ eHf e c  y  H s ince 
fe E (S ) t  fe E ( ร )  ei:

H c  H - e f  e ffe E (S )
and Hf He Q  Hg f f o r a l l  f  e E (ร ) .  I f  f  £ E (S ) ,  then H f  = efH

c  eSe 5 th e re fo re  eSe = y  H , and hence E(eSe) = { e f  | f  £ E (s ) }
f£ E (S ) e

s ince  f o r  each f e E ( S ) ,  f i s  the  o n ly  one idem potent in  H . ท

2.12 (A ) Theorem. Le t ร be a s e m ila t t ic e  .o f  groups. Then ร is  
lo c a l ly  fa c to r iz a b le  i f  and o n ly  i f  f o r  e , f  £ E ( s ) ,  H f  = He f ‘

P ro o f ะ Le t ร be a s e m ila t t ic e  o f  groups. Then s = บ H
eeE(S) 6
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i s  a s e m ila t t ic e  E (S ) o f  groups Ho .
Assume ธ is  lo c a l ly  fa c to r iz a b le . Le t e e E (s ) .  Then

eSe = H E (eS e), so by Lemma 2 .1 1 , eSe =: H { e f  1 f  e E (S )}  = บ H 10 t: fe E (S ) 6
= บ H f  . 

fe E ( ร ) e
But eSe = บ H r- 

fe E (S ) 6
(Lemma 2 .1 1 ) , so บ H 

fe E (S ) 8
= บ H f  . Since ร - บ  H is  a s e m ila t t ic e  E (s ) o f  groups

fe E (S ) e fe E ( ร ) ±
H^, i t  fo llo w s  th a t  H f  c  He£ f o r  a l l  f  £ E ( s ) .  To show th a t  H^f

=  ̂ f o r  a l l  f  E E ( s ) ,  l e t  f  e E (s ) and l e t  a e He^' . Then a

e บ H ,- = บ H f  , so a £ H_f f o r  some f  £ E (s ) .  Since
fe E ( ร )  e f  fe E ( ร )  6 6 ^

H f  E  ^ e f '  5 we ^ave a e ^ef  ^ ' ^ e f '  3 SO e ^ = e ^  ' S ince a E H^f 1

a = b f  f o r  some b E H . T h e re fo re  a = b f  = (b e ) f  = b (e f  ) = b (e f  )e
= (b e ) f  = b f  Ê H f  . Thus H f  = Hg '  . T h is  proves th a t  H^f = แ6  ̂
f o r  a l l  f  e E (s ) .

C onverse ly , assume th a t  H f  =  ̂ f o r  a l l  e , f  E E (s ) .  To
show ร is  lo c a l ly  fa c to r iz a b le ,  l e t  e e E (s ) .  Then eSe = บ H r:

fe E (S ) 6
(Lemma 2 .1 1 ) ,  so by assum ption, we have eSe = บ H f  = บ H e f

fe E (S ) 6 fe E (S ) e
= e f  I f  e E (s ) }  = H^E(eSe) (Lemma 2 .1 1 ). Hence ร is  lo c a l ly
fa c to r iz a b le . #

Le t ร be a semigroup. C onsider th e  fo l lo w in g  sta tem en ts ะ

(1 ) H f  = He£ f o r  a l l  e , f  e E (s ) .
(2 )  Hgf  = H f o r  a l l  e , f  E E ( s ) ,  f  $ e.

S ince f o r  e , f  E E ( s ) ,  f  $ e im p lie s  f  = e f  , we have (1 ) im p lie s  (2 )
but f o r  e , f  £ E ( s ) ,  Hgf  = Hg( e f )  and e f  $ e, so we have (2 ) im p lie s
( l ) .  Hence the  s ta tem en ts (1 ) and (2 ) are e q u iv a le n t.

T h erefo re  th e  n e x t theorem  i s  o b ta in e d .
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2.12 (B ) Theorem. Le t s be a s e m ila t t ic e  o f  groups. Then ร is  lo c a l ly  
fa c to r iz a b le  i f  and o n ly  i f  H f  = f o r  a l l  e , f  e E ( s ) ,  f  $ e.

We remark from  Theorem 2.12 (B ) th a t  i f  ร is  a s e m ila t t ic e  o f  
groups and i t  i s  lo c a l ly  fa c to r iz a b le ,  then f o r  e, f  E E (s ) such th a t  
f  $ e , we have [H I $ IHg I s ince iH ^ fl  ̂ I I .

Le t ร be a s e m ila t t ic e  o f  groups. Then E (s ) L C (S )  [ 2 , Lemma
4 . ร] where f o r  any semigroup T , C(T) = {a  £ T I a x =  xa f o r  a l l  X £ T} 
which is  c a lle d  th e  c e n te r o f  T . Thus ea = ae f o r  a l l  e £ E ( s ) ,  a £ ร. 
Le t e , f  £ E (s )  be such th a t  f   ̂ e . Then f o r  a £ H , we have a f  £ H^f 

<t Hg f = Kf . D e fine  $ e  f  : H6 '> Hf by a $ g  f  =  a f - Since E (s ) c  c ( s ) ,  
we have th a t  $ i s  a (g roup) homomorphism, and the  image o f  $ is  H f .6 j t  0 5 ± 0

We c a l l  th e  homomorphisms Ô f ( e , f e E ( S ) ,  f ^ e )  the  correspond ing 
homomorphisms o f  ร . Now, we can see th a t  H f  = H_j_ f o r  a l l  e , f  £ E (s ) 
such th a t  f   ̂ e i f  and o n ly  i f  a l l  o f  the  corresponding homomorphisms 
o f  ร are epim orphism s. Thus we have the  fo llo w in g  c o r o lla r y .

2.13 C o r o l la r y . L e t ร be a s e m ila t t ic e  o f  groups. Then ร is  lo c a l ly  
fa c to r iz a b le  i f  and o n ly  i f  a l l  o f  th e  corresponding homomorphisms o f  ร 
are ep im orphism s.

Le t { ร } ^  be a nonempty fa m ily  o f  sem igroups. The semigroup
ร d e fined  on th e  c a r te s ia n  product o f  th e  se ts  ร w ith  c o o rd in a tew isea
m u lt ip l ic a t io n ,  ie .  (x  ) ( y  ) = ( x y  ) ,  is  the  d ire c t  p roduct o f  th e  sem i-ex a or a ——— -  
groups { ร  ̂ and is  denoted by ร = n รa . For 3 £ A, th e  map 

a ae aeA a
Pg ะ ธ -> Sg d e fined  by ( xc4)Pg = Xg f o r  a l l  (x c1) £ ธ is  th e  p ro je c t io n  
homomorphism o f  ธ on to  th e  3 -  component ร .  Since a homomorphic image------------------------------  p
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o f  a group is  a ls o  a group, i t  fo l lo w s  th a t  i f  G is  a subgroup o f  ร ,
then Gpg is  a subgroup o f  ร^ f o r  a l l  g e A. I f  f o r  each a e A ,  is
a subgroup o f  ร , then  n G is  c le a r ly  a subgroup o f  ร . I t  i s  e a s i ly  

a aeA a
seen th a t  E( n ร ) = n (E (s  ) ) .

aeA a aeA a
The la s t  theorem o f  t h is  chapter shows th a t  th e  d ire c t  product 

o f  lo c a l ly  fa c to r iz a b le  semigroups is  lo c a l ly  fa c to r iz a b le .  We need the  
fo l lo w in g  lemma.

2.1h Lemma. Le t { รa be a fa m ily  o f  semigroups. Then รa is
fa c to r iz a b le  f o r  a l l  a e A i f  and o n ly  i f  n ร is  fa c to r iz a b le .

a e A  a

P ro o f : Assume ธ is  fa c to r iz a b le  f o r  a l l  a e A .  Then f o r
a e A, ร = G^E( ร where Ĝ  is  a subgroup o f  ร ^ .  I t  fo l lo w s  th a t

แ ร a = n (G E (s ) )  = ( n G )( n E (s  ) )  = ( n G )(E (  n s ) ) ,
a e A  a  a e A  a  01 a e A  a  a e A  a  a e A  a  a e A  a

hence n s  is  fa c to r iz a b le .  
aeA a

C onverse ly , assume n  ร , .

a e A  a

=  GE( ท  ร^ )  

a e A  a

f o r  some subgroup G

o f  ท  รa . I f  g  e  A ,  then  S g  =  

a e A  a

(  I S  

a e A
) p g

=  (  G E (  ท  ร,, 
aeA “ ) )p g

=  ( G P g ) (  ท  E ( S a ) ) P g  =  

a e A

(Gp )(E (S g ) )  and Gpg is  a subgroup o f  S g  ,

hence ร is  fa c to r iz a b le .g #

2.15 Theorem. Le t { ร a^aeA ke 3 ๓̂i l y  o f  semigroups. I f  ธa i s . lo c a l l y
fa c to r iz a b le  f o r  a l l  a e A ,  then  n ร is  lo c a l ly  fa c to r iz a b le .  M orever,

aeA a
i f  E (ธ ) Ï  <p f o r  a l l  a e A ,  then th e  converse is  t ru e

P ro o f ะ Assume each ร is  lo c a l ly  fa c to r iz a b le .  Le t ( ea )
e E( H ร ) .  Then e e E (s  ) f o r  a l l  a e A  and Ce ) c n s  ) ( e )  

aeA a a a a aeA a a
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= n  ( e  s  e  ) .  S in c e  e ร e  i s  f a c t o r i z a b l e  f o r  a l l  a  e A ,  b y  Lem m a  
a e A  a a a

2 . 1 4 ,  n  ( e  ร e ) i s  f a c t o r i z a b l e .  H e n c e  n  ร  i s  l o c a l l y  f a c t o r i -  
a e A  a  a  a  a e A  01

Z a b l e .

Assume th a t  n ร i s  l o c a l l y  f a c to r i z a b le  and suppose th a t  
aeA a

E (ร t  (j) f o r  a l l  a e A .  Let ร e A, and e e E (S g). s in c e  E (ร0 )

i- <}> f o r  a l l  a e A ,  th e re  e x i s t s  (e ^ ) 0 n E(SQ) such  t h a t  (e^ )p ^  - e p
a aeA a a

= e . Then (e  ) e E( แ ร ) .  S ince n ร i s  l o c a l l y  f a c to r i z a b l e ,  
a  . aeA a aeA a

(e  ) II ร (e  ) = GE((e ) n ร (e  ))  f o r  some subgroup G o f  (e ) แ ร (e  ).
a aeA a a a aeA 01 a a aeA a a

Then n (e  ร e ^ ) = GE( n (e  s e )) ะ G n (E (e s e ) ) .  Thus
aeA a a a aeA a a a  aeA

eS3e = e gs ร6ร = ( Gp^)E( egS^eg) and Gpg i s  a subgroup o f  Sg .

T his shows t h a t  ร i s  l o c a l ly  f a c to r i z a b l e .  #
p

I f  E ( s  ) = (j) f o r  som e a e A ,  t h e n  t h e  c o n v e r s e  o f  t h e  t h e o r e m  
a

i s  n o t  n e c e s s a r i l y  t r u e .

E x a m p le . ( z ,  ' ) x ( t K l ,  + ) i s  l o c a l l y  f a c t o r i z a b l e  s i n c e  ( z ,  • ) x (  l h l , + ) 

h a s  n o  i d e m p o t e n t .  B u t  ( z , * )  i s  n o t  l o c a l l y  f a c t o r i z a b l e  b e c a u s e  

l Z i  = I  i s  n o t  f a c t o r i z a b l e  u n d e r  m u l t i p l i c a t i o n .
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