CHAPTER 1

LOCALLY FACTORIZABLE SEMIGROUPS

In this chapter, general properties of locally factorizable
semigroups are investigated.

Recall that a semigroup is factorizable if = GE(S) for some
subgroup Gof where E(s) is the set of all idempotents of , and a
semigroup is locally factorizable if each local subsemigroup of s
factorizable, that is, for each e £E(s), eSe = GE(eSe) for some subgroup
Gof eSe.

It is easily seen that every group and every group with zero is
factorizable and also locally factorizable. Observe from the definition
of locally factorizable semigroups that for any semigroup  with identity,
if is locally factorizable, then is factorizable. In general, a
locally factorizable semigroup need not be factorizable, and vice versa.
Some counter-examples are given below.

Example. It follows from the definitions that any semigroup without
idempotents is locally factorizable but not factorizable.

Let Dbe a left zero semigroup such that | | > 1. Then ab =a
for all a, b£ and E(s) = . since for a £ E(s) = , aSa = {a}
which is factorizable, we have that is locally factorizable. Because
E(s) = , a subset Gof is a subgroup of if and'only if G= {a} for
some ae . Butfor ae , {a}E(S) =as ={a} ¢ since || >1,
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so is not factorizable. Hence every left zero semigroup of cardina-
lity >1is locally factorizable but not factorizable.

Let IN and  be the set of all positive integers and the set of

all integers, respectivety. It has been shown by Chen and Hsieh in [I]
that

{aeI2 z\Act] = 1'Z ~Val)

is a factorizable subsemigroup of I~ where | is the symmetric inverse
semigroup on z. Let 1 bethe identity mpon . Then 1 eEA ),

=V N *r ntiV sinoefor “ EV 4 mti

and v<w N *w follous that 1n az 1In = V
i* A | =11 Since Is an infinite set, 1,11is not factorizable
e T N

(I, Corollary of Theorem 3.1], so 1 AZ \ is not factorizable. Hence
A™ is factorizable but not locally factorizable.

It was shown in [z, Theorem 20% that fora semigroup  with iden-
tity 1, if s factorizable as = GE(S), then G = which is the
maximum subgroup of  having 1 as its identity.

Let be a semigroup and e € E(S). Then (the 3G class of
containing e) is the maximum subgroup of having e as its identity.
Since  =eH% —e”e ' we “ave that Hy is the maximum subgroup of eSe
having e as its identity. But eSe is a subsemigroup of having e as
its identity, hence we.have

2.1 Proposition. Let be a semigroup’. Then

(1) For e eE(S) 5 eSe is factorizable if and only if
eSe = HMECeSe).
(2) The semigroup is locally factorizable if and only if for
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each e E ECS), eSe = HMECeSe).

The next two propositions give another examples of locally
factorizable semigroups.

2.2 Proposition.  Every band is locally factorizable,

Proof : Let be a band. Then E(s) = . Let aeE(s) = .
Then E(aSa) =aSa 5 {a} is a subgroup of aSa and aSa = {a}aSa = {a}E(aSa).
Therefore aSa is factorizable, #

2.3 Corollary. Every semilattice, every left zero semigroup and every
right zero semigroup is locally factorizable.

Proof This follows from Proposition 2.2 and the fact that a

semilattice, a left zero semigroup and a right zero semigroup are all
bands. ¢

24- Proposition.  Every left group and every right group is locally
factorizable.

Proof Let e be an idempotent of a left group . Then S
IS a subsemigroup of having e as a left identity. For each a £ eS |,
Sa = since Iis left simple,  there exists an X such that xa =e.
Then ex e S and exa =ee =e. Hence eS is a subgroup of having
e as its identity. Thus eSe =eS is a group, so it is factorizable.
Therefore a left group is locally factorizable. Dually, a right group
is locally factorizable. #
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The local factorizability of any semigroup is equivalent to
that of the semigroup 0. However, we get only one implication for the
case 1.

2.5 Proposition. (1) For a semigroup , is locally factor!zable
if and only if 0 is locally factorizable.

(2) For a semigroup , if is locally factorizable, then so

IS

Proof : Let be a semigroup.

(1) If has a zero, then = , and so we are done.
Suppose  has no zero. First we note that for e £ E(s), the ji - class

of containing e, HY is the a - class of  containing e (since in
0, Hy = {0}).

Assume that is locally factorizable. To show that 0 is
locally factorizable, let e £ E(s°). If e =0, then eS% =05°0 = {o}
which is factorizable. If e/ 0, then e £ E(s) and eS°e = eSeU(0}
= HeE(eSe)U(0} = HeE(eS°e). Hence 0 is locally factorizable.

For the converse, assume that  is locally factorizable, let
e £ E(s). Then e £ E(s°), so eS°% = HeE(eS°e) where Hg is the ji - class
of containing e which is also the w - class of 0 containing e. Thus
eSeU {0} = eS% = HeE(eS°e) = HyE(eSe) {0}. since 0+t eSe and
0 t. HMECeSe), it follows that eSe = HMECeSe). This shows that s
locally factorizable.

(2)  Assume that the semigroup * is locally factorizable.
If e £E(s), then e =e =¢" and therefore eSe = eSe
which is factorizable. Hence is locally factorizable. #
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The converse of Proposition 2.5 (2) is not true. An example is
given as follows

Example. Let be the multiplicative semigroup of nonnegative even
integers. Then =40, 2, X ...}, E(S) : {0} and 0s0 = {0} which
is factorizable. Therefore is a locally factorizable semigroup, but
s not a locally factorizable semigroup since i H"E(lSll) = {1}{1,0}

= {1,0).

A subsemigroup of a locally factorizable semigroup need not be
locally factorizable.

Example.  The additive group of real numbers (fi*,+), is a locally
factorizable semigroup, but the subsemigroup (ft\ju(0},+) of (|R,+) s
not locally factorizable since O0+([Nu {0} )0 = INu {0} but HQ+
E(0+(IKJu(0})+0) = {0}+{0} = {0}

The next theorem shows that a subsemigroup which is either a filter,
aleft ideal 5 aright ideal or an ideal of a locally factorizable semi-
group is always locally factorizable.

2.6 Theorem. If a semigroup is locally factorizable, then every
le ft [right] ideal and every filter of is locally factorizable.

Proof First, let Abe aleft [right] ideal of . Let e
£ E(A). Then e e E(s). Since Alis aleft [right] ideal of and e
e A, we have Se Ae[eS eA]l which implies eAe =eSe. Therefore
eAe is factorizable since eSe is factorizable. Hence Ais locally
factorizable.
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Next, let T be a filter of and let e £ E(T). Since IS
locally factorizable, eSe = H"ECeSe) (Proposition 2.1). If X £ Ho,
then e=xy for some y £ * so XE£Tsince xy=ef£TandTis a
filter of . Therefore T and thus HeE(eTe) ST. To show that
eTe = HME(eTe), let t e T. Then ete £ eTe C eSe = HMECeSe), so ete
= aebe for some a £H, and b £ such that ebe £ E(eSe). Since
aebe =ete £T and T is a filter, it follows that b £ T, so ebe £ E(eTe).
Therefore ete = aebe £ HeE(eTe). Hence eTe = HgE(eTe). This proves
that T is locally factorizahle. #

2.7 Corollary. Every ideal of a locally factorizable semigroup is
locally factorizable.

Proof This follows from Theorem 2.6 and the fact that an
ideal is a left ideal. &

Let be a semigroup. If €S is locally factorizable for all
e £E(s), then is locally factorizable since for e £ E(S), e =ee
£ eS and eSe =e(eS)e which is factorizable. Dually, if Seis
locally factorizable for all e £ E(s), then  is locally factorizable.
Also, if SeSis locally factorizable for all e £ E(s), then s
locally factorizable since for e £ E(s), e =eee £ SeS and eSe
= eeeSe ¢ce(SeS)e C eSe  which implies eSe = e(SeS)e which is factori-
zable .

Let be alocally factorizable semigroup. For each e £ E(S),
SeS [eS,Se] is an ideal [a right ideal, a left ideal] of , so SeS,
eS, Se are locally factorizable semigroups.

Therefore the following theorem is obtained
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2.8 Theorem. Let be a semigroup. Then the following are equivalent

(1) is locally factorizable.

(2) SeSis locally factorizable for all e e E(s).
(3) eSis locally factorizable for all e e E(s).
(4) Seis locally factorizable for all e e E(s).

A homomorphic image of a factorizable semigroup is clearly a
factorizable semigroup since a homomorphic image of a group is a group
and a homomorphism maps an idempotent to an idempotent. The following
example shows that a homomorphic image of a locally factorizable semi-
group need not be locally factorizable. The next two theorems show that
this is true for locally factorizable inverse semigroups and for homomor-
phic image in the type of Rees quotient semigroups.

Example. Let = (K Z2 5where Ik is the set of all positive integers
and Z2 is 'the set of all integers modulo 2. Define the operation * on
by

m* = m+ if m e

n* =i+ if in e ,,

m* *mo= if me®,ne
Then ( ,*) is a semigroup and E(s) = {O}. is locally factorizable
since 5¢ *0 = {0, 1} = z2 which is a group. Let T=z2 {e} be

a semilattice of groups having e as its identity. T is not alocally
factorizable since eTe =T i HeE(eTe) = (eHe, 0}. Define a map i

_ ﬁ(e if XeM,
Xip = .
~ If XEZ2.

from into T by
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It is easily seen that ~is a homomorphism from  onto T.

2.9 Theorem. A homomorphic image of a locally factorizable inverse
semigroup is locally factorizable.

Proof Let T be a homomorphic image of a locally factorizable
inverse semigroup by a homomorphism 1. Let f £ E(T). Then there
exists an element e £ E(s) such that eij =f (Chapter I, page 5 ).
Since  is locally factorizable, eSe = H"ECeSe), which implies that

fTf = (e\p)(Sip)(eip) = (eseyp = (HoE(eSe) = (HIP)(E(eSe)y)

E - (H")HepSpep - E(fTfc  Since  Pis a subgroup of T and
HD - (eHge)r = (etJ,)(HeI) (e\p) - f(Hg)f C fTf, we have that

fTf = (HME(fTf) which is factorizable. Hence T is locally factori-
zable. #

2.10 Theorem. If is alocally factorizable semigroup and | is an
ideal of , then the Rees quotient semigroup /1 is locally factorizable.

Proof Let a £ be such that (ap ) = apl . Claim that
ap] /I'aplT = HdpJE(apT{S/Iap[). If a £ 1 then apT_lis the zero of S/I,
S0 aplsllapfl = {apL} = I-lngE(apJ-rS/IapL). Now, assume that a t I.
Then apj = (a). Since (ap}-)2 = apj , a2 =a. Because s
locally factorizable, then aSa = HE(aSa) where H is the . class
1.0l = (aSa)p

But E

aPl

d | I ap 1 | | )
therefore H3PJE(apiIS/IapiI) = ap]Sllap,

Therefore the theorem is proved. #
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Let | be an ideal of a semigroup . By Corollary 2,7 and
Theorem 2.10 we have that if is locally factorizable, then so are
| and /l. However, the converse is not true in general.

Example. Let be the multiplicative semigroup of nonnegative integers.

Then = (fhlulo], ). Let I ={o, 2, 3, ...}. Then I is an ideal

of So Clearly | and S/I ={Opj 5IPj} are locally factorizable. But
Is not locally factorizable since H7™E(ISI) = {1}1, 0} ={1, 0} 4 1S1.

Let Dbe a semilattice of groups. Then is an inverse semigroup

and H which is a semilattice E(S) of groups He. We give a

eeE(S) ¢ ) |
characterization of a semilattice of groups to be locally factorizable

in the next theorem. The following lemma is required.

211 Llemma. If is a semilattice of groups, then for e £ E(S) 5

eSe = feE(S)Het and E(eSe) = {ef I f e E(s)}.

Proof Let be a semilattice of groups and let e £ E(s).

Then = H is a semilattice E(s) of groups H* Then
feE(S)
eSe = e Hl = eHfe ¢ H since H,; c H
(tyeE(S) ) feE(S) | RE() el ef = Tef

and HHe Q Hgf for all f eE(). If f£E(S), then Hf = ef

¢ eSe Stherefore eSe = . and hence E(eSe) = {ef |f £ E(S)}

E H
fEE(S) e
since for each feE(S), fis the only one idempotent in H .

2.12 (A) Theorem. Let be a semilattice .of groups. Then s
locally factorizable if and only if for e, f £E(s), Hf = Hef

Proof Let be a semilattice of groups. Then s = H
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is a semilattice E(S) of groups Ho.

Assume is locally factorizable. Let e e E(s). Then
eSe = HyE(eSe), so by Lemma 2.11, eSe = H.{ef 1f e E(S)} = H1
HE(eSe) y H-{ ()} E(S) 6
= Hf . But eSe = Hr (Lemma 2.11), so H
feE( ) e feE(S) 6 feE(S) 8
= Hf . Since - H is a semilattice E(s) of groups
feE(S) e feE( ) #

HA, it follows that Hf ¢ HE for all f £E(s). To show that HAf
= N forall f EE(s), let feE(s) andlet aeH™. Then a

e H- = Hf ,so af£HTf for some f £E(s). Since
feE( ) et feE() 6 6 A

Hf E ~et* 5 we Mave a e %ef N nefr 350 en ern ' Since aE HAMf L

a =Dbf for some b EH,. Therefore a=hf =(be)f =h(ef ) =h(ef)

= (be)f =bf EHf . Thus Hf = Hy' . This proves that HAf = 6~
for all f e E(s).
Conversely, assume that Hf =~ for all e, f EE(s). To

show is locally factorizable, let e e E(s). Then eSe = H .
feE(S) 6

(Lemma 2.11), so by assumption, we have eSe = Hf = H ef
feE(S) 6 feE(S) e

= ef I f eE(s)} = HME(eSe) (Lemma 2.11). Hence is locally
factorizable. &

Let be a semigroup. Consider the following statements

(1) Hf = HE for all e, fe E(s)
(2) Hf =H for all e, fe E(s), f $e.

Sincefor e, f EE(s), f §emplies f =ef , we have (1)implies (2)
but for e, f £ E(s), Hyf = Hy(ef) andef $e, so we have (2)implies
(I).  Hence the statements (1) and (2) are equivalent.

Therefore the next theorem is obtained.
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2.12 (B) Theorem. Let s be a semilattice of groups. Then is locally
factorizable if and only if Hf = for all e, f e E(s), f $e.

We remark from Theorem 2.12 (B) that if is a semilattice of
groups and it is locally factorizable, then for e, f E E(S) such that
f $e wehave [HI$ IHgl since HAMI AT T,

Let be a semilattice of groups. Then E(s) LC(S) [2, Lemma
4. ] where for any semigroup T, C(T) ={a £T | ax= xa for all X £ T}
which is called the center of T. Thus ea =ae for all e £E(s), a £ .
Let e, f £E(s) be such that f ~e. Then for a £ H, we have af £ HAf
< Hgf =K. Define s. f:H'>H Iy .so f-af- Since E(s)c c(s),
we have that $6]. is a (group) homomorphism, and the image of § . is Hf.
We call the homomorphisms O f (e ,feE(S), f~e) the corresponding
homomorphisms of . Now, we can see that Hf =H for all e,f £ E(S)
such that f ~e if and only if all of the corresponding homomorphisms

of are epimorphisms. Thus we have the following corollary.

2.13 Corollary. Let be a semilattice of groups. Then is locally
factorizable if and only if all of the corresponding homomorphisms of
are epimorphisms.

Let { }” be anonempty family of semigroups. The semigroup
defined on the cartesian product of the sets 2 with coordinatewise
multiplication, ie. (Xe()(ya) = (dea)' is the direct product of the semi-
groups { N and is denoted by = n a . For 3£ A, the map

aae aeA a _ o
Pg > Sy defined by (xe)Pg =Xg for all (xa) £ is the projection

homomorphism of  onto the 3 - component ; Since a homomorphic image
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of a group is also a group, it follows that if Gis a subgroup of

then Gpg is a subgroup of ~ for all ge A If for each aeA, IS
a subgroup of , then n G is clearly a subgroup of . It is easily
a aeA a
seen that E( n ) = n (E(s )).
aeA a aeA  a

The last theorem of this chapter shows that the direct product
of locally factorizable semigroups is locally factorizable. We need the
following lemma.

2.1h Llemma. Let { a be a family of semigroups. Then ais
factorizable for all a e Aif and only if n is factorizable.

aeA a

Proof .  Assume is factorizable for all aeA. Then for
aeA, = G where G is a subgroup of ~. It follows that

a =n@GEs ) =(nG ) nEs) = (nG )E( ns)),

aeA a aeA a 01 aeA a aeA a aeA a aeA a

hence ns is factorizable.

aeA a
Conversely, assume . . - CF Ay for some subgroup G
aeA a aeA a
of a . |fgeA, then sg = ( 1s

aeA a aeA P9 - e aeA H ))pg
(67) csa1eg - (Gp )(E(SQ, and Gpg IS a subgroup of <, |

aeA

hence gis factorizable.

2.15 Theorem. Let { a*aeA ke 3 ~ily of semigroups. If ais.locally
factorizable for all aeA, then n is locally factorizable. Morever,

. aeA a _
if E( )i 9 for all aeA, then the converse is true

Proof Assume each  is locally factorizable. Let (ea)

e E( H . Then e e E(s for all aeA and Ce )c ns e
(aeAa) a (a) a) aeAa)(aP



22

= n (e se ). Since e e is factorizable for all a e A, by Lemma
aeA aaa

2.14, n (e e ) is factorizable. Hence n is locally factori-
aeA a a a aeA
Zable.
Assume that nA is locally factorizable and suppose that
deA a

E( ¢ forall aeA. Let eA and e e E(Sg). since E(0)
- $for all aeA, there exists (¢*) 0 n E(SQ) such that (e")p* - ep

a  aeA 4 a
=e. Then (e )e E ). Since n is locally factorizable,
a .aeA 4 aeA a
(ea)a(yA a(ea) = GE((ea)agA a(ea)) for some subgroup G of (ea)aeA a(ea)'

Then e eM) = GE £ S Gn (E(e se)). Thus
agA(aaa) (aQA( asaa)) agA(( s¢)) y

eS3e = egs 6 = (Gp")E(egS™eg) and Gpg 1is a subgroup of Sy .

This shows that p is locally factorizahle. #

| f E(sa) = () for some aeA, then the converse of the theorem

is not necessarily true.

Example. (z, ")x(tKl,+) is locally factorizahbhle since (z, *)x(Ihl,+)
has no idempotent. But (z,*) is not locally factorizable because

12 = I is not factorizabhle under m ultiplication.
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