
C H A P T E R  I

PRELIMINARIES

L e t ร be a semigroup.
For T ç: ร ,  T is  a subsemigroup o f  ร i f  T forms a semigroup 

under th e  same o p e ra tio n  on ร . A subsemigroup G o f  ร is  a subgroup o f
ร i f  G i s  a lso  a group. A subsemigroup T o f  ร i s  c a lle d  a f i l t e r  o f  ร
i f  f o r  any a , b £ ร , ab e T im p lie s  a , b £ T.

An element a o f  ธ is  c a lle d  an idem potent o f  ร i f  a  ̂ = a. Le t
E (s ) denote the  se t o f  a l l  idem potents o f  ร ,  th a t  i s ,

E (S) = { a e s | a ^ = a } .

For e e E ( s ) ,  eSe is  c le a r ly  a subsemigroup o f  ร where eSe = {exe I
X e ร } .

A semigroup ธ is  a band i f  a  ̂ = a f o r  a l l  a in  ร ; o r  equ iva­
l e n t l y ,  E ( ร) = ร . A commutative band is  a s e m ila t t ic e .

An element z o f  a semigroup ร i s  c a lle d  a l e f t  [ r ig h t ]  zero  o f
ร i f  zx = z [xz = z] f o r  every X e ร . An elem ent o f  a semigroup ร is
c a lle d  a zero o f  ร i f  i t  is  both a l e f t  and a r ig h t  ze ro  o f  ร . An 
elem ent e o f  ร is  c a lle d  a l e f t  [ r ig h t ]  id e n t i t y  o f  ร i f  ex = X [xe
= x] f o r  a l l  X e ร . An element o f  a semigroup ร is  c a lle d  an id e n t i t y
o f  ร i f  i t  is  both a l e f t  and a r ig h t  id e n t i t y  o f  ร . A semigroup can 
have a t most one zero and a t  most one id e n t i t y .  The zero and the  id en ­
t i t y  o f  a semigroup, i f  e x is t ,  are u s u a lly  denoted by 0 and 1, respec­
t i v e l y .
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A l e f t  zero semigroup is  a semigroup ธ in  which xy = X f o r  a l l  
X, y e ร . A r ig h t  zero  semigroup is  d e fined  d u a lly .

I f  ธ is  a semigroup w ith  zero 0 and ธ \ { 0 }  is  a subgroup o f ธ, 
then  ธ i s  c a lle d  a group w ith  z e ro .

Le t ร be a semigroup w ith  id e n t i t y  1. An elem ent a o f  ร is  
c a lle d  a u n it  o f  ร i f  th e re  e x is ts  SL £ ร such th a t  aa = aa = 1. Le t G 
be th e  se t o f  a l l  u n its  o f  ร ,  th a t  i s ,

G = (a  £ S I aa ะ aa ะ 1 f o r  some a e ร } .
Then G is  th e  g re a te s t subgroup o f  ร having  1 as i t s  id e n t i t y ,  and i t  
is  c a lle d  th e  group o f  u n its  o r  the  u n it  group o f  the  semigroup ร .

Le t ร be a sem igroup, and l e t  0 be a symbol n o t re p re s e n tin g  
any elem ent o f  ร . Le t th e  n o ta t io n  s u o  denote th e  semigroup ob ta ined  
by ex tend ing  th e  b in a ry  o p e ra tio n  on ร to  0 by d e f in in g  oc = 0 and Oa 
= aO = 0 f o r  a l l  a e ร , and then  l e t  th e  n o ta t io n  ธ๐ denote the  fo llo w in g  
semigroup :

SUO
i f  ธ has a ze ro , 
i f  ร has no ze ro .

S im i la r ly ,  l e t  ร be a semigroup and 1 a symbol n o t re p re s e n tin g  
any elem ent o f  ร . Le t th e  n o ta t io n  SU 1 denote th e  semigroup ob ta ined  
by ex tend ing  th e  b in a ry  o p e ra tio n  on ร to  1 by d e f in in g  11 = 1 and la  
= a = a l  f o r  a l l  a e ธ , and l e t  th e  n o ta t io n  ร^ denote th e  fo llo w in g
semigroup :

ร 1 =
ร บ  1

i f  ร has an id e n t i t y ,  
i f  ร has no id e n t i t y .

An element a o f  a semigroup ร is  re g u la r  i f  a = axa f o r  some 
X e ร . A semigroup ร is  re g u la r  i f  eve ry  element o f  ร is  re g u la r .
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Le t a be an element o f  a semigroup ร . An elem ent X o f  ร is
an in v e rs e  o f  a i f  a = axa and X = xax. Then a semigroup ร is  re g u la r
i f  and o n ly  i f  every  element o f  ร has an in v e rs e . A semigroup ร is  an 
in v e rs e  semigroup i f  every element o f  ร has a unique in v e rs e , and the  
unique in v e rs e  o f  th e  element a in  ร is  denoted by a . A semigroup ร 
is  an in ve rse  semigroup i f  and o n ly  i f  ร is  re g u la r  and any two idempo- 
te n ts  o f  ร commute [ 2 , Theorem 1 . 1 7 ] .  Hence, i f  ธ is  an in v e rs e  semi­
group, then E (s ) is  a s e m ila t t ic e .

Le t ร be a semigroup and A a nonempty subset o f  ร . Then A is
c a lle d  a l e f t  [ r ig h t ]  id e a l o f  ร i f  SA e  A [as Q a] . We c a l l  A an id e a l
o f  ร i f  A is  both a l e f t  and a r ig h t  id e a l o f  ร .

A semigroup ธ is  a l e f t  s im ple [ r ig h t  s im p le , s im p le ] i f  ร is  
th e  o n ly  l e f t  id e a l [ r ig h t  id e a l,  id e a l]  o f  ธ. Hence, a semigroup ร 
is  l e f t  sim ple [ r ig h t  s im p le , sim ple] i f  and o n ly  i f  Sa = ร [aS = ร ,
SaS = ร] f o r  a l l  a £ ร .

A semigroup ธ is  l e f t  c a n c e lla t iv e  i f  f o r  a , b , x e S ,  x a = x b  
im p lie s  a = bo A r ig h t  c a n c e lla t iv e  semigroup is  d e fined  d u a lly .  A 
c a n c e lla t iv e  semigroup is  a semigroup which is  both l e f t  and r ig h t  can­
c e l la t iv e  o

A semigroup ร is  c a lle d  a r ig h t  group i f  i t  is  r ig h t  s im ple and 
l e f t  c a n c e lla t iv e .  A l e f t  group is  d e fined  d u a lly .

Le t ร and T be semigroups and a map from  ร in to  To The map 
 ̂ is  a homomorphism from  ร in to  T i f  (ab)\Jj ะ (a ijj)(b i|0  f o r  a l l  a , b e So 

A semigroup T is  a homomorphic image o f  a semigroup ร i f  th e re  e x is ts  
a homomorphism from  ร on to  T . A homomorphism \p from  ร in to  T is  c a lle d  
an epimorphism i f  ไp is  o n to . A homomorphism Ip from  ร in to  T is  an
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isom orphism  i f  ijj is  o n e -to -o n e . I f  th e re  is  an isom orphism  from  ร onto 
T , we say th a t  th e  semigroup ร and T are iso m o rp h ic , and we w r i te  ร ร To 

A homomorphic image o f  a group is  a lso  a group. I f  a semigroup 
T is  a homomorphic image o f  an in ve rse  semigroup ร by a homomorphism \p ,  

then  T is  an in v e rs e  semigroup and fo r  each f  e E (T ) ,  th e re  is  an element 
e E E (s ) such th a t  e\p = f  [2 , Lemma 7 . 34] and f o r  any a e ร ,  (aijj) = 
a [ 2 , Theorem 7.36] 5 and hence

E (T ) = {e^ I e e E ( s ) } .

Le t ร be a semigroup. A r e la t io n  p on ธ is  c a lle d  l e f t  [ r ig h t ]  
com patib le  i f  f o r  a , b , c e ร , apb im p lie s  capcb [acpbc] . An equ iva­
lence r e la t io n  p on ธ is  c a lle d  a congruence on ร i f  i t  i s  both  l e f t  and 
r ig h t  com patib le

L e t p be a congruence on a semigroup ร . Then th e  se t 

s/p = {ap I a e ร }

o f  a l l  p -  c lasses o f  ร w ith  the  o p e ra tio n  d e fined  by

(ap )(b p ) = (ab)p

(a ,  b e ร ) i s  a semigroup and is  c a lle d  the  q u o tie n t semigroup 
to  th e  congruence p 5 and the  map p : ร - *  s / p  d e fined  by ap1 = 
on to  homomorphism and i t  is  c a lle d  the  n a tu ra l homomorphism o f 

Le t I  be an id e a l o f  a semigroup ร . Then th e  r e la t io n  
d e fin e d  by

r e l a t i v e  

ap i s  an  

ร  o n to  S / p . 

P j  o n  ร

x p j Y  <= - >  X ,  y e I  o r  X = y ,

i s  a congruence on ร and

xp 1
i f  X e I ,  
i f  X t  I .
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The congruence Pj i s  c a l l e d  th e  Rees congruence on ร in d u ced  by I or
th e  Rees congruence on ร modulo I ,  and S /P j i s  c a l l e d  th e  Rees q u o t ie n t
sem igroup r e l a t i v e  t o  I which i s  den oted  by S / I .

Le t ร be a semigroup. D e fine  th e  r e la t io n s  y ,  S i and Ï  on s 
as fo l lo w  ะ

a yb ร1a -  ร 1! ,

It) <==^ aS1  -  bS1

and
SC = 3* ก f t .

The re la t io n s  y , f t  and Sj are c a lle d  Green's
are equiva lence r e la t io n s  on So M oreover, y  is  r ig h t  com patib le , ร {1 

is  l e f t  com patib le , and $  ç  ü  0 E q u iv a le n t d e f in i t io n s  o f  the
G reen's re la t io n s  y  , &  on ธ are g iven as fo l lo w  ะ

a ï  b - > a = xb, b = ya f o r  some X, y e  ร 1

a Jib =*> a = bx, b = ay f o r  some X, y e ธ

Fo r a e ร ,  l e t  L^, R  ̂ and denote the  y  -  c lass  o f  ร c o n ta in in g  a, 
th e  R  -  c lass o f  ร c o n ta in in g  a and th e  %  -  c lass  o f  ร c o n ta in in g  a, 
re s p e c t iv e ly .

In  any semigroup ร ,  any $  -  c la ss  o f  ร c o n ta in s  a t  most one 
idem potent [ 2 , Lemma 2 . 1 5 ] ,  any %  -  c la ss  o f  ร c o n ta in in g  an idem potent 
e o f  ร is  a subgroup o f  ร [ 2 , Theorem 2 o l 6 ]  and i t  i s  th e  g re a te s t sub­
group o f  ร having  e as i t s  id e n t i t y .  Hence, i f  ร i s  a semigroup w ith  
zero  0, then = {0 } and i f  ร is  a semigroup w ith  id e n t i t y  1, then 
is  th e  u n it  group o f  ร .

I f  ร i s  an in ve rse  semigroup, then  each ^ -  c la ss  and each 
R  -  c lass  o f  ร co n ta in s  e x a c tly  one idem potent [2 , C o ro lla ry  2 . 1 9 J.
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Le t s be a s e m ila t t ic e .  Then th e  r e la t io n  $ d e fined  on ร by 

a ^ b --»> a = ab (= ba) 

i s  a p a r t ia l  o rd e r on ร .
Le t Y be a s e m ila t t ic e  and l e t  a semigroup ร = บ G be a

aeY 01
d is jo in t  un ion o f  subgroups o f  ร . The semigroup ร is  sa id  to  be a 
s e m ila t t ic e  Y o f  groups i f  Ĝ Ĝ  ร  f o r  a l l  a , g £ Y.

L e t ร be a s e m ila t t ic e  o f  groups. Then ร is  an in ve rse  semi­
group [2 , C o ro lla ry  7 . 5 3 ] , ea = ae f o r  a l l  e e E ( s ) ,  a e ร , and ร =
บ H which is  a s e m ila t t ic e  E (s ) o f  groups H . 

eeE(S) 6 e
Le t X be a s e t . A p a r t ia l  tra n s fo rm a tio n  o f  X is  a map from  a 

subset o f  X in to  (a subset o f )  X. The empty tra n s fo rm a tio n  o f  X is  the  
p a r t ia l  tra n s fo rm a tio n  o f  X w ith  empty domain and i t  i s  denoted by Oo 
Fo r a p a r t ia l  tra n s fo rm a tio n  a o f  X, th e  domain and th e  range o f  a are 
denoted by Act and Va, re s p e c t iv e ly .  Le t T be th e  se t o f  a l l  p a r t ia l  
tra n s fo rm a tio n s  o f  X ( in c lu d in g  0)0 Fo r a , g £ T , d e fin e  the  product 
ag as fo llo w s  ะ I f  VaHAg = <f>, l e t  ag = 0. I f  VaPlAg t  <t>, l e t

ag (a |
( V a n  A g ) a

■ l-) ( ^ V a n A g )

( th e  composite map) where a I 1 and g |„  c \ denote the  re s -(VaO Ag)a va 1 1 Ap
t r ic t io n s  o f  a and g to  (V a riA g )a   ̂ and VaOAg, re s p e c t iv e ly .  Then T^ 
is  a semigroup w ith  zero 0 and id e n t i t y  1 where 1 is  th e  id e n t i t y  map 
on X and i t  is  c a lle d  th e  p a r t ia l  t  ran  ร fo rm a t io n  semigroup on the  se t X. 
Observe th a t  f o r  a , g E T , Aag = (VaPlAg)a ^ Q  Aa and Vag = (V aH A g)g .
Q  v g .

For any se t X, T is  a re g u la r  semigroup and

E(T^) = (a e T^ I Va Q  Aa and xa = X f o r  a l l  X e Va},
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Le t I  denote th e  se t o f  a l l  1-1 p a r t ia l  tra n s fo rm a tio n s  o f  X,
th a t  i s ,

I  = {a e Ty I a is  o n e -to -o n e }.

Then I  i s  an in v e rs e  suhsemigroup o f  T w ith  id e n t i t y  1 and zero 0,X X
and i t  i s  c a lle d  th e  1-1 p a r t ia l  tra n s fo rm a tio n  semigroup o r th e  symme­
t r i c  in v e rs e  semigroup on the  se t X. By a t ra n s fo rm a tio n  o f  a se t X 
we mean a map o f  X in to  i t s e l f .  Then an element a £ Ty is  a t r a n s fo r ­
m ation o f  X i f  and o n ly  i f  Aa = X. Le t ปี,y denote th e  se t o f  a l l  t ra n s ­
fo rm a tio n s  o f  X, th a t  i s ,

' i  = (a  e Tx I Aa = x } .

Then tfy i s  a re g u la r  subsemigroup o f  Ty w ith  id e n t i t y  1 and i t  is  
c a lle d  th e  f u l l  t ra n s fo rm a tio n  semigroup on the  se t X. The p e rm uta tion  
group on X is  denoted by Gy. Then

Gy = {a  e Ty I Aa = Va = X and a is  o n e -to -o n e }.

Observe th a t  Gy ç  I y  Ç Ty and Gy e  ^y Ç  Ty.
Fo r a p a r t ia l  t ra n s fo rm a tio n  a  o f  X, l e t  7T be th e  r e la t io n  ona

Aa d e fined  by
XTT y -> xa = ya .

a

w hich is  c a lle d  th e  p a r t i t io n  o f  a . Then th e  p a r t i t io n  o f  any p a r t ia l  
t ra n s fo rm a tio n  a o f  X i s  an equ iva lence r e la t io n  on Aa. For any a £ Ty ,
we have th a t  th e  %  -  c la ss  o f  T c o n ta in in g  a isX

= {8 £ Ty I AB = Aa, V8 = Va and TT̂  = ir^ }.

The s h i f t  o f  a p a r t ia l  tra n s fo rm a tio n  a o f  X, ธ( a ) ,  i s  d e fined  
to  be th e  se t {x  e Aa I xa t  x } . A p a r t ia l  t ra n s fo rm a tio n  a o f  X is  
sa id  to  be a lm ost id e n t ic a l  i f  th e  s h i f t  o f  a is  f i n i t e ,  th a t  i s , | s ( a ) |
< 00. Le t
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บ = {a e T I a i s  a lm ost id e n t ic a l} ,X X
V = {a  e $  I a i s  a lm ost id e n t ic a l}X X

and
พ =X

I f  a , 3 e T^, then  s (a g )ร  
semigroups o f  T^, and I

{a e 1^ I a is  a lm ost id e n t ic a l} .

ร (น ) u s ( g ) .  Hence บ^, and พ̂  
^, re s p e c t iv e ly .

are sub-

By the  lo c a l subsemigroups o f  a semigroup ร we mean the  subsemi­
groups o f  ร in  th e  form  eSe where e is  an idem potent o f  ร . Fo r any 
a d je c tiv e  A d e sc rib in g  a type o f  sem igroups, we s h a l l  say th a t  a semi­
group ธ is  a lo c a l ly  A semigroup, o r  lo c a l ly  A, i f  each lo c a l subsemi­
group o f  ร is  an A semigroup ( t h is  fo llo w s  M c A lis te r [ ธ ] ) .

A semigroup ร is  sa id  to  be fa c to r iz a b le  i f  th e re  e x is ts  a sub­
group G o f  ร such th a t  ร = GE(S) where E (s ) is  the  se t o f  a l l  idem potents 
o f  ร . Then a semigroup ธ is  lo c a l ly  fa c to r iz a b le  i f  and o n ly  i f  each 
lo c a l subsemigroup o f  ร is  fa c to r iz a b le .
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