CHAPTER |

PRELIMINARIES

Let  be a semigroup.

For T¢ , Tis a subsemigroup of if T forms a semigroup
under the same operationon . A subsemigroup Gof is asubgroup of
if Gis also a group. A subsemigroup T of is called afilter of

if forany a, b£ ,abe T implies a, b £T.
An element aof is called an idempotentof if a* =a. Let
E(s) denote the set of all idempotents of , that is,

E(S) = {aes|a”=a}.

For e e E(s), eSeis clearly a subsemigroup of where eSe = {exe |
Xe }.

A semigroup is a band if a* =a for all ain ; or equiva-
lently, E() = . A commutative band is a semilattice.

An element zofa semigroup is called a left [right] zero of
if zx=1z [xz =z for every Xe . An elementof asemigroup is
called a zero of if it is both aleft and a right zero of . An
element e of is calleda left[right] identity of ifex =X [xe
=x] for all X e . Anelement of a semigroup iscalled an identity
of if it is both aleft and a right identity of . A semigroup can
have at most one zero and at most one identity. The zero and the iden-
tity of a semigroup, if exist, are usually denoted by 0 and 1, respec-
tively.



A le ft zero semigroup is a semigroup in which xy = X for all
X,y e . Aright zero semigroup is defined dually.

If is a semigroup with zero 0 and \{0} is a subgroup of
then is called a group with zero.

Let be a semigroup with identity 1. An element a of is
called a unit of if there exists « £ such that aa =aa = 1. Let G
be the set of all units of , that is,

G = (afSla a 1forsmeae }.

Then G is the greatest subgroup of having 1 as its identity, and it

is called the group of units or the unit group of the semigroup

Let be a semigroup, and let 0 be a symbol not representing
any element of . Let the notation suo denote the semigroup obtained
by extending the binary operation on to 0 by defining oc =0 and Qa
=a0 =0 for all ae , and then let the notation  denote the following
semigroup

S if has a zero,
SUO if has no zero.

Similarly, let  be a semigroup and 1 a symbol not representing
any element of . Let the notation SUL denote the semigroup obtained
by extending the binary operation on to 1 by defining 11 =1 and la
=a=al forall ae , and let the notation ~ denote the following
semigroup

S if  has an identity,
. <[ | | ity

1 if  has no identity.

An element a of a semigroup is regular if a = axa for some
Xe . Asemigroup is regular if every element of is regular.



Let a be an element of asemigroup . An element Xof s

an inverse of a if a =axa andX=xax. Then a semigroup is regular
if and only if every element of has an inverse. A semigroup is an
inverse semigroup if every element of has a unique inverse, and the
unique inverse of the element a in is denoted by a . A semigroup

is an inverse semigroup if and only if is regular and any two idempo-
tents of  commute [2, Theorem 1.17]. Hence, if is an inverse semi-
group, then E(s) is a semilattice.

Let  be a semigroup and A a nonemptysubset of .Then A is
called aleft[right] ideal of if SAe A fasQ a]. W call Aan ideal
of if Ais both aleft and a right ideal of

A semigroup is a left simple [right simple, simple] if is
the only left ideal [right ideal, ideal] of . Hence, a semigroup
is left simple [right simple, simple] if and only if Sa = [aS = ,
SaS = ] for all a £ .

A semigroup is left cancellative if for a, b, xeS, xa=xb
implies a =ho Aright cancellative semigroup is defined dually. A
cancellative semigroup is a semigroup which is both le ft and right can-
cellative o

A semigroup is called a right group if it is right simple and
le ft cancellative. A left group is defined dually.

Let and T be semigroups and a map from into To The map
Nis a homomorphism from into T if (ab\Jj  (aij)(bil0 for all a, be S
A semigroup T is a homomorphic image of a semigroup if there exists
a homomorphism from  onto T. A homomorphism  from into T is called

an epimorphism if p is onto. A homomorphism p from into T is an



isomorphism if i is one-to-one. If there is an isomorphism from  onto

T, we say that the semigroup and T are isomorphic, and we write To
A homomorphic image of a group is also a group. If a semigroup

T is a homomorphic image of an inverse semigroup by a homomorphism 1,

then T is an inverse semigroup and for each f e E(T), there is an element

e E E(s) such that ep =1 [2, Lemma 7.34] and for any a e , (ajj) =

a [z, Theorem 7.36] 5 and hence

E(T) = {e™ | e e E(s)}.

Let be a semigroup. A relation pon is called left [right]
compatible if for a, b, ce , apb implies capcb [acpbc]. An equiva-
lence relation p on is called a congruence on if it is both left and
right compatible

Let p be a congruence on a semigroup . Then the set

slp = {ap lae }
of all p- classes of with the operation defined by
(ap)(bp) = (ab)p
(@, b e ) is a semigroup and is called the quotient semigroup relative
to the congruence p 5and the map p : -* s/ip defined by apl=ap is an
onto homomorphism and it is called the natural homomorphism of onto Sip.

Let | be an ideal of a semigroup . Then the relation Pj on
defined by

xpjy <=-> X,yel OrX:y,

IS a congruence on and



The congruence Pj is called the Rees congruence on induced by I or
the Rees congruence on  modulo I, and S/Pj is called the Rees quotient
semigroup relative to | which is denoted by S/I.

Let be a semigroup. Define the relations y, Siand | on§S
as follow
ayh 1a- 1,
= <N aS - bS
and

T 5

The relations Yy, ft and Sjare called Green's

are equivalence relations on So Moreover, y is right compatible, ¢
is left compatible, and $ ¢ i o Equivalent definitions of the
Green's relations y, « on are given as follow

aib > a=xb, b=vya for some X, ye 1
aJib 2> a=Dbx, b=ayfor some X, y e

Forae , let L, RMYand  denote the y - class of containing a,
the = - class of containing a and the % - class of containing a,
respectively.

In any semigroup , any $§ - class of contains at most one
idempotent [2, Lemma 2.15], any % - class of containing an idempotent
e of is a subgroup of [z, Theorem 2016] and it is the greatest sub-
group of having e as its identity. Hence, if is a semigroup with
zero 0, then = {0} and if is a semigroup with identity 1, then
is the unit group of

If is an inverse semigroup, then each ” - class and each
R - class of contains exactly one idempotent [2, Corollary 2.19J.



Let s be a semilattice. Then the relation $ defined on by
a™b -»> a =ab (= ba)

is a partial order on

Let Y be a semilattice and let a semigroup = aeYGa be a
disjoint union of subgroups  of . The semigroup is said to he a
semilattice Y of groups  if G'G" for all a, ge Y.

Let Dbe a semilattice of groups. Then is an inverse semi-
group [2, Corollary 7.53], ea = ae for all e e E(s), ae , and =

H which is a semilattice E(s) of groups H .
eeE(S) 6 e

Let X be a set. Apartial transformation of X is a map from a
subset of X into (a subset of) X. The empty transformation of X is the
partial transformation of X with empty domain and it is denoted by Qo
For a partial transformation a of X, the domain and the range of a are
denoted by At and Va, respectively. Let T be the set of all partial
transformations of X (including ojo For a, g¢ T , define the product
ag as follows If VaHAg = & let ag = 0. |f VaPIAg + & let

Y (@l 1h(~VanAg)

(Van Ag)a

(the composite map) where al 1 and g|<,/af\1 denote the res-

(VaOAg)a Ap
trictions of a and gto (VariAg)a ~ and VaOAg, respectively. Then TA

is a semigroup with zero 0 and identity 1 where 1is the identity map
on X and it is called the partial tran formation semigroup on the set X.
Observe that for a, g ET , Aag = (VaPIAg)a ~ o Aa and Vag = (VaHAQ)g.
TS

For any set X, T is a regular semigroup and

E(T") = (@eT™1Vaq Aaand xa =X for all X e Va},



Let | denote the set of all 1-1 partial transformations of X,
that is,

| = {aeTy | ais one-to-one}.

Then Iy is an inverse suhsemigroup of Ty with identity 1 and zero 0,
and it is called the 1-1 partial transformation semigroup or the symme-
tric inverse semigroup on the set X. By a transformation of a set X

we mean a map of X into itself. Then an element a £ Ty is a transfor-
mation of X if and only if Aa =X. Let y denote the set of all trans-
formations of X, that is,

i = (aeTx | Aa=x}.

Then tfy is a regular subsemigroup of Ty with identity 1 and it is
called the full transformation semigroup on the set X. The permutation
group on X is denoted by Gy. Then

Gy = {aeTy | Aa=Va=Xand ais one-to-one}.

Observe that Gy¢ Iy C Ty and Gye 7y CTy.
For a partial transformation a of X, let [N be the relation on
Aa defined by
X]Tay > Xa = ya.
which is called the partition of a. Then the partition of any partial
transformation a of X is an equivalence relation on Aa. For any a ¢ Ty,
we have that the « - class of Ty containing a is

= {8 ¢ Ty | ABB=Aa V8 =Vaand T = ir?}.

The shift of a partial transformation a of X, (a), is defined
to be the set {x e Aa | xa t x}. Apartial transformation a of X is
said to be almost identical if the shift of ais finite, that is,|s(a)]
<00 Let



X {ae Ty I'a is almost identical},

<
11

{a es, | ais almost identical}

X
and

y = {ael™lais almost identical}.

If a, 3eTA then s(ag) ( )us(g). Hence 7~  and ~ are sub-
semigroups of TA,  and I, respectively,

By the local subsemigroups of a semigroup  we mean the subsemi-
groups of in the form eSe where e is an idempotent of . For any
adjective A describing a type of semigroups, we shall say that a semi-
group is a locally A semigroup, or locally A, if each local subsemi-
group of is an A semigroup (this follows McAlister [ ]).

A semigroup is said to be factorizable if there exists a sub-
group G of such that = GE(S) where E(s) is the set of all idempotents
of . Then a semigroup is locally factorizable if and only if each
local subsemigroup of is factorizable.
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