
CHAPTER V
FOLDED CONTINUED FRACTION EXPANSIONS

From here, our main concern is the field F ((x -1)) of formal Laurent series over a 
field F  equipped by a degree valuation I - loo- In the previous chapter, we construct 
explicit Ruban continued fraction expansions whose partial quotients are symme­
try. The main tool called the Folding Lemma, first appeared in [19], is used in 
construction. For more discussion of the Folding Lemma see [13], [18], [20], [26], 
[27], [32], [33] and [34],

In this chapter, we generalize the Folding Lemma for continued fraction expan­
sions with some interesting patterns. We define generalized Folding Lemmas in 
first two sections. In the last section, some explicit continued fraction expansions 
for certain series expansions are provided.

5.1 A generalized Folding Lemma
Lemma 4.5 (2) is known as the (classical) Folding Lemma. In this section, we 
extend this lemma to take care four related possible patterns.

ท  —fL e m m a  5 .1 . F orn  € N, let y  £  F [ x ] \ { 0 }  and —p  := [0; Oi, 0 2 , . .. ,a n] — [0; X n].
Then



น ) [0-, x n, y , - X  11} = ^  + ( -1  )n 
Dlv '

Proof. The identities (1) and (4) hold by Lemma 4.5. 
Propositions 2.1 and 2.2 yield

[O5 X 71, y, X 71] —  [0; C l 1 ,$2} •••ไ^ท)2/î ^Î î  ^ 2)•••5 CLn

[O5 5 ท25 • • • Î ^ท) y j-ÿ ]

~ (y - ^ )  A  +  A -1
(Dny — Cn) cn +  DnCn- 1 
( A y  — Al) D n + A  A -1  
{Dn'y ~  Cn) Cn +  AnA - 1 +  ( ~ l ) n 

(Dny —  c „ )  A  +  A  A l- 1 

= A ( A y -  A  + A - l )  + ( - l ) n 
Al (Aly — Al + A i-i)

a
f ( - I ) r

A  y +
c :i -1 A,

and identity (2 ) holds.
Similarly, by Propositions 4.1, 2.1 and 2.2, we get

[0; A , y ,  A ]  [0; Q.1 1 <221 - - • ! On ! y  ! On 1 on_ 1 ,•••1 0-1 ]
= [0; Oi, a2, .. . ,  an, y H— y— — ]

โ ^ '(yd— น— I A  + Ai-1

=

_  ( A y  +  A i- i )  Cn +  A A n - 1

(A ly  + A i- i )  A l +  A  A - 1  
(Dny +  A i- i )  A„ +  A „A i-i +  (—1)” 

( A y  +  A - i )  A  +  A A - 1  
_  C n  ( A y  +  2 A - i )  +  ( — I)n 

A i ( A y  +  2 A i- i)
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( - l ) r

ปี*ท y +
2 Dn.

and identity (3) holds. □

We call the four identities in the previous lemma two-fold continued fraction 
expansions o f types 1 to 4, respectively.

Theorem 5.2 is an immediate consequence of Lemma 5.1.

T heorem  5.2. Let {ctj}^ 1 be a sequence of nonconstant polynomial over a field
Q l~ _>

F. For t  G N, let =  [0; X  kr] be the k(th convergent of the continued fraction Dkf
 ̂ ' 1expansion of 'ร^ — . Then

(1) |0 ;X l „ y y i , ] = f
1

OCi , if

ctt+ 1  = ( - l ) fc£ {{CktDk1 +  D kt- iD kt) + D \tY ) for some Y  G F[x] X  {0} ;

( 2 )  [ 0 - , X k l , Y , - X ke} =  ] T  i f

a e+1 =  ( - l ) fc£ ((D kt- iD kt -  CkeDk1) +  D 2k Y ) fo r  some Y  G F[x] X {0} ;

(ร) [0; x kt, Y , x kt] =  lf

« m  =  (2Dk(_1Dkt + D ktY ) for some Y  G F[x] X {0} •1

น )  [0 \ X k t , Y , - X k1] =  ^ 1 ^ ,  i f

a (+1 =  (—1 )klD 2k(Y  for some Y  G F[x] X {0} .

Proof. (1) Let Qf£+ 1 =  (-1)** {fCk(Dk1 +  Dk(- iD kl) +  D 2k Y )  for some Y  G F [x ] \
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{0} . By Lemma 5.1 (1), we get

[0 ̂  kvY%t k1}
^ + ̂ ร ^ )

U kl 0แ+1 a*

(2) Let Û-/+1 =  ( - l ) fcf ((F^-iAfe, -  CkeDk() +  D 2k t( y  + a0)) for some y  G 
F[x] \  {0} . By Lemma 5.1 (2), we get

r . T t y- 1 ^ ±  4_________ ( ~ ! ) fc<________[a 0 ! fcf ) * ! — J — 7 T  t  ✓  r-) (ๆ \ท 2 f y  , U kt - \ -  Ofct \

1  l  Dk, )
=  f t ,  +  J _  =  y ; i  

Dki Oii+ \ “  ûJt

(3) Let a m  =  ( - l ) fcf (2D kl_1 Dkt + D 2k Y )  for some y  G F[æ] \  {0}. By 
Lemma 5.1 (3), we get

[a,; 3?t„ r, $0,] = ^  + (" 1)เ' -  = ^  + - i -  = f ;  1.
D kt r .2  f v  1 2 £ > fc * -ท  D k1 c * m  ~ f  a i

M r + A 7 7
(4) Let ĉ +1 =  (—l ^ D j ^ y  for some y  G F[x] \  {0} . By Lemma 5.1 (4), we 

get

[oo; ^ k n y ,  — Cke 1 ( - 1 ) *
D k1 D l eY

£  +  - t -Ffc£ a^+1 E
j=i

1

Oi{

This proves our lemma. □

5.2 A generalized 3-tier Folding Lemma
In this section, we derive analogous results of Lemma 5.1 and Theorem 5.2 for 
three-fold, continued fraction expansions.
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Lem m a 5.3. Let 2/1 , 2/2 G F[x] \  {0} and -pp = [0; Xy1]. Then

-  H TC n
( 1) [0; X , 1,2/15 X n , y 2, X n ] =  + c + I

” D" H  a

C n  + D rl-1 \  ____ (~1)
Cn +  T) ท—\

V2 + D ?

f t  [0; A '111 y i ,  X n.1y2, - X ,  1] -  11 '
” H  + r H  )

( - 1)

+ ( ~ l ) n  

D n—1 Cn1 บท —\ -
m +  ZA

( - 1 ) ”
2 £ f t ,

z/2 +

f t )  [0 ;X „ ,S l, X „ 1!I2 ,x n] =  ^  +  — y  c „  + D „ - f t

H  + H H

(4) p -,X n < y ^ x ท, y ^ - x ท] =  ^  +  — 7 c „  +  D „_1 \  f t î ÿ 7’

D" ^  + a H  + H
/ r , 1 „ . V  .. ■ะ, v , _ c „  1 ( - 1 ) “_________(5) [0; x n, 2/1 , — X n, 2/2, x „ \  =  —  -7

"  D l [ y  1 +
H i - C A  1 ( -1 )

cn —  0 ,1 - 1  
1,2 + — a

(T) [0; x n, 2/1, —  H ,  2/2, —  -X"n] =  -p H ------- ~7
n D l ( y 1 +

H r
H H \  1 H )

Cn +  D n_i
2/2

f7) [0; X 71, '2/1, —  I n ,  2/2 H n ]  =  H  H----

n H U  + f ln - l-O A  1 H ) n’ 
2/2

(8) [0 ; X n , 2/15 —X  71, 2/2, — - X n ]  =  H 7  ~jj 1 _  Q \

f t  l o f t r u î f l f t n ^ f t n l  =  ■ ^ - ) -------- ------- f t  1.' _  J 11: 1
D 2n [ y i  + - y p 1  +  2 /7

v D ”  ;  »  +  f

I f t  [0; X n ,y i ,  X 111, / , ,  —X n ] =  ^ 2 i  H---------  ๆ เ ,  , 1111 ’

’  05 H H ) +  m
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(11)  [0 ;  X n, y i ,  X n, y 2 , X ท ] =  —

D l ( y i  + ~2D
( - 1 ) "

ท—1 + " H r
C n  +  D „ _ 1

»i +  a t -

( ^ ^  [0; X „ , 2/1, x n,y2, —Xn] =  ~YY -+--------Y —  {  ̂ / _ ^ 71

Dn ( yi + - r r 1 ) + -----c ~ ะ ท 1'V  D n J  y 2 +  C n  -

(13) [0; x „ ,  2/1, —X ■,1, '(/2i X n] =  —  I------- - /_  1 xn )

n

(น) [0; Xn,yi,—Xn,y2,— x n] = -+------ - ! 1 N„ 1

[0; x n,yi, — Xn,y2, Xn] = 4--------- - i—TÛT ’
+ ------- ท , -  c1 ท — 1 o r1

2/2 +  A ,

(16) [0; x n, 3/1, —  x n, 3/2, T l]  = H--------------- - -

D ” yi +  ^  g» +  A i-1

Proof. (1) From the two-fold continued fraction expansion of type 1, we have

[0 ; x n, 2/2 , x n] = j(r + n ( ท . } , ^  . ก  T >D n D n \ D n y 2 "F p ท "p D n —l )

so, by Propositions 2.1 and 2.2, we get

[0;X ท) V u X  ท') V 2 ,x n]

=  [0 ; x n, 2/1 +  +  ( ^ 2 + c<n +  jD )]

-  ( y i  +  ^  +  ( D +  C n  +  £ > n - i)  )  C n  +  C w " 1

=  ( v i  +  %- +  ก  f J " c  , n  0  A l  +  A - 1V Dn D 71 [D 71!/2 +  Cn +  Dn—i) J
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— {[yi A  (Ay2 + A  + A-i) + A  (Ay2 + A  + A - 1) + (—1)"] A  

+A-1A (Dny2 + A  + A-i)} /

{[yiA ( Ay2 + A  + A-i) + A  (Ay2 + A + A-i) + (—1)"] Al 

+ A -1  Al (Dny2 + Al + A-i)}

= — I- {Ai-1 Al (Ay2 + A  + Ai-i) -  A  A-1 (Dny2 + A  + A-i)} /

{[2/1A  (A y2  +  A  +  A - i )  + A  (A y2 +  A  + A1-1) +  (—1)"] A  
+ A - 1 A  (A y2 + A  + A - i ) }

=  — f  { (  Ay2 +  A  +  A-i) (A-1 A  — AA-i)} /

{[2/1A  (A y2 +  A  +  A - i )  + A  (A2/2 +  A  +  A - i )  +  ( - l )n] A  
+ A - 1 A  (A2/2 + A  + A - i ) }

^ 1 A  + A  + D y 2 +cn + A -i)

โา2 1 A  + A -A  1 (—1)

= A  
= A A  +  A - 1A

_ £ +
D„

1 A  + A -1
y2 +  — 7T—

(2 ) To prove (2), we recall the two-fold continued fraction expansion of type 2

[0 ; A ,  y2, ท] =  7+- + ( - A
A  A  ( A y 2 +  A -1  — A )

Applying Propositions 2.1 and 2.2, we get

[0A  ท) y i A  ท) y2, - A ]
=  [0 ; A”n, yi +  yÿ1 +  / ก ^, —  ^  JA  A  ( A y 2 +  A -1  — A )

f y i  +  TT1 +  ก  ( ท - , }  4. ท  T T m I  +  _1_ \  D n D r1 yDny2 4“ -Dn—1 Cn) y
f y i  +  TP + ก  ( ท , } ,  ท— z t t m )  +  ̂ n_1V D ท D  71 (Dny2 4“ D 71 _1 Cn) /

= {[yi A  ( A y2 +  A -1  — A )  + A  (A y2 + A -1  — A )  + (—I)n] A



/ {(โ-"วร + zftuปิ) "ว1-“ว+

ไว นโ-) + (โ-"ว£ + zftua)"ว + (l~uaz + ว)“ว1/โ]} =

■-g+“g (( g^1!)"๗ 1,(7+-%+«)

-■■ฮ่+■■ว(- ^-r"q+|+^)=
1 (■-{?; +4))“a + g + .01,

[“_Y ‘S/Ï <U_Y ‘โ/î ltlX-0]

โโaโโX

Xl-Uaz + Zftua)ua u_o_
น(โ-) “ว

[ux‘^tux!o]

0A13t[ 9M (g)

"(7

"ว
I-U,+ z/ï

i(โ-)
+

“วโ-"ว + “ว
«(โ-)

- โ“"ว + "ว̂ 
«(โ-)

-■ ■------ + โ/! 2(7
โ-"ว + «อ ;zu + ^ว

ว 

"ว + “ว + u ปิ1 ft

«(โ-)

{("ว-โ-“ว+ ̂"ว)“ว1-"ว+
xa [น(โ-) + (ไว - โ-"ว + zftuว)“ว + (“ว - โ-"ว + ^"ว) ualft]}

+
“ว

/ {("ว1-“ว - “ว1-"ว) ("ว - โ-"ว + ^"ว)} + ^ = 

{("ว - โ-“ว + ว) “วโ-"ว+
“ว นโ-) + ("ว - โ-"ว + ^"ว) “ว + ("ว -โ-"ว + ̂"ว) "วโ/โ]}

/{("ว-โ-“ว + ว)"ว1-“ว-("ว-โ-"ว + ^"ว)"ว1-“ว} + ^ =

{("ว -T-"ว + ว) "ว1-"ว+
“ว [น(โ-) + ("ว - โ-"ว + ว) “ว + (“ว - โ-"ว + 'โ/โ"ว) “วโ/โ]}

/{("ว-1-"ว+ ^"ว)"วโ-"ว+

£8



ẑzal'ua + UG น(โ-) + zfiuGuว + zftuzGlâ) U_G_
(uว1 G - ปิ1-uว) พ G uว

zfizGx~ua + ua นิ(โ-)+zfiปิ'1ว + zfilalK) UQ_
พauว1 UG -ẑปิ1 uว “วิ

zfiUzGl~uG + UG (น(โ--) + zf>uauว + ^zG1'ท) 
zfVïal ว +uว («(โ-) + พuauว + zfizGm)

l~uG + ua( นิ^ + ^? +
x-u

ว + uว(ร* I*'*)
ร*?*'**£"" =

[11X“ iux เโ^<uAT-0]

os pire

1 gf +~r = \ux-lziïluX *o] «(โ-) “ว1* - J
3A'8ชุ 9M (fr)

1-น
’(72

+ ZÆ

<(โ-)
+------—------+ T/i ไปิ 1-น0 + นว "ๆ ZU + «Q* ^

UD

uGl~uG + ua
i-“gg + ^g Æ

«(โ-) J u ) ,UG
+ วิ} น(โ-)

{(โ_“<7ร + ^a) “(7โ_“(7+

“<7 [«(โ-) + (โ-“วร + ^“ว) “ว + (1-UGZ + ^“ว) “วจ}

/ {(“ว1-“ว - “วโ-“ว) (โ-“ว2 + พa)} + ^ = 

{(1_“ว£ + zfiua) “ว1-“ว+
“ว [น(โ-) + (โ-“วร + พ11G) “ว + (l~uGZ + พ'1g) “ว^]}

เ {(l~uGZ + ^“ว) uว1-uG - (l~uGZ + ̂“ว) “ว1-“ว} + ^ =

{(l~uGZ + ว) “ว1-“ว +
UG [น(โ-) + (X~UGZ + พ11g) uว + (l~uGZ + ẑปิ) “ว1/เ]}
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บท + _______ (-1)"________
2̂/ทบท + บท + y  ̂บท + บท-!บท

บ;น 2/1 +
( -1 ) "  

บท +  D  n - 1 R r '
2/2

Using the fact that, for any word W k

[0 ;- ÏU fc] =  - [0 ; ÏU fc], (5.1)

(5), (6), (7) and (8) follow from the proof of (2), (1), (4) and (3), respectively. We 
give only the detail of proof for (5).
Using (5.1), we have

[0; —  X 11,2/2, X ท] =  -  [0; x n, —  2/2, —  X ,1].

Applying the two-fold continued fraction expansion of type 2 by putting y  ะ= — 2/2, 
we get

[0; —  Aโท, 2/2, A 'ท] =  — —  + ( - l ) n
บ ท  [ p ny2 — บ ท -  1 +  บ ท )

Then the same proof of (2) leads to

( y i  -  T T  +  ก  (r> ------ T  ท  \ ) Dn +  บ ท - 1

=  { [y \ D n (บท2/2 — บ ,ท - !  +  C n ) — บท (บท 2/2 — บ ,ท-! +  บ ท ) +  ( —l ) n ] บท 

+ บ ท-!■บท (บท2/2 — บ ท - !  + บท)} /

{[2/1บท (บท2/2 — บท-! + บท) — บท (บท2/2 — บท-! + บท) + (-1)"] บท
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+ A - 1 - A  ( D n y 2 — D n - I  +  c „ ) }

=  Y)---  ̂ {('ท -!D n (Dny2 — Dn - 1  +  ('ท) — D n- \C n {Dny2 — Dn- 1 +  Cท)} /
{ [2/ l  A  { D n V 2 — D n —1 +  C n ) — C n ( D n y 2 — A -  1 +  C n ) +  ( — 1 )" ]  A  

+  A - 1 A  ( D n y 2 — A - l  +  C n ) }
c „

A

=  ç ท ุ

= a )

+  { ( A 2/2 — D n - 1 +  A )  ( A - l  A  — C n D n - 1 ) }  /

{ [ y i A  ( D n y 2 — A - 1 +  C n )  — A  ( A y 2 — A - l  +  ( ' ท )  +  ( — 1 )" ]  D n

+ A - 1  D n  ( A y 2 — D n - 1 +  A ) }

( - 1 ) "

y \D n Cn T ( - l ) r
Dny2 Dn—\ T A  

( - 1 ) "

D n +  A - l  A

D l  y 1 +
Dn—1 Cn

+
( - 1 ) "

2/2 + Cn — Dท—1

which is (5).
-ri- Cr,If the ทth convergent of [0; X  11] is “ 1 then two consecutive (ท — l ) th and ท111

J-รท4_ C l  Dconvergent of [0; I „ ]  are - -A" and . Substituting them to Lemma 5.1, we
Cn D n

obtain a new version of the two-fold continued fraction expansions of types 1 to
4, respectively, as 

(1) [0 ] X n,y 2 , X n) =  ^ 4 - ( - 1 ) T

D l  น 2 +

(2) [0; x „ , y2, — X ,1] = A - l +

D n - 1 +  C n
D n

( - l ) n

^  y2 + A  — A - l  \

/ o \ '  โก. V  „. T A  _  D n —1 1 ( ~ l ) n(3) [0; n, 2/2ร ^ ท] — I 7 2C ~ \ ’
° ”  +  a :  )

(4)' K > ; Ï . , * . - 2 j  =  % = I +  ^ £ .
Then (9), (10), (11) and (12) are obtained by the same proof of (3), (4), (1) 

and (2), respectively. We give only the proof of (9).



Using (ร ), , we have

[บi n 5 2/1, ^(ท) 2/2) A r̂i]

=  { (y iA l  ( D ny 2 +  2 C n) +  A l - 1 (-O n2/2 +  2 C n ) +  ( —l ) n) A  

+ A 1 - 1  A l  ( D ny 2 +  2 C n )}  /

{(2/1 A,. (0„2/2 + 2Cn) + Al- 1 { D n y 2 +  2Cn) + ( —l)n) Ore 
+A1 -1 Al ( D n y  2 + 2Cn)}

=  ^  +  { C A i A l  ( D n y 2 +  2 C n ) -  D n - 1 C n ( D n y 2 +  2 C n )}  /

{ ( y i A i  ( A i 2/2 +  2 C n ) +  A i - 1  ( O n y 2 +  2 c , 1) +  ( — 1 ) " )  A l  

+ A i _  1 D n  ( 0 „ y 2 +  2 C n )}

=  ^  +  { ( O n y 2 +  2 C n ) ( C n-1 D n -  A l _ 1 C n )}  /

{ ( y i  A l  ( D n y 2 +  2 C n ) +  A i - 1  ( A i2/2 +  2 C n ) +  ( — 1 ) " )  A l  

+ A , - i A i  ( O n y 2 +  2 C n )}

( yijD" +  Z V l  +  A ny ^ + 2 C n)  Dn +  Dn~lDn

Applying identity (5.1), the remaining cases are obtained similarly. 
Using (5.1) and (4)', (13) follows immediately by the same proof of (4).
Using (5.1) and (ร), , (14) follows immediately by the same proof of (ร).
Using (5.1) and (2)', (15) follows immediately by the same proof of (2).
Using (5.1) and (1 )\ (16) follows immediately by the same proof of (1).
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Now, we are ready to state an analogue of Theorem 5.2.

T h e o r e m  5 .4 . Let {c*i}i> 1 be a sequence of nonconstant polynomial over a field
F. For f e N ,  let = [0; be the k(tfl convergent of the continued fraction 

Dk(
 ̂' 1expansion o /V '' — . Then

น ^

(1) [0; 2 * , ,  ท , , : & , ,  y 2, = î c T  i f

% |  =  ( - T ' D l  ( ท  +  — +
To +

_L_______
Ckt +  Dk(- 1

fo r  some Yi, >2 6 F[x] \  {0} ;

(2) \ ^ t kl,¥ 1, l k(,Y 2, - l k1} = if

=  ( - rf'Dl( ท  +  —  +  —

for some Yi, Y2 G F[x] \  {0} ;

(ร) [0- , l kt,Y u ^ k1, Y2,% k1} = if

a e+1 = ( - 1  )k‘D l  ^ 1 + Ckt ^ — )  +  ̂1 1
fo r  some Y\, y2 ร F[:r] \  {0} ;

พ  [0; ^ , T i , ^ , T 2, - ^ fc{] =  f ^ i - ,  if

a n 1 =  ( - ^ D l ( y l +

Fh^-1 — Cfc

Dkl

^D k t-l

Dkt

fo r some Yi, y 2 ë  F[:r] \  {0} ;
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(ร)[0;y , ท , - ^  k„ท , ;?*,] = f y ,  if

0 ,+1 =  (-!)* '£>; ( y .  +  Di“-'d ~  - )

/ o r  s o m e  y ,  y  G F [:r] \  {0} ;

(6) [0 ; ̂  kt, y  > —~̂ kn Y2, ■.1] = ^  — 1 */

0 ,+1 = (-!)*'£>?, I V-, +

+
Y2 +

ckt -  Dki- 1
'kf

+ Ckc + Dk 1-1
y -

'kt

for some y , y  G y  [y  N  {0} ;

(7) [0; y , y,. -  y , y,. y  ] = ]T  / , 1:/

0 ,+1 =  ( y ,  +  P ty ~ Ct' )

/ o r  s o m e  y  1 y  G F [x ]  \  {0} ;

พ  [0;^fc<)y , - ^ fc<, y , - ^ fc<] = ^ ^ , * /

+
y

a m  =  ( - 1  )k‘D l  y  + D k l - 1  -  Ck 
Dk,

1

y -
2 £ fc, - 1 

Dkt

fo r some y , y  G F  [.y N  {0} ;

พ  [0■ ,^kt,Y 1, ^ k1, Y2, ^ ke] = ^ 1^ - ,  i f

0 , «  =  ( - ! ) “ «  ( y ,  +  ^ )2Dfc#_^  1

y  +
2Ci_fc £
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for some Yi, Y2 G F[x] \  {0} ;

= (_1)t'D” (n + 2~ o f f )  + ท

fo r some Y i ,Y 2 G F[x] \  {0} ;

« * ♦ 1 =  < - i > * * ( «  +  ^ ) +
Y?. +

C k t +  -D /o -fcf—1
Jk(

for some Y i ,Y 2 G F[x] \  {0 } ;

(12) [0-,Xkt,Yu X kl,Y2, - X k1] = f if

a m -  ( y ,  +  ^ ) +
Y2 + A *  -  A /c £ — 1

>kt

for some Yi, Y2 G F[x] N  {0 } ;

( I S )  [ 0 ; X t „ y 1, - ^ , ,  y „  x * , ]  =  i /

« พ  =  ( - 1 ) เ '๙ , ท  +  f 2

for some Yi, Y2 G F[x] \  {0} ;

( พ  [0■ X 111,¥ 1, - x k1, ¥2, - X  111] = ^ 2 ^ - , if

¥ 2 - 2 ckl 
F>kt

a m  =  ( - l ) ^ Y i  +
1
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for some Yi, Y2 € F[.t] \  {0} ;

(15) [0; X k t ,Y i, — X k t , Y2, X  ke] =  ^  — , if

“ «  =  ( - 1 ) ^  +  — ท ิ^ £ 0 7

/or some Yi 1 Y2 G F[x] \  {0} ;

( ^ ;  [0; A fc,, Y i , - X fc„ Y2, - X fcJ =  ^ ^ ,  i/

a ,+ 1 =  { - i ) ktD 2nYx +  -  Ck( +  D k -  

fo r some Yi, Y2 € F[x] \  {0} .

Proof. Using the same proof of Theorem 5.2, but with identities in Lemma 5.3 
lead to the desired results. □

5.3 Applications
In this section, some known explicit continued fraction expansions of series expan­
sions are shown as applications of our results. We also construct explicit continued 
fraction expansions for some interesting series expansions.

5.3.1 Two-fold continued fraction expansion of type 1
It is easily seen that applying the result of Theorem 5.2 (1), by putting Oi( =  
x md( - 1 for all l  > 1 in the case that F = F2, gives Proposition 4.4.

5.3.2 Two-fold continued fraction expansion of type 3
In 2010, Chaichana [5] has extended and modified Tamuras results, [28], both in 
the field of real numbers and in the field of formal Laurent series in x~ l over a
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field F  of characteristic zero. In this subsection, we apply Theorem 5.2 (3) to 
prove the main results of Chaichana in the field of formal Laurent series.

We start with definition.

D efin ition  5.5. For all ท € N, a continued fraction expansion [a0, ; ai, a2, . . . ,  an] 
is said to be palindromic if the word di, a2, , an is equal to its reversal.

R em ark 5.6 . For all ท G N, i f  a continued fraction expansion [do, ; « 1 , a2). . . ,  an] =
Q—L is palindromic, then we have by induction that
B n

C n =  D n - 1 -

Let / (T) =  T (T  +  2)(T -  2)g(T) -  T 2 + 2 be a monic polynomial (in T) in 
(F[x])[T], for some g{T) e  (F[x])[Tj. We observe that, g (T ) is monic. We consider 
series expansion of the form, for all i  >  0

^ / o ( T ) / 1((T )) . • / n( T ) ’

where fo (T ) = T  and f ท(T) ะ= /  ( /n_i(T)) for all ท >  1, which induces / 71 =  
/ l  0 / l  ๐ • • • ๐ / !  {ท composites).

Here, we consider the continued fraction expansion representing an infinite 
sum of the form

^ / เ ฅ / เ ต ิ- ผ ! ' ) '  (5'2)

Let Ho(F) =  1, B 0(T) — /o(F) =  T and for ท >  1 

H„(T) =  (-1 )"  +  j 2 ( - i r +1U T ) f m+i(T ) ■ ■ ■ นT) =  (-1 )"  +  fn (T )A n- i(T )

m
B n{T) = f 0( T ) h ( T ) - - - U T ) .  (5.4)
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By induction, for all t  >  0, it follows that

Lem m a 5.7. I f  / + )  e (F[x]) [T] \  {0}, then A e(fi(T ))  =  ± + -H  + ) mod / i + )  
/or all f , j ç  N u {0}.

Proof. The case i =  0 is trivial.
If i > 0 and i  — 0, then the desired result follows from the definition of + .

For £, i > 11 we observe that

+ + + ) )  =  ( - 1 Y +  £ ( - l r +1/ m+ + ) )  • .. / < + + ) )
m—1

=  ( - 1 /  +  ( - l ) m+1“7 ™ + )/rn + l+ ) . . . f t+i(T).
m ะ=2+1

Consequently,

+ + 2+ )

=  +  l ) f+l +  È ( - 1  r +1fm (T) • ■ ■ f i+i(T) +  ^  (—l ) m+1/ m+ )  • •. fe+i(T)
m=l m=2+l

=  +  + - I ) m+7m{r) ' • ' / ,+ i( r )
771— 1

= ± A t (fi(T ))  mod / 1+ ) .

This proves our lemma. □

Next, we substitute T  with a nonzero polynomial z ( x )  in F[x]. For brevity, 
we will write z  for Z (x).

Lem m a 5.8. I f  z  € F[x] \  {0}, then Z  I ( + + )  — 1) for all i  e N \J  {0} .
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Proof. Since /l(o) =  2, by induction we have f t (0) — —2, for all £ > 2.
To prove the lemma, it suffices to show that ^ (0 )  =  ±1 for all £ E N บ {0}. 

Clearly, A 0(Z) = 1. Thus,

•^i(O) =  (“ l ) 1 +  / i(0 )  - A)(0) =  — 1 +  2 • 1 =  1.

By induction, we get A t (0) =  (—1)£+1 for all £ > l, and the desired result follows.
□

L em m a 5.9. I f  Z  G F[x] \  F, then Be(Z) ^  0, B ((Z) I (A 2(Z) — 1) for all 
£ e N บ  {0 }  .

Proof. For Z  € F[x] \  F, we have

2 <  \ M Z ) \ o o  < |/i(Z)|oo < \ f 2 { Z ) \ o o  < •••1 (5.5)

and (5.4) implies that B t(Z ) ^  0 for all £ G N  บ  {0 } .  Now from Lemma 5.8, for 
all £ >  0, we get

f t(Z )  I (A ]{ ft{Z )) -  1).

We also have from Lemma 5.7 that for £, i 6 N บ {0}, either

(5.6)

A 2e(fi(Z )) = A(+i(Z) + 2 D fi(Z )A t+i(Z ) + D 2f? ( Z ),

A 2t( f i(Z ) )  = A 2+l(Z ) -  2D fi(Z )A t+i(Z) +  D 2f 2(Z),

for some D  € F[x], By (5.6), for all £1 i € N u  {0} ,  fi{Z )  I (A 2+i(Z ) — 1 ). 
Specifically, for all i = 0 , 1 , . . .  £,

fi(Z)  I (4 _ 0 +i(Z)  -  1) =  A 2(Z)  -  1. (5 .7)
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It remains to prove that

B i{Z ) =  f o ( Z ) h ( Z ) . . .  fe(Z )  I (A£2(Z) -  1). (5.8)

For j ,  k  G N u  {0} with j  < k, since f k ( z ) =  f k - j ( f j { Z )) =  /fc-j(o) mod /j(Z ), 
and

{
2 for /c =  j  +  1 

—2 for A: >  j  +  1,

we deduce that, for all j  ^  k,

gcd(/J(Z ) , / fc(Z)) =  gcd(/i (Z ),2 )G F , (5.9)

i.e., f j ( Z ) , fk { Z )  are relatively prime. Therefore, (5.8) follows from (5.7) and 
(5.9). □

An analogoue of Tamuras result in the field of formal Laurent series reads:

T h e o r e m  5 .1 0 . I f  Z  € F[x] \  F  is monic (in x), then — [0;Z], and forfo{Z)
t > l  i f i - 1

E
ท-=0

( - l ) r
/o (Z ) /1( Z ) - - - / n (Z) =  [0; 3 kt]

is a palindromic Ruban continued fraction expansion, then

ร  fJ7 A  f J 7 . \ . - - =  f0;  ~̂ kt' M z )> ^ ] ’~ ^ f o { Z ) f i ( Z )  - - - f n ( Z )
(5.10)

•where

U((Z) = ( - l ) t l ^ | | y - 2 ^ F | l ,  B ,.1(Z) = Dk1

with being the k(th convergent of [0; :J-
D k e

In particular, the continued fraction expansion representing the infinite sum
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(5.2) takes the form

£  77 7M TW~. Trn  =  l ° iz > “ i(Z )>z > “ 2(z )> z . “ i ( z )>z . “ 3(z >. • • •]•M Z ] M Z ] - - - J n { 6 )

Proof. For all £ > 1 , let a , =  ( - 1  Y~1fo (Z ) f l {Z) • ..  /*_1 (Z) and =: [0; 
be the F>th convergent of the continued fraction expansion of

^  +  ^  +  ■ "  +  t o  =  M Z )  +  h ( z ) h ( z )  +  ' ■ ■ +  h ( z ) h ( Z )  . . .  / , _  1 ( Z)

=  ร / <>(z ) / i ( z ) "  - / . . (Z ) '

1 C/cClearly, =  [0; z] =: —^-, so k\ is an odd positive integer.
f o { Z )  D kl

From Lemma 5.9, we know that A (M Z )  and 1 (Z) are relatively prime. 
Since A e-i(Z ), B e-i(Z )  are monic (in Z) and B t - i ( Z ) , q kt are monic (in Z) ,  we 
infer that

B e - i ( Z )  =  D k( (5.11)

and so A e-i(Z ) = c kt. Since [0; X fc£] is palindromic, by Remark 5.6, we have

c kt =  D kt _  1 . ( 5 . 1 2 )

Next, we show that if z G F[x] \  F, then Ue(z) G F[x] \  F  for all £ G N. By
(5.3) , for all £ G N, we get

M Z ) 2 = ( ~ l ) 2e +  2 { -1 ) เ f t { Z ) A t M Z )  + f e ( Z ) 2A e - M ) 2 . (5.13)

By Lemma 5.9 and (5.13), we get

=  , 1^  (  fe jz ) fe (Z )A tM Z )2 _  f i {Z )A t l { Z ? \  _  2M M )
= [ J {  Be i ( Z )  B e M Z )  B e - x ( Z )  J  B e - M )
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=  (_  1Y  n t (Z ) (A t^ ( Z f ~ l ) \  +  (_  1 y _  1 / f ' W A t - 1(Z)* + ( - l ) '2 A , - 1(Z ) \

( l ) ' f . ( ฯ 1'4' - ' ^ ! . ,โ 1, K  1)<-> //< (z )2̂ - i ( z ) 2 + <(-l)'27l,-,(Z)/,(Z)ะ:;::;®:;:;::ระ::H
For all  ̂ 6 N, from (5.11) and (5.12), we get

ใ , ’r p t t  „  , . ( 1- .  . ' - 3é ร ) - > t e S ) )
=  -  ( 2 , 4 , - 1( Z ) £ < - 1( ร )  +  ( ( - i y - 1f e ( Z ) B e - 1( Z )  -  2 A , - 1( ร ) £ , - 1( ร ) ) )  

=  ( - l  ) eB e - i ( Z ) f e ( Z )

= ( - l ) eM Z ) M Z ) - - - f e(Z)
=  <*,+!•

We observe that {/^ }^> 1 obtained by this process is a sequence of odd positive 
integers so

( - l ) fc< (2Dkl- \D kt +  ql(ue) = a t+ 1  for all f e N .

Using Theorem 5.2 (3), we get

[0;?*,1*(Z)X] = £ ^ :  = É ( - l ) r
f o  ( ร ) / 1 ( ร ) . - . / n ( ร ) ’

and the proof is complete.

The proof of the following theorem with some minor changes is also applicable 
to some other forms of / (T) such as T {T  +  2)(T — 2)g{T) + T 2 — 2.

T h e o r e m  5 .1 1 . I f  Z  e  F[x] ^  F  is monic (in x), then =  [0; ร], and forJo{Z)
t  >  1 */ i - 1

^ 0 M Z ) A ( Z ) - - - M Z ) =  [0; ^ เ,]
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is a palindromic Ruban continued fraction expansion, then

£
( - 1 ) ” [0; ~ $ k e , V e ( Z ) ,  ^ fc j,f o  (Z)MZ)---fn(z)

where

v e( Z )  =  -  2 b ^ § ) ’ A ‘- ' ( Z )  =  C t -  B < - d Z )  =  D k,

In particular, the continued fraction expansion representing the infinite sum  
(5.2) takes the form

5.3.3 Two-fold continued fraction expansion of type 4
We can apply the result of Theorem 5.2 (4) to prove Proposition 4.8 as in Section 
4.2, by putting cp>_ 1 =  Pe + 1 for all £ > I  +  1 in case of formal series over a finite 
base field.

5.3.4 Three-fold continued fraction expansion of type 13
Here wc are interested in the work of Cohn [8], who considered series expansions 
of real numbers of the form

where f° (x )  =  X  and f n{x) =  f  ( f n~l {x)) for all ท >  1, the ทth iterate of / (x). 
Cohn showed that, such a series expansion has explicit Ruban continued fraction 
expansion if and only if f ( x )  satisfies one of fourteen congruence conditions.

In this subsection, we consider one of fourteen congruence conditions of Cohn 
and extend Cohn result in the function field with respect to the degree valuation. 
The main tool here is Theorem 5.4 (13).

§ / o ( Z ) / i ( Z ) - - - / „ ( Z )
( - 1)” [0; Z, v :(Z), Z, V2(Z ), Z, น!(Z ), z, V3(Z ) , ...].
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Let f ( T )  = T 2(T  — 1 )g(T) +  1 be a monic polynomial (in T ) in (F[x])[T], for 
some g(T) e  (F[x])[T]. We observe that, g(T) is a monic polynomial (in T ).

We consider series expansions of the form, for all I  > 0

f - 'J H T Yท=0 J v '

where f° (T )  = T  and f n(T ) =  /  ( / n_1 (T)) for all ท > 1, the ทth iterate of / (T). 
Then, for all ท > 1,

r ( T )  =  r - l ( T ) 2 ( /n -l(T ) -  1 ) gn(T) +  1

for some gn{T) : = g ( f n~1(T)) e  (F[x])[T].
Let A n(T) =  T f( T )  - - - f n(T) for all ท >  0.

T heorem  5.12. I f  z  6 F[x] ^  F  is monic (in x), then

i z  = [0; z, - 9 (Z )(Z  -  1),- z  + 1, - z  - 1],

and for I  >  2, i f
71=0 ท Z)

=  [0; then

£
[0; ^ fc 9j{Z)ge-i(Z) { f e-

A e-3(Z )2
, 1 , 1 1 .

Proof. For all £ >  1, let — f e~1(z) and [0; be the convergent
of the continued fraction expansion of

^  +  ^  +  " ' +  = z  + พ ) + ' ■ ■ +  =  5  ~ n z y

First, we claim that Dkt =  Af-i(Z) for all £ > 1. For all t  >  1 , consider

/ '(Z )  -  1 =  f ‘- ' ( Z ) 2 ( f - ' ( z )  -  1 ) ร,, (Z)
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=  f - \ z ) 2f - \ z ) 2 ( f £- 2(Z) -  1 ) ge- 1(Z )g t(Z )

= f £- \ Z ) 2f £~2(Z )2 . . .  / (Z )2 ( / (Z) -  1) 92(Z) ■ .. gt - i(Z )g t (Z) 
= f £- \ Z ) 2f £- 2(Z )2 • • • / (Z)2Z2 (Z -  1) g(Z)g2(Z) • ..  gt (Z),

and so

Then

Ai-1 (Z)2 | ( / ( Z ) - l ) .

f £(Z) =  A e -i(Z )2B( +  1 for some Be G (F[x])[T].

For all l  > 1, consider

(5.14)

(5.15)

( f ( z y -  ]f £- \ z )) + ~ (Z /2(Z ) . . • f £- \ z )) +  • • • + (Z /(Z ) - - - f £- 2( z ))

Suppose that there exists a prime element P  G F[x] such that

V I ( ( / (z) - ■ - / ‘- '( Z ) )  + ( z / 2(z ) . . • ร1- 1(Z)) + ■ ■ ■  + ( Z !  (Z ) ■ ■ 

and P I Z f ( Z ) - ■ ■ ร, - '  (Z).
Since P  I z f ( Z )  - - - f £~l {Z), P  I / r(Z) for some 0 < r < t  — 1, which implies that 
P  I Z f ( Z ) . . .  r ~ \ Z ) r +1( Z ) r +2(Z) - . • /«"HZ). Then

P I Z f ( Z )  - - - / r_1 (Z) or

If P  I z / ( F )  - - - / r -1 (Z), using (5.14), we see that P  I ( / r(Z) — 1 ) , contradict­
ing P  I / r(Z). Then P  I r + \ Z ) r +2(Z ) . . .  / ^ ( Z ) .
By (5.15), we get

f r + 1 ( Z ) f r + 2 ( Z ) - - - f £- \ Z )

=  {Ar(Z )2B  r+ l  +  1 ) ( A r + 1(Z )2 B r+2 +  ! ) ■ ■ ■  (A e-2(Z )2B ê  +  l).
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Since / r(Z) I Aj (Z)  for all r < j  and P I / r(Z), so we get P I 1, which is a 
contradiction.
Then, ( / ( Z ) ..  • f ‘- ' ( Z ) )  +  ( Z / 2( Z ) .. - p - \ z ) )  + . •• +  ( Z / ( Z ) . . .  p - \ z ) )  and 
z f ( Z )  • • - / €_1 (Z) are relatively prime.
Since z  is monic, we get Dke = Z f ( Z )  - - - f ^ l {Z) — A e-i(Z )  for all t  >  1.
Thus, the claim is proved.

Next, we consider

a m  =  . f \ Z )

= f ‘-'(z)2(/ ' - 1( Z ) - l ) s , ( Z )  + l
=  -  1) 1 +  1

=  A; A Z£  i ‘- i ( z f s ‘- \ z f  - 1) 91. 1(Z )9, ( Z ) + 1

= A t . 1 (Z ): ( p - \ Z )  -  l ) ge - 1  (Z )g ,(Z)
3 ( ^ ) 2

+ 1

=  - '4 m (z )2Yi +  — ,

1 ^  ( / f_2(Z) — l) gt-i(Z )ge(Z ) J V  1
where บ! := A----------- A t 3{Z)2-----“------ and y2 := L
By (5.14), we get Yi € F[x] \  {0} .

Let ^ k 2 be the word z, —g (Z )(Z  — 1), —z  +  1, —z  — 1. Then

[0; 1  k2} =  [0; z, - 5 (Z)(Z -  1), - Z  +  1, - Z  -  1] =  I  +

We observe that {ke} e>.2 obtained by this process is a sequence of even positive 
integers. Then

<*1+ 1 =  ( - l ) ‘ v > i,น  +  L

where Tl, y 2 =  1 s  F[x] \  {0} .
Using Theorem 5.4 (13), we get
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This completes the proof. □
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