CHAPTER Il
INDEPENDENCE

A criterion for linear independence of continued fraction expansions over the ratio-
nal numbers was derived by J. Hancl [11] in 2002. As to algebraic independence,
sufficient conditions were given in [1], [3] and [14]. Criteria for algebraic indepen-
dence of elements in the field of p-adic numbers were derived by V. Laohakosol
and p. Ubolsri [15] in 1987. In 2007, similar criteria in the field of formal Laurent
series in X~| were established by T. Chaichana and V. Laohakosol, [6].

In this chapter, criteria for algebraic and linear independence of elements in
F((n(x))), as expounded in Example 2.13 of Chapter 2, are given in the first
section. In the second section, we use this criteria to derive sufficient conditions
for algebraic and linear independence of elements represented by JR-continucd

fraction expansions.

3.1 Criteria

In this section, we start with definitions.

Definition 3.1. Let E be an extension field of a field K and «1,«2, ..., «TE F.
Then «1,«2,+s, « TLare algehraically independent over K, if for all / (Ti, T2,..., Tn) E
K[TuT2,..., T2

[ («1,tt2,... I«7) = 0==»/ = 0.

Definition 3.2. Let E be an extension field of a field K and «1,«2,...,«7 e F.

Then «1,«2,...,«7 are linearly independent over K, if for all !,02,... 1an E K

CLOL\ T ct2«2T eeeT Q=0 VA= 2=

an= 0.

Let F be a field and let (X) be a monic irreducible polynomial in F[X], In



25

order to prove the main results we need Uchiyama’s Theorem ([31]) states as

follows:

Theorem 3.3. Let a be an element of F ((n(x))) algebraic of degree m > 2 over

F(x). Then there is a constant K > 0 such that

\C-Dc\, @.1)
for all pairs of polynomials ¢, D € F[x] with M > 0, where
M := MaX{|Cloo, [E>|o0} .

If F is of characteristic greater than zero, the inequality (3.1) cannot be improved

in general.

The following main results give criteria for algebraic and linear independence.

Theorem 3.4. Let fti,tt2,...,an & F (Tt(x))) X {0}. Assume that there are

polynomials CVvj,Dnj(i*0)E F[x] (Ne N, j =1,2,..., ) such that
DfITjOij ¢ TVt ATvd :— max {|C(Vj|00, F Ngl10) "oo ns A 00,

and

Cnij- 1

: F>NJ-I 7 .
N“—%o =0 (j=2,.., ) (3.2)
OJ — )
DN} 7

provided > 2. Assume further that for each positive real number E, there is an

N0= NO(E) e N such that

aj -

Dnj ** (Myv,IM,,2--- MNd)E (v- No'j =
Then a\, a2,11 ,an are algebraically independent over F (x).

Proof. We proceed by induction on



26

For — 1, suppose that of\ is algebraic of degree m > 1 over F(X).
Ifm — 1, then ay = Qfor some P, Q e F[x]\ {0} .ForallN 6 N, by the product

formula, we get
0/|D Kila, ~ = IQI~ -
We also have
ID NtyP - CN'iQloo < max {|Div,iPloo, [Cw,iQJo0} < M N>IK,
K := max {|P|oo, IQloo} . Then

pv.iai - CN,1IT> Mivii7 QI* = <1 := k \Q\,

By (3.3), there is an Ny = Ni(2) such that, for all N > Ny,

Ky CN- < I-Pvile< 1
< |Piv,i<ai — Cn \\7 = |Pat,iU 2ay - .
M, 1 = MLo— M

which is a contradiction.
For m > 1, by Theorem 3.3, for p ((n(x))) there is a constant K2 > 0 such
that

\DN,yay - CNym> ~z2- forall Ne N.

By (3.3), there is an N2 = iv2(m + 1) such that, for all N > N2,

May - [2DAai ¢ CNIlr - t1"- M™}1

which is a contradiction. Thus, O! is transcendental, and we are done in the case
= 1.

Now consider > 1. Assume the assertion of the theorem holds up to -

1, but is false for . Then there would exist a polynomial f (Ty,T2,...,Tn) e

F[x}[Ty,T2,...,Tn]\ {0} of minimal total degree such that / («1,a2,..., an) = 0.
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Expanding / about (ai, ctz, ..., an), we get

[ (T472,..., T =32 V) {Tx- «Ir ... (Tn- anp 1
*)

where ()= ¢, 2., ), and

1 4 P10+ f (0N .20 )
hiv) := /VI™2 "n)= { 1+ 2+ 1=t + ). dTI'dT? eedT?
Clearly,

ANy = («ll «2, 0001« ) = 0.

Set

(T\,T2,.. ., Tn) = -Arf (TUT2,...,T ),

Hi = h,.010..0 for 1= 1,2, ,

where the digit 1 is at the ith position. Observe that Tn occurs in /. Thus,
Hn(Ti,T2,... r,) E0and =  {ai,a2...«7).

Next, we show that Hn 7*0. Suppose not. I Tnoccurs in Hn (Ti,, T2,..., T),
then («!, «2,.. *,a,)) is a root of a nonzero polynomial whose degree is lower than
that of /, which is a contradiction. Thus, Tn does not occur in ~ (Ti, T2,..., Tn),
This means that «:,a2,..., an i are algebraically dependent, contradicting the
induction hypothesis. Thus, Hn 70,

Forj =1,2,.., , let

siw =7 -a,-

Since D tfjctj 7 cjvj, We get |5, (yv)|# 7~ 0. Now

C’\' 1 C‘\' 2 CN n - /AT v
— ) —= .., : - } v ) A\ i Sn -\‘ =
4 <DN,1' Do Dy ; (V) k)
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= (N) ((H ) + eee+ HnrlJL n-(’ll(;V) + «1 )+ 0(1««)1lj)

By hypotheses (3.2) and (3.3), we see that

C () +'n + Ny " ° <|«A0l,) .

) ,...l”1 " (AO ,0({ (Aou} -0 as N-* oo,
n_

which yields, when N is large enough,

r{Cni cnz  Cn,

=I5 (¥ 1L."0
vAw,1'AV,2' ' -Dwin,

Let 771,772, ===177h be the degrees of / in 7\, T2,..., Tn, respectively. Then

Cn1 Cn C

n :
DMD 7 r-irsrj (p s E 1" ) e FLIl X {O)
and so
"y Cn,i Cnp cV,
0< un,un2 j V1’ AN’ =
vll(_,‘ "2
T N N2 an
IWuN2 om E - (.9 a') ('N,z_ . o

ACRADAT'DNTT2--A At (r

- aiDtf,r ---(Civ, - OnDN,nT
@)

< miax { Ih[uD ™y’ oD A~W{CN1 - ttiDjv,i)"}.+-(CW.n - anDN, )11
< max; ' TM oo n mfx AY
< M™1---AL™:

‘ max 11V)loon mfx {1 1aJlce} |

KMIT\M ™| .. AL™;,

where LL := max(3) jlh(,,)]00))[“=t maXj {l, |aj|*}| is a positive constant inde-
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pendent of AT.

By the product formula, we get

vl cl, aiv, i ACnl Cnp2 Cn,
/ N1 oo D 2 > BN,\UI&% 1 “DSTnll/\ ’11_0 '2’ Dn’
a W.%'I-O»;. / chN,l’B}r/]\/:%’ ,gV:

Choosing E = max {mi, M2, ..., mn} + 1 by (3.3), there exists Ag = N$(E) such
that for all TV> AR

f Cyv.i Cjv,2 C.n
KM yyiy2-..M yn Dnl’£¥V2" 'DN,

= (TV)/na

A IS
(MIV,IMjV,2 -em n, )E

S MAzmi\]/ 2 oolﬁﬁ;‘m n

oo as N =00,
which is a contradiction. O

Theorem 3.5. Lei o ¢,...,tt, € F(( (x))\ {0}. Assume that there are
polynomials CjVj, DNJ {y 0) (Ai€ N, j =1,2,..., ) in F[x\ such that

F jOj 7 Cjv.j. MiN,j * max {|C/v,jloo5-LTjVjloo) * oo (@B AT * 0o,

sucsi that ifn > 2,

o on ;i
L% T i0 (=2, ). (3.4)
fivj
« -
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Assume further that there is a positive-valued function g of natural argument, with
g(N)-=»0 as N — o,

and there is an No = iVo( ) € N such that

s 1

N>No j=1,2,....,). 3.5
Dy 2~ MV.IMt2 ---M N~g (N ) { J ) (35)

Q;

Then 1,«1,«2)s.1, « are linearly independent over F(x).

Proof. Suppose that 1, «1,«2,..., « are linearly dependent over F(X). Then there

are Al, Ai,... Ant e F[x] not all zero such that
A&I—l + jAn«n + eee+ A\Ol\ =0

Without loss of generality assume that ,4n 7 0, for otherwise there is 1 < k <

such that Ak 770 and we can replace An by Ak' Let

f{T4T2,...,Tn) := Tn+ + A, Tn+ eve+ i4iT16 i?[r])[Ti,T2,... ,Tn],

Then
F{TV,T2,...,Tn) = An(Tn —« ) + see+ Ai(Ti — «1).
Set
ANAO =~ 1 - a? for i =1,2,...,
Since 7~ CjVj, we get (AO0 77 0. Now

N —_ N
/ (-%/l\fl W LT ) = K(N)(An+ AR o Tt oW

By hypothesis (3.4), we see that

N |N | Si
ARSI 4 b < me A 6n((N)) Al 5(23
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0 as Voo,
which yields, when TVis sufficiently large,

/ cm,l cm,2 cv,hl - K{N)Anl +0.

iw D 2 T

We have
DNKDN_2e.. DNf ||§é\\/|”om,z""'§>/N\,ﬂ e FAX] x {0},
and so

o< Dm\Dm2---£ alf fey 1 Ca2 ,CjV-H\
A/ L8 Dm, )

7 1 1 . )
L ——F—« IA1+ soet {/|j Ieyv}/ ————————— ou
1 \L>N, / V|

(Dvy D oo juged DNnAJ (Cm — 0 712 v,7))00}

< Mjv,i -esMmj-iMmj+i-+-M~n max (I~ C /vijloo 1 I-AjCKj-D7jl -}
j

Dm|Dm2 7w

< AZWi ---A'IN j-iM MM N+ ---AZ nmax {HToo 1P 7ev?l 0}

Aol Mjv2--1ham,

where K maxi<j<a{|Ajjo, 14j 0] o} is a positive constant independent of TV
By the product formula, we get

CV,1 cv,2 CVY., Cv,! Ca2 CVY.,
/ 1D > Dn,\Dm.2----D/v, / ||1Dy

"l 2 , A 2 N,
cyl Ca2 C'N”n

omi Dv2’ DN,
> (AR IAZ 2--/2Z 1) 1.

> Dm\Dm2---& ,,/

Then, by (3.5), for TVsufficiently large,

1 < c 1 cv,2 C I’ B \Anl
ATAZ [iMjvz -2 AZ /- 1oE 2 TI>NT A iaam2 1A ,ng(TV),



32

\Anlv > —>00 as A -> 00,

which is a contradiction. O

3.2 Applications

In this section, we apply Theorems 3.4 and 3.5 to derive sufficient conditions for
elements in F (( (x))) x {0} represented by JR-continued fraction expansions of
Example 2.13 in Chapter 2 to be algebraically and linearly independent over F(X).
After that, criteria for algebraic and linear independence of /T-adic Ruban and
adic Schneider continued fraction expansions are given in Subsections 3.2.1 and
3.2.2, respectively.

Throughout we assume (without loss of generality) that |qlw< 1. For N G N,

let _
Ch b & el
D]\r 1+ o+ civ

be the N th convergent of the JR-continued fraction expansion of a. By Proposi-

tions 2.3 and 2.4, we have

I ldlin, IC) 1k — |6i0 243 el o "|12:%®ml o I
S . a\Ci . . _ ,
which implies that \Di\n = ; > \Ci\n for all i > 1. Since ¢l 1Djv do not
|

necessarily belong to F[X], to app y the results of Theorems 3.4 and 3.5, we need
to convert the JR-continued fraction expansion of Example 2.13 in Chapter 2 into
an equivalent continued fraction expansion.

Throughout, we focus only on the case when the sequence {6j} is a subset of

la = ~M J--er b-"- + co+ amx H—+ csns GF {( (x))) X {0} :

rr, GN {0}, dGFJ[x], degc, < degTr].
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For each i E N, write
at :=A - and 6l:= A~

where te N {0},71ez, and a-,6-6 F[.t] are both relatively prime to r(:r),
so that

ku = 1= " |, laiU = 2n'degfr, N . = 2m*degT

From the ab-condition, we have Hi > mi for alH > 1. It is convenient to introduce

an associated JR-continued fraction expansion

7i R\

(3.6)
21+ $2+ A+

where

"’,'1 — [)Il’/T 1_777-1 7|+| —_ /t(|+|7k o 1+1_F*|+17 PI = a[ fOI’ a.” | E N

Clearly, the partial numerators 71 and the partial denominators Pi of the associated
continued fraction expansion (3.6) are in F[x] and 17,1 > 2degr for all i > 1. For

N e N, we similarly define the N th convergent of (3.6) to be

Dn~_7i 72 __bn
Far Pi+ P2+ Pn

where

Ci—1 Co=0, Ci*le PiviCi + 7+iCJ_i foranl i> 0
F 1=0, FO= 1 Fj+l= Pi+iDi+ 7+iFj 1 forall i> 0.

The JR-continued fraction expansion (2.10) and its associated continued fraction

Q Cn
expansion (3.6) are equivalent in the sense that — — = —— for all N e N, which

D n T_]V
can be shown by induction. Clearly, Cat and V N are in F[x].

Now, we consider two sets of relationships between 7i and Pi as follows:

1)

\PiPi+i\oo > [7i+ijoo for alH > 1, (3.7)
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which is equivalent to lojai+i @> I&t+®for all i > 1

@
172100 > AR and
oo > 1earai00, A2 > v itioo, (Ti+2&]o0 2 /W h+iloo forall 1 > 3
(33
which are equivalent to
180 > 2 oo and
3o 7 32, M2 7 43 MR 10 ~ 2% 10fr all 273
(39

Remark 3.6. From condition (s.s), We get [7i+ijo0 > wirixioo for alli > 1,
which implies that the two classes do not overlap.

Under the above set up, the next lemmas summarize basic properties of Civ
and Plv, whose inductive proofs are omitted.

Lemma 3.7. If (3.7) holds, then

(i) |Ciloo = [7ijooi |CMoo = ['Bf21miPn\e for all N > 2
() \VN\®0 = \p1p2 ---Pn\wo for all N > 1
Lemma 3.8. |f (3.8) holds, then

i) \C\oo = kako, IClo= |[?27i|o and for ani > 1

[FA2£+1100 = 72°+1726-1 -+-7371 100, \P2I+2)00 = 72«+272~ -1 Ap2ll\0al

()jpl110 Pil0 P21 121 andfoi all 1 1

[~ 2M-loo = [72M-172£-1 »++73/a1)00, \F>28+2\00 = 72442727 «+.7472 o-

From the preceding discussion, let Qj € tt(x)F [/dx)] \ {0} ( =1 ,2 k)
with infinite associated JR-continued fraction expansions

T 72 71
J  Pij+ P2+  Pij+
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and, for all N G N, let their corresponding .Mh convergents be

Cnj _ 7ij 712 7AQj
T™N,j Pijt P2J+  Pnj

If the requirement (3.7) or (3.8) holds for each | G {1,2,..., A}, then Lemma 3.7

or 3.8 yields
Myvj = max {|Cjvjloo, \VNj loo} —> 0 as N —=»

Since each associated JR-continued fraction expansion is infinite, we infer that
Cvy—VNjaj 0 forall j =1,2,..., Aand VG N.

If the condition (3.7) is replaced by the condition (3.8), we still get the same
results. We begin with criterion for algebraic independence. Again, we are under

the same set up.
Theorem 3.9. Assume that
. the condition (3.7) (or (3.8)) is fulfilled for eachj G {1,2,.... k};

[1. the limiting values

UG Yyl m A gy TR W 0T "0
hold and

I11. there exists g : N—>Z with g(i) ="' 0 asi —>00 such that

___OniLJﬂlelJ A (MLiMR2---Mij)9® (iGN, | = 1,2,... 1A). (3.11)

Then oL\, 02,111, Cic are algebraically independent over F(x).

Proof. For a fixed E > 0, from g(i) —) oo as i —>o00, there is A0 G N such that

for all N > A, we have #(Af) > £. Forj G {1,2,..., /c} and N > No, applying
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(3.11), we get

CNJ CNJ
3 Vnd TR
\bljb2j ~vablVf
A j-Dyv+ljle
< 1
(MNIUMNZ2---MN, f N)
1
3.12
) —-Mmivj) B (342
From (3.10), forj > 2, we get
Cnj-1 = 3 -
aj i Vvn -l7w uN,i-1
_CNJ A\ CN j
ERaY 9 Dy
\bij-1b2j-1 --*&7V+j-iU
j-1™jv +lj-1U
KIj 2, --<NV+1 I
I Thys 1jm
0 as TV—oo0. (3.13)
Noting (3.12) and (3.13), Theorem 3.4 yields the desired result. O
As for linear independence, we have the following result.
Theorem 3.10. Assume that
|. the condition (3.7) (or (3.8)) IS fulfilled for eachj G {1.2,...,
II. the limiting values
lim 1 b ST+ K @
&I Ar-'&mpM A jm A +ij-ik u '

hold and
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[1. there exists ¢ : N —>7L with g(i) —»o00 as i —>o0 such that

> 9() (M.IM 22... MId) (ieN, j = I,2....fc).
PijO2j nn' fri+ljITT

(3.15)
Then 1,«1,£2,..., cfc are linearly independent over F(x).
Proof. From (3.15), forj > 1and TVe N, we get
divj Cwj
Qii AN
F>Nj " Dnjj
\b1jb 2] *~uhjveijjm
ITFVjF N+1J1T
1
¢ (3.16)
g{N) {FInsM n2e*eeMijvj)
Forj > 2 and applying (3.14), we get
1\7_1 C/Vj' Cnij-
2>\WJ- N -
Cnj Cjv,j
. aj .
aj Vnij UNj T
1¥j —17°2j —1e- AN —1 IT
\Dm,]-\D n+\j-1]ir
I&1jb 2 - - - &yv+ij jT
\Dn,]Dn+\4\n
0 as TV— oo. (3.17)

Noting (3.16) and (3.17), Theorem 3.5 yields the desired result.

3.2.1 The 7T-adic Ruban continued fraction expansion

The 7T-adic Ruban continued fraction expansion of Q e n(X)F [[r(x)]] \ {0} is of
the form

J.__ 1 J_

Cli+ 2+ Q+
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where the afs are nonconstant elements in the set of head parts. This is a JR-
continued fraction expansion with all bi = 1. To apply Theorems 3.9 and 3.10 to
T-adic Ruban continued fraction expansions, since \bi\n = 1 = |6jloo for all T £ N,

we obtain:

Corollary 3.11. Let Cfj = — | e eee— - oeee (j—1,2,...1k) be k infinite
aijt+ a2j+ cpj+
n-adic Ruban continued fraction expansions and use the preceding notation and
restrictions. Assume that
[. the condition (3.7) (or (3.8)) ISfulfilled for eachj £ {1,2,..., k};

[1. the limiting values

‘-]] |F)i ﬂ
i—00 \DiJDi+1J~ln 0'=2,3L..,%) (3.18)
hold and

[11. there exists g : N —R with g(i) =>00 as i —> o such that

DijDi+ijln > AEN =12, 1k (319

Then on, «2)..., Cic are algebraically independent over F(x).

Corollary 3.12. Let Ctj — ----- — = - (] —1,2,.... k) be k infinite
1j+ aj+ Uij+
7T-adic Ruban continued fraction expansions and use the preceding notation and

restrictions. Assume that

I. the condition (3.7) (or (3.8)) is fulfilled for eachj £ {1,2,..., k};

[1. the limiting values

lim 1-A+iuk =0 (G=23,.,A
i—»00 j -1

hold and
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[11. there exists g : N —»R with g(i) —>o00 as i —>0 such that

\DifDi+ij\n > g(i) (Mi'iMiz2--Mijj) GeN j=1,2,, K. (320

Then 1,C’i,(lni,lll,ctk are linearly independent over F(x).
The following are some examples.

Example 3.13. Let / : N —)» R>1 be a real valued function with f(i) —> 0 as

I —>Qand let { )}1>1 and 1 be sequences of positive integers such that
1> 1 and ni+t > 2f(i)( 11+ 2+ ---+ )) forall ie N. (3.21)

Let (X\ and «2 be nonzero elements in F ((r(x))) having infinite 7T-adic Ruban

continued fraction expansions of the form

1 1 1

N _ (iGN, j = 1,2),
J aijF azj+ aijF

where
aitt = -4, ai2=~ and c_i,d-i e f\ {0}.

Then «1 and <2 are algebraically independent over F(X).

Proof. Forj e N, we have

| 2n)dgl = la- i gl
gl gy, — et 152,

From (3.21), we get )+1 > )and 1+1 > Ilforalli € N.

We obtain

KiO uloo = 2<-n*-n'i>deg'r < 1, A,1100 = 2An)deg7r > 2 "<+2du * = |ai+2il100,
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and
K 2al1200 = 2(~n2_ni)deg- < 1, ~,2I0 = 2 ~Udegrr > 2-"-+2deg- = [ai+22|(

and so Qi and a2 satisfy (3.9) which is equivalent to (3.8).

By Proposition 2.4, for all i G N, we get
|A,iU = 2 (n>+7+-"+")de - and 1A ,2 = 2 (ni+7I12+" +n')dc -. (3.22)

By the hypotheses (3.21) and (3.22), we see that

122i2-A+121 2 (2ni+2712+ +2rll+n*+i)ce -

A laviiv 22L22 A yegm

D«! and «2 satisfy (3.18).

Note that, for i G N,

711 = 0\ 7i+ii= 7T Pi\ A

and
122 T geaz= o Lpig a4,
O
|7i,iloo = 2n'ide¢ 'l |7t+iijoo = 27n>n'+~deg-, h[]10= 1,
and

2 (ni+fii+i) deg7T

71,2 0 = 2nideg-, |7i+112100 — /7,210 = 1-

By Lemma 3.8, we get
\|Cj1|oo = 2(n"1+4+-+~)degrr if 1is 0dd

Mil= < _
[|A,ij]oo = 2 (Mi+"2+-+">cde - if s even,
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and
|C' 100 - 2 (m +A+"+".)degTT if | is odd

|2l = 2 (ni+TI2+" +ni)deg7r  if i is even.

Next, we would like show that ai and 02 satisfy (3.19). By (3.21), for all

i G N, we get
IALIA+uU = 2@ni+2n2H  [2n(+n(+1)deg T
> 2">+idegh
> 2"i+| degt
> 2/ ()(ni+n2#--1-«()deg 7T
and

[-D 2D 12! _ 2 (2 1+2 24------»h2n,+ni+i)cm7T
N, 2(2 1+2 2+ deg7r+2/(i)( 1+7!2H I-n,) degTT
2 2/(i)(n 1+ n2H----hn,)degir

2/ ( 1+ 24— - ,+ 1+ 24--—-hni)deg?T

(MiIMiD) A .
Now, all the hypotheses of Corollary 3.11 are verified. This implies that ai and
a2 are algebraically independent over F(X). O

Example 3.14. As in the previous example, if the condition (3.21) is replaced

by
1> Hi and 7ij+1 > 1+ 2+ eee+ n) forall i e N.

Then l,ai and Q@ are linearly independent over F(X).

Proof. It suffices to show that «1 and a2 satisfy (3.20).
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Define g : N — IRby g(i) = 2(ni+nz+-"+"*)ck 7 for ail i ¢ N. Since ; ¢ N for ail
16N, g(i) —> asi— o0. Consider

[AJTA +1,1U = 2(2A +2n2+ 'H2n>+"+1) deg*
_ 2bd+n2+'+U +ntti)de 7M 11

A 2 (TiHn.2H-- hni)dcg 7T
= 9{i)Mi,u
and

o ]i) Kp
A 2A+1.2U - 2 (2¢l+2n2H--1-2 *+ :+ 1) degrT

_ 2 (T4 n2H---I-n<) deg7r-f(ni+n2H-——hrii+ni+i) deg 7
<7(i)2 (ni+n2H--hNi+Nl+ 2—bnp degT

\V4

<(d (MTiiM fi2) .

By Corollary 3.12, we have |,ai and «2 are linearly independent over F(x). [

3.2.2 The TT-adic Schneider continued fraction expansion

The 7T-adic Schneider continued fraction expansion ofa ¢ (x)F [[#(X)]] \ {0} is
of the form
!

IGKhaN
- B2 ar

where the partial denominators and numerators are as the following:
a, 6 F[.r]\ {0}, dega; < degT, bi= Ti, si GN forall i > 1

and each bi is uniquely determined form a and previously known aj 1bj (j <1).
For all i ¢ N, we have |eill = 2~Sckgir — 11~ and by Proposition 2.4, we

get AU = | 12---a, = 1. Apply Theorems 3.9 and 3.10 to 7T-adic Schneider

continued fraction expansions, we get Corollaries 3.15 and 3.16 as follows:
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Corollary 3.15. Letog = — -—dz—\--------:-:-F----- (j=12,.. k) bek infinite

n-adic Schneider continued fraction expansmns and use the preceding notation and
restrictions. Assume that

|. the condition (3.7) (or (3.8)) ISfulfilled for eachj G{1,2,..., k};

II. the limiting values

P17 T At O -2,3,..., *) (3-23)
hold and

[1I. there exists g :n —>r With §(i) =00 aS1-> o such that

\Di,jb2j - --6,+ijloo > (Miim:.2 ---Mit)9i) (iGN, | = 1,2,.... k). (3.24)

Then ai, o21..., ot are algebraically independent over F(x).

Corollary 3.16. Le/, a- = T aijL (j =12, ..1K) bek infinite
n-adic Schneider continued fraction expansions and use the precedmg notation and
restrictions. Assume that

|. the condition (3.7) (or (3.8)) ISfulfilled for eachj G{1,2,..., k};

II. the limiting values

lim - IfriA, &M =0 2,3 1

Woo |oij_io2j_i---01+lj-loo
hold and

[1I. there exists g :N —R with g(i) = o asi— such that

leaj&2j ---hi+1ID> 5(0 (mi, i 2---Mij) (iGN, j =1,2,.... K).
(3.25)

TTien 1 ai, a2,... 1(k are linearly independent over F(x).



44

Remark 3.17. For the -K-adic Schneider continued fraction expansion, its asso-
ciated continued fraction expansion is identical with itself, that is

7= b and Si—a- forall i€N.

Next, we illustrate some examples.

Example 3.18. Let / : N —»]R>1 be a real valued function with f(i) =00 as
| =00 and let {mj}* 1and {77it}>1 be sequences of positive integers such that

I{m[ +mi+ ——1mc2+mf) if iisodd

[(i)(mat at et m2+m)) if iiseven.
(3.26)
Let Qfi and o 2 be nonzero elements in F ((tt(x))) having infinite 7T-adic Schneider
continued fraction expansions of the form

Jowj b

. . - (*eN, j = 1,2),
Oj+ 2+ Qij+

Where
ai) it2GF\ {0}, bPA= rm: and hi= 7=,

Then « and a2 are algebraically independent over F(x).

Proof. For js N, we have

I 1m rz2m o 1 \M, 1100 — |®1,2 001

= ** = \bl1!

and  [&t= 2 m'dir = [¢j -

From (3.26), we get mi+1 > m- and mL+1> nii for all e N.



We obtain

I1&i+i.iloo = 2m~ deg7r > 1 = \ai+ 1ma11

[6i+2,iad0oo = 2m*2deg7 > 2m*+ldeg7r = |at+2,16i+ 11100,

and

Ni+1,2 loo = 2m,+ldeg7r > 1 = \at+1,2&i]2|oo,

[6i+2120iRJo0 = 2m,+2deg?7 > 2" i+l dggi7 = jai+2.2bi+1.2!00

and so ft! and o satisfy (3.9) which equivalent to (3.8).
By the hypothesis (3.26), we get

, 7~ 2 N 1 as 001
181,182,1 - --Ditl xjoo 2 (m1+m 2+ +m*+)degr
so QI and «2 satisfy (3.23).
Note that, for i € N,

= ol =Ml
and
o= 2= &2
S0
13440 ACRTT7 2110 17
and

ﬂ)} Arriidegﬂ'7|//\]12 o 1*

By Lemma 338, for i £ N, we get

| 1Qiloo = 2eritm3m+ - "B if | is odd
A ijo0 = Zm +met-"+m'-*+n¥cegr  if I is even,

J\ [l ) 1
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and

200 - 2 (Mt mH=—(-m,-2+nii) degrT if 11is odd

Mi,2 = | _— -
"20 - 2 (m2+7idH—hrrii-2+mj) dg7T i | IS even.

Next, we would like to show that « and az satisfy (3.24). By (3.26), for all

i e N, we get

[&U&2.1 ---6i+lljoo = 2 A t1a tl)deg.
2 mi+ideg7T

\Y4

2 "‘,+1degw

\Y4

(o2 2m00T if i is odd

12 2(i)("l2+ma+ -1 M2t cgTTif s even

M iifi)

and

29 2- *&i+|,2& __o(mitm2H--t-mi+i)deg7r
2mi+ldeg
220(i))(m"1+ni3+-+m"_24m")deg?T Fjs 07
207 241 44- o+m' 2+m")degrr £ s evell
2/ (t)(mj+mst hra,_2+mj+mi+mH-—-em, _2tmi)deg T if 7is odd

2/ (i)(m2+m4g-—fmi_2+mt+m2+rrtd-t—t-m,_2+mi) degT  if j is even

Now, all the hypotheses of Corollary 3.15 are verified. This implies that a.\ and
a2 are algebraically independent over F(x). I

Example 3.19. As in the previous example, if the condition (3.26) is replaced



o . 1+ 3+-1-+m' 2+ m] if iisodd
{>miand ia>< | a .
P oot mat-1-+ jo+ if 1is even.

Then 1,ai and az are linearly independent over F(x).

Proof. It suffices to show that @1 and «2 satisfy (3.25).
Define g : N —»Mby

24ma+eeetmj_i)deg7r jf j js 0(ld

(mi+m3+-+mi_i)degrr  if j is even

Since 1£ N forall XE N, g(i) = o as i —00. For i £ N, consider

II\DH},I ,00 g (mjEm 2o ™" 1) deg T

IV Vi
2 (ml+m J—fm t+m 2+ m 44— 1+ m 4+1) deg7T if 1is odd
2 (m2+m dd—I-rfij+mLm jH-—(714_1+ mi+1) deg if | iS even
2 (mj+mjH-—f-rrijtm2+ mdH-—|-mi_i)deg7r  if ||S odd
>
2 (m2+m4H-hm +mi+msH-—t-mi_i)deg7r if | j5 pyen
= 1
and
1V/2V 210 ehi+1.200
_2("U+m2d-- hyH)ckgrT
2(Mi+rri3H—hmj+m2+mdH—hm _i+mt+i) degrT  If j is odd
2 (m2+mA4H—hmitmit+mjH-—hmi_i+m +i) deg7T  if | is even
!
2 (mi+m3d—hro;+m2+mad-—t-mi-x+mj+rrijH-—\-mi_2+m.) deg T if | iS Odd
>

2 (m2+mdH——hmitrrii¢m3H-—hmi_i+m2+m4H—hm4_2+m4deg T if | is even
I
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= g{i) (Mu Mi1.

By Corollary 3.16, we have 1,01 and 02 are linearly independent over F(x).
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