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Abstract
This paper investigates solutions of a recurrence differential equation (RDE) of the form:

At) = aA[t)
A1) = a,A, (1) + bA (t)

Ak+2(t) = ak+2Ak+2(t) + |:)k+2Ak+l(t) + Ck+2Ak(t)’
for k=1,2,...,K—2 and any positive integer K >3 subject to the initial conditions AI(O) =R eR fori=12..K where
b.c.eC.a €R and a, = a, for = j . Firstly, we apply Laplace transform to the RDE to obtain a difference equation in

Laplace space. Our success in performing Laplace inverse transform leads to an explicit solution of the RDE. Finally, we present
an application of our results by deriving closed-form formulas for the conditional moment, variance, covariance, and correlation
of quadratic variance diffusion processes which are commonly used for studying model variance or interest rate processes in
financial engineering.

Keywords: recurrence differential equation, explicit solution, conditional moments, quadratic variance diffusion processes

1. Introduction A1) = aA(t) + bA (t)
In this paper we investigate solutions of the : -
recurrence differential equation (RDE) of the form: Ak+2(t) ak+2Ak+2(t) * bk+2Ak+1(t) * Ck+2Ak (®),

1.1)

At)=aA.(t) o .
for k=12,..,K—-2 and any positive integer K >3 subject
to the initial condition

*Corresponding author
Email address: rsanae@wu.ac.th A(0)=R R (1.2)
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for i =12.. K where b ¢ €C a €R and a, = a

for i = j and we denote R s the set of real numbers and C

is the set of complex numbers.

Solving RDE is a key to understand complex
systems. RDE appears in many problems in engineering and
finance. Multidimensional modeling of diesel engine is
explained as a system of ordinary differential equation which
is in an RDE form (Belardini, Bertoli, Corsaro, & D’Ambra,
2005). Mathematical models of chemical kinetics are in the
form of RDE (Gobbert, 1970; Edsberg, 1974; Nyengeri,
Ndenzako, & Nizigiyimana, 2019; Rehman, 2018). A closed-
form formula for the conditional moments of the extended
CIR process have been derived by solving an RDE (Rujivan,
2016).

Solutions of a sequence of recurrence relations for
first-order ordinary differential equations, which we have call
an RDE, have been investigated by Batukhtin et al. (2017).
They achieved solutions of a slightly different form of RDE
compared to RDE (1.1) with a method of successive
integration. Rujivan (2016) and Thamrongrat and Rujivan
(2020) adopted a direct integration method to solve RDE (1.1)
for a special case that the coefficients Cpi=12.,,K-2

are zero. Utilizing a solution of RDE (1.1) subject to the initial
condition (1.2) as we shall present later on in this paper, one
can derive closed-form formulas for the n conditional
moment for any non-negative integer n, variance, covariance,
and correlation of quadratic variance diffusion processes
(QVD processes) introduced by Filipovic, Gourier, and
Mancini (2016), which are usually found in modelling
variance or interest rate processes appeared in financial
engineering. These formulas can be used in pricing financial
derivatives when the variance and interest rate processes are
assumed to follow the QVD process.

There are two possible analytical approaches to
solve RDE (1.1), investigating the eigenvalues of the matrix
corresponding to (1.1) (see Chapterl in Waltman (2004)) and

Casc k>1: L, ={(,..l) |l ++L =k+2—41<],....l <

Case k=0:i=r=1 L, ={(1)}

using Laplace transformation (see Chapter 2 in Schiff (1999)).
The former one is hard to handle due to the large size of K x K
matrix for a fixed positive integer K >3 . Consequently,

finding a closed-form of the eigenvalues of the matrix K x K
corresponding to (1.1) which are used to represent the solution
is a very difficult task. Alternatively, our proposed method is
started by applying Laplace transform to RDE (1.1) under the
initial condition (1.2) to obtain a difference equation in
Laplace space. Then we apply the solution of linear difference
equations with variable coefficients presented in Mallik
(1998) to derive an explicit solution of the obtained difference
equation. We next simplify the solution and then employing
Laplace inversion to obtain an explicit solution of RDE (1.1).
The paper is organized as follows. In Section 2, we
derive an explicit solution of RDE (1.1) subject to the initial
condition (1.2). Our results in this section can be used to
construct Mathematica codes which help us to double check
the accuracy of the theorems. Examples shown in Section 2
illustrate how the theorems can be applied. Solution in each
example can be achieved by our Mathematica programming
codes or by manual calculation. Applications are given in
Section 3 including closed-form formulas for the conditional
moment, variance, covariance, and correlation of QVD
processes. The conclusions of the paper are stated in Section4.

2. Main Results

We first introduce the index sets used in Mallik (1998)
to present an explicit solution of RDE (1.1) subject to the initial
condition (1.2).
Definition 2.1

Let i and I be positive integers and K be a non-
negative integer such that i <k +1 and r <k + 2- i.
We define the following:

2.1)

The index | ) is the set of r partitions of k + 2- j where each entry of the partition is an integer 1 or 2. To illustrate
LK,r

the definition, we provide the following examples:

L3,4,1 =f= L1,1,2
L,., = {(12).21}
L., = {01}

In terms of programming, each index set can be computed by a computer programme. For fixed positive integers
i,k>0,andr, | ., can be found by using Code 2.1 written by using Mathematica provided in Appendix.

The important result in Mallik (1998) which is used in this paper is stated as follows.

Proposition 2.1 (Mallik, 1998)

The solution of the difference equation
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N

Your = Z O Y T Ty k=1
=1
of N>2 with complex coefficients a, ,, j=1,...,N, complex forcing term X+n » and complex initial values vy,,..., Yy,

is given by

N o
Yoo = ¥+ doa . ta. k=1
i=1 =2—k

where

The next theorem provides a solution of RDE (1.1) under the initial condition (1.2).
Theorem 2.1

A solution of RDE (1.1) subject to the initial condition (1.2) can be expressed as

at
A(t)=Re
. k T a # : .
a, ot p k24— - & a,t
PRI SRS 3 3 SR e TR
. r=1 L, |m=1 R DI
k+1 k+2—i r %nrs o i i
1535353 SIS e
i=1 r=1 L m=1 241, _Z r': it "

(2.2)
for k =0,1,...,K —2 and any positive integer /& >3 where

(s—a)||d .z
i i #ff,rzn:.’ﬂ-fm ;

a. = lim
Ji s—a.

3 = li]_n

(s— aj)rl;[] de B z,d,,

and

d — QHZ d — Ck+2 X = Rk

ki~ k2 ’
S-a,, S- &, S- a4,

Proof. Let K > 3 ' be a positive integer. For k =1.2...., K —2, we let

d — QHZ d —_ Ck+2 X = Rk
KT g.a 0 % s.a kK s.ga
k+2 k+2 k

where we set Xy = 0.

Let y.(s) be Laplace transform of the unknown function A (t); i.e.,

u(s)= [ At

where S is a complex number frequency parameter. Hence, solving RDE (1.1) subject to the initial condition (1.2) is equivalent
to solving the difference equation with variable coefficients in Laplace space such that
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y,(s) = x,
Vi) = 6 Y,s () + 4Ly, (6) + X,

for k=0,1,..., K —2. The above linear difference equation with variable coefficients can be solved by using Proposition 2.1 with

N =2 to obtain an explicit solution as

0
Y, . (s) = Z s J Z ijrsfj +z,
=1 =2k
where
k-1
=3 2|4, 5
r=1 L — b ’1 m

Equation (2.3) can be rewritten as follows:

y;,._g (3) = ‘rk—l Jc] l + ZD Is
for k=01,.. K-2.
Note that
NI %
r=1 L, |m=1 k= -_«r=-‘?= I §—a,
Since @ - @ for all q = r, the denominators of d . are distinct.
a S DR
d . cannotbe S - & because k41 —>"" 1 = i—2. Then
R+_—» 11 i n=ln
k+0—s r Q)‘,_g Tm I a. .
Dk.a—fre - Z Z z —=—+—
=1 L, |m=1% — @ m §—a,
e k24t 3" L i
where

r

o, = lHE] (s— aj)H dHf e for ([.....1)eL, .

m=1

Using the similar idea of getting (2.5), we have

TR 3 g,
‘l 01 zz z _ = + 7‘ + _
L, m15—a - s—a s—a
- k24 - - 1 2
where
3, = lim|(s - a)[ld | . 2dy| for (....l)€L,,

=1 m L'

(2.3)

2.4

Moreover, each denominator of

(2.5)

(2.6)
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By substituting (2.5) and (2.6) in (2.4) and then applying Laplace inverse transformation, we then obtain

k r a t
@ ot k2 —Em g0 / at a2 Gt
A {)=PR_ " + § g E JHH 5 c + 8™ + G, }
m n=in

r=l Ly, | m=1

k+1 k4+2—i r

| o, et at
+§ g g g ol LTI Laet |
| k—2+1m—zvl_l.ln,i :

i=1 r=1 L |[m=1

for k=0,1...,K—2. It easy to check that Al(t) = Rlealt. Therefore, RDE (1.1) subject to the initial condition (1.2) has an

explicit solution as shown in (2.2).
In terms of programming with Mathematica, Code 2.2 provided in Appendix can be used to derive

A().k=12... K aswrittenin (2.2) where we compute Ak (t) by using the module Alk_,t_,La_,Lb_,Lc_,LR_] in Code
2.2 such that

La— {a,....a,},Lb—> {b ...b,}, Les {c ...c .} .andLR—> {R ... R, }.

Example 2.1
Consider an RDE with complex coefficients as follows:
A1) =24()

A () = 3A,(t) + 14 (1)
A(t) = 4A,(6) + (1 + 1A ) + A1)

subject to the initial conditions

A0)=1A,0=2A,0)=3
where j=+/—1. It is obvious that A(t) = e?. Under index set Lo, azyland a4 can be computed by using Theorem 2.1 as

follows:

br b,r
| == =i o, =lim|—a)d,z | ===
s—ay T ey 5—a,

(s—a,)d x

My = 1211 /%1%
‘ 2

We then have

A1) = 26" + 3 [a, 0¥ +a, | = 26" +ic¥ —ic” = 2 +i)c —ie”.

Loy

As shown in (2.2) of Theorem 2.1, As(t) depends upon the index sets Ly by and Ly, Since |-1,1,2 is the empty
set, we get

A () =3e* + 2[356'” + 3,c% + 3102*} —0—2[&3]0“ + onc”] + Z[Qa_zt‘“ + anc'”].
L L L

211 11,1 21,1

By Theorem 2.1, we have the following:

[ Under index set Lm,wehave ﬁszi;l,ﬂzzl_i,ﬂ3:i__1.
- 2 2
. 1 1
[ Under index set L, we have Oy == o, =—=-
" T2 ' 2

[1 Under index set L,,,, we have a,, =2(1+1i), a,, =—2(1+1).
Hence,
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i—1 g 1—1 5 1 I, ,
A () = 3c¥ +ch” +(1—i)e¥ +— ¥ +5c” 75(’ +2(1+1)e™ —2(1 +1)e™

:.3{| +i]c“ Jiz2 e (14 31)c™
2 2
By applying Code 2.2, we have
A = A[1.£.{2.3.4}.{0.Sqrt[-1].14+Sqrt[-1]}.{0.0.1} {1.2.3}]

=%,

A () = A2 £ {2.3.4} {0 Sqre[-1] 1+Sqrt[-1]} {0.0.1} {1.2.3}]
= 2 +i)c" —ic”,

A(t) = A3t {2341 {0 Sart[1] 1+Sart[ 1]}.{0,01}.{1.2.3)]

_sl1g b 1220 — (1 + 31)™.
2 2

The results from Code 2.2 are the same as computed directly from Theorem 2.1.
We note here that the condition a, » aj for | - j in Theorem 2.1 is sufficient to get Equation (2.5). Without the

condition, (2.5) will not have a closed simple form because the expression Hdw "~ in the proof of Theorem 2.1 can be
m=1 'mT L =y

. L . . .
written as [ [—L— if we have g numbers of a, with constant | . Although we can write the product of Ij as the
Lt J J

(s — aJ.) ; (s- a )kj
summation we obtained in (2.5), the procedure produces a complicated formula, which is not suitable to be written in a limited
space, due to the partial fraction having to be determined carefully case by case. Therefore, we let the case when some a are

equal to be our future work.

For some special cases of initial conditions (1.2) that shall be applied to derive a closed-form formula for the
conditional moments of QVD process in the next section, we deduce the following corollary.
Corollary 2.1

The RDE

At) = aA(t)

b 2.7)
A(t) = a,A(t) + bA(t)
Ak+2(t) = a'k+2Ak+2(t) + bk+2Ak+1(t) + ck+2Ak(t)
for k =1,2,..., K =2 and any positive integer /X >3 subject to the initial conditions
A()=1A4(0)=0i=2... K 28)
where b.c, € C. a, € R and a, = a, for 1= j, hasasolutioninthe form
Alt) = e
k . O nay e o at P—
A 0=>>]Ds e T L 3ty e
B r=1 Ly, |m=1 tH—z_["'_Zn:w:"
k+1 r o o ]
+ Z Z Z a z,— e B2+ T b + L\_‘Ca‘f
E42+, — i, |
p gl | (2.9)

s—a,
Jor k=01...K-2 where a =lim 4 d i
Toemes—ay o k=377 L
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5 — aj
dl},l
8§ — Cll

3 = lm
J s—a,

H dﬂcf.';Y‘“ i

m=1 T2 it

BT e T T
5 arcfj § akw

Proof. The proof is rather trivial by using Theorem 2.1, thus omitted here.
Example 2.2
Consider an RDE
A (t) = 2A (1)
A )= 3A,(t) + A(t)

A(t) = 4A,(t) + A1) + A (t)
subject to the initial conditions

A0)= 1 A0)= A,0)=0.

By Corollary 2.1,

Af) =¥
4,(t)= Z‘[O,C‘)t + alc”] =" =
L\i.’
A(t) = 2{536“ + 32(‘:” + 3](.“%} +Z {nsc'” + alczf
LJ|| L,'J
— et

3. Application in Determining the Conditional Moments of QVD Processes

Firstly, we derive an explicit solution of a partial differential equation (PDE) by applying Corollary 2.1.

Theorem 3.1

Let n be a positive integer, T > 0 and y™(v, t ) be a solution of the PDE:

a .(n) T 1 , a2 (n)¢ -
9u(vr) )+L(a +nz'+m")—d - (:' ) Sv)——F—=
ar 2 av’ v

for (v.7) < (0.oc) x[0.T] subject to an initial condition

u™(v,0) = v"

where 3 and ¢ are positive real numbers, a.o.h € R Then u'™ (v, ) can be expressed as

u™ (v, 1) = Z A (T
=0

in which the coefficient functions A __ (t),k = 0,...,n, satisfy the RDE (2.7) and the initial conditions (2.8) by setting

—a(n—Fk)+bl(n—k+1)

(3.1)

(3.2)

(3.3)

(3.4)

(35)
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1
Gy = 5an =k +2)(n =k +1).
2 (3.6)
Proof. We first suppose that
u_in)(.v_ r) _ Z AM(T):'“"“.
o 3.7

Since u(”)(v, t ) must satisfy the initial condition (3.2). This implies that the coefficient functions Ak+1(t),k =0,...,n,
satisfy the initial conditions

_—IW(U] =1 and _—&k(O) =0for k=1. (3 8)
By adopting the method proposed in Rujivan (2016), we compute the partial derivatives of u™(v,t) appeared in the PDE (3.1)
based on the formula (3.7) as

au'"(v.7) =, n—k
—_— A ("
3 LZ\ L (T
3.9)

du'" (v.T - L
(uf“') — z (n— k)‘{i.—J(.’_ " k-1
ov b—

> (3.10)
,j:l (mn) N T X 2
du (74. ) (n—k)(n—k lUl_](f)r” k=2

J‘Z‘ (3.11)

Next, we insert the partial derivatives (3.9)-(3.11) into the PDE (3.1) and then collecting the coefficients of
v k= 0,+1..., givesus

Z F.{_l( ) +a A (7)+b A(T)+ec, Al r)it‘”_’ =0
Fee ' (3.12)
where ak+1,bk+1, and C,.,are given in (3.4)-(3.6), respectively.

N
Let consider Z A (T)"" where N € N and N > n + 1. From (3.12),
b=

+1 IfiA’—l( r)

A, (T)=a, A, (T)+b, A (T)+c,,

.—’l;!v:,( )= 11”'__,:1” (7)) + [1”77__,.4,_4( T)+e,. ,9-4,,( T)

A (=a A _ (T)+b A(T)+c A _(T)

n+1" "n+1

/1;7( r)=a A (T)+bA _(T)+cA _,(T)

A(T) = aA(T)+bA(T) A . (T)

‘4; N (7 ) @ N “1| (@)

The right-hand side of the last equation has only one term because i A (Tt has neither A  (z) nor A (7). From (3.5)-

k=—N

(3.6), we have that the coefficients bn+2 =0= C.., - From the initial conditions (3.8), it follows that
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(t)y=L = A, (t)=0=A_ (t)=L = A(t)

n+2 N+1

Thus, instead of considering Z (et where N € N and N > n + 1, we can just consider Z A =k This
k=—N k=0
implies that (3.7) can be rewritten as follows:

n
_ n—k
- ZAHI(T)%H .
k=0

Hence, the solution of the PDE (3.1) is in the form (3.3) where the coefficient functions 7).k =0,... n, solve the RDE

Al
(2.11) subject to the initial conditions (2.12). Since b and C are positive real numbers, we have ai - aj for | - j . Hence,

the coefficient functions AkH(T)‘k' =0.... n. can be derived by using (2.9) in Corollary 2.1.

In terms of financial modelling, QVD processes have been used to model the stochastic behaviours of interest rates as
proposed in Filipovic et al. (2016). The QVD process (vt (w))., can be described by a stochastic differential equation (SDE).

b o
dv, = (b+ Bv,)dt +Ja+ av, + m:det (3.13)
for parameters J and c are positive real numbers and a.a.b € R where (IV,(w)), , is a standard Brownian motion under

a probability space (€2, I, P)with a filtration (F, )m, In some cases of pricing financial derivatives based on a stochastic interest

rate model, we need to calculate an n™ conditional moment of the variance or interest rate process in the form of
PR,n _ PR,n —_

E"M [R]=E [ v, = V]

forsome ne N, v>0and 0 <t<T. Weset 7 =T — ¢ and define a real-valued function

(n) . 1P n
U U.T) = E v v, =0
( 4 ) [ T ‘ ! } (3.14)

for (v,7) € (0,00) x[0,T].

Applying the Feynman—Kac theorem as presented in Rujivan (2016) but to the QVD process (3.13), we have that
u(“)(v, t) satisfies the PDE (3.1) subject to the initial condition (3.2). It should be remarked here that the initial condition (3.2)

is required for determining the conditional expectation (3.14) when t = T. Therefore, an n™ conditional moment of the QVD
process (3.13) can be derived by using (2.9) in Corollary 2.1 in which the coefficient functions A (7). k=0,.... n. solve the

RDE (2.7) subject to the initial conditions (2.8).
It should be noted that the QVD process (3.13) becomes the Cox-Ingersoll-Ross (CIR) process when the parameters a

and ¢ vanish. In this case, Theorem 2.4 in Rujivan (2016) provides a closed-form formula for the n'" conditional moment of CIR
process for any non-negative integer n. On the other hand, Theorem 3.1 in this paper can be used to derive the conditional
moment, variance, covariance, and correlation of QVD processes for any real number a and positive real number ¢ as shown in
the following examples.

Example 3.1

By applying Theorem 3.1, the 1% conditional moment of QVD process (3.13) can be expressed as

Eflo, |v, = v] = u" (v,7) Z AD (T = AV (T + AV (7)
(3.15)

for =T -1t and 0 <t < T - where the coefficient functions can be computed by using Code 2.2 with setting (3.4)-(3.6) as
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Mgy Br
A7) = (3.16)
‘ b (—1 +eF )
A;l"(T) =— 3
(3.17)
Similarly, the 2" conditional moment of QVD process (3.13) can be expressed as
Ef[uy | v, = v] = u®(v,7) = ZA;E(T]F?_;{ = AP ()’ + AP (r)w + A7 (7)
k=0 (3.18)
for v>0 7=T —1t and 0 <t < T  where the coefficient functions can be computed by using Code 2.2 with setting
(3.4)-(3.6) as
A2 -y ':.5‘*25]7'
AT) =e (3.19)
N e [—'I + el‘.c+3.:'r ) (Qb + a}
145_J(T) — \ + - /
crp (3.20)
A:.EJ(T) _ a (:—1 + e[ vl ) 8 {C + J} + 20 (.f —ce + {.1 — 2 + el' vae)s ) 3] + ba (c —ce” + (1 — 2" + El' i) )J)
0 6(c+5)(c+28)
(3.21)
It should be remarked here that when we set b= k@,b = - k, and @ = s?for S > 0, the QVD process (3.13)

becomes a CIR process as presented in Rujivan (2016):
dv, = (6 - v,)dt + o\[u,dIV].

With the parameter setting, the 15t and 2" conditional moments of the CIR process can be immediately obtained by using (3.15)
and (3.18), respectively, where

Alm('r) =e 7, AE]](T) =0—e"0
and

Al[?} (,;_) — e—?ﬁr

" e ('—1 + e } {’2(%' + O’E\)
APy = =TT

R

W2

e 2 (—'l + e“'_) 9(29;{ + J"}_)

AP () =
: ( ) 2K

One can verify that our results obtained above are the same as produced by using Theorem 2.4 in Rujivan (2016) for the 1 and
2" conditional moments of the CIR process.

Example 3.2

The conditional variance of QVD process (3.13) is defined by
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Var®[u, | F] = E*[(v, — E"[v, | E])’ | ]

3.22)

for 0 <t <T. By the definition of the conditional variance, one can show that
Var’[v, | v, =v]= u? (v, 7) = (" (v, 7))

T (3.23)
for v>0and 7 =7—¢t where u'(v.7) and u'”(v.7) aregivenin (3.15)and (3.18), respectively.
Example 3.3

The conditional covariance of QVD process (3.13) is defined by
P . Prr., P

Cov [1:1}-1'r__,|ﬁ]-:£‘[([r [r'F] _E[r|FD|F} (3.24)
for0<¢< T <T, . Wefirstconsider
B?((u, — E¥[v, | E])(oy, — E™[vy, | E))| E] = E”[0y0, | B - E7[v, | EIE®[v, | E] .

By using the tower property for the conditional expectation (see on page 29 in Brzezniak and Zastawniak (2000)), we have

Eloyv, | E]= [y, B o, | E,]| E)L

5T (3.26)
Applying Theorem 3.1, we have
nial _ Pr., ; -’1\ (1)
E[zT:|FT__]—E [lr_:“r_] Z”]x
(3.27)
where 7, = T, — T7. Inserting (3.17) into (3.16) gives us
E*[u o, |0, = vl = 3 A BR[| B = » AY (AL ()
k=0 k=0 k=0
(3.28)
for v> 0 where 7, =7, —T;. By using (3.15)-(3.18), we now obtain
1 R+l
4 P A1) 1 ke '1 1
Cov [L'I_L‘T: |v, =v]= Z A),rij_l(;—g)‘ ili](rj)tf —u (2 l)u (v .7,)
A (3.29)

where ud(v,t,) and u(l’(v,tz) can be computed by using (3.15).

Example 3.4

The conditional correlation of QVD process (3.13) is defined by
Cov? [1 Uy | F]
\/\ ar’[v, | E]\/\'nl‘P[t'T | F]
' ’ (3.30)

or 0<t<T, <T,. Byapplying(3.23)and (3.29), we immediately obtain that

PPN UNCAT UNC PR AMLICES

k=04 =0

|, =)=
TR ) - @) e ) - (10 7))

Corr”

(3.31)

forv> owhereand 7, =7 -1 7, =7, -7 and 7, =T, —t
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4. Conclusions

In this paper we have derived an explicit solution of
RDE (1.1) subject to the initial condition (1.2) by using
Laplace transform method and solution of difference equation
proposed by Mallik (1998). Moreover, we have provided
Mathematica codes for computing the solutions of RDE (1.1)
with several examples. Finally, we have demonstrated an
application of our results by deriving closed-form formulas for
the conditional moments, variance, covariance, and
correlation of QVD processes.
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Appendix

Code 2.1
L[i_,k_,r_]:=If[k==0,Catenate[Permutations/@ IntegerPartitions[k+2-

i,{r},Range[1,2]]],Catenate[Permutations/@ IntegerPartitions[k+2-i,{r},Range[ Max[3-i,1],2]]1];

Code 2.2

Lri_ k_,r_1=Ifik—0,CatenatefPermutations/@ IntegerPartitionsik+2-i,{r},Ranger1,21,CatenatefPermutations/@ IntegerPartitionstk+2-

i,{r},RangeiMax(3-i,11,21;

Sumliinn,{n,1,m}nrS-aitk+2-liimy-Sumliinn,{n,1,m}my,citk+2+lgmp-Sumiliny,{n, 1, m n«S-artk+2+limy-
Sumlgny,{n,1,m}um,{m,rhExpraik-2-lemy-Sumdimn,{n, 1, m}mty, S->ark- 2+ lmyu-Sumlin, {n, 1, mm-LimiteS-anrdimRuS-andmyxbu21S-
ai2myProductfiliimn=1,bitk+2+litmp-Sumliiny,{n,1,m}m«S-aik+2-+limmun-Sumliing, {n,1,m . cik+2+liumn-Sumliing, {n, 1, m}nS-aik+2+limi-
Sumilinn,{n,1,m}mm,{m,rhHExprailnt, S->arlm-+LimitiS-an2m®RuliS-anlmdi2iS-ai2mProduct filiimn==1,brk+2+limn-Sumlinn, {n,1,m}n«S-
artk+2+lumy-Sumlinn,{n,1,m}m,cirk+2+limp-Sumlinn, {n, 1, mpwS-anks+2+-lumy-Sumlien,{n, 1, m}umm, {m,rhExpiai2nt), S-

>ai2m,{m,1,r},{l,Li2,k,r}{r.1,k};

Sumilinn,{n,1,m}mS-aik+2+ma-Sumlinn, {n, 1, m3m,cik+2+limp-Sumling, {n, 1,m}m«S-aik+2+lmn-
Sumlimn,{n,1,m}mn,{m,rhExprark+2+gmn-Sumtlinn,{n,1,m}mt, S->ark+ 2+ rmu-Sumelinn, {n, 1, mbm-+ LimitiS-agimRirinS-
arinyProductrIfrlirmn==1,drk+2{lirmu-Sumliinn, {n, 1, mpm«S-ark+2+lrmu-Sumlin, {n, 1, m}m,cik+2+mu-Sumilinm, {n, 1, mpmS-ark+ 2+ limy-
Sumlim,{n,1,m}mn.{m,rhExprarint, S->arim, {m,1,r}.{I,Li,k,nh,{i,1,k:1},{r,1 k+2-i}3;

Ak _t La b Lc LR 3-Ifik—1,LRulnExprLarlnt,G1ik-2,t,La,Lb,Lc,LR1+G2k-2,t,La,Lb,Lc,LRy;




