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ABSTRACT
In this work, we study the delay-dependent exponential passivity and stability analy-

sis of neutral system with time-varying delays and nonlinear perturbations. We derive new
delay-dependent exponential passivity and stability conditions for the system in terms of lin-
ear matrix inequalities (LMIs) by constructing new class of augmented Lyapunov-Krasovskii
functional, utilization of zero equation, descriptor model transformation, Leibniz-Newton
formula and various inequalities. We also demonstrate the effectiveness and improvement
of the results by giving some numerical examples.

Keywords: Exponential passivity analysis; Linear matrix inequality; Model transformation;
Neutral system

1. Introduction
During the last decade, there has

been interesting in the time-delay of neu-
tral system due to their extensive applica-
tions, for example, in industrial systems,
in communication, in engineering and so
on. Stability of time-delay systems of neu-
tral type has been divided into two classes
depending on the size of the time-delay,
delay-independent and delay-dependent. In
[1–4], convex optimization algorithms has

been treated. Moreover, in [5–7], free-
weighting method within convex optimiza-
tion approach has been presented. Some re-
sults on robust stability for uncertain neutral
system have been derived in [8–11].

The passivity is an essential tool in
stability analysis. The stability of the feed-
back can be established by using the pas-
sivity theorem. Then, there has been an in-
creasing of reseachers, who are interesting
in applying passivity to time-delay system
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[12].
The results mentioned in the litera-

tures are studied with the asymtotic stabil-
ity ([2, 10, 11, 13, 14]) or only concerned
with the exponential passivity of neural net-
works ([12,15,16]). However, the exponen-
tial passivity of neutral problem is also es-
sential since it can estimate the convergence
rate.

Motivated by the statement above,
in this paper, the exponential passivity and
stability analysis of neutral system with
time-varying delays and nonlinear pertur-
bations are investigated using new class
of augmented Lyapunov-Krasovskii func-
tional, utilization of zero equation, Leibniz-
Newton formula and various inequalities.
Two numerical examples are given to
demonstate the method.

2. Problem Formula and Preliminar-
ies

We introduce some definitions and
lemmas which we used throughout the pa-
per and we also introduce the neutral sys-
tem with time-varying delays and nonlinear
perturbations of the form

Ûy(t) = Ay(t) + By(t − r(t))
+C Ûy(t − k(t)) + g1(t, y(t))
+g2(t, y(t − r(t)))
+g3(t, Ûy(t − k(t))) + D1ω(t),
t ≥ 0, (2.1)

z̃(t) = C̃1y(t) + C̃2y(t − r(t))
+D2ω(t), t ≥ 0, (2.2)

y(t) = ϕ(t),
∀t ∈ [−max{r2, k2},0], (2.3)

where y(t) ∈ Rn is the state vector, ω(t) is
the disturbance input, z̃(t) is the output of
the system and ϕ(t) is a vector valued initial
function. A,B,C,D1, C̃1, C̃2 and D2 ∈ Rn×n
are real constant matrices with appropriate

dimensions. The delays are time-varying
delays satisfying

0 ≤ r(t) ≤ r2, (2.4)
0 ≤ k(t) ≤ k2, Ûk(t) ≤ kd, (2.5)

where r2, k2 and kd are real constants.
The uncertainties g1(t, y(t)),g2(t, y(t −
r(t))),g3(t, Ûy(t − k(t))) are nonlinear
disturbances satisfying

gT1 (t, y(t))g1(t, y(t)) ≤ l21 y
T (t)y(t), (2.6)

gT2 (t, y(t − r(t)))g2(t, y(t − r(t)))
≤ l22 y

T (t − r(t))y(t − r(t)), (2.7)
gT3 (t, Ûy(t − k(t)))g3(t, Ûy(t − k(t)))

≤ l23 ÛyT (t − k(t)) Ûy(t − k(t)), (2.8)

where l1, l2, l3 are given nonnegative con-
stants.

Definition 2.1 ([1]). If there exist positive real
constants α,M such that, for all ϕ(t), the solu-
tion y(t, ϕ) of the system satisfies

‖y(t, ϕ)‖ ≤ M ‖ϕ‖e−αt, t ≥ 0,

then the system Eq. (2.1) − Eq. (2.3) is called
exponentially stable.

Definition 2.2 ([12]). If there exists an expo-
nential Lyapunov function V(t) defined on R,
and a constant α > 0 such that for all ω(t), all
initail condition y(0) satisfy:

ÛV(t) + 2αV(t) ≤ 2z̃(t)ω(t), t ≥ 0, (2.9)

where ÛV(t) denotes the total derivative of V(t)
along the state, then Eq. (2.1) − Eq. (2.3) is
said to be exponentially passive from input ω(t)
to output z̃(t), trajectories y(t) of Eq. (2.1) −
Eq. (2.3).

Lemma 2.3 ([2]). For all constant matrix M ∈
Rn×n, M = MT > 0, positive real constant r2
and vector-valued function Ûy : [−r2,0] → Rn

such that the integrations concerned are well
defined,

−r2

∫ t

t−r2
ÛyT (s)M Ûy(s)ds ≤

2
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−
( ∫ t

t−r2
Ûy(s)ds

)T
M
( ∫ t

t−r2
Ûy(s)ds

)
.

Replacing the term
∫ t

t−r2 Ûy(s)ds with y(t)− y(t−
r2), we can obtain the following inequality

−r2

∫ t

t−r2
ÛyT (s)M Ûy(s)ds ≤[

y(t)
y(t − r2)

]T [
−M M
∗ −M

] [
y(t)

y(t − r2)

]
.

Lemma 2.4 ([10]). For all constant matrix M ∈
Rn×n, M = MT > 0, r(t) is time-varying delays
with 0 ≤ r(t) ≤ r2, r2 ∈ R and a vector-valued
function y : [−r2,0] → Rn such that the inte-
grations concerned are well defined,

−r2

∫ t

t−r2
yT (s)My(s)ds ≤

−
∫ t

t−r(t)
yT (s)dsM

∫ t

t−r(t)
y(s)ds

−
∫ t−r(t)

t−r2
yT (s)dsM

∫ t−r(t)

t−r2
y(s)ds.

Lemma 2.5 ([10]). For all constant matrices
M1,M2,M3 ∈ Rn×n, M1 ≥ 0,M3 > 0,[
M1 M2

∗ M3

]
≥ 0, r(t) is time-varying delays with

0 ≤ r(t) ≤ r2, r2 ∈ R, vector-valued functions
y and Ûy : [−r2,0] → Rn such that the following
integration is well defined,

−r2

∫ t

t−r2

[
y(s)
Ûy(s)

]T [
M1 M2

∗ M3

] [
y(s)
Ûy(s)

]
ds

≤



y(t)
y(t − r(t))
y(t − r2)∫ t

t−r(t) y(s)ds∫ t−r(t)
t−r2 y(s)ds



T

×


−M3 M3 0 −MT

2 0
∗ −M3 − MT

3 M3 MT
2 −MT

2

∗ ∗ −M3 0 MT
2

∗ ∗ ∗ −M1 0
∗ ∗ ∗ ∗ −M1


×



y(t)
y(t − r(t))
y(t − r2)∫ t

t−r(t) y(s)ds∫ t−r(t)
t−r2 y(s)ds


.

Lemma 2.6 ([1]). The following inequality
holds, for a positive matrix M:

−(α − β)2
2

∫ α

β

∫ α

s

yT (u)My(u)duds

≤ −
( ∫ α

β

∫ α

s

y(u)duds
)T M( ∫ α

β

∫ α

s

y(u)duds
)
.

Lemma 2.7 ([10]). Let y(t) ∈ Rn be a vector-
valued function with first-order continuous-
derivative entries. Then, the following inte-
gral inequality holds for any constant matrices
N,Mi ∈ Rn×n, i = 1,2, . . . ,5 and r(t) is time-
varying delays with 0 ≤ r(t) ≤ r2, r2 ∈ R+,

−
∫ t

t−r2
ÛyT (s)Q Ûy(s)ds ≤ ΦTωΦ + r2ΦTΩΦ,

where

Φ =


y(t)

y(t − r(t))
y(t − r2)

 ,
Ω =


M3 M4 0
∗ M3 + M5 M4

∗ ∗ M5

 ,
ω =


M1 + MT

1 −MT
1 + M2 0

∗ ϱ −MT
1 + M2

∗ ∗ −M2 − MT
2

 ,
ϱ = M1 + MT

1 − M2 − MT
2

and

N M1 M2

∗ M3 M4

∗ ∗ M5

 ≥ 0.

Lemma 2.8 ([14]). For all constant matrix M ∈
Rn×n,M = MT > 0, nonnegative real constants
r2 and a vector-valued function Ûy : [−r2,0] →
Rn such that the following integrals are well de-
fined,

−r2

∫ t

t−r2
ÛyT (s)M Ûy(s)ds ≤ ωT (t) 	 ω(t),

where
ω(t) =

[
yT (t), yT (t − r2), 1

r2

∫ t

t−r2 y
T (s)ds

]T
and 	 =


−4M −2M 6M
∗ −4M 6M
∗ ∗ −12M

 .
3
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Lemma 2.9 ([13,17]). For any constant matri-

ces M,N ∈ Rn×n, M ≥ 0,
[
M N
∗ M

]
≥ 0, r(t)

is time-varying delay with Eq. (2.5), a vector-
valued function Ûy : [−r2,0] → Rn such that the
concerned integrations are well defined,

−r2

∫ t

t−r2
ÛyT (s)M Ûy(s)ds ≤ ω̃T (t)	̃ω̃(t),

where
ω̃(t) =

[
yT (t), yT (t − r(t)), yT (t − r2)

]T
and 	̃ =


−M M − N N
∗ −2M + N + NT M − N
∗ ∗ −M

 .
3. Main Results

In this section, we will indicate the
exponential passivity criteria dependent on
time-varying delays. We define a new pa-
rameter ∑

= [Ξi, j]16×16, (3.1)

where Ξi, j = ΞTj ,i, i, j = 1,2,3, ...,16,

S16 = P1G,

Ξ1,1 = −S5 − ST5 + r22 S10 + P2 + r22 P7

−M2 − MT
2 ,

Ξ1,2 = PT
1 − ST4 + S5A + r22 ST9 ,

Ξ1,3 = −MT
1 + M2,

Ξ1,4 = S5B − ST6 ,

Ξ1,6 = S5C,

Ξ1,11 = S5,

Ξ1,12 = S5,

Ξ1,13 = S5,

Ξ2,2 = S1A + S2 + AT S1 + ST2 + 2αS1

+S16 + ST16 + S4A + AT ST4 + r22 S8

+r22 P4 − e−2αr2S10 + S11 + ST11
+r2S13 + r2C1 + r2CT

1 + r2C4

+ϵ1l21 I + 2αP1 + P3 + r22 P5

−e−4αr2r22 P9 + r22 P10 + r2CT
4

−4e−2αr2 P11 − e−2αr2 P12,

Ξ2,3 = AT JT1 ,

Ξ2,4 = S1BS16 − S4B + AT ST6 − r2C4

−ST11 + S12 + r2S14 + r2CT
5

+e−2αr2 P12 − e−2αr2 P13

+e−2αr2S10,

Ξ2,5 = −S2 + r2CT
2 − r2C1 − 2e−2αr2 P11

+e−2αr2 P13,

Ξ2,6 = S1C + S4C + AT JT2 ,

Ξ2,7 = AT S2 + S3 + 2αS2 − e−2αr2ST9 ,

Ξ2,8 = AT S2 + S3 + 2αS2,

Ξ2,9 = −S16 + ST7 + r2CT
6 − r2C4,

Ξ2,10 = r2CT
3 − r2C1,

Ξ2,11 = S1 + S4,

Ξ2,12 = S1 + S4,

Ξ2,13 = S1 + S4,

Ξ2,14 = e−4αr2r22 P9 + 6e−2αr2 P11,

Ξ2,16 = S1D1 − C̃T
1 ,

Ξ3,1 = −M1 + MT
2 ,

Ξ3,3 = M1 + MT
1 − J1 − JT1 +

r42
2

P8

+
r42
2

P9 − e−2αr2 L2 + r22 P11

+r22 P12,

Ξ3,4 = J1B,

Ξ3,6 = J1C − JT2 ,

Ξ3,11 = J1,

Ξ3,12 = J1,

Ξ3,13 = J1,

Ξ4,4 = S6B + BT ST6 − e−2αr2S10 + S11

−e−2αr2ST10 + ST11 − S12 − ST12
+r2S13 + r2S15 − r2C5 − r2CT

5

−2e−2αr2 P12 + e−2αr2 P13

+e−2αr2 PT
13 + ϵ2l22 I,

Ξ4,5 = e−2αr2S10 − ST11 + S12 + r2S14

+e−2αr2 P12 − e−2αr2 P13,

Ξ4,6 = S6C + BT JT2 ,

Ξ4,7 = BT S2 + e−2αr2ST9 ,

4
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Ξ4,8 = BT S2 − e−2αr2ST9 ,

Ξ4,9 = −ST7 − r2CT
6 − r2C5,

Ξ4,11 = S6,

Ξ4,12 = S6,

Ξ4,13 = S6,

Ξ5,5 = −e−2αr2S10 − S12 − ST12 + r2S15

−r2C2 − r2CT
2 − e−2αr2 P3

−4e−2αr2 P11 − e−2αr2 P12,

Ξ5,7 = −S3,

Ξ5,8 = −S3 + e−2αr2ST9 ,

Ξ5,10 = −r2CT
3 − r2C2,

Ξ5,14 = 6e−2αr2 P11,

Ξ6,6 = −e−2αk2W + kdW + ϵ3l23 I + J2C

+CT JT2 ,

Ξ6,7 = CT K12,

Ξ6,8 = CT K12,

Ξ6,11 = J2,

Ξ6,12 = J2,

Ξ6,13 = J2,

Ξ7,7 = 2αS3 − e−2αr2S8 − e−2αr2 P4

−e−2αr2 P5,

Ξ7,8 = 2αS3 − e−2αr2 P4,

Ξ7,11 = ST2 ,

Ξ7,12 = ST2 ,

Ξ7,13 = ST2 ,

Ξ7,16 = ST2 D1,

Ξ8,7 = 2αS3 − e−2αr2 P4,

Ξ8,8 = 2αS3 − e−2αr2S8 − e−2αr2 P4

−e−2αr2 P5,

Ξ8,11 = ST2 ,

Ξ8,12 = ST2 ,

Ξ8,13 = ST2 ,

Ξ8,16 = ST2 D1,

Ξ9,9 = −S7ST7 − r2C6 − r2CT
6

−e−2αr2 P6,

Ξ10,10 = r2C3 − r2CT
3 − e−2αr2 P6,

Ξ11,11 = −ϵ1I,

Ξ12,12 = −ϵ2I,

Ξ13,13 = −ϵ3I,

Ξ14,14 = −e−4αr2r22 P9 − r22 e−2αr2 P10

−12e−2αr2 P11,

Ξ15,15 = −e−4αr2 P8,

Ξ16,16 = −D2 − DT
2

and others are equal to zero.

Theorem 3.1. For | |C | | + l3 < 1, the system
Eq. (2.1) − Eq. (2.3) is exponentially passive
with a decay rate α > 0 if there exist positive
definite symmetric matrices Pm,m = 1,2, ...,13,
any appropriate dimensional matrices Sl, l =
1,2, ...,16, and positive real constants ϵn, n =
1,2,3, such that the following symmetric linear
matrix inequalities hold[

S1 S2
∗ S3

]
> 0, (3.2)[

S8 S9
∗ S10

]
> 0, (3.3)

e−2αr2 P7 S11 S11
∗ S13 S13
∗ ∗ S15

 ≥ 0, (3.4)[
P12 P13

∗ P12

]
> 0, (3.5)∑
< 0. (3.6)

Proof. Initially, we use descriptor system to
rewrite the system Eq. (2.1)

Ûy(t) = z(t), (3.7)
0 = −z(t) + Ay(t) + By(t − r(t))

+C Ûy(t − k(t)) + g1(t, y(t))
+g2(t, y(t − r(t)))
+g3(t, Ûy(t − k(t)))
+D1ω(t). (3.8)

Apply the following utilization of zero equation,
we have

0 = Gy(t) − Gy(t − r(t))

5
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−G
∫ t

t−r(t)
z(s)ds, (3.9)

where G ∈ Rn×n will be be chosen to assure
the exponential passivity of system Eq. (2.1) −
Eq. (2.3). By Eq. (3.9), the system Eq. (3.7)
and Eq. (3.8) can be represented in the form of
the descriptor delayed system

Ûy(t) = z(t) + Gy(t) − Gy(t − r(t))

−G
∫ t

t−r(t)
z(s)ds, (3.10)

0 = −z(t) + Ay(t) + By(t − r(t))
+C Ûy(t − k(t)) + g1(t, y(t))
+g2(t, y(t − r(t)))
+g3(t, Ûy(t − k(t)))
+D1ω(t). (3.11)

Construct a Lyapunov-Krasovskii
functional candidate for the system
Eq. (2.1) − Eq. (2.3),Eq. (3.10) − Eq. (3.11)
of the form

V(t) =
9∑
i=1

Vi(t), (3.12)

where

V1(t) =
[

y(t)∫ t

t−r2 y(s)ds

]T [
S1 S2
∗ S3

]
×
[

y(t)∫ t

t−r2 y(s)ds

]
,

V2(t) = yT (t)P1y(t)

=


y(t)
z(t)

y(t − r(t))∫ t

t−r(t) z(s)ds


T 

I 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


×


P1 0 0 0
0 0 0 0
0 0 0 0
S4 S5 S6 S7


×


y(t)
z(t)

y(t − r(t))∫ t

t−r(t) z(s)ds

 ,

V3(t) = r2

∫ 0

−r2

∫ t

t+s

e2α(θ−t)
[
y(θ)
Ûy(θ)

]T
×
[
S8 S9
∗ S10

] [
y(θ)
Ûy(θ)

]
dθds,

V4(t) =
∫ t

t−k(t)
e2α(s−t) ÛyT (s)P2 Ûy(s)ds

+

∫ t

t−r2
e2α(s−t)yT (s)P3y(s),

V5(t) = r2

∫ 0

−r2

∫ t

t+s

e2α(θ−t)yT (θ)P4

×y(θ)dθds + r22

∫ 0

−r2

∫ t

t+s

e2α(θ−t)

yT (θ)P5y(θ)dθds

+r22

∫ 0

−r2

∫ t

t+s

e2α(θ−t)zT (θ)P6

×z(θ)dθds,

V6(t) =
∫ 0

−r2

∫ t

t+s

e2α(θ−t)zT (θ)P7z(θ)dθds,

V7(t) =
[ (r2)2

2

∫ 0

−r2

∫ 0

θ

∫ t

t+s

e2α(θ+s−t)

zT (θ)P8z(θ)dθdsdλ
]

+
[ (r2)2

2

∫ 0

−r2

∫ 0

θ

∫ t

t+s

e2α(θ+s−t)

zT (θ)P9z(θ)dθdsdλ
]
,

V8(t) = r2

∫ 0

−r2

∫ t

t+s

e2α(θ−t)yT (θ)P10

×y(θ)dθds,

V9(t) = r2

∫ 0

−r2

∫ t

t+s

e2α(θ−t) ÛyT (θ)P11

× Ûy(θ)dθds + r2

∫ 0

−r2

∫ t

t+s

e2α(θ−t)

ÛyT (θ)P12 Ûy(θ)dθds.

The time derivative of V(t) along the trajectory
of Eq. (2.1),Eq. (3.10)− Eq. (3.11) is given by

ÛV(t) =
9∑
i=1

ÛVi(t). (3.13)

The time derivatives of V1(t),V2(t) are com-

6
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puted as

ÛV1(t) =
[

y(t)∫ t

t−r(t) y(s)ds +
∫ t−r(t)
t−r2 y(s)ds

]T
×
[
S1 S2
∗ S3

] [
ξ(t)

y(t) − y(t − r2)

]
+

[
ξ(t)

y(t) − y(t − r2)

]T [
S1 S2
∗ S3

]
×
[

y(t)∫ t

t−r(t) y(s)ds +
∫ t−r(t)
t−r2 y(s)ds

]
+2αV1(t) − 2αV1(t),

ÛV2(t) = 2


y(t)
z(t)

y(t − r(t))∫ t

t−r(t) z(s)ds


T

×


PT
1 0 0 ST4
0 0 0 ST5
0 0 0 ST6
0 0 0 ST7


×


IT 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




Ûy(t)
Ûz(t)

Ûy(t − r(t))∫ t

t−r(t) Ûz(s)ds


= 2yT R

[
ϕ(t)

]
+ 2yT (t)S4

[
β(t)

]
+2zT (t)S5

[
β(t)

]
+ 2αV2(t)

+2yT (t − r(t))S6
[
β(t)

]
+2

∫ t

t−r(t)
zT (s)dsS7

[
ψ(t)

]
−2αV2(t),

where
ϕ(t) = z(t) + Gy(t) − Gy(t − r(t))

−G
∫ t

t−r(t)
z(s)ds,

ψ(t) = y(t) − y(t − r(t)) −
∫ t

t−r(t)
z(s)ds,

ξ(t) = Ay(t) + By(t − r(t))
+C Ûy(t − k(t)) + g1(t, y(t))
+g2(t, y(t − r(t)))
+g3(t, Ûy(t − k(t))) + D1ω(t)

and

β(t) = −z(t) + Ay(t) + By(t − r(t))

+C Ûy(t − k(t)) + g1(t, y(t))
+g2(t, y(t − r(t)))
+g3(t, y(t − k(t))) + D1ω(t).

Obviously, we get e−2αr2 ≤ e2α(s−t) ≤ 1, for
any a scalar s ∈ [t−r2, t], and apply with Lemma
2.5, we get ÛV3(t) as follows

ÛV3 = r2

∫ 0

−r2

[
y(t)
Ûy(t)

]T [
S8 S9
∗ S10

] [
y(t)
Ûy(t)

]
ds

−r2

∫ 0

−r2
e2αs

[
y(t + s)
Ûy(t + s)

]T [
S8 S9
∗ S10

]
×
[
y(t + s)
Ûy(t + s)

]
ds − 2αV3(t)

= r22

[
y(t)
Ûy(t)

]T [
S8 S9
∗ S10

] [
y(t)
Ûy(t)

]
−r2

∫ t

t−r2
e2α(s−t)

[
y(s)
Ûy(s)

]T [
S8 S9
∗ S10

]
×
[
y(s)
Ûy(s)

]
ds − 2αV3(t)

≤ r22

[
y(t)
Ûy(t)

]T [
S8 S9
∗ S10

] [
y(t)
Ûy(t)

]
−r2e−2αr2

∫ t

t−r2

[
y(s)
Ûy(s)

]T [
S8 S9
∗ S10

]
×
[
y(s)
Ûy(s)

]
ds − 2αV3(t)

≤ r22

[
y(t)
Ûy(t)

]T [
S8 S9
∗ S10

] [
y(t)
Ûy(t)

]
+e−2αr2ΥT ϱΥ − 2V3(t)

= r22

[
y(t)
z(t)

]T [
S8 S9
∗ S10

] [
y(t)
z(t)

]
+e−2αr2ΥT ϱΥ − 2V3(t),

where

Υ =



y(t)
y(t − r(t))
y(t − r2)∫ t

t−r(t) y(s)ds∫ t−r(t)
t−r2 y(s)ds


and

ϱ =


−S10 S10 0 −ST9 0
∗ −S10 − ST10 S10 ST9 −ST9
∗ ∗ −S10 0 ST9
∗ ∗ ∗ −S8 0
∗ ∗ ∗ ∗ −S8


.
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Taking the differential of ÛV4(t), we have

ÛV4(t) = ÛyT (t)P2 Ûy(t) + yT P3y(t)
−(1 − Ûk(t))e−2αk(t) ÛyT (t − k(t))
×P2 Ûy(t − k(t)) − 2αV4(t)
−e−2αr2 yT (t − r2)P3y(t − r2)

≤ ÛyT (t)P2 Ûy(t) + yT (t)P3y(t)
−e−2αk2 Ûy(t − k(t))P2 Ûy(t − k(t))
+kd ÛyT (t − k(t))P2 Ûy(t − k(t))
−e−2αr2 yT (t − r2)P3y(t − r2)
−2αV4(t)

= zT (t)P2z(t) − e−2αk2 Ûy(t − k(t))
×P2 Ûy(t − k(t)) + kd ÛyT (t − k(t))
×P2 Ûy(t − k(t)) + yT (t)P3y(t)
−e−2αr2 yT (t − r2)P3y(t − r2)
−2αV4(t).

From Lemma 2.3 and Lemma 2.4, we obtain
ÛV5(t) as follows

ÛV5(t) = r2

∫ 0

−r2
yT (t)P4y(t)ds

−r2

∫ 0

−r2
e2αsyT (t + s)P4y

T (t + s)ds

+r2

∫ 0

−r2
yT (t)P5y(t)ds

−r2

∫ 0

−r2
e2αsyT (t + s)P5y

T (t + s)ds

+r2

∫ 0

−r2
zT (t)P6z(t)ds − 2αV5(t)

−r2

∫ 0

−r2
e2αszT (t + s)P6zT (t + s)ds

= r22 y
T (t)P4y(t)

−r2

∫ t

t−r2
e2α(s−t)yT (s)P4y(s)ds

+r22 y
T (t)P5y(t) − 2αV5(t)

−r2

∫ t

t−r2
e2α(s−t)yT (s)P5y(s)ds

+r22 zT (t)P6z(t)

−r2

∫ t

t−r2
e2α(s−t)zT (s)P6z(s)ds

≤ r22 y
T (t)P4y(t) + r22 y

T (t)P5y(t)

−r2e2αr2
∫ t

t−r2
yT (s)P4y(s)ds

−r2e−2αr2
∫ t

t−r2
yT (s)P5y(s)ds

+r22 zT (t)P6z(t) − 2αV5(t)

−r2e−2αr2
∫ t

t−r2
zT (s)P6z(s)ds

≤ r22 y
T (t)P4y(t) + r22 y

T (t)P5y(t)

−e−2αr2
∫ t

t−r(t)
yT (s)dsP5

×
∫ t

t−r(t)
yT (s)ds

−e2αr2
( [ ∫ t

t−r(t)
yT (s)ds

+

∫ t−r(t)

t−r2
yT (s)ds

]
P4

×
[ ∫ t

t−r(t)
yT (s)ds

+

∫ t−r(t)

t−r2
yT (s)ds

] )
−e−2αr2

∫ t−r(t)

t−r2
yT (s)dsP5

×
∫ t−r(t)

t−r2
yT (s)ds + r22 zT (t)P6z(t)

−e−2αr2
∫ t

t−r(t)
zT (s)dsP6

×
∫ t

t−r(t)
zT (s)ds

−e−2αr2
∫ t−r(t)

t−r2
zT (s)dsP6

×
∫ t−r(t)

t−r2
zT (s)ds − 2αV5(t).

Using Lemma 2.7, ÛV6(t) will be obtained as

ÛV6(t) =
∫ 0

−r2
zT (t)P7z(t)ds − 2αV6(t)

−
∫ 0

−r2
e2αszT (t + s)P7z(t + s)ds

= r2zT (t)P7z(t) − 2αV6(t)

−
∫ t

t−r2
e2α(s−t)zT (s)P7z(s)ds

8
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≤ r2zT (t)P7z(t) − 2αV6(t)

−e2αr2
∫ t

t−r2
zT (s)P7z(s)ds

≤ r2zT (t)P7z(t) + ηT∆η
+r2ηTΘη − 2αV6(t),

where

η =


y(t)

y(t − r(t))
y(t − r2)

 ,
∆ =


S11 + ST11 −ST11 + S12 0

∗ ϕ −ST11 + S12
∗ ∗ −S12 − ST12

 ,
ϕ = S11 + ST11 − S12 − ST12
and

Θ =


S13 S14 0
∗ S13 + S15 S14
∗ ∗ S15

 .
From Lemma 2.6, ÛV7(t) can be estimated as

ÛV7(t) ≤ (r2)4
2

ÛyT (t)P8 Ûy(t)

+
(r2)4
2

ÛyT (t)P9 Ûy(t)

−
r22
2

e−4αr2
∫ 0

−r2

∫ t

t+θ
ÛyT (s)P8 Ûydsdθ

−
r22
2

e−4αr2
∫ 0

−r2

∫ t

t+θ
ÛyT (s)P9 Ûydsdθ

−2αV7(t)

≤ (r2)4
2

ÛyT (t)P8 Ûy(t)

+
(r2)4
2

ÛyT (t)P9 Ûy(t)

−e−4αr2
( ∫ 0

−r2

∫ t

t+θ
ÛyT (s)dsdθ

)
P8

×
( ∫ 0

−r2

∫ t

t+θ
Ûy(s)dsdθ

)
−e−4αr2

( ∫ 0

−r2

∫ t

t+θ
ÛyT (s)dsdθ

)
P9

×
( ∫ 0

−r2

∫ t

t+θ
Ûy(s)dsdθ

)
=

(r2)4
2

ÛyT (t)P8 Ûy(t)

+
(r2)4
2

ÛyT (t)P9 Ûy(t)

−e−4αr2
( ∫ 0

−r2

∫ t

t+θ
ÛyT (s)dsdθ

)
P8

×
( ∫ 0

−r2

∫ t

t+θ
Ûy(s)dsdθ

)
−e−4αr2

[
r2yT (t) −

∫ t

t−r2
yT (θ)dθ

]
×P9

[
r2y(t) −

∫ t

t−r2
y(θ)dθ

]
.

Using Lemma 2.3, we compute ÛV8(t) as follows

ÛV8(t) = r22 y
T (t)P10y(t) − 2αV8(t)

−e−2αr2
(
1

r2

∫ t

t−r2
yT (s)ds

)
r22 P10

×
(
1

r2

∫ t

t−r2
y(s)ds

)
.

By Lemma 2.8 and Lemma 2.9, we get ÛV9(t) as

ÛV9(t) ≤ r22 Ûy(t)P11 Ûy(t) + e−2αr2ΘT∆Θ

+r22 Ûy(t)P12 Ûy(t)
+e−2αr2ΨT

ΩΨ − 2αV9(t),

where

Θ =


y(t)

y(t − r2)
1
r2

∫ t

t−r2 y(s)ds

 ,
∆ =


−4P11 −2P11 6P11

−2P11 −4P11 6P11

6P11 6P11 −12P11

 ,
Ψ =


y(t)

y(t − r(t))
y(t − r2)

 ,
Ω =


−P12 P12 − P13 P13

P12 − PT
13 ϕ P12 − P13

PT
13 P12 − PT

13 −P12


and
ϕ = −2P12 + P13 + PT

13.

From the Leibinz-Newton formula, for any real
constant matrices Ci, i = 1,2, ...,6 with appro-
priate dimensions, the following equations are
true

0 = 2r2[yT (t)C4 + yT (t − r(t))C5

9
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+

∫ t

t−r(t)
zT (s)dsC6]

[y(t) − y(t − r(t))

−
∫ t

t−r(t)
z(s)ds], (3.14)

0 = 2r2[yT (t)C1 + yT (t − r2)C2

+

∫ t

t−r2
zT (s)dsC3]

[y(t) − y(t − r2)

−
∫ t

t−r2
z(s)ds]. (3.15)

From Eq. (2.6) − Eq. (2.8), for any scalars ϵ1,
ϵ2 and ϵ3 are positive real constants, it can in-
vestigated that the following inequalities hold:

0 ≤ ϵ1l21 y
T (t)y(t)

−ϵ1gT1 (t, y(t))g1(t, y(t)), (3.16)
0 ≤ ϵ2l22 y

T (t − r(t))y(t − r(t))
−ϵ2gT2 (t, y(t − r(t)))
g2(t, y(t − r(t))), (3.17)

0 ≤ ϵ3l23 ÛyT (t − k(t)) Ûy(t − k(t))
−ϵ3gT3 (t, Ûy(t − k(t)))
g3(t, Ûy(t − k(t))). (3.18)

From Eq. (3.11), we have

0 = 2 Ûy(t)J1[− Ûy(t) + Ay(t) + By(t − r(t))
+C Ûy(t − k(t)) + g1(t, y(t))
+g2(t, y(t − h(t)))
+g3(t, Ûy(t − τ(t)))], (3.19)

0 = 2 Ûy(t − k(t))J2[− Ûy(t) + Ay(t)
+By(t − r(t)) + C Ûy(t − k(t))
+g1(t, y(t)) + g2(t, y(t − h(t)))
+g3(t, Ûy(t − τ(t)))]. (3.20)

From Eq. (3.10), we obtain

0 = [ ÛyT M1 + zT (t)M2][ Ûy(t) − z(t)]. (3.21)

According to Eq. (3.13) - Eq. (3.21), we can
conclude that

ÛV(t) + 2αV(t) − 2z̃(t)ω(t) ≤ δT (t)
∑

δ(t),

where δ(t) =
[
z(t), y(t), Ûy(t), y(t − r(t)), y(t −

r2), Ûy(t − k(t)),
∫ t

t−r(t) y(s)ds,
∫ t−r(t)
t−r2 y(s)ds,∫ t

t−r(t) z(s)ds,
∫ t−r(t)
t−r2 z(s)ds,g1(t, y(t)),

g2(t, y(t − r(t))),g3(t, Ûy(t − k(t))),
1
r2

∫ t

t−r2 y(θ)dθ,
∫ 0

−r2

∫ t

t+θ
ÛyT (s)dsdθ,ω(t)

]
and

∑
is defined in Eq. (3.1). If conditions

Eq. (3.2)-Eq. (3.6) hold, then

ÛV(t) + 2αV(t) ≤ 2z̃(t)ω(t), ∀t ∈ R+. (3.22)

It means that systems Eq. (2.1)-Eq. (2.3) are ex-
ponentially passive. □

Now the exponential stability criteria
of equation Eq. (2.1)when D1 = 0 is demon-
strated. We define a new parameter∑̃

= [Ξ̃i, j]15×15, (3.23)

where Ξ̃i, j = ΞTj ,i, i, j = 1,2,3, ...,15.

Corollary 3.2. For | |C | | + l3 < 1, the sys-
tem Eq. (2.1) where D1 = 0 is exponentially
stable with a decay rate α > 0 if there exist
positive definite symmetric matrices Pm, m =
1,2, ...,13, any appropriate dimensional matri-
ces Sl, l = 1,2, ...,16, and positive real constants
ϵn, n = 1,2,3, such that the following symmetric
linear matrix inequalities hold[

S1 S2
∗ S3

]
> 0, (3.24)[

S8 S9
∗ S10

]
> 0, (3.25)

e−2αr2 P7 S11 S12
∗ S13 S14
∗ ∗ S15

 ≥ 0, (3.26)[
P12 P13

∗ P12

]
> 0, (3.27)∑̃
< 0. (3.28)

4. Numerical Examples
We give two numerical examples to

present the improvement and performance
of our stability criteria by comparing the
least upper bounds of the parameter λ2 and
considering the rate of convergence α for
guaranteeing exponential stability.
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Example 4.1. Consider system Eq. (2.1) −
Eq. (2.3) with the parameters

A =
[
−2 0
0 −2

]
, B =

[
0 0.4
0.4 0

]
,

C = 0.1I, C̃1 =

[
1 0
0 1

]
, C̃2 =

[
1 0
0 1

]
,

D1 =

[
0.5 0
0 1

]
, D2 =

[
0.1 0
0 0.1

]
.

For l1 = 0.1, l2 = 0.05, l3 = 0.05, and the dif-
ferent kd and α, the maximum value of r2 with
convergance index ϵ for exponential passivity
of the system Eq. (2.1) is listed in Table 1.
Moreover, we compute an upper bound α with
the different k2 and r2, obtained from Theo-
rem 1 are listed in Table 2 for different r2 and k2.

Table 1. Maximum allowable bound r2

α = 0.1 α = 0.5 α = 0.9

kd = 0 0.171 0.117 0.030
kd = 0.05 0.168 0.114 0.026
kd = 0.1 0.165 0.111 0.0220

Table 2. Maximum allowable bound α

k2 = 0.5 k2 = 0.9
r2 = 0.01 0.804 0.710
r2 = 0.05 0.691 0.603
r2 = 0.1 0.486 0.419

Example 4.2. Consider system Eq. (2.1) with
the parameters

A =
[
−2 0
0 −2

]
, B =

[
0 0.4
0.4 0

]
,

C = 0.1I, D1 = 0.

For l1 = 0.1, l2 = 0.05, l3 = 0.05, the maximum
value of r2 with a convergance index ϵ for
exponential stability of the system Eq. (2.1) is
listed in Table 3.

Table 3. Maximum allowable bound r2

rd = 0.5 unknown
[18] α = 0.5 0.731 -
[6] α = 0.5 1.603 -
Corollary 11 - 1.151
[18] α = 0.7 0.358 -
[6] α = 0.7 1.169 -
Corollary 11 - 0.912
[18] α = 0.9 0.103 -
[6] α = 0.9 0.691 -
Corollary 11 - 0.711

5. Conclusion
From this paper, the problems of the

delay-dependent exponential passivity and
stability criteria for neutral system with
time-varying delays and nonlinear perturba-
tions have been investigated. Applying new
class of augmented Lyapunov-Krasovskii
functional, we acquire new exponential pas-
sivity criteria in terms of LMIs. The im-
provement and effectiveness of the pro-
posed results have been guaranteed by some
numerical examples.
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