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Abstract

In this research, we investigate this concepts intuitionistic («, 5)-
fuzzy subsemigroup and intuitionistic (a, 3)-fuzzy interior-ideal on
I'-semigroup where «;, 8 denote any one of €,q, eV q or e A g unless
otherwise specified. Finally, we find some fuzzy congruence on I'-
semigroup.
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1 Introduction

The fundamental eoncept of a fuzzy set, introduced by Zadeh [17] in
1965, has been applied by many authors to generalize some of the basic
notions of algebra. Since then, there has been a tremendous interest in
the subject due to its diverse applications ranging from engineering and
computer science to social behavior studies. Subsequencetly, Goguen|3]
and Sanchez[14] studied fuzzy relations in various contexts. In Nemitz
[11] discussed fuzzy equivalence: relations, fuzzy functions as fuzzy re-
lations, and fuzzy partitions. Murali [10] developed some properties of
fuzzy equivalence relations and certain lattice theoretic properties of fuzzy
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equivalence relations. Samhan [13] characterized the fuzzy congruences
generated by fuzzy relations on a semigroup and studied the lattice of
fuzzy congruences an a semigroup. Kuroki [6] introduced the notion of
a quotient semigroup S/p induced by a fuzzy congruence relation p on a
semigroup S, and give homomorphism theorem with respect to the fuzzy
congruence and showed that an idempotent separating fuzzy congruence,
a group fuzzy congruence on inverse semigroups. Tan [15] proved that the
set of all fuzzy congruences on a regular semigroup contained in §z forms
a modular lattice, where dz is the characteristic function of H and H is
the H-equivalent relation on the semigroup. Next, they showed that the
idempotent separating fuzzy congruences on a regular semigroup form
a modular lattice and proved that the lattice of fuzzy congruence on a
regular semigroup is a disjoint union of some modular sublattices of the
lattice. In 2006, Hur, Jang and Kang [5] introduced the concept of intu-
itionistic fuzzy group congruence, intuitionistic fuzzy normal congruence
and proved that an intuitionistic fuzzy normal congruence on idempotent
of an inverse semigroup is complete lattice.

A fuzzy relation p :'S X S — [0,1] on a I'-semigroup S is called a
fuzzy congruence on S if (1) p(a,a) = 1(2) p(a,b) = p(b,a) (3) p(a,c) >
p(a,b) A p(b,c) for.any a,;b,¢ € S and (4) plaab,cad) > p(a,c) A p(b,d)
for any a,b,e,d € S, € I'. A fuzzy congruence p on a ['-semigroup is
called group fuzzy congruence on S if S/p is a group. A fuzzy congruence
1 oon S is called an idempotent separating fuzzy congruence on S is for
any idempotent e, f € S if po = py implies e = f.

In this research, we investigate this concepts intuitionistic («, 3)-
fuzzy subsemigroup and intuitionistic (¢, 3)-fuzzy interior ideal on I'-
semigroups where o, 5 denote any one of €, g, €\ ¢ or €/Aq unless otherwise
specified. Finally, we find some fuzzy congruence on I'-semigroup.

2 Preliminaries
Let S be a I'-semigroup. A function a from S x S to the unit interval

[0,1] is called a fuzzy relation-on-S. Let a and [ be two fuzzy relations
on S. The product awo 3 of @ and [ is defined by

(a0 B)(a,b) = sup[min{a(a, z), B(z, b)}]

€S



For all a,b € S, and o C 3 is defined by a(x) < f(z) for all x € S.

A fuzzy relation p on a I'-semigroup S is called a fuzzy equivalence
relation on §' if

(1) pla,a) =1  forallae S,

(2) pu(a,b) = u(db,a) for all a,b € S,

(3) popCp

A fuzzy equivalence relation p on S is a fuzzy congruence relation on
S if

wlaax, bax) > p(a,b)  and . u(zaa, zab) > u(a,b)

for all a,b,x € S,a €T,

Let p be a fuzzy equivalence relation-on S. For each a € S we define
a fuzzy subset pu, of S as follows :

pa() = pfa; @)

for all x € S.

Let u be fuzzy congruence relation on a semigroup S. p is called
idempotent separating if for all e, f € E4(S) the equality 1o = g implies
e = f. Let pu be a fuzzy equivalence relation on S and let a,b € S. Then
tq = pp if and only if p(a,b) = 1. Let a-and B be fuzzy subset of S.
Then the product « o f of o and (8 is defined by

sup [min{e(y), 8(z
<mm@:{m5 tedg) B!

0 if z is not expressible as x = yz.
Let p be a fuzzy equivalence relation on a I'-semigroup S. Then
p7H L) ={(a,b) € S xS | u(a;b) = 1}
is a congruence relation on S.

2.1 Theorem. The following are equivalent for a reqular semigroup S,
W48 a fuzzy congruence relation.on S and a € S, €T :

(1) 1a € Ea(S/1).

(2) o = pe for some e € Eo(S) such that Sae C Saa and eaS C
aals.

(3) ta = pte for some e € Eq(S).



3 Main Results

In this section, we introduced and some properties are investigated. We
characterize a ['-semigroup by means of intuitionistic («, 3)-fuzzy ideals
and intuitionistic («, §)—fuzzy interior ideals.

Let S be a I'-semigroup and «, 3 denote any one of €,q,eV q or e A q
unless otherwise specified.

3.1 Definition. An intuitionistic fuzzy I'-subsemigroup A = (ua,7ya) of
a semigroup S is called an-intuitionistic («, 3)-fuzzy I'-subsemigroup of
S, where o # € A ¢ if

(1) 2 o and yp,apa = (TY)mingty i3 104

(2) x4 and Yy a4 = (xy)min{tg,m}ﬁ'YA
for all x,y € S,t1,ta,t3,t4 € [0,1].

3.2 Definition. An intuitionistic fuzzy subsemigroup A = (u4,7v4) of a
semigroup S is called an intuitionistic («, 3)-fuzzy interior ideal of S if
(1) aaps = (Tay)iBpa

(2) (zay)paya = ayfya
for all ,y,a € S,¢ € [0,1}.

3.1 Lemma. An intuitionistic fuzzy subset A = (a,v4) of a semigroup
S is an intuitionistic fuzzy (€, €)-subsemigroup of S if and only if it sat-
isfies for all zyy € S and ty,ta,t3,ts € (051],

Tt €EMA, Yt ELA i (xy)min{tl,tQ}el’LA7

and

Ttz €VAYt, €7 A = (my)min{tg,t4}€'7A~
Proof. Suppose A = (pa,74) is an intuitionistic fuzzy (e, €)-subsemigroup
of a semigroup S. Let z,y € S and t;,ta,t3,44 € (0,1] be such that

Tty €HA, Yo €A Trge¥a and yreva. Then pa(r) > ¢ and pa(y) > to
Since A = (ua,74) iS-an intuitionistic fuzzy (€, €)-subsemigroup of S,
then

pa(zy) > min{pa(z), pa(y)} > min{ty, to}.
ThU.S (‘ry)min{tth}e/’[/A'

Since x¢ €74 and yi €74, 50 va(z) < t3 and v4(y) < ta which implies

that

ya(zy) < max{ya(z),va(y)} < max{ts,t4}.



Hence (xy)max{t37t4}€’YA-
Conversely, assume that A = (ua,7v4) satisfies the given condition.

We will show that pa(zy) = pa(x) A pa(y) and ya(zy) = va(z) V ya(y)
for all z,y € S.
On the contrary assume that there exist x,y € S such that

pa(zy) < pa(m) A pa(y)

and
Ya(@y)>ya(@) V ya(y):
Let t € (0, 1] be such that

pa(ry) <t < pa(@) A paly)

and
valzy) > t > yal@)Vyaly).

Then ziepnq and yiepa but (zy)i€ira. This contradicts our hypothesis.
Similarly, we have x;ey4 and yeya but-(zy)reya.

Hence pa(xy) = palz) A paly) and ya(zy) < valz) V ya(y) this
implies that A is an intuitionistic fuzzy (e, ¢)-subsemigroup of S. O

3.1 Theorem. Let A= (pa,v4) be a nonzero intuitionistic (o, B)-fuzzy
subsemigroup of S. Then the set jug ={x € S |u >0} andy ={z €S|
v(z) < 1} are subsemigroup of S

Proof. Let x,y € po. Then p(x) >0 and p(y) > 0. Let u(ry) = 0. If
a € {e,€Vq}, then x,,;)0, and y,myap but p(ry) = 0< min{,u(a:)y(y)}
and p(zy) + min{p(x), ()} < 0+ 1 =150 (TY)min{u(s)u(y)}OH for
every 8 € {e,q,€e V ¢q,e Aq}, a contradiction. Hence p(ry) > 0 that is
Y € [o.

Let z,y € 71. Then vy(z) < 1 and ~(y) < 1. Let y(zy) = 1. If
a € {e,eVq}, then z,,yay and Yy ay but y(zy) =1 > max{y(z),v(y)}
and y(zy) + max{y(z),y(y)} > 1+1=2.
SO (TY) max{ry(z)(y)}B7 for every B € {€,q,€V q,e A q} a contradiction.
Hence v(zy) < 1, that is (zy)ey1. Thus po and 7, are subsemigroup of
S. O



3.2 Theorem. If {A;}ica is a family of intuitionistic (o, B)-fuzzy inte-
rior ideals of S, then NA; is an intuitionistic («, 3)-fuzzy interior ideal of
S where NA; = (Apa,, Vya,) and Apa, and NVya, are defined as follows :

Aa,;(x) = inf{ua,(z) |i € A,z € S}

Vya, (2) = sup{ya,(z) | i € A,z € S}.

Proof. Let x,y,a € S, t1,t3 € (0,1].

(1) We will show that Apa, is intuitionistic («, 3)-fuzzy subsemigroup
of S. Let zy,a Apa, and yr,a Apa,. Then Apa, (x) >t and Apa,(y) > to
which implies that

Apea, (2y) Z mind{ Apay (), Apra, ()} = min{ty, 2}

Thus (‘ry)min{tl,tz}ﬁ I\ A, -

Suppose that a;a /A pa,- Then Apa;(a) >t forall ¢ € (0,1]. Since A;
is an intuitionistic (a, §)-fuzzy interior ideal of S, we get that pa, (zay) >
pa,(a) for all i € A. Then Apa,(zay) =t,80 (zay):5 A pa,.

(2) We will show that V4, is intuitionistic («, 3)-fuzzy subsemigroup
of S. Let x4, aVya, and y—taaVya, .- Then Vya,(z) < t1 and Vyg,(y) < t2
which implies that Vya(zy) < max{Vya (x),Vya,(y)} < max{t,t2}.
Thus (xy)max{tl,tz}ﬂ V Y4,

Suppose that azarV.ya,. Then Vrya,(a) <t for all t € (0,1]. Since A;
is an intuitionistic (e, 8)-fuzzy intuitionistic of S, we get that v4, (zay) <
v4,(a) for all i € A. Then Vya;(zay) <t implies that(vay):0 V va4,.

Hence NA; is an intuitionistic (e, (3)-fuzzy interior ideal of S. O

A fuzzy congruence p on a semigroup S is called a group fuzzy con-
gruence if 'S/p is a group under the binary operation * defined by

Pa * Pb.= Pab

for any pa, py €5/p.
Clifford and Preston [2] showed that-let S be a regular semigroup.

Define
p={(a,b) € S x S| (sat,sbt) € H for all 5,t € S}

the maximum idempotent separating congruence on S.



3.3 Proposition. Let S be a regular semigroup and o be intuitionistic
fuzzy congruence on S. If o, is an idempotent element of S/o, then there
exists e € E(S) such that 0. = 0.

Koroki[8] investigated the maximum idempotent separating fuzzy con-
gruence and group fuzzy congruence on an inverse semigroup.

3.2 Lemma. (Howie [4], p.141, Theorem 3.2) If S is an inverse semi-
group with semilattice of idempotents E(S), then the relation

n=1{(a,b) €S xS |a"tea=0b"teb for allec E(S)}
s the maximum idempotent separating congruence on. S.

3.3 Lemma. (Al-thu Kair [1], Proposition 2.7) Let i be a fuzzy con-
gruence relation on an inverse semigroup S. Then S/u is an inverse
semigroup, and pu(a= b)) = u(a,b) for all a,b e S.

3.4 Theorem. [8] Let S be.an inverse semigroup. Then the fuzzy relation
Ay 18 an idempotent separating fuzzy congruence on S.

Notation Ap is the characteristic function of a binary relation R on
a semigroup S.

3.5 Theorem. [8] Let 11 be a fuzzy congruence relation on an inversive
semigroup S. Then i is idempotent separating congruence if and only if

pot(1) S

3.4 Lemma. (Howie [4], p.139, Theorem 5.1) If Sis an inverse semi-
group with semilattice of idempotent E(S), then the relation

o={(a,b) € SxS|ea=-ebfor all e e E(S)}
is the least group congruence relation on S.

3.6 Theorem. [8] Let S be-an inverse semigroup. Then A\, is a group
fuzzy congruence relation on S.

3.7 Theorem. [8] Let S be an inverse semigroup and p be a fuzzy con-
gruence relation on S. Then u is a group fuzzy congruence if and only if
o Cu (1),



The second, Zhang [18] investigated fuzzy group congruences on a
regular semigroup.

3.8 Theorem. [18] Let S be a reqular semigroup. Then fuzzy congruence
p on S is a fuzzy group congruence if and only if p(e, f) = 1 for any
e, f € E(S).

In 2001, Tan [15] investigated idempotent separating fuzzy congruence
on a regular semigroup.

3.9 Theorem. [15] Let S be a regular semigroup. Then a fuzzy congru-
ence p on S isidempotent separating fuzzy congruence on S if and only

if p € 5(u) . p €An]

3.10 Theorem. [16] Let S be an E-inversive semigroup and p be a t-
fuzzy congruence on S. Then p-is a group t-fuzzy congruence if and only
if

(1) p(e, f) =t for.all e, f € E(S)

(2) plada,a) =t for all.a-€S,a’ € W(a).

The first section, we investigated a group fuzzy congruence on an or-
thodox semigroup inwhich as a group congruence on orthodox semigroup
and as in Zhang [18].

3.11 Theorem. (Mills, [9], Theorem 2.2)If S is an orthodox semigroup.
Then p_is the least group congruence on S"if and only if

p ={(a;b) € §x.S|eae=cbe for someeec E(S)}

3.5 Lemma. (Kuroki, [6], Theorem 2.4) Let S be a semigroup and R be
a binary relation on S. Then R is a congruence on S if and only if Ar
18 a fuzzy comgruence on S.

The following Theorem 3.12 can be easily seen.

3.12 Theorem. Let S be an orthodox semigroup. Then X\, is a group
fuzzy congruence on S.

Proof. By Lemma 3.5. 0



3.6 Lemma. [16] Let p be a t-fuzzy congruence on a semigroup S. For
any a € S, define a fuzzy subset p, in S as follows : pg(x) = p(a,x) for
allx € S, and

(1) pa = py if and only if p(a,b) =t for all a,b € S.

(2) S/p={pa|ac S} isasemigroup with the multiplication pgpy =
Pab for all a,b € S.

Zhang [18], studied a group fuzzy congruence on regular semigroup
in term p(e, f) = 1 for any e, f € E(S), we investigated a group t-fuzzy
congruence on an orthodox semigroup as in [18].

3.13 Theorem. Let S be an orthodox semigroup.. Then a fuzzy congru-
ence p on S is a group t-fuzzy congruence on .S if and only if p(e, f) =1
for any e, f € E(S).

Proof. Suppose that pis a group t-fuzzy congruence on S. Then for any
t €10,1], S/p is a group and p. is an identity of S/p for all e € E(S5).
Its implies that for any e, f € E(S),pe=ps and p(e; f) = t.
Conversely, let a € S,a" € V(a) and e € E(S). For any t € [0,1], we
shall show that S/p is a group. Suppose p(e, f) =t foralle, f € E(S),t €
[0,1] and so (e, f) € p its implies that p. = py¢ for all e, f € E(S) then
P(aa’) = P(a’a) T Pe- By Lemma 3.6,

Pa = Paa’a = PaPa’a = PaPe

and
Pa = P(aa’)a = Paa’ Pa = PefPa
Thus pe is an identity of S/ p.
Let a € S,d’ € V(a) and ap € S/p, we have p,py = paar = pe and
Pa'Pa = Paa’ = Pe, SO pgr is the inverse of p, €5/ p.
S/p is a group t-fuzzy congruence for-any ¢ € [0,1]. O

3.7 Lemma. Let p be a fuzzy congruence on an orthodox semigroup S.
Then S/ is an orthodox semigroup.

Proof. Since S is an orthodox semigroup, S is a regular and p is a fuzzy
congruence on S, then S/p is a regular semigroup. Let e, f € E(S) with
ef € E(S). Since piey € S/p. For any pie, iy € E(S/p),

Pettf = pef —and  fiefllef = fi(ef)2 = Hef-
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Thus pief € E(S/p) and so S/p is an orthodox semigroup. O

3.14 Theorem. Let S be an orthodox semigroup and p be a fuzzy con-
gruence on S. If ji is a group fuzzy congruence on S implies p C u~1(1)
[ p is in Theorem 3.11 ]

Proof. Suppose that, p is a group fuzzy congruence on S and let (a,b) € p,
then eae = ebe for some e € E(S). Since S/u is a group, we have p, is
an identity of S/u and for any a € S,

Ha = Hellafbe = peae = pebe.= fefipfte = fib

and so p(a,b) = 1.
Hence (a,b)-€ p=*(1), we obtain p € p1(1). O
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