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Abstract
In this paper, we introduced the generalizations of Pell and Pell-Lucas polynomials, which are called
(s, t)-Pell and (s, t)- Pell-Lucas polynomials. We also give the Binet formula and the generating function for these
polynomials. Finally, we obtain some identities by using the Binet formulas.

Keywords: (s, t)-Pell Number, (s, t)-Pell-Lucas Number, (s, t)-Pell Polynomial, (s, t)-Pell-Lucas Polynomial.

1. Introduction

For over years, many recursive sequences
have been studied in the literature. The famous
examples of these sequences are Fibonacci, Lucas,
Pell, and Pell-Lucas. They are used in many research
areas such as Engineering, Architecture, Nature, and
Aurt (for examples, see: (1-6)). The classical Fibonacci
{E4%,, Lucas {L,};1%,, Pell {B,}}%,, and Pell-Lucas
{03+, sequences are defined by

FO bl 0, F1 =1 and Fn = Fn_1 + Fn_z,

LO bl 2, L1 =1 and Ln = Ln_1 + Ln_z,

PO - 0,P1 = 1andPn = 2Pn_1+Pn_2,

Qo=2,0=2and Qn = 2Qn—1 + Qn-2,
forn > 2, respectively. For more detailed information
on the Fibonacci, Lucas, Pell, and Pell-Lucas
sequences can be found in (1-2).

Recently, Fibonacci, Lucas, Pell, and Pell-
Lucas sequences were generalized and studied by
many authors in different ways to derive many
identities. In 2012, Gulec and Taskara (7) introduced
new generalizations of Pell and Pell-Lucas sequences,
which are called (s,t)-Pell and (s, t)-Pell-Lucas
sequences as in the following definition:

Definition 1.1 Let s,t be any real numbers with
s24+t>0,s>0, and t # 0. Then the (s,t)-Pell
sequence {P,(s,t)};;%, and the (s,t)-Pell-Lucas
sequence {Q, (s, t)};1%, are defined respectively by
P,(s,t) = 2sP,_1(s,t) + tP,_5(s, t),
Qn(S, t) = ZSQn—l(s' t) + th—Z(s! t)
for n>2, with initial conditions Py(s,t) =0,
Pi(s,t) = 1and Qu(s,t) = 2, Q1(s,t) = 2s.
The terms of these sequences are called (s, t)-Pell and
(s, t)-Pell-Lucas numbers, respectively. Also, they
introduced the matrices sequences, which have elements
of (s,t)-Pell and (s, t)-Pell-Lucas sequences. Further,

they obtained some identities of (s, t)-Pell and (s, t)-
Pell-Lucas matrices sequences by using elementary
matrix algebra. After that, the (s, t)-Pell and (s, t)-Pell-
Lucas numbers were studied in different ways to obtain
many identities of these numbers. (See: (8-10))

On the other hand, the theory of the second-
order recursive sequence of the polynomials has been
studied in the literature. In 1883 E.C. Catalan and E.
Jacobsthal introduced and studied the polynomials,
which are defined by Fibonacci-like recurrence relations.
Such polynomials, called the Fibonacci polynomials.

The Fibonacci polynomials studied by
Catalan are defined by the recurrence relation.

Fn(x) = XFn—l(x) +Fo(x),n =3
with initial conditions F; (x) = 1, F,(x) = x.

The Fibonacci polynomials studied by
Jacobsthal are defined by the recurrence relation.
Jn(x) = Jn1 () + X2 (x), n = 3
with initial conditions J; (x) = J,(x) = 1.

In 1965, V.E. Hoggatt (11) introduced
Lucas polynomials defined by the recurrence relation.
Lp(x) = xLp_1(x) + Ly (x), n = 2
with initial conditions Ly(x) = 2, L;(x) = x.

Pell polynomials sequence {P,(x)};%, and
Pell-Lucas polynomials sequence {B,(x)}+2, were
studied in 1985 by A.F. Horadam and J.M. Mahon
(12), and these polynomials are defined by

B,(x) = 2xPy_1(x) + Pp_p(x),n =2

Qn(x) = 2xQn_1(x) + Qn—2(x) ,n =2
with initial conditions Py(x) =0, P;(x) =1 and
Qo(x) =2, 01 (x) = 2x.



XX

Prog. Appl. Sci. & Tech. Vol.11 No.2 (2021)

We note that P,(1) =P, Q,(1) = Qn,
Pn(%) =F,,and Qn(%) = L, where B, Qn, F,,and L,
are the nt" Pell, Pell-Lucas, Fibonacci, and Lucas

numbers, respectively. Moreover, Pn(%x) = F,(x) and
Qn(% x) = Ln(x) where E,(x) and L, (x) are the nt"
Fibonacci and Lucas polynomials, respectively (see
(12)). For more detailed information on Fibonacci,
Lucas, Pell, and Pell-Lucas polynomials can be found
in (1-2). In the last decade, Fibonacci, Lucas, Pell, and
Pell-Lucas polynomials have been generalized and
studied by many authors (see (13-14)).

In this paper, we introduced the
generalizations of Pell and Pell-Lucas polynomials,
which are called (s, t)-Pell and (s,t)- Pell-Lucas
polynomials. We also give the Binet formula and the
generating function for these polynomials and then
some identities are obtained by using the Binet
formulas.

2. Main results
We begin this section with the following
definition.

Definition 2.1 Let s, t be any real numbers with s2 +
t>0,s>0, and t+0. Then the (s,t)-Pell
polynomial sequence {P, (s, t)(x)};%, and the (s, t)-
Pell-Lucas polynomial sequence {Q,, (s, t) (x)}} %, are
defined respectively by

Po(s,6)(x) = 25xPp_y1 (5, £) (x) + tPy_z(s, ) (x),

Qn(s,)(x) = 25xQn_1(5, ) (X) + tQn—2(s,t)(x)
for n = 2, with initial conditions Py(s,t)(x) =0,
Pi(s,t)(x) =1 and Qo(s,t)(x) = 2, Q:1(s,1)(x) =

25x.

The first few terms of the (s,t)-Pell
polynomial sequence are 0,1, 2sx, 4s2x? + t,8s3x3
+4stx. Also, the first few terms of the (s,t)-Pell-
Lucas polynomial sequence are 2,2sx, 4s%x? + 2t,
8s3x3 + 6stx, 165*x* + 16s%tx? + 2t2. The terms
of the (s, t)-Pell and the (s, t)-Pell-Lucas polynomial
sequences are called (s, t)-Pell and (s, t)-Pell-Lucas
polynomials, respectively.

In particular, if s= % t =1, then the
classical Fibonacci and Lucas polynomial sequences
are obtained, if s = t = 1, then the classical Pell and
Pell-Lucas polynomial sequences are obtained, and if
s =1, then the k-Pell and k-Pell-Lucas polynomial
sequences are obtained.

Throughout this paper, for convenience, we
will use the symbol 2,(x) and Q,(x) instead of
P, (s,t)(x) and Q,,(s, t)(x), respectively.

First, we give the explicit formula for the
nt" (s, t)-Pell and (s, t)-Pell-Lucas polynomials.

Theorem 2.2 (Binet's formulas) The nt* (s,t)-Pell
and nt" (s, t)-Pell-Lucas polynomials are given by

P(x) = “::ﬁ",n >0 2.1)
0, (x)=a™+B"n=0 (2.2)

respectively, where «,8 are the roots of the
characteristic equation v? — 2sxr —t = 0 anda > B.
Proof. The characteristic equation for the recurrence
relations in Definition 2.1 is

r?2—2sxr—t=0 (2.3)

Let @, B be the roots of equation (2.1) and a > B, we
have @ = sx + Vs?x2+tand B = sx — Vs?x? + t.
Note that
a+p =2sx,a—pf =2Vs?x2+tand aff = —t.
Since equation (2.3) has two distinct roots, then
P.(x) = a;a™ + a, "
and
Qn(x) = bya™ + by "
are the solutions for the recurrence relations in
Definition 2.1, respectively, for some real numbers
a,a,, by, b,. Givington the valuesn = 0andn = 1,
then solving system of linear equations, we obtain a

R - 1 1
unique solution a; = e ®2= " g and b, =
b, = 1. So,
_ a"—B"
Pa®) = =2
and
On(x) =a™ +p" o

Theorem 2.3 (Generating Functions) The generating
functions for the (s,t)-Pell and (s,t)-Pell-Lucas
polynomials are given by

_ y
f(y) T 1-2sxy—ty?’

_ 2-2sxy
g(y) - 1-2sxy—ty?

respectively.
Proof. The generating function for the (s,t)-Pell
polynomial sequence is defined by
f) = 2R Pu()y™
Since X750 Pn (Y™ =y + 2sx L35 Pooa (Y™
+t 2111—:)2 Pr2()y™,
=y + 2sxy 21 S P (XY™

+ty? XnZo Pa()y™,
we get that
fO) = EaZ Pa()y™ = #y_tyz

Similarly, we obtain the generating function for the

(s, t)-Pell-Lucas polynomial sequence as follows
2-2sxy

g(y) = 1-2sxy—ty? o

Next, using the Binet's formulas (2.1) and
(2.2), we obtain Catalan's identities, Cassini's
identities, and d'Ocagne’s identities for the (s, t)-Pell
and (s, t)-Pell-Lucas polynomials, which are stated in
the following theorems.



Prog. Appl. Sci. & Tech. Vol.11 No.2 (2021)

XX

Theorem 2.4 (Catalan's Identities) Let {P, (x)}n=o
and {Q,,(x)}no be the (s, t)-Pell and (s,t)-Pell-
Lucas polynomials, respectively. Then

() Prar (OPnr (X) = PECO) = ()" P2 (),
(i) Qn4r () Qn—r (%) — Q7 (x)
= (=" (QF(x) -
foralln>0,r>0,andn > r.
Proof. Using Binet's formula (2.1), we have
Prar ()P (x) — ?Z(x)
_an+an T aTL TﬁTL+T+2aTLBn
(a—p)?
_ —(@p)" (@ -p")?
B (a=B)?
= —(=t)" TP (%),
and using Binet's formula (2.2), we obtain
Onir () Qp—r(x) — Q%(x)

4(=)"),

— an—rﬁn—r(Q,Zr + BZT _ Zarﬁr)
= (@p)" 7 ((a" + B)? — 4(ap)")
= (=O"T(QF () —4(=)"). o

Theorem 2.5 (Cassini's Identities) Let {P, (x)}n=o
and {Q,,(x)}n, be the (s,t)-Pell and (s,t)-Pell-
Lucas polynomials, respectively. Then

() Prar (OPp-1 (x) = P (x) = —(=t)"*

(i1) 9n+1(0)Qn—1 (x) — Q7 (x) = 4(—)" " (s%x* + 1),
foralln > 1.

Proof. Take r = 1 in Theorem 2.4 and using the initial
conditions P; (x) = 1, @, (x) = 2sx. Then we get the
results. o

Theorem 2.6 (d'Ocagne’s Identities) Let {P,, (x)}n=o
and {Q,,(x)}n, be the (s,t)-Pell and (s,t)-Pell-
Lucas polynomials, respectively. Then
(1) P ) P41 (6) = Prn1 ()P ()

= (_t)n?m—n(x)v
(i1) Qm () Qn+1(x) — Qm+1(x)Qn (%)

= 2(—0)"s?x? + t(Qm-n(x)

—2(sx + V222 + 1) ),

forallm>=1,n>1,and m > n.
Proof. Using Binet's formula (2.1), we have

P () Pri1 (%) = Py 1 () P (x)
_ @B(e-p) (@™ "™

(?7[ é’.)z m-n
= (@p) - —
= ()" Pp_n(x),

and using Binet's formula (2.2), we obtain
Qm(x)Qn+1(x) - Qm+1(x)Qn(x)
— anﬁn(am—nﬂ + aﬁm—n _
= (aﬂ)"(a—ﬂ)(am'"+ﬁm " —2a™™M)
=2(—t)"Vs?x2 +t (Qm_n(x) - 2(sx +
VsiZ+e)" ). o
Again, in the following theorems, we obtain
important elementary relationships involving %, (x)
and @, (x) by using Binet's formulas (2.1) and (2.2).

m n+1 ﬂm TL+1)

Theorem 2.7 For all n>1, Let {#,(x)};-, and
{9, ()}, be the (s,t)-Pell and (s, t)-Pell-Lucas
polynomials, respectively. Then

() Praa () + tPp_1(x) = Qn (%),
(i) Qny1(x) +tQn_1(x) = 4(52x2 + )P (x),
(i) 25xPy (%) + 2tPy_1(x) = Qn(x).
Proof. Using Binet's formulas (2.1) and (2.2), we have
Pri1(x) + tPy_1(x)
a""’l—ﬁ""'l—aﬁ(a"_l—ﬁ"_l)
a-p
_ @=p)(a"+pm
a-p

= Qn ().
Similarly, we obtain the result (ii). By using (i) and
Pri1(x) = 25xP,(x) + tP,_1(x), we obtain the
result (iii). O

Finally, we obtain summations involving
P.(x) and Q,(x), which are stated in the following
theorem.

Theorem 2.8 Let {P,, (x)}n=o and {Q,, (x)}5=, be the
(s,t)-Pell and (s, t)-Pell-Lucas polynomials,
respectively. Then for all m>1,n>1,r>0 and
Qm(x) # (—t)™ + 1, the following statements hold.
() 22os Priear (1) =

Prnamar () =Prar(0)—(= t)m(?mn+r(x) ?r(x))

Im(0)—(-)™-1
(i) Xi=1Qmi+r(x) =
Qmnamar () =Qmar(X)—(= t)m(an+r(X) Qr(x))
Qm ()= (=t)"—1
Proof. Using Binet's formulas (2.1) and (2.2), we have

1
Y=t Prjer(x) = Zg:la_ (ame*r Bmk+r)
L (am+r(1_amn) _ ﬁm+r(1_ﬁmn))
T a-p 1-qm 1-pm

_ am+r(1_amn)(1_Bm)_[;m+r(1_ﬁmn)(1_am)
- (@-A-a™(1-pm
:Pmn+m+'r(x) Prar(X)—(=t)™ (:Pmn+r(x) :Pr(x))
Om(0)-(-t)™-1
Similarly, by the same argument as above, we obtain
the result (ii). O

3. Conclusions

In this paper, the generalizations of Pell and
Pell-Lucas polynomials, are introduced and the Binet
formulas and the generating functions for these
polynomials are obtained. Furthermore, some
identities are given by using the Binet formulas.
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